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ABSTRACT

In this thesis we consider space-time boundary element methods for the solution of the
heat equation. Since the system matrices in boundary element methods are generally
dense, fast methods and related matrix compression algorithms are required to solve
large systems in a reasonable amount of time. The main focus in this work lies on
the extension of such a fast method, the parabolic fast multipole method (pFMM),
to be able to exploit the frequently mentioned advantages of space-time methods:
the possibility for a parallelization in space and time and space-time adaptivity.

In classical time stepping methods for the solution of time-dependent partial dif-
ferential equations the occurring systems of linear equations are solved sequentially
in time and, therefore, only a parallelization with respect to the spatial variables is
possible. In space-time methods the whole space-time system can be solved at once,
which enables an additional parallelization in time. Such a parallelization in space
and time of a fast boundary element method for the solution of the heat equation
is considered for the first time in this work. We provide an implementation of the
parallel method for the execution on modern computer clusters and demonstrate a
high parallel scalability in numerical experiments.

The other substantial modifications of the pFMM in this work improve the perfor-
mance of the method when locally refined meshes are used for the discretization
of the corresponding boundary integral equations. In particular, we introduce new
FMM operations for tensor product meshes with adaptively chosen time step sizes
and a new method for the compression of the temporal nearfield, which is especially
relevant for meshes with adaptively refined spatial elements. In several numerical
experiments we demonstrate the corresponding improvements.

In addition to the mentioned improvements of the parabolic multipole method, we
consider an integration by parts formula for the hypersingular boundary integral
operator of the heat equation in the theoretical part of this thesis. While such a
formula is available in the literature, it contains a problematic integral term with a
non-integrable kernel function. Furthermore, a proof of the formula is missing. We
close these gaps by providing a rigorous proof of the integration by parts formula
and an alternative, well-defined representation of the problematic integral term.



ZUSAMMENFASSUNG

In dieser Arbeit werden Raum-Zeit-Randelementmethoden zur Losung der Wirme-
leitgleichung betrachtet. Da die Matrizen der Gleichungssysteme bei Randelement-
methoden im Allgemeinen vollbesetzt sind, werden schnelle Methoden, beziehungs-
weise spezielle Matrixkompressionsalgorithmen benotigt, um grofere Gleichungssy-
steme in angemessener Zeit 16sen zu konnen. Der Schwerpunkt dieser Arbeit liegt
auf der Weiterentwicklung einer solchen schnellen Methode, der parabolischen Mul-
tipolmethode (pFMM), um die hiufig genannten Vorteile von Raum-Zeit-Methoden
ausnutzen zu konnen: Die gute Parallelisierbarkeit und lokale Adaptierbarkeit in
Raum und Zeit.

Bei klassischen Zeitschrittverfahren zur Losung zeitabhéngiger partieller Differential-
gleichung werden die entsprechenden Gleichungssysteme schrittweise in der Zeit ge-
16st, weshalb nur eine Parallelisierung beziiglich der 6rtlichen Freiheitsgrade moglich
ist. Bei Raum-Zeit-Methoden kann hingegen das gesamte Raum-Zeit-Gleichungssys-
tem auf einmal betrachtet und geldst werden, was eine zuséitzliche Parallelisierung
in der Zeit ermdglicht. Eine solche Raum-Zeit-Parallelisierung fiir schnelle Randele-
mentmethoden zur Lésung der Wéarmeleitgleichung wird in dieser Arbeit erstmals
betrachtet und fiir die Ausfiihrung auf modernen Supercomputern implementiert. In
verschiedenen numerischen Experimenten wird eine hohe parallele Skalierbarkeit der
Methode gezeigt.

Die weiteren Anpassungen der pFMM, die in dieser Arbeit prasentiert werden, sor-
gen fiir eine hohere Effizienz der Methode, wenn lokal verfeinerte Netze zur Diskre-
tisierung der entsprechenden Randintegralgleichungen verwendet werden. Konkret
werden neue Multipoloperationen fiir Tensorproduktnetze mit adaptiv gewéhlten
Zeitschrittweiten eingefiithrt, und eine neue Methode zur Kompression des zeitlichen
Nahfelds, die insbesondere bei Netzen mit adaptiv verfeinerten Ortselementen von
Bedeutung ist. In zahlreichen numerischen Experimenten werden die positiven Ef-
fekte dieser Anpassungen demonstriert.

Zusétzlich zu den angefiihrten Verbesserungen der parabolischen Multipolmethode,
wird im theoretischen Teil dieser Arbeit eine partielle Integrationsformel fiir den
hypersinguldren Randintegraloperator der Wéarmeleitgleichung betrachtet. In der
Fachliteratur ist eine solche Formel zwar bekannt, allerdings enthilt diese einen pro-
blematischen Integralterm mit einer nicht integrierbaren Kernfunktion und es fehlt
ein Beweis fiir ihre Giiltigkeit. Diese Liicken werden in dieser Arbeit geschlossen,
indem ein rigoroser Beweis der partiellen Integrationsformel und eine alternative,
wohldefinierte Darstellung des problematischen Integralterms préisentiert werden.
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1 INTRODUCTION

The heat equation is a time-dependent partial differential equation (PDE) that mod-
els diffusion processes like the propagation of heat in a medium. The high relevance
of such processes in natural and applied sciences and the fact that the heat equa-
tion is one of the simplest parabolic PDEs explain why it is widely studied in the
mathematical literature. Often, initial boundary value problems are considered: For
a given domain  C R?, a finite time 7" > 0, a heat capacity constant o > 0, and an
initial datum wg one has to find a function u that satisfies the heat equation

%u(a;t) —aAu(z,t) =0  forall (z,t)in Q:=Q x (0,7T), (1.1)

the initial condition
u(x,0) = up(z) for all x in Q, (1.2)
and additional boundary conditions, for example, a Dirichlet boundary condition
u(z, t) = g(x,t) on ¥ :=0Q x (0,7), (1.3)

where the values of u on the boundary 02 of 2 are prescribed by a function g for all
times ¢ € (0,7), or a Neumann boundary condition

n(x) - Vu(z,t) = g(x,t) on X, (1.4)

where the normal derivative n - Vu on the boundary 0f2 is prescribed by a function ¢
for all times ¢ € (0,7"). A variety of methods has been developed for the solution of
such initial boundary value problems. In this thesis we focus on boundary element
methods.

When it comes to the solution of boundary value problems of elliptic PDEs, bound-
ary element methods (BEM) are well established; see e.g. the textbooks [63, 66]. If
the fundamental solution of a PDE is known, the solutions of corresponding bound-
ary value problems can be represented by boundary and volume potentials involving
unknown density functions on the boundary of the considered domains which can
be determined by solving corresponding boundary integral equations. Boundary ele-
ment methods deal with the discretization and numerical solution of such boundary
integral equations using a decomposition of the boundary into so-called boundary
elements. Initial boundary value problems of the heat equation — and many other
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time-dependent PDEs — allow for a similar treatment. In the corresponding space-
time boundary integral equations, the unknown quantity is a density function defined
on the lateral boundary ¥ = 9Q x (0,7T) of the space-time cylinder @ = Q x (0, 7).
Such boundary integral equations are discretized in space-time boundary element
methods by using a decomposition of ¥ into space-time elements, e.g., elements of a
tensor-product mesh obtained by combining a triangulation of 0) with a partition of
the time interval (0,7"). In the resulting systems of linear equations, a discretization
of the unknown density function can be computed at once instead of sequentially
in time as in time stepping methods. While this means that the linear systems can
become quite large, it also brings certain benefits. Firstly, a parallelization of the
solution process with respect to space and time is possible and not only with respect
to space as in time stepping methods. This helps to improve the parallel scalability of
the solution methods to exploit the full computing power of modern computer clus-
ters. Secondly, the approach enables space-time adaptivity: The considered boundary
meshes can be refined locally with respect to space and time to resolve certain local
features or singularities of the desired solutions well while keeping the global number
of boundary elements relatively low.

In this thesis we consider Galerkin space-time boundary element methods for the heat
equation. Such Galerkin methods have been investigated in many publications, see
e.g. [8, 24, 28, 31, 53, 57, 60]. In particular, a proper mathematical framework is well
established and many important properties of the occurring boundary integral oper-
ators have already been proven. Two particularly important results which were first
proven in [8, 24] are the ellipticity of the single layer operator and the hypersingular
boundary integral operator in certain anisotropic Sobolev spaces. These ellipticity
results can be used to show the unique solvability of related boundary integral equa-
tions and corresponding linear systems in BEM. A comprehensive summary of these
and many other known results is given in [28].

A major difficulty when working with the hypersingular boundary integral operator
is that it does not have an integral representation in a classical sense, since the
related integral kernel has a strong singularity. In elliptic PDEs this problem is often
overcome by considering the bilinear form associated with the hypersingular operator
and using a special kind of integration by parts formula to obtain a representation
that involves only weakly singular integrals; see e.g. [55] for the Laplace equation,
[47, 56] for the Helmholtz equation, [56] for the time-harmonic Maxwell equations
and [36, 41] for linear elastostatics. A similar integration by parts formula for the
heat equation in two spatial dimensions was provided in [24] together with an outline
of its proof. For the heat equation in three spatial dimensions as we consider it in
this work, an integration by parts formula of the hypersingular operator is provided,
for example, in [27, 51, 53], but without a proof. Moreover, the integration by parts
formula presented in those works includes an integral over the time derivative of
the heat kernel, i.e. the fundamental solution of the heat equation, which is not



Lebesgue integrable on the respective integration domain. To overcome these issues
we provide a general integration by parts formula for the hypersingular operator of
the heat equation in three spatial dimensions together with a rigorous proof in this
thesis. Furthermore, we explain how to correctly represent the problematic integral
term and how to evaluate it for a certain class of functions including those which
are typically used for the discretization in BEM. This is one of the main theoretical
results in this thesis and is published in [77].

The other main results in this thesis are achieved in the field of fast boundary element
methods. Fast boundary element methods deal with the compression of BEM system
matrices. A compression of these matrices is necessary since they are generally dense
due to the non-local nature of the related boundary integral operators. In particular,
the costs for assembling, storing, and applying such a matrix scale like the product
of its numbers of rows and columns, which significantly limits the size of the prob-
lems that can be considered in a standard BEM. A variety of fast methods has been
developed in the last decades to overcome this problem for BEM and related particle
simulations. Some examples for the heat equation are algorithms based on Fourier
series expansions and fast Fourier transforms [32, 33|, algorithms based on the use
of wavelet bases [16, 17, 60|, a fast sparse grid method [37], and the parabolic fast
multipole method (pFMM) [52, 53, 67, 68]. In the pFMM the matrix compression is
achieved by using a clustering strategy to partition the matrix, efficiently approxi-
mating many of the resulting blocks by using a separable approximation of the heat
kernel, and discarding others by exploiting the exponential decay of the heat kernel
in space. In addition, the causality of the operators is used in the pFMM to solve
systems of linear equations sequentially in time in a forward-sweeping manner.

In this thesis we consider the pFMM and present several substantial improvements.
One of the main results is the parallelization of the method with respect to space
and time for the execution on modern computer clusters with distributed memory
architectures. In the literature one can find many publications that deal with the
parallelization of fast methods for purely spatial problems, see e.g. [2, 4, 5, 25, 43, 79]
for FMMs related to particle simulations, or e.g. [1, 15] for the solution of spatial
boundary integral equations. In the context of the heat equation, a parallelization of
a standard BEM with respect to space and time was described in [29], but a space-
time parallelization of a fast method has not yet been considered. To enable such a
parallelization, we reorganize the operations in the pFMM to obtain an FMM that
realizes the full matrix application at once. This FMM is parallelized in shared and
distributed memory by using a special task based execution scheme that exploits
the temporal structure of the FMM for the distribution of the workload and the
reduction of the number of communication events between the involved computing
nodes. We present the corresponding algorithm in detail in this thesis and investigate
its performance in several numerical experiments. The original results which we
discuss are published in [76].
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The other contributions in this thesis are related to improvements in the performance
of the FMM for more general meshes. The pFMM has originally been described
for tensor product meshes with uniform time steps. While an application for non-
uniform time steps is possible, the performance of the pFMM can suffer significantly
for meshes that are adaptive in time. To overcome this deficiency, we introduce new
FMM operations in the spirit of adaptive fast multipole methods of purely spatial
problems [21, 22, 54]. We present an analysis of the underlying temporally one-sided
kernel expansions, a complete description of the resulting time-adaptive FMM, and
numerical experiments to demonstrate the improvements. The corresponding results
have been accepted for publication in [78].

The need for an additional temporal nearfield compression in the pFMM for meshes
with fine spatial resolutions but rather coarse time steps was already discussed in [52].
In that work, a corresponding compression method was presented and several numer-
ical examples were provided to demonstrate its effectiveness. Since the compression
method in [52] is quite difficult to implement and heavily exploits the prismatic struc-
ture of the considered space-time boundary elements, which poses a restriction on
the types of meshes for which it can be applied, we present an alternative method
in this thesis. Our nearfield compression scheme makes use of the partially pivoted
adaptive cross approximation (ACA), a matrix compression algorithm described, for
example, in [10, 13]. We motivate why the ACA is applicable in our setting, show
how to incorporate it in the FMM to compress the temporal nearfield, and present
an additional recompression strategy with a novel recompression criterion to further
improve the achieved compression. In several numerical experiments we investigate
the effects of this nearfield compression scheme on the performance of the FMM.

The rest of this thesis is structured into seven main chapters and an additional con-
cluding chapter. Each of the seven chapters starts with an introduction that includes
an overview of the respective contents. Therefore, we only give a short summary of
the overall structure of the thesis here. In Chapter 2 we repeat several basic results
from the literature that are used in the rest of the thesis. Chapter 3 contains a
short overview of boundary integral equations and boundary element methods for
the heat equation and introduces the boundary integral operators and BEM ma-
trices considered in the later chapters. Chapter 4 is devoted to the integration by
parts formula for the hypersingular operator. In all the following chapters we focus
on fast boundary element methods. In Chapter 5 we introduce a space-time FMM
based on the pFMM which serves as a basis for all later considerations. In Chap-
ter 6 we present our space-time parallelization approach for the FMM in shared and
distributed memory. The extension of the FMM for temporally adaptive meshes is
discussed in Chapter 7 and the novel nearfield compression scheme in Chapter 8. In
Chapter 9 we conclude the thesis with a summary of our results and an outlook.
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2 PRELIMINARIES

In this chapter we introduce basic definitions and notations and repeat results from
the literature which are used throughout this work. We start with a short overview
of basic functions spaces and Lipschitz domains in Sections 2.1 and 2.2. In Sec-
tion 2.3 we recall standard anisotropic Sobolev spaces and related trace operators for
the treatment of initial boundary value problems of the heat equation and related
boundary integral equations. Standard discretization spaces and related meshes for
these boundary integral equations are covered in Section 2.4.

2.1 Basic function spaces

Throughout this section, let A C R? be open. The set of all continuous functions
on A is denoted by C'(A) and the set of k times continuously differentiable functions
by C*(A), where k € NU {co}. Here and in the rest of this work all functions are
assumed to be real-valued, if not stated otherwise. A function f is contained in C*(A)
if there exists an open set B D A and a function f € C*(B) such that f|4 = f, i.e. f
is the restriction of fto A. Functions in C*(A) with compact support are denoted
by C°(A).

For any p € [1,00], LF(A) denotes the standard Lebesgue space containing equiva-
lence classes of p-integrable functions on A with the usual norm. When referring to
functions in these spaces, we always mean the related equivalence classes. For a given
Banach space X the space LF(0,T; X) is the Bochner space containing equivalence
classes of Bochner measurable functions f : (0,7) — X whose norm

T 1/p
|l orsx) = ( / ||f<t>||&dt)

is bounded; see e.g. [26] for more details.

To simplify the notation we use boldface letters to denote spaces of functions with
values in R? whose components are in the respective function space. For example,

L%(A) is used instead of (L2(A))>.
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2.2 Lipschitz domains and their smooth approximation

In the literature several different but equivalent definitions of a Lipschitz domain can
be found. In this work we use the following definition similar to [19, Definition 2.1].

DEFINITION 2.1 (Lipschitz domain). Let d € N and d > 1. A set Z; C R? is called
an open coordinate cylinder with radius r; > 0 and height h; > 0 if there exists a
rectangular coordinate system of RY obtained from the standard Cartesian coordi-
nate system by rotation and translation with corresponding coordinates ') € R*!
and s € R such that

Z; ={(xP,sV) e R : |29 < rj,  [sD] < By}

A bounded, connected, open subset 2 C R® is called a Lipschitz domain, if there exists

a finite family {Z;}; of open coordinate cylinders covering T' := 0Q and for each

coordinate cylinder Z; there exists a Lipschitz continuous function n; : R™! — R,

i.e. |nj(x) —ni(y)| < Lj |l — y| with L; € R, such that |n;(x)| < h; and
Qnz; = {(a:(j),s(j>) €7z FOES nj(m(j))L

. , . 2.1
rnz;={(z9 n(x")): 29 e R} Nz, (21)

where (2, sY)) denote the coordinates associated with Z; and h; its height.

REMARK 2.2. For each Lipschitz domain € one can find a family of coordinate cylin-
ders {Z;}; covering T' as in Definition 2.1 such that for all j the dilated cylinder
3Z; = {(z9,sY)) e R : || < 3r;, |sY)| < 3h;}

satisfies (2.1) too; see [19, Definition 2.1] and [73, Section 0.2]. Furthermore, one
can choose the cylinders to be congruent, i.e. to have the same radit and heights.

We can define a C'° domain in the same way as we defined a Lipschitz domain, by
requiring that all of the functions n; in Definition 2.1 are in C°>°(R¢"!). The following
theorem states that every Lipschitz domain ) can be approximated from the inside
by a sequence {€,,},, of C°° domains. It is proven in [72, Theorem A.1].

THEOREM 2.3 ([19, Lemma 2.2], [72, Theorem A.1], [73, Theorem 1.12]). Letd > 1
and Q C R® be a Lipschitz domain whose boundary is denoted by I'. Then there exist
sequences of C* domains {Qy;,}m, homeomorphisms {A,,}n and functions {wy, }m
that satisfy:

(i) Q C Q and the homeomorphisms A, : T' — T, := 08, satisfy
lim (sup{|z — A,,(x)]:x €'})=0. (2.2)
m—ro0

In addition, A, (x) approaches & non-tangentially.
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(ii) There exists a finite family of coordinate cylinders {Z;}; that cover T as in
Remark 2.2 and associated Lipschitz functions {n;}; such that for each j and m

there exists a function n\™ € C*(R4) that represents T, in 3Z;, i.e.
I,N3Z; = {(as(j>777](-m)(w(j))) sz e RN 37,

) )

Furthermore, nj(-m — 1; uniformly and anm — Vn; pointwise almost every-

where as m tends to infinity, and Hn](-m)HLw(qu) < mjll poe (ma-1y for all m.

(i5i) The normal vectors n,, on Iy, converge pointwise almost everywhere to the
normal vector m on T, in the sense that n,(An(x)) — n(x) for almost all
x €T as m tends to infinity.

(iv) The functions wy, : I' = Ryq are such that

/wm(m)dsm :/ dsy
B An(B)

for all measurable sets E C I', where dsg and ds, denote the surface measures
on I and T',,, respectively. Furthermore, there exists a constant ¢ > 0 such that
¢ <wy <t for all m and w,, — 1 pointwise almost everywhere as m tends
to infinity.

REMARK 2.4. Item (i) of Theorem 2.3 states that A,,(x) approaches x non-tangen-
tially. Roughly speaking this means that the points A,,(x) all lie in a cone centered
at x. A rigorous definition is given in [19, 73]. Some additional properties of the
approzimating domains {Qy b can be found in the referenced works.

2.3 Anisotropic Sobolev spaces and trace operators

From this point onwards, let @ C R? be a bounded Lipschitz domain as in Defini-
tion 2.1 with boundary T, let 7" > 0 be finite and @ := Q x (0,7 be the space-time
cylinder with lateral boundary ¥ := I' x (0,7"). In this work we consider initial
boundary value problems for the heat equation, i.e. we want to find a function u that
satisfies the heat equation (1.1), an initial condition (1.2), and a Dirichlet boundary
condition (1.3) or a Neumann boundary condition (1.4). In the following, suitable
anisotropic Sobolev spaces and trace operators are introduced, which allow to treat
these initial boundary problems in a well-posed manner. Note that throughout this
work differential operators like A = Z?’:l Op; and V = (0y,, Ou,, Oz) " act only with

respect to the spatial variables {z; }?:1, not the temporal variable ¢.
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To start off, we briefly recall the definitions of relevant Sobolev spaces on the time
interval (0,7'), the spatial domain 2 and its boundary I'. For a better overview
see [27, Section 2] and [80, Sections 2.2-2.5]. On (0,7) one defines the Sobolev
space H'(0,T) by

H'(0,T) ={v e L*(0,T) : v" € L*(0,T)},  l[vllinory = IvllZa0my + 117207

where v’ denotes the weak derivative of v. The fractional order Sobolev spaces
H*(0,T) for a given order s with 0 < s < 1 can be defined by

H*(0,T) == {v € LX0,T) : |v (o < oo},

where the seminorm and norm on H*(0,7T) are given by

1/2
T\v ) —v(7))?
V|Hs(0,T) * |t— [+ drdt ,
2 ) 1/2
Hy(0T) ) -

We are particularly interested in the case s = 1/2 and the subspaces

vl ms 0,7y = (”U”%Z(O,T) + v

H&/2(07T) = {v e HY(0,T) : |”|H1/2(0T) < oo},
X o/ (0,

H’t/2(o7T) = {1} € HY2(0,7) : |U|HIO/2(07T> < oo},

with

1/2
g v(t)? 2 2 12
‘U|Hé/2(O,T) = t dt ) ||UHH3/2(0.T> = (HUHH1/2(0,T) + |U‘H§/2(OT)) )
s 0 s ’ N )

1/2
o TU(t)2 o 2 2 12
ron = | pogdt) o Wleen = (Pleon + Whyeem)

H&/?(O,T) can be understood as the subspace of H'/2(0,T) whose functions satisfy
a homogeneous initial condition in a weak sense. Indeed, the extension by zero of a
function in Hé/Q(O, T) lies in H'/?(—o0, T); see Proposition 5.2 (ii) in [44, Chapter 3|.
Furthermore, it is shown in [44, Chapter 1, Remark 11.5] that Hé’/Q(O,T) coincides
with the interpolation space [L*(0,T), H (0,T)]1/2, where

Hy (0,T) :={ve H(0,T) : v(0) = 0}.

Similarly, H}O/Q(O7 T) corresponds to the subspace of H'/2(0,T) with a weak homoge-
neous end condition. Note that, in general, an element in H'/?(0,T) does not have a
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continuous representative, so one cannot simply enforce homogeneous initial or end
conditions in a strong sense.

When it comes to the spatial domain, we consider the classical Sobolev space H*(2)

with the norm
1/2
llull g1y == (/Qu(a:)2 + Vu(w)|2dw>

Hy () = C2(Q),
where the closure is taken with respect to the norm || - || g1(q). On the surface I" of Q
we consider the Sobolev space H'/?(I") with the Sobolev Slobodeckij norm

1/2
(@) = (y)*
Il i= (Nelfay + [ [ R =20 ds, d,
rJr |-yl

and its dual space H~/2(T).

and its subspace

In the space-time domain @ we are particularly interested in the anisotropic Sobolev
space
HY2(Q) := L*0,T; HY{(Q)) N HY*(0, T; L*(Q))

with the norm

T 1/2
Hu||H1~1/2(Q) = (/ ||u('at)Hi{1(Q) dtJr/Q‘U(wﬂ)‘iﬂﬂ(o,T) dw)
0

and its subspaces
Hg'*(Q) = LX0,T; HY() N Hy/*(0,T; LA(2)),
HY%(Q) = L*0,T; H'(2)) N HY*(0,T; LX(%2)),

where

1/2
. 2 2
HUHH}O'}/Z(Q) T <||u||H1,l/2(Q) + A |u(m7 .)|Hé(2(O,T) dw)

and || - ||H1,1/2(Q) is defined analogously. The spaces H}O’I/Q(Q) and H,lgjl/Q(Q) can be
1 0, 3

understood as the subspaces of H"'/2(Q) with weak homogeneous initial and end

conditions, respectively. The notation here corresponds to the one in [28]. In [24],

~ (T)

HY'2(Q) and H“'/2(Q) denote the spaces equivalent to H}O”I/Q(Q) and H;l’bl/Q(Q),

respectively. Another subspace of H%Y/?(Q) which is of interest in this work is the

space
Hy'*(Q) = L0, T HY () 0 HY2(0,T; L*(Q2)).

There hold the following density results.
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PROPOSITION 2.5. Let the spaces C>°(Qx (0,T]), C=(Q2x[0,T)) and C=(Qx (0,T))
be defined by

C>(Q x (0,T)) :={u:u=1lg,u€ CR*x (0,00)}, (2.3)
Cx(Q % [0,T)) :={u:u=1ilg,u€ CR*x (—00,T)}, .
CQx (0,T)) == {u:u=1|g,uec CR*x (0,T))}. (2.5)
The following inclusions are dense:
C2(@ % (0,T)) € X where X € {H"Y*(Q), Hg'*(Q), H*(Q)}, (2.6a)
C2(Q % (0,7)) € Hg*(Q), (2.6D)
CE(Q % [0,7)) € Hiy*(Q), (2.60)
C(Q) € Hy*(Q). (2.6d)

Sketch of the proof. In the proof of Lemma 2.22 in [24] it is mentioned that the in-
clusion (2.6b) is dense, and that this follows from the density of C*°(2) in H'(£2) and
the density of C2°((0,T]) :=={f: f = J?\(o,T), feC®(0,00)} in H&/Q(O,T) by tensor
product arguments. The same tensor product arguments can be used to show the re-
maining density results. For this purpose we use that C°(0, T) is dense in H'/2(0,T)
— see e.g. [34, Theorem 1.4.2.4] — and also in Hé/2(0,T) and H71()/2(07T) — see
[80, Theorem 2.2.2]. Furthermore, C°([0,7T)) :=={f : f = ﬂ(oﬂT),f?E C(—00,T)}
is dense in H{*(0,T) and C2°(Q) in HY(Q). O

On the lateral space-time boundary ¥ = I' x (0,7) we focus on the anisotropic
Sobolev space
HY2V4(S) .= L2(0,T; HY*(T')) n HY*(0, T; L*(T"))

with the norm

T 1/2
el sy = ( | 1Oy e+ [ ot o dw)
0

and its dual
H71/2,—1/4(Z) _ (H1/2’1/4(E))/.

The duality product on H~Y/2-Y4(%) x HY/?>Y4(%) is denoted by (-,-)x and under-
stood as the continuous extension of the L? inner product

T
<w7(p>L2(E) :A /le)(w,t)tp(w,t)dswdt

from L2(S) x HY/2V4(S) to H-1/2-1/4(5) x HY21/4(%).

The following theorem establishes trace operators and corresponding right inverse
operators between H''/2(Q) and its subspaces and H'/>Y/4(%).
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THEOREM 2.6 ([45, Chapter 4, Theorem 2.1], [24, Lemma 2.4]). There exists a
unique continuous operator Y, : H;lo"l/z(Q) — HY2YA(S) such that vi%u = ulg
holds for all u € C(Q2 x (0,T)). This operator is surjective.

REMARK 2.7. The trace operator 7““ can also be considered as a surjective opera-

tor from H“'2(Q) or H1 1/Q(Q) to HY?VYA4(X). In a slight abuse of notation, we
denote all three opemtors by 7““ in this work. Note that the target space is the

same for H;1 1/Q(Q), H;{01/2(Q) and H“2(Q), i.e. it does not depend on the ho-
mogeneous initial or end condition. In fact, initial or end conditions cannot be
observed in HY*(0,T). This is related to the fact that the interpolation spaces
H; (0,T) := [L*(0,T), Hy (0,T)]s coincide with H*(0,T) for all s with 0 < s <1/2;
see [42, Remark 2.5 (1)].

COROLLARY 2.8. There exist continuous operators
EZ H1/21/4( )_> [{l,l/?(cg)7
Py, : H1/2’1/4(E) s H;B’}H(Q),
Exyo: HV(S) = H(Q),

int

which are rTight inverses of the operator 'y, on the respective space on Q.

For the definition of the Neumann trace operator we introduce the space

H5Y2(Q,0, — al) = {u e H5'*(Q) %u —alue L?(Q)}

with the norm

0
o 2 Il
lollgrqa-asy = (Il + o= a8,

as in [24, Equation (2.29)] and [28, page 5]. For a function u € C?(Q) the Neumann
trace is given by n - Vu and due to Green’s first identity it satisfies

T
a/ /(n-Vu)vdswdt
/ /((,%uaAu)vdwdtJra/ /Vu Vvd:cdt+/ /—uvd:cdt

for all v € CY(Q). This identity is used to define the Neumann trace operator for
arbitrary u € H}O’}/Q(Q, 0, — @A) in Proposition 2.10. For this purpose, we need to
show that the right-hand side is well-defined and continuous for v € H ;10’,1/ 2(Q7 O—al)

and v € H1 1/2(62) This is clear for the first two integrals and for the third one it is
established in the following proposition.
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PROPOSITION 2.9 ([24, cf. Lemma 2.6]). The bilinear form

T g
d(u,v) = / [ et dedr (2.7)

can be continuously extended from the product space C>°(Q x (0,T]) x C>(Q x [0,T))
to H;{)’}M(Q) X H:(’)lm(Q) and there holds

A 0)] < culfll (28)

@Il
where the constant cq does not depend on ).

Sketch of the proof. Tt suffices to show the estimate in (2.8) for u € C°(Q x (0,T))
and v € C(Q x [0,T)), since these spaces are dense in H. 1/Q(Q) and H;l,(’)l/Q(Q),
respectively; see Proposition 2.5.

We can extend u € C®(Q x (0,7]) to a function u € HY?(R; L*(Q)) by setting
u(t,-) = 0 for all ¢ < 0 and then setting u(-,t) = u(-,2T — t) for all ¢ > T. For this
extension one can show that

6l /2 (miz2 () < C(T)||u||H;ldl/2(Q)7

where the constant c¢(7") depends only on 7T'. Similarly, we can extend a function
v e CP(Qx[0,T)) tov € HY*(R; L*(2)) such that

101l pr22rsp2(02)) < c(T)||v||H_161/2(Q).

Since u and v are compactly supported in Q x (0,7] and Q x [0,T), respectively,
there holds

d(u,v) // u(zx, t)v(x, t)dedt = //—u:ct (z,t) de dt
ot (2.9)

< clfal| gz 2@ 1Vl 2@ 2@ < caT )HUHH}O}/Z(Q)||v|\H}bl/2<Q)-

The first of these estimates can be shown by switching to the Fourier domain in
time using Plancherel’s theorem, where the estimate follows easily when considering
the equivalent norm in H'Y?(R; L*(Q)) defined via Fourier transforms. The second
estimate is a consequence of the two estimates above. O
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PROPOSITION 2.10 ([24, cf. Lemma 2.16]). The map
W Hg*(Q.0, — al) — H V> VA(E)
defined by
(S Y)x (2.10)

= é (— /0 ! /Q ((% - aA)u Es. ot — aVu - V(Ez;w)) da dt + d(u, Ez;w))

or allu € HEV*(Q, 0, — aA) and o € HY2YA(Y) is well-defined and continuous. In
f ;0, )

particular, it does not depend on the choice of the exstension Es. o from H1/2’1/4(2)
to H:(’)lm(Q). Furthermore, for u € C*(Q) there holds v{"u = n - Vuls.

REMARK 2.11. By considering a suitable exterior domain Q™ C R®\ Q and the
related space-time cylinder Q°* = Q%™ x (0,T) we can define exterior trace operators
,ygfczt . Hl,l/?(Qext) N H1/2’1/4(2) and ,y?czt . Hl,l/Q(Qext’at _ OéA) N H71/2,71/4(Z)’.
see e.g. [24, p. 515f.]. These exterior trace operators will be used for the definition
of the double layer and adjoint time-reversed double layer operator in Section 8.1.

2.4 Piecewise polynomial approximation spaces

In this section we introduce finite-dimensional spaces for the discretization of the
anisotropic Sobolev spaces HY2V/4(%) and H~Y/%>~Y4(X) in Section 2.3 and the
space L2(2). We assume that  is a polyhedral Lipschitz domain.

On X =TI"x(0,T) we consider piecewise polynomial tensor product spaces defined on
corresponding tensor product meshes, which is the standard discretization strategy;
see for example [57, Section 6] or [24, Section 5]. A tensor product mesh of ¥ is
constructed by combining the elements of a spatial surface mesh I', with the time
intervals of a partition Z, of (0,7). We assume that I’y = {v;, }if:l is a triangular
surface mesh with plane triangles ;. and require that I'; is admissible, i.e. the
intersection 7, N 7, of two triangles with j, # k, is either empty, or a shared
vertex, or a shared edge. The local mesh size hy;, of a triangle ~;, € I'j is defined

b
Y 1/2
haje = |73 ?) = (/ ldsm) (2.11)

Vi

and the global mesh size h, of T'j, by

he := max hy

Je=1,....Ez

(2.12)

Ja
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A partition Z,, of the time interval (0,7) is formed by a sequence of grid points
{t;, }JELO satisfying 0 = ¢y < t; < ... < tg, =T. The size h;;, of the corresponding
subintervals (t;,_1,t;,) of (0,T) is given by

hej, =t5, —tj,—1 (2.13)
and the global mesh size h; of Z;, by

he = max Rt j,. (2.14)

Je=1,., B¢
Note that in this work we will not only consider uniform partitions of (0,7") where
hj, = hy for all j, € {1,..., E;}, but also non-uniform partitions where the sizes hy j,

may differ. By combining a temporal partition Z;, with a surface mesh I';, we obtain
the tensor product mesh

Eh = Fh ®Iht

, (2.15)
={0jjo = Viw X (tj=1,t5,) e €{L, ..., B}, jo € {1,..., Eo}}.

We define the space of all piecewise constant functions on the partition Z,, by Sy (Zp,).
A basis of Sf (Tp,) is given by {of, }7.,, where ¢ (t) = 1 for t € (tj,_1,1;,) and
zero otherwise. Likewise, we define the space of all piecewise constant functions on
the mesh T, by S} (T') with the basis {5, ;. f::l, where ¢l ; (z) = 1 for ¢ € v;,
and zero otherwise. This allows us to define the tensor product space S}?f,%t(zh) by

SpE0 (Sh) = Sh.(Tn) ® S, (ZTi,)

— o0 . . (2.16)
= span{p, ; wpi, 1 Jt € {1, Bt} e € {1, Eg}}.

A function f, € SO®O .(X1) can be written as a linear combination of the basis
functions {c,og’jm th }]Mm, ie.

Ey Eg

In= Z Z fjr,,jm(pg,jm@?,jt' (2.17)

Ji=1jz=1

In particular, fj is uniquely defined by the vector f € RPtF= of coefficients f;, ;,. Here
and in the rest of the work we use pairs of indices (j;, j») to denote the entries of such
coefficient vectors f and sort them in a “time major” order, i.e. £T = (f],..., f;ﬁ),
where f;, € R®= contains the entries fj, ;, for a given time-index j,.

On I';, we define in addition Sh (T'h) as the space of all piecewise linear, globally
continuous functions. Let the set of all vertices of the m(‘sh Iy, be g1ven by {z;, }}=
The nodal basis functions of Sj_(T') are given by {0}, ;.

Je=1"

h_l, where . o 18 uniquely
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defined by setting @;Jm(mkm) = 0;,k,- Here, d; 1, denotes the Kronecker delta. By
combining S;_(T',) with Sp (Zp,) we get the tensor product space

Shah (En) = i, (Tn) @ S5, (Zi,)

_ 10 . (2.18)
= span{, ;. ¢, e € {1, ., B}, ju € {1, Na}}.

A function g, € Sp%) (5,) is uniquely defined by the vector g € RF*N= of coeffi-
cients gj, j, in the representation

Et Ng

9n = Z Z gjz,ijDi,jm@gjr

Jt=1je=1

The spaces Sp=5 () and $,%) () will be used for the approximation of functions
in H=1/27Y4(%) and HY>'Y4(%), respectively.

For the discretization of functions v € L?*(Q) we consider an admissible tetrahedral
mesh Qj, = {To, }.~, and define the space of all piecewise linear, globally continu-
ous functions on €, by S}Lm(Qh)- Let, {wn,km}ka:l denote the vertices of the mesh €Qy,.
Then the nodal basis of S} () is given by {pf . }r%,, where ¢, is defined by
OOk (®0jy) = Oknjp- A function v, € Si () can be expressed in terms of this
nodal basis by v, = Z,ii“;l vkmgoslmm, where vy, are the entries of the corresponding
vector v € RN,

We conclude the section by introducing L? projection operators for the discrete spaces
on ¥ and Q introduced above. The L? projection Qhv € S; () of a function
v € L*() is defined as the unique solution of

<Q%ﬂ}7 q)h>L2(Q) = <U, (I)h>L2(Q) for all &, € S;’ll,m(Qh)

On ¥ we consider the operators Q%" : L*(X) — SP=9P(%),) where p, € {0,1} and

w,h/t
pi = 0. The projection Q5*"'u of u € L*(X) is defined as the unique function in
SP=P () that satisfies

(QB=Pty, )5y = (u, )y for all @y, € Sﬁ:?fft(ilh). (2.19)

In [27, Section 6.3.2], the interested reader can find several approximation properties
of the L? projection operators Q5"






3 BOUNDARY INTEGRAL EQUATIONS AND BOUNDARY
ELEMENT METHODS

In this chapter we give a short overview of boundary integral operators for the heat
equation, boundary integral equations for the solution of related initial boundary
value problems, and corresponding boundary element methods for their approximate
solution. The description here is close to the one in [28], where an interested reader
can find additional details. Most of the discussed results stem from the seminal
works [8, 24, 57].

3.1 The boundary integral operators

Let u be a solution to the homogeneous heat equation (1.1) that satisfies an initial
condition (1.2) for a given function ug on . Such a function u can be expressed by
the representation formula

u = V(a'yi“%u) VV'y‘“t u+ Mouo, (3.1)

see e.g. |28, Section 4.1]. Here, V is the single layer potential operator, W the double
layer potential operator and M, the initial potential operator. For densities g and w
in L'(X) the potentials Vw and Wy have the integral representations

‘7w(m,t) = /t/Ga(m —y,t — T )w(y,7)ds, dr, (3.2)
g(x,t) / /aa—nyG —y,t —7)g(y,7)ds, dr (3.3)

for all z € R*\ I" and ¢ > 0, where G, is the fundamental solution of the heat
equation defined by

1 |lz—yl? ) :
s XD | — s ift—7>0,
Gol® —y,t —7) = { Gralt=m)2 &P ( 4a(t—7) . (3.4)
0 otherwise,

see e.g. [28, Sections 4.4 and 4.6]. More general definitions of the operators V and W
are given in [24, Section 3]. There it is also shown that V : H=/2=V4(2) — H;lo"’lm(Q)

19
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and W : HY/2V4(2) — H}O‘,I/Q(Q) are continuous and that the corresponding poten-

tials satisfy the homogeneous heat equation, i.e. (9, — aA)® =0 in Q for & = Vw
and ® = Wu, respectively.

The initial potential ]\%uo of a function uy € L?(Q) admits the representation

Moug(z, t) = / Go(x — y,t)uo(y) dy for all £ € R® and t > 0. (3.5)
0

The operator MO is continuous as a map from L2(Q2) to V(Q); see e.g. [28, Section 4.2].
The space V(Q) is defined by

V(Q) := L*(0,T; H'(Q))n HY(0,T; H1(Q)), (3.6)

and equipped with the usual graph norm; see [28, Section 3.3]. It is a dense subspace
of HY/2(Q), and in addition there holds V(Q) C C([0, T]; L*(2)); see [24, p. 502f.].
Hence, functions u € V(Q) have a representative which is continuous in time, which
makes point evaluations in time and, in particular, initial conditions well defined.
In [28, Section 4.2] it is also proven that Myug(x, 0) = uo(x) almost everywhere in
and (0, — aA)Mouo =0in Q.

Note that the single layer potential operator V in (3.2) and the double layer potential
operator W in (3.3) are causal. This means that for any ¢ > 0 the values of densities g
and w in the interval (¢,T") do not influence the functions Vw and Wg in (0,¢). From
a physical perspective, this is to be expected. Mathematically, this property is related
to the fact that the heat kernel G,(x — y,¢ — 7) in (3.4) vanishes for ¢ < 7. Due to
this fact, we will also denote the heat kernel as causal in this work.

By applying the trace operators 7%, and a7, to the representation formula (3.1)
we obtain two boundary integral equations, which we will later use for the explicit
solution of concrete initial boundary value problems. Applying the trace operator 'y”‘t
yields the first boundary integral equation

75“§u = V(oz*yi“tzu) ( Id — K) fymt u + Moyuy, (3.7)

int

where V := ~jnt V is the single layer operator, K := (70 %+ e"t)W the double layer

operator and MO 76“%]\40 Recall that ’y“"t is a suitable exterior trace operator; see
Remark 2.11. The operators V', K and MO admit the integral representations

i
w(x,t) = / /Ga(a: —y,t —1)w(y,T)ds, dr for all (z,t) € 3, (3.8)
o Jr
t
t) = / /aiGa(w —y,t —7)g9(y,7)dsydr for all (z,t) € X, (3.9)
o Jr Ony

Moug(z, t) = / Go(x — y,t)uo(y) dy for all (x,t) € 3, (3.10)
Q
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for w, g € L®(X) and uy € L*(2), where additional regularity assumptions on
the spatial boundary I' are needed for the representation in (3.9); see for exam-
ple [63, Sections 3.3.2 and 3.3.3] for similar results on the corresponding boundary
integral operators V and K for elliptic PDEs.

By applying the scaled Neumann trace operator tw‘“t to the representation for-
mula (3.1) we obtain the second boundary integral equation

1
oy = (§Id + K’T) (anu) + Dygu + Mg, (3.11)
with the adjoint time-reversed double layer operator Kj. := &(ay" + a’yf’%)f/
the hypersingular operator D := —an{% (W) and the operator M; := awi“%Mo.

The operator K. is indeed the adjoint of the time-reversed double layer operator
K =070 K, where Orf(z,t) := f(z,T —t). For w € L*(X) and a sufficiently
regular boundary I" there holds

Krw = / / 3 —y,t —7Tw(y,7)ds,dr  forall (z,t) € X, (3.12)
nm

see [63, Section 3.3.3] for a similar result for elliptic PDEs. The integral representa-
tion

Miyuy = / 8n —y,tug(y) dy for all (z,t) € 2 (3.13)

is valid for all ug € L*(€2). The hypersingular operator D does not admit a similar
integral representation. This is related to the fact that the kernel

3]
/ 2 % -y t— 3.14
((@.0).(4.7) = G5 Cle =0 =7) (3.14)
has a strong singularity on the diagonal (x,t) = (y,7). When we consider the

bilinear form associated with D, we can use a so-called integration by parts formula
to overcome this problem. This integration by parts formula will be discussed in
detail in Chapter 4.

From the continuity of the potential operators 17, W and MO and the continuity of
the trace operators 7““ and ’y“‘t we conclude that the operators

V- H71/2,71/4(E) N }[1/271/4(2:)7 K% . H71/2,71/4(E) N [{71/2771/4(22)7

K - H1/2,1/4(E) N H1/2’1/4(E)7 D - H1/2,1/4(2) N H71/2,71/4(2)’

My : L2(Q) — H'>V4(x%), M, : L3(Q) — H™V/>7V4(%)

are continuous. Furthermore one can show that V and D are positive definite iso-
morphisms, which we express in the following theorems.



22 3 Boundary integral equations and boundary element methods

THEOREM 3.1 ([24, Corollary 3.13 (a)] and [57, Theorem 4.3]). The single layer
operator V is an isomorphism between H~Y/>~Y4(2) and HY*Y4(%) and there erists
a constant ¢! > 0 such that

Va,q)o > ¢ lallfaniasy  for allg e HV/27VA(E), (3.15)

THEOREM 3.2 (|24, Corollary 3.13 (b)]). The hypersingular operator D is an iso-
morphism between HY?'V4(S) and H=Y/>~Y4(X) and there exists a constant cP > 0
such that

(Do, @)s > L ellapaasnisy  for all o € H/PVA(E). (3.16)

3.2 Solving initial BVPs by boundary integral equations

The integral operators introduced in Section 3.1 can be used to construct solu-
tions to initial boundary value problems of the heat equation. Let us first focus
on the initial Dirichlet boundary value problem (1.1)—(1.3), where we follow the lines
of [28, Section 5.3] and assume g € HY?V/4(X) and uy € L*(£2). If we want to use
the representation formula (3.1) to construct the solution u, we have to determine
the unknown Neumann datum 'yi“tzu According to the first boundary integral equa-
tion (3.7) there holds

1
Vq— (Eld + K)g — Myuo

for ¢ := a7"u. The corresponding variational problem is to find ¢ € H~'/271/4(x)
such that

Vg, )5 = <(%Id + K)g — Myuo, ¢>E for all ¢ € H-V2V4(x).  (3.17)

Due to the continuity and linearity of the boundary integral operators, Theorem 3.1,
and the Lemma of Lax—Milgram, this variational problem admits a unique solution ¢
that depends continuously on g and wuy.

Another option is to use the following indirect approach. We know that for any
density w € H~Y/%7Y/4(%) the function

w = Vw + Myug (3.18)

is a solution of the homogeneous heat equation (1.1) that satisfies the initial con-
dition (1.2). By applying the trace operator 7&‘% to u we see that the Dirichlet
condition (1.3) is satisfied if w € H~Y/%71/4(%) solves the variational problem

(Vw, )y = (g — Myug, )y for all ¢y € H~V/2714(x), (3.19)

The existence of a unique density w with this property follows as before.
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The initial Neumann boundary value problem (1.1)—(1.2) with (1.4) and the Neumann
datum ¢ € H~Y/%7Y4(%) can be treated in a similar way; see [27, Section 5.3]. The
direct approach uses the representation formula (3.1) to construct the solution w.
The unknown Dirichlet datum g := v{*%u can be determined by using the second
boundary integral equation (3.11), i.e.

1
Dg = (5Id - K'T) (aq) — Myug.
The equivalent variational problem is to find g € H'/?'/4(%) such that

1
(Dg, p)s = <(§Id - K'T) (aq) — Myuo, np>2 for all p € HY>1/4, (3.20)

Due to the continuity and linearity of the boundary integral operators, Theorem 3.2,
and the Lemma of Lax—Milgram, it follows that there exists a unique solution g to
this problem which depends continuously on ¢ and wy.

Alternatively, we can use the following indirect approach, where we set
wi=—Wf + Mouo (3.21)
and require that the density f € HY/2/4(X) satisfies
(Df,p)s = (aq — Myug, ) for all ¢ € HY/>V4(%). (3.22)

A unique density f with these properties exists and the resulting function wu is the
solution to the considered initial Neumann boundary value problem.

3.3 Boundary element methods

In this section we describe how to discretize the variational formulations (3.17)
and (3.20) by a Galerkin—Bubnov method to obtain approximate solutions to the
initial Dirichlet and Neumann boundary value problems of the heat equation, re-
spectively. The variational formulations from the indirect approaches can be handled
analogously.

Let ¥, = T'y, ® 7}, be a space-time tensor product mesh of ¥, Q;, be a tetrahedral
mesh of Q, and ngﬁft(zh) and S;_(Q) be piecewise polynomial spaces on ¥ and Q,
as in Section 2.4. A Galerkin—Bubnov discretization of the variational problem (3.17)
is to find ¢, € 52?,?” such that

1
(Van, dn)s = <(§Id n K) o — Mouo,h,¢h>2 for all vy, € S0 (5,).  (3.23)
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Note that we have replaced g and wug on the right-hand side of (3.17) by the cor-
responding approximations g, = Q1®Og € Sl®0 (X)) and wgp = Qbuy € Sh ()
with the L? projection operators Q" and QQ from Section 2.4. The variational
formulation (3.23) has a unique solution due to Theorem 3.1. It can be rewritten as
the system of linear equations

1
th = (th + Kh)g — M%’U,O (324)

Here q, g and u° denote the coefficient vectors of the discrete functions gy, g, and Uo,h,
respectively. As stated in Section 2.4 we use pairs of indices (j¢, j») to address the
entries of ¢ and g and assume that these vectors are sorted in a “time-major” order.
The matrices Vy, Kj, and MY are the BEM matrices of the operators V, K and My,
respectively, and M, is the mass matrix. Their entries are obtained by evaluating
the corresponding bilinear forms (V- -), etc., for pairs of basis functions. The entries
of V}, for row indices (ki k,) and column indices (ji, j.) with &, j: € {1,..., E;} and
ke, ju € {1,..., Ex} are given by

Vi[(ky — 1) Ey + ks, 1) Eqy + je

3.25
/ / / Golx —y,t — 7)ds, drds, dt. (3.25)
thy—1 Y Vi -1 Y Y

]

For the assembly of K;, and the sparse mass matrix M;, we need to evaluate

Kul(ke = 1) Ep + ka, (je — 1) Ny +]m]

3.26
/ / / / a —y.t—7)ey ;. (y)ds, drds, dt, (3.26)
tiy—1 Vi b1

ht,kt f"/km (,0;11:7]1 (ilf)dsm if jt = kt7

Mh[(kt - I)Ew + kw-, (]t - I)Nw JF]:c] = {O (3.27)

otherwise
for all k¢, jy € {1,...,Ei}, kx € {1,...,Ex} and j, € {1,..., Ng}, with h,y, given
n (2.13). Finally, the entries of MY are given by

My (ke — 1) Eq + kg, jo] = / / /G )eh,, (y) dydsg dt - (3.28)
thy—1 Y Vhg

forall k, € {1,...,E}, ke € {1,...,E.} and j, € {1,..., Nqo}.
The matrix Vj, has the lower triangular block structure
1,1
v, 0o ... 0

2,1 2,2
Vie Vi , (3.29)

Ey1 Ey,2 Ey,Ey
VEL B2
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where the blocks V7" € RP=*F= contain all entries of V), corresponding to a temporal
row index k; and a temporal column index j;. The blocks V’,jt’j‘ with j; > k; above
the diagonal are zero due to the causality of the operator V in (3.8). If the time
intervals in the partition Z,, are uniform, the matrix V; is even a lower triangular
block Toeplitz matrix, i.e. Vi = V" if k, — j, = m; — ¢,. The matrix K, has
the same block structure as V;, with blocks Kfj’jt € RP=*N=  The mass matrix M,
is block-diagonal and the diagonal blocks ij’kt € RE=XNa are sparse. The structure
of the matrix MY is different. One can subdivide its rows according to the temporal
row indices k;, but not its columns. In particular, all entries of MY are nonzero.

The numerical evaluation of the integrals (3.25) and (3.26) is discussed, for example,
in [57, Section 6.2], [51, Appendix B], and [81, Sections 3.1 and 3.2]. The usual strat-
egy is to combine an analytic integration in the temporal variables with numerical
quadrature formulae in space. In [81], the authors took particular care to give a com-
plete and error-free description of this process. The temporal mesh in that work is
assumed to be uniform but the generalization for the case of non-uniform time steps
is straightforward. The computation of the entries of MY in (3.28) was not consid-
ered in [81] or the other mentioned works. An analytic integration in time can also
be done in this case. The remaining spatial integrals can be handled by numerical
quadrature formulae on pairs of tetrahedra 7, € €2, and triangles y;, € I',. The only
difficulty arises for the time-index k; = 1 because in that case the resulting integrals
are singular if the intersection of 7, and 7, is not empty. In [31, Section A.1.2]
it is shown how to handle such integrals in the spatially two-dimensional case. For
the examples in this work, we used a heuristic subdivision strategy instead, which
worked sufficiently well.

When the solution g to the system (3.24) has been computed, we can use the corre-
sponding function ¢, together with the approximations g, of the Dirichlet datum g
and the approximation wugj, of the initial datum ug to construct

Ug = ‘7% - Wan + Mouo,m (3.30)

which approximates the solution u to the initial Dirichlet boundary value prob-
lem (1.1)—(1.3). The evaluation of Vg, (x,t) and Wgy,(x,t) for x € Q and ¢t € (0,T)

is discussed in [81, Section 3.5]. The initial potential Myup, can be evaluated by

standard quadrature schemes since the related integrals are not singular.
In the discrete version of the variational problem (3.20) we search for g, € 5,%) (35)

such that
1 ! 1®0
(Dgn, pn)s = <(§Id — KT) (agn) — Myug p, g0h>2 for all ¢, € 5,7}, (3.31)

where ug;, = Qhug € S} () and g, = Q¥ € 59 . Note that the Neumann

ha,ht®
datum ¢ has to be sufficiently regular to define g, in this manner, which we assume
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here. The discrete variational problem (3.31) admits a unique solution g, which is a
consequence of Theorem 3.2. We can use it to construct an approximate solution uy
to the initial Neumann boundary value problem (1.1)—(1.2) with (1.4) by using (3.30)
as above.

The system of linear equations equivalent to (3.31) reads
1
Dhg = (§M;m ~Ki")a -~ Mju (3.32)

As before, g, g and u° denote the vector of coefficients of gy, qn and g, respec-
tively. The matrices M;w and K}” are obtained by a blockwise transposition from the
matrices My, and K, in (3.24), which we indicate by the superscript T,. E.g., there
holds
KHT 0 0
2,1\ T 2,2\ T :
sz _ (Kh. ) (Kh. ) - (3_33)
(KE)T (KE2)T L (KPP

The matrix D, has the same block structure as the matrix Vj in (3.29) with blocks
Dj7t € RN=*N= due to the causality of the operator D. The entries of Dj are
computed using the integration by parts formula in Theorem 4.8 together with (4.59).
Further details about this computation are given at the end of Section 4.2.2.

The entries of the matrix M} are given by

h[(kt - 1)N + kwv]w (334)

/ " [ gGate . 0ch ek @) dy s

forall k, € {1,...,E}, ke € {1,..., Ny} and j € {1,..., No}. The computation of
these entries can be handled similarly to the computation of the entries of MY, which
we described above.

For a priori error estimates related to the discretization (3.23) of the variational
problem (3.17) corresponding to the Dirichlet problem and the discretization (3.31)
of the variational problem (3.20) corresponding to the Neumann problem we refer
to the literature. A detailed discussion of error estimates for a Dirichlet problem is
already given in [57, Section 7] and results for both problems in [24, Section 5]. A
comprehensive overview can be found in [27, Sections 7.1 and 7.2], where also meshes
without tensor product structure are considered. In [53, Section 4] error estimates
for a mixed boundary value problem including prescribed Dirichlet, Neumann, and
Robin boundary values are given. Note that in [53] and [57] also the error related to
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the approximation of the right-hand side is investigated for the respective problems.
Of further interest is [23], where an alternative estimate for the approximation error
for the Dirichlet problem in the energy norm || - ||-1/2.-1/4(x) is given; see Theo-
rem 3.3. This result shows, in particular, how to adapt the time step sizes to the
spatial mesh widths when constructing a sequence of tensor product meshes to obtain
better convergence rates in the energy norm than those predicted in the previously
mentioned works.






4 AN INTEGRATION BY PARTS FORMULA FOR THE
HYPERSINGULAR OPERATOR

The hypersingular operator D was introduced in Section 3.1 as D = —mi;jgw with
the double layer potential operator W from (3.3). We have already pointed out
that D does not admit an integral representation like the single layer operator V'
in (3.8) or the double layer operator K in (3.9) due to the strong singularity of the
related kernel function (3.14). However, an alternative representation is available for
the bilinear form (D-,-)y on HY>Y/4(¥) x H'/>Y/4(%), which eventually allows for
an evaluation by means of weakly singular integrals. This representation is known
as integration by parts formula and is covered in detail in this chapter and the
corresponding publication [77].

The contents of this chapter are structured as follows. In Section 4.1 we present
auxiliary definitions and results which are required in this chapter. A general ver-
sion of the integration by parts formula for the bilinear form (D-,-)s is discussed
in Section 4.2 with a detailed proof in Section 4.2.1. The integration by parts for-
mula includes a bilinear form b, which cannot be evaluated directly for non-smooth
functions in its general form. In Section 4.2.2 we provide an alternative representa-
tion for this bilinear form which is valid for functions in the typical tensor product
discretization spaces.

4.1 Auxiliary definitions and results

In the following subsections we discuss a few additional results that are needed later
in this chapter. We start by citing several definitions and results from distribution
theory following the lines of [48] and [71], which will be needed for the proof of the
integration by parts formula in Section 4.2. This formula includes surface curls of
functions in H1/%1/4(%), which we define in Section 4.1.2. In Section 4.1.3 we consider
selected additional aspects of the heat equation, which we will need in Section 4.2.2.

4.1.1 Selected results from distribution theory

The distributions on an open set A C R? are denoted by D’(A). These are the linear
functionals on C°(A) which are sequentially continuous with the usual notion of

29
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convergence in C°(A); see e.g. [48, page 65]. In the same manner, the set of all
linear, sequentially continuous functionals on C*°(A) is denoted by £'(A). We use
the notation u[w] for the application of u in D'(A) or £'(A) to a function w in C°(A)
or C*°(A), respectively.

Let Lj, (A) be the set of all measurable functions u : A — R such that [|u]|,:x) < 00

for all compact subsets K of A. For each u € L{ _(A) we can define a distribution by

setting
ufw] ::/uwdw.
A

A distribution that can be represented by a function in L
called regular.

1
loc

(A) in this way is often
For a multi-index o € N¢ the derivative D* = H?:1 92! of a distribution S € D'(A)
is defined by

DS[w] = (—1)'*S[D*w]
for all w € C°(A), where |a| := 3, |a;|. The derivative DS is itself a distribu-
tion.

The restriction S|p of a distribution S € D'(A) to an open subset B of A is defined
by setting S|g[w] = S[w] for all w € C°(B), where @ denotes the extension of w to A
by zero. There holds S|g € D'(B). The support supp(S) of a distribution S € D'(A)
is defined as the largest relatively closed subset F' of A such that S|A\F =0. In
[71, Theorem 24.2] it is shown that

E'(A) ={S € D'(A) : supp(S) is a compact subset of A}.
In the following the focus lies on distributions on the whole space R?. The convolution
of a distribution S € D'(R?) and a test function u € C>(R?) is defined by
Ssu: @ Sylu(e —-y)],

where the index y added to S indicates that S acts with respect to this variable.
It can be shown that this is a function in C*®(R?) or even in C(R?) if supp(S) is
compact; see e.g. [71, Theorem 27.3]. For S € D'(R?), R € &'(R?) and u € C=(RY)
we can also consider the functions

Sylu(-s + )]+ @ = Sylu(x + )]

and Ry[u(-z + )], which are in C*(R?) and C>°(R?), respectively. This follows
directly from the alternative representation Syu(z + )] = (S * @)(—z), where
ii(x) := u(—=x). In particular, we can define the convolution of S € D'(R?) and
R € &'(R?) as an element in D'(R?) via

(S R)[u] == Su[Ry[u(-5++)]]  forall u e C=(R?) (4.1)
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and similarly (R x S) € D'(R?) by
(R*S)[u] == Ry[Sylu(-s++)]]  for all u € C(RY).

Let us collect some properties of the convolution of distributions defined in this
way.

PROPOSITION 4.1 ([71, Theorem 27.4, Propositions 27.3 and 27.5]). Let S € D'(R?),
R € &'(RY) and o € N&. Then

SxR=RxS,
DS« R) = (D*S)* R= S (D*R),
dox S =25,

where 8o is the delta distribution defined by do[w] = w(0) for all w € C*(RY).

The distributions that play an important role in this chapter are those generated by
the adjoint operators (y')" and (7}"g)" of the trace operators in Section 2.3. If we
int

interpret the Dirichlet trace operator 7%, as a continuous operator from C*(R? x R)
to HY/2Y4(%), its adjoint (%) H-Y2714(%) — £'(R® x R) is given by

(10%) (©)[w] := (v, Y 5w)s (4.2)

for p € H-Y/27Y/4(%) and w € C=(R® x R). Similarly, we consider the Neumann
trace operator 71" as a continuous operator from C*(R?* x R) to H~"/%71/4() and
end up with its adjoint (4}%)" : HY/#/4(S) — &'(R® x R) defined by

() ()] = (N’sw, v)s (4.3)
for 1 € HY?Y4(¥) and w € C=(R® x R).

4.1.2 The surface curl in HY/2Y/4(%)

For the integration by parts formula of the hypersingular operator D we need to define
the surface curl of a function in H'/>'/4(X). In this work we use a weak variational
definition. This is inspired by the definitions of the purely spatial tangential trace
and surface curl in [64]; see the definitions of y7 and Vi in Sections 16.2 and 16.10,
respectively.

DEFINITION 4.2. The surface curl curly p € H™V27V4) of p € HY?VA(T) is
defined by

(curly ¢, )y, = (VEsp, curl(Est))2q)  for all ¢ € HY*V4(D), (4.4)

where Ey, is the continuous right inverse of%ifg from Corollary 2.8 and its application

to a vector-valued function is understood componentwise.
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PROPOSITION 4.3. The operator curly : HY/?1/4(X) — H~'/271/4(%) is well-defined
and continuous. In particular, (4.4) is independent of the extension Ex. If § € C?(Q)
and ¢ = @|x,, then there holds

curly p = Vp x n. (4.5)

Proof. We start by showing that the definition in (4.4) is independent of the exten-
sion Extp of the test function @ € HY2Y/4(X). For this purpose, let b, and b,
in H''/2(Q) denote two extensions of 1 to Q. Then, the difference 1, — vy is
in H&;UQ(Q) and, therefore,

(Vu, curl 9y — curlahsy) 2g) = 0 (4.6)
for all u € H/2(Q). Indeed, integration by parts yields
(Vu, curlw) p2(q) = (u, n - curlw)y — (u, div(curl w)) 2y = 0

for w € C(Q), and thus (4.6) follows from the density of C°(Q) in H&’l/g(Q); see
Proposition 2.5. This proves that (4.4) is independent of the extension Es) of 1.

Similarly, we conclude that (4.4) is independent of the extension Ex¢ of ¢ by using
that
(Vu, curlw) r2(g) = (Vu x n,w)s + (curl(Vu), w) 2q) =0

for all u € C®°(Q) and w € H"/2(Q).

To see that curly p € H~Y/271/4(3) and that curly, is continuous as a mapping from
HY2V4(S) to H™'/271/4(X) we estimate

[(curly ¢, ¢p)s| = [(VEsp, curl(Exy)) r2(g)| < [VEs@| 2| curl(Esy) | r2(q)
< cllBsgllar@llBsllmairg < ccrllellmminsl$lmms,
where ¢t denotes the boundedness constant of the extension operators Fs.

The only thing left to show is (4.5) for § € C*(Q) and ¢ = @|x. Since the definition
of curly in (4.4) is independent of the extension of ¢ we can use the particular
extension ¢ to get

(curlg @, )y = (V@, curl(Ex)) 2g) = (V@ X n, )5 + (curl(V), Exp) 12(g)
= <v¢ X n, ¢>Z

for all ¢ € HY/>/4(%), where we used integration by parts in the second step. This
means that curly ¢ = V@ x n in H™Y27V4(%), O
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4.1.3 The heat equation — selected results

In Section 3.2 we have seen how boundary integral equations can be used for the
solution of initial boundary value problems for the transient heat equation. Here
we present additional solvability results for an initial Dirichlet problem with homo-
geneous initial conditions. In addition, we discuss the classical parabolic maximum
principle and a generalization of it, which we will need in Section 4.2.2.

The first theorem which we state is a classical existence and uniqueness result that
can be found in a more general form in |7, Theorem 6.2.8].

THEOREM 4.4. Let g € C(X) such that g(x,0) = 0 for all * € T. Then the ini-
tial Dirichlet boundary value problem (1.1)—~(1.3) with initial datum uy = 0 admits a

unique classical solution v € C(Q) N C®(Q).

In Section 3.2 we have already seen that we can construct the solution of an initial
Dirichlet boundary value problem with Dirichlet datum g € H'/?'/4(X) by means of
integral operators. Theorem 4.5 shows that this is even possible for g € L*(2) when
interpreting boundary values in terms of non-tangential limits. The non-tangential
limit of a function u in @ at (x,t) € ¥ is defined by

u(y, 1), (4.7)

lim
Y(@,t)3(y,7) = (2.t)

where y(x,t) C @ is the so-called parabolic non-tangential approach region of a point
(z,t) € ¥. Since a rigorous definition of this region y(x,t) is slightly technical and
we do not use it extensively here, we refer to [19, Section 1] for it.

THEOREM 4.5 (cf. [19, Theorems 8.1 and 8.3]). The operator (—1/21d + K) as a
map from L2(X) to L*(X) is an isomorphism. In particular, for any g € L*(X) the
function

1 -1
u:W((f§Id+K) g) (4.8)
is well-defined. Furthermore, it is the unique function that satisfies:
(i) u e C®°(Q) and (0/0t — aA)u = 0.
(i) we C(Q x[0,T)) and u(-,0) = 0.

(iii) The non-tangential mazimal function N(u) of w is in L*(X), where
N(u)(z,t) :=sup{|u(y,7)| : (y,7) € y(x,t)} for all (x,t) € X, (4.9)

and y(x,t) C Q is the parabolic non-tangential region of (x,t) as in (4.7).

(v) u= g on X in the sense of non-tangential limits almost everywhere.
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The next result is known as the parabolic maximum principle; see e.g. Theorem 4 in
Section 2.3.3 of [30].

PROPOSITION 4.6. Let u € C(Q) N C%(Q) satisfy (1.1). Then

max u(x,t) = max u(x, t)
(®.1)eQ (@.t)€(EU@x{0}))

and the same holds if the maximum is replaced by the minimum on both sides.

We conclude this section with Theorem 4.7, which is a generalization of the maximum
principle in Proposition 4.6 and will be required in the proof of Theorem 4.17.

THEOREM 4.7 (Extended parabolic maximum principle). Let g € L>®(X) and u be
the solution (4.8) to the initial Dirichlet boundary value problem (1.1)—(1.3) with the
initial datum ug = 0. Then there holds

sup{|u(z, )| : (z,t) € Q} < ||gllr=(s)- (4.10)

Proof. The theorem is proven in three steps. First we approximate the boundary
datum g in L?*(X) by a sequence {g,}, in C(X) such that g,(x,0) =0 for all z € T
and || gn ||y < ||l (x)- Secondly, we construct solutions u, of the homogeneous
heat equation by Theorems 4.4 and 4.5 such that u, = ¢, on ¥. Finally, we show
assertion (4.10) by contradiction using Proposition 4.6 for u,, and a continuity argu-
ment.

We start with the construction of the sequence {gy},. Due to the density of C(X) in
L2(%) we find a sequence {f,}, in C(X) such that f,, — g in L*(X) as n — oco. Let
us first define g, by

(@ t) = Jn(,t) if (a,t) is such that |f,(2,1)] < ||gllLem),
i 1) sign(fn(,t))]|gllzoo(sy otherwise.

One can show that g, € C(X) and ||y 1(s) < [|g]|1=(x) for all n € N. In addition,
Gn — g in L2(X) as n — oo, which follows from the estimate

for all n € N and almost all (2, t) € X. Since g,(2,0) = 0 might be violated for some
x €1 we set

tgn(z,t) fo<t<i
oy [P T0SE<d
gn(x, 1) otherwise.

By construction, there holds g, € C(X), g,(-,0) =0 on I and ||gn| 1) < |9/l
for all n € N. In addition, g, — g, — 0 in L?*(X) as n — oo, which implies the
convergence of g, to g in L*(X). Therefore, {g,}, is a sequence in C'(X) with the
desired properties.
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By Theorem 4.4, we can find for each n € N a unique u,, € C*(Q) N C(Q) which
solves the heat equation (1.1) and satisfies u,(x,0) = 0 for all z € Q as well as
un = g on X. Hence, u,, satisfies the properties (3), (71) and (iv) of Theorem 4.5 and
we need to show only (%) to obtain the representation

1 -1
u,L:W<(—§Id+K) q) (4.11)
Due to the definition of N(u,,) in (4.9) and the inclusion y(x,t) C @ there holds
N(uy,) < sup{|u,(z,t)| : (z,t) € Q}.

From the classical parabolic maximum principle in Proposition 4.6 we can further
estimate

sup{|un (@, 1)| : (@,1) € Q} < |gnllz>) < l|gllz(m)- (4.12)

Therefore, N(u,) < [|g|[=(x) on ¥ and, in particular, N(u,) € L*(X), which is
property (%) in Theorem 4.5.

With the representation (4.11) we can show that u,, — « locally in Q in L? as n — cc.
In fact, let Q. := {(x,t) € @ : dist(x,I') > ¢}. Then the convergence of u, to u in
L2(Q.) follows immediately from g,, — g in L?(X), because the operator (—1Id+K) is
an isomorphism in L?(¥) as stated in Theorem 4.5, and because W : L%(X2) — L?(Q.)
is continuous, which is easy to see.

Suppose now that (4.10) does not hold true. Then there exists a point (xo,t) € Q
such that |u(xo,t0)| > ||g||ze(x). Since u is continuous in ¢ due to Theorem 4.5 (i1),
we can find some € > 0, § > 0 and an open set A C (). with measure |A| > 0 such
that (xo,%9) € A and |u(x,t)| > ||g||reo(x) + 0 for all (z,t) € A. Together with (4.12)
it follows that

/ i (5, 1) — u(a, )| dw dt > // i (. 1) — u(z, |2 dw dt > 52| A]
Qe A
for all n € N, which is a contradiction to u, — u in L*(Q.). Therefore, (4.10) is

satisfied. O

4.2 A general integration by parts formula for the
hypersingular operator

In Theorem 4.8 we finally present a general form of the integration by parts formula
for the bilinear form (D-, ). of the hypersingular operator. In the rest of the section
we prove this theorem and discuss the formula in detail.
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THEOREM 4.8. Let Q C R3 be a bounded Lipschitz domain with boundary T and let
Y =T x (0,T). For ¢,3) € H'/>Y4(X) there holds the integration by parts formula

<D¢7 1/}>E = O[2<Cllrlz wa V(CurlE @))E +a b(% w) (413)

Here, the single layer boundary integral operator V is applied componentwise to
curly ¢ and the bilinear form b(-,-) : HY/?V/4(2) x HY21/4(2) — R is defined by

bo0) = (G088 (Viem) - n) ) 0= = (Viemh Joom) (@)

Jor p € H'2VA(E), ¢ € % (C2(R? x (0,7))) and ¢ € C2(R® x (0,T)) such that

P = 1[\2, and as its continuous extension for general ¥ € H1/2’1/4(E).

We will give a rigorous proof of this theorem in Section 4.2.1. A corresponding result
for the 2D case has been given in [24, Theorem 6.1], including an outline of the proof.
In that paper the bilinear form b is represented by b(p,v) = (9/9tV (¢n), n)s and
it is stated in the proof that it has to be interpreted in the sense of a continuous
extension. For the 3D case a similar statement can be found in [27, Section 4.7] and
[51, Section 3.1.3], but no proof is given. In addition, the latter authors formulate the
result in a less rigorous way and do not clarify how the second term on the right-hand
side of (4.13), which they represent as

_ a/o /F¢(m, tin(x) - /O i aaCia (x—y,t — 7)oy, 7)n(y)ds, dr ds, dt, (4.15)

has to be understood for general ¢ and . In fact, we cannot interpret it as a standard
Lebesgue integral, as we show next.

PROPOSITION 4.9. The function

((@.0) (5.7)) > 52—t = 7) (4.10)

s not Lebesgue integrable on ¥ x 3.

The following proof is valid for arbitrary Lipschitz boundaries I'. For smooth bound-
aries I' a more elegant proof is available, which is given in [77, see Proposition 5.1].

Proof. We start by computing the derivative

9Gq _ [6a(t =7) — | —y[? [z —y/?
5, (x—y,t—-7) = (o) Erira(t — 7)1/ exp lali—1) for t > 7. (4.17)
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For fixed t, = and y satisfying 6at > |z — y|? and & # y, we observe that
T+ 0.Go(T —y,t —7) is positive for 7 < 7 = t — | — y|?/6a and negative
for 7 > 7*. Thus, we get

[

where ¢ — 7* = |z — y|? /6« is independent of ¢ and

ey O w32
A

oG,
or

™ 0G,
0 67—

t
dr =
= 2Ga(w — y,t - T*) - Ga(m - yvt)v

(x—y,t—7)dr —

&yt —) %

e —y,t—7)d
T(ac y,t —71)dr

(4.18)

If instead t < |x — y|?/6q, there holds
t
/

To simplify the arguments let us assume for a moment that 7' > |z — y|?/6c for all
points & and y on I'. Then we immediately see that

A

0G,,
or

(x—y,t —7)|dT = Go(x — y,1).

0G,
T (m_y7t_7_)

0

T _ 9 B )
*/ Ga(wy7t)dt+2<Twy|)Ga<wy7|wy>
lz—y[*/6a 6a 6o

for all  and y in T’ with  # y. It remains to integrate (4.19) over I x I'. The
first two terms are integrable on I' x I, which is a consequence of the estimate
[59, cf. Chapter 13 §3]

Galr 0] = L G R e !
U= ex =" ex .
o (dmat)®/? P 4ot dat P ot m3/2(4at)3/4 | |32

< v 3 ! - L 1 4.20
=\1) o) wraare = e 020

for ¢ > 0, where we used that ¢"exp(—q) < m™exp(—m) for all m,q > 0. The
integral over the last term on the right-hand side of (4.19), however, is unbounded
due to the strong singularity of (4.18). Therefore, (4.16) is not Lebesgue integrable
on ¥ x ¥. In the general case, the estimate T > |z — y|?/6« still holds on local parts
of I' which is enough to show the assertion. O

lz—y|?/6a
drdt = / Golz —y,t)dt (4.19)
0
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In this work, the problematic integral term (4.15) is replaced by ab(p,) in the
integration by parts formula. Since we define b as the continuous extension of (4.14)
it is a priori not clear, how to evaluate it for nonsmooth ). The reason is that neither
V(¢mn) nor ¢ does admit a weak derivative with respect to time in general, which is
why the second term in (4.14) has to be understood in the stated distributional sense
for smooth v as above. In Section 4.2.2 we present an alternative representation of b
which is valid for functions with a certain tensor product structure and overcomes
this deficiency.

4.2.1 A proof of the general integration by parts formula

The proof of Theorem 4.8 is split into three main steps, to each of which we dedicate a
separate paragraph. In the first paragraph we derive a distributional representation
of aVW . The steps in the second and third paragraphs are based on the ideas
given in [24, Proof of Theorem 6.1]. We show an integration by parts formula on an
auxiliary boundary inside of the space-time domain @ in the second paragraph, using
the representation of a VW from the first one. In the third paragraph we construct
a sequence of auxiliary boundaries ¥, inside of () which approximate ¥ and show
that the integration by parts formula on X is obtained from the formulas on ¥, in
the limit as m tends to infinity. The actual proof of Theorem 4.8 is given at the end
of the third paragraph.

Throughout this section we use the general definitions of the single layer potential
operator

P =G (02)4) (1)
for ¢ € H=Y/2~1/4(%) and the double layer potential operator
We = Gax ((a1%)'9) (4.22)

for ¢ € HYY4(S), cf. [24, Section 3]. Here, (%) and (7i%)" are the adjoint
trace operators which we have introduced at the end of Section 4.1.1 and the con-
volution with the fundamental solution (r,¢) — G4 (r,t) in (3.4) is understood as a
convolution of distributions.

A distributional representation of the gradient of Wy

The hypersingular operator D is defined as the Neumann trace wg of the double
layer potential operator W. Since 7}‘“2 = n -V holds for smooth functions — see
Proposition 2.10 — we are interested in the evaluation of VW for ¢ € HY21/4(%).
In the following proposition we compute this gradient in a distributional sense. This
approach is motivated by the proof of the integration by parts formula for elliptic

operators in [63, Section 3.3.4].
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PROPOSITION 4.10. Let ¢ € HY>Y4X) and u = W be defined by (4.22). Then
there holds

. o . .
aVu= -G, * (oz curl curl(yg’y,)' (apn) + m(v&?%)’(agon)) + (o) (cpm)  (4.23)

in the distributional sense on R® x R, where the convolution is understood componen-
twise. In particular, inside of QQ there holds

aVu = — (a curl curl(’y(iff:)’(acpn)) * Gy — (;ﬁ('y(if%)’(agpnv oyen (4.24)

in the classical sense, and the terms on the right-hand side can be understood as
functions in C*=(Q).

Proof. Let v € C°(R3 x R). Applying the distributional gradient Vu to v yields
aVu|[v] = —auldive] = —a(Ga * ((avi‘%)'w)) [div v]
= (oo (@1 ) oAV 0+t )], (425)

where we used the definition of the convolution of distributions in (4.1). With the
definition of (7}")’ in (4.3) and (7%;)" in (4.2) it follows that

((aN%) ) ) [div o (@ + -y, T+ -)]
(M%) g (divo(® + 4, t + 7)), )5
T
= / / oy, 7)an(y) - Vdivv(x +y,t+ 7)ds, dr
o Jr
(('Y(Brjtz)/(awn))wﬂ') [Vdivo(z + Ut )]

for each (x,t) € R3 x R. By inserting this into (4.25) and using the identity
Vdivw = curlcurlv + Av, where A is applied componentwise to v, we get

0[] = —(Ga)iw [(F) (am))gml(Curlurl +AYo( + 5, + )]
= —a(Ga * ((fyt‘)“g)’(acpn))> [curl curl v + Av)
= —acurl curl (Ga * ((fy(iftz)'(agon))) [v] — @A (Ga * ((fy&ltz)'(awn))) [v].

Here and in the following the convolution of G, and a vector-valued distribution like

(76%)' (cawpm) is understood componentwise. By differentiation rules for convolutions

of distributions, which follow from the one stated in Proposition 4.1, it follows
—acurl curl (Ga * ((’y&‘%)'(a(pn))) [v] = — (Ga * (a curl curl(yé‘j%)'(agon))) [v],

~ad(Gox (1) (agn)) ) o] = ((~adGa) * (55 (apm)) )],
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Since G, is the fundamental solution of the heat equation with heat capacity con-
stant «, there holds 0;G, — aAG, = dg, where dg denotes the delta distribution
concentrated at 0. As a consequence, we can rewrite the second equation as

((~0aGa) = (i) (aem) o] = (( = o o) = (i) (aem) ) o)

= (G (2l (aem)) ) o] + (85 (agmlo).

Collecting all results, we see that

inf 9 inf
aVulo] = = (Ga x (a curleurl(3y%) (agn) + (85 (apn) ) ) [v]
+ (o) (aen)[v].
Since v € CX(R? x R) was arbitrary, we conclude that (4.23) holds.

Let us now interpret both sides of (4.23) as elements in D’(Q) by restricting the test
functions to C2°(Q). Since the support of (%) (apn) is a subset of X there holds
; 0
aVufo] = —(Ga x (o curleurl(3§%) (agn) + (85 (awm) ) ) [v]

for all v € C°(Q). The left-hand side can be interpreted as a regular distribution

on Q induced by aVu € L*(Q), because u € H1 1/Z(Q). The first term on the
right-hand side can be rewritten as

int int

Gq * (a curl curl(yg’y,)’ (agpn)) = (a curl curl(vp’y,)’ (agpn)) * Gg.

Since the distribution curl curl(7{;)'(apn) has support in ¥ and (r,t) — Go(r, t)
is in C*°((R* x R)\{0}), one can show that (curlcurl(yiy) (apn)) * G, is a reg-
ular distribution on @) and can be interpreted as a function in C*°(@)). The same
arguments apply to

Gor (205 0em)) = (2305 (apm)) « G -

For later reference we define g;,g: € C*(Q) in agreement with Proposition 4.10
by

g1 = — (a curl curl(y(%,)’ (mpn)) * Go, (4.26)
g =~ (56 (apm)) = G (4.27

Equation (4.24) can then be written in the short form

aVu=g1+g, inQ. (4.28)
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An integration by parts formula inside the space-time domain )

The next major step in the proof of Theorem 4.8 is to show a result equivalent to the
integration by parts formula (4.13) on an auxiliary boundary ¥,, inside of ). This
is formulated in Proposition 4.11. The approach is motivated by the smoothness of
u = Wy or rather aVu inside of @), which permits us to represent normal derivatives
of w on ¥, in a classical way. Furthermore, it allows us to interpret derivatives
appearing in duality products (-, -)x,, in a distributional sense, and thus to integrate
by parts.

PROPOSITION 4.11. Let Q,, be a Lipschitz domain satisfying Q,,, C Q with outward
normal vector v, and boundary Ty,. Let Q, := Q,, X (0,T) and 3, :== T, x (0,T).
Let ¢ € HY?YVY(Y), u =Wy and ¢, € HY/*Y4(2,,). Then

—a (W, U V) x,, = o’ (curly,, Pn, 0%, V(curls ¢))s,,

4.29
+a <nm 'y(‘]“tgm (iV(wn)> ,wm>2 ) (4.29)

Before we prove Proposition 4.11, we consider two lemmata. Keeping in mind the
decomposition (4.28), we focus first on g; in (4.26). In Lemma 4.13 we show that
it is related to the first term on the right-hand side of (4.29). For this purpose, we

have to draw a connection between curl(vy%;)’(¢n) and the surface curl of ¢ defined

n (4.4). This is done in Lemma 4.12. A similar result for purely spatial curls is
proven in [63, cf. Lemma 3.3.21].

LEMMA 4.12. Let ¢ € HY?>Y4(2). Then

curl(y’s) (¢n) = () (curls ) (4.30)
in D/(R® x R).
Proof. For all w € C>*(R3 x R) there holds

eurl(oi) (om)fuwl = () (en)feurlwl = [ [ olw.On(e) - curlw(a. 1 ds, .

Let us first assume that ¢ € 7% (C°(©2%(0,7))), i.e. there exists ¢ € C2*(Q2x (0,7))
such that ¢ = @|y. Then we can rewrite

o(x,t) curlw(x, t) = curl(pw)(xz,t) — Vo(z,t) X w(z,t)

for all x € " and ¢ € (0,7). By inserting this into the previous equation we get

/ / -curl(pw)(x,t) ds, dtf/ / (Vo(x,t) x w(x, t)) ds, di.
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The first integral vanishes, which follows by applying the divergence theorem and
using the identity divcurl(w) = 0. The integrand of the second integral is

n(x) - (Vo(x,t) x w(x,t)) = —w(z,t) - (Vo(z, t) x n(x)) = —w(x,t) - (curly ),

where we used (4.5) in the last step. Hence,

curl(4{2s) (pm) aw] = / / w(z, 1) - (curly ¢)(, £) ds, df = (1) (curly ) [w],

and thus (4.30) holds for all ¢ € % (C(Q x (0,7))).

Let us now consider a general ¢ € H'/*!/4(X). The space 4% (C(Q x (0,7))) is
dense in H'/2Y/4(%), which follows from Proposition 2.5. Therefore, we can find a
sequence {pp}x in Y% (C2(Q x (0,7))) such that g, — ¢ in H/2Y/4() as k — oo.
It follows that

int int

curl(ygy) (pkn) = curl(yy) (on)
in the distributional sense as k — co. In fact, for all w € C>*(R? x R) there holds
A T
klgrc)lo curl(yg’s) (gem) [w] = klggo/o /Fgok(w,t)n(m) -curlw(x, t) ds, dt
= klggo(cplﬁ n - curlw)y = (p,n - curlw)y,
= curl(yy) (¥n) [w].
At the same time

int int int

lim curl(yg %) (prm)[w] = lim (70 %) (curls o) [w] = lim (curly ¢y, YoxW)s
k—o0 ’ k—o0 ’ k—o0 ’

int

= (eurly ¢, yp5w)s = (%) (curls @) [w]

for all w € C°(R? x R) due to the continuity of curly in H'/%'/4(¥). Hence,
int

curl(y5’s)' (on) = ('s) (curls @)

holds for general p € HY/21/4(%). O

LEMMA 4.13. Let %, be given as in Proposition /.11 and g, be defined by (4.26).
Let ¢ € HY?Y4(Y) and ¥, € H/>Y4(S,,). Then

int

— (M - 05,91, Ym) s, = o (curly, Y, W% V(curly )y, (4.31)
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Proof. Since g; € C*(Q) we can interpret

T
—(Nn W%, 915 Um)s,, = —/ V(@ ) () - g1 (2, 1) dsg dt
0 T

= _(ﬁ/iol,%m),(wmnm) [gl]a
with (3% ) (Ymnm) € E'(Q). By (4.26) we have

int

g1 = — (a curl curl(%,g),(mpn)) %G, = —a?curl ((curl(yé‘}%)'(gpn)) N G(y)
and we see that

—(10%.,.) (mmnm)[g1] = (155, (Ymnen) [curl ((curl(yg) (pn)) * G ]
= a?curl(yy,, ) (Ymmm) [(curl(ys) (pn)) * Ga] |
i.e. we can integrate by parts in a distributional sense in the duality pairing of £'(Q)
and C*(Q). Identity (4.30), which obviously still holds if ¥ is replaced by %,,,
combined with the previous equations yields

(N 05,91 )z, = o (0,,) (curls,, ¥n) [((07%) (curls @) * G

= a*(3, ) (curls,, i) [V (curls o)

= o*(curly,, ¥, 5%, V(curls ¢))s,,,
where we used the definition of V in (4.21) in the second line and understand its

application here in a componentwise way. O

Proof of Proposition 4.11. We have seen in (4.28) that the scaled gradient aVu can
be written as the sum of the functions g1, g. € C*(Q) given in (4.26) and (4.27). As
a consequence, the scaled Neumann trace cwil',‘%mu on the boundary ¥, inside of @)
is simply given by

A, 1= a5, (Vi) = 1 - 0%, 1+ Tn - 10, G2
and, hence,

- <7i1r,1§1mu7 Vm)s, = (T - 'V(i)r,lglmglv V) — (T - 'Y(i)x,lgimg% Ym) s,
for all ¢, € HY/>Y4(%,,). By Equation (4.31) the first term on the right-hand side
of this equation coincides with the first term on the right-hand side of (4.29). Since
9 int \/ 9 int \/ 0>
g2 = —(5;(0%) (apn)) % G = —as (L) (pm)) * Ga) = a2 V(om),

where V from (4.21) is applied componentwise again, the equality of the other terms
follows immediately. O
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The integration by parts formula (4.13) as the limit case of (4.29)

Proposition 4.11 provides us with an integration by parts formula (4.29) on artifi-
cial boundaries ¥, inside of Q). The final step in the proof of Theorem 4.8 is to
deduce the actual integration by parts formula (4.13) therefrom. For this purpose,
we consider a sequence {Q,},, of smooth domains approximating €2 as established
by Theorem 2.3 and denote Q,, :== Qy,, X (0,T) and X, :=T,,, X (0,T) as before. We
will refer to {¥,,} in the following as a smooth approzimating sequence of X. Let
@, € HY?Y4(X) and define ¢, € H/>Y4(%,,) by

Y = 0%, (Briot). (4.32)

Then, the left-hand side and the first term on the right-hand side of (4.29) converge
to the respective terms of (4.13) in the limit as m tends to infinity. This is the
content of the next two lemmata. For the convergence of the remaining term, which
is handled in Lemma 4.16, additional assumptions on ¢ are required.

LEMMA 4.14. Let {¥,,}m be a smooth approzimating sequence of X as introduced at
the beginning of the current paragraph. Let @, € HY?V4(X), u = Wy, and ¥, be
defined by (4.32). Then

lim —Q <’Ymt uﬂbm)ilm = (DQO,’I/J>2 (433)

m—r0o0

Proof. By the definition of 'y‘“t via Green’s first identity in (2.10) there holds

T
(D, )y = (71"% )y = —a (/o /QVU - V(Ex; o) dz dt + d(u, Ez;,od))) ;

where we use that (0, — aA)u = 0, since © = W¢. The Neumann trace on %, is
defined analogously, and thus

0 (), = — ( / / Vi V(Ex, o) da dt + do,, (u, Bs, ow))

where the bilinear form dg,, : ;1 HEY(Q,) x HY 1/2(Qm) — R is defined in the same
way as the bilinear form d in (2.7) for Q,, 1nstead of Q, and we use that Ey, o9 is an
extension of 1, into H;%OI/Q(QW). Here and in the following we identify v and Ex, ¢
with the restrictions ulg, and (Ex. 0%)|q,,, respectively, when operating on @,, to
simplify the notation. By subtracting the second equation from the first one we can
estimate

(D, )s + a (1, u, Q/Jm>2m‘ (4.34)

<a

/ / Vu-V(Es. o) dedt | + a|d(u, Es, o) — dg,, (u, Ex. ot)] -
A\
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The first term on the right-hand side converges to 0 as m — oco. This follows from the
Cauchy Schwarz inequality, which we can use since Vu, VEs ot € L*(Q) because
u, Bx. 00 € HYY2(Q), and [Q\Q,,| — 0.

It is slightly more difficult to see that the second term of the right-hand side in (4.34)
converges to zero. The problem is that d and dg,, are defined only as continuous

extensions of (2.7) for general functions in H1 1/2(62) and H1’1/2(Q) Therefore, let
{tn }n be a sequence of functions in C>(§ x (0 T]) converging to u in H1 /Q(Q) and
{vy,}n be a sequence in C°(Qx [0, T)) converging to v := Ex. 91 in Hiol/z(Q). The re-
strictions u,|g,, € C®(Q, x (0,T]) and v,|q,, € C=(Q,, x [0,T)) of these functions
converge to ulg,, in Hi)”l/z(Qm) and vlg,, in H;,o/ (@), respectively. In particular,

lim d(uy,v,) = d(u,v), lim dg,, (un, v,) = dg,, (u,v),

n—oo n—oo

due to the continuity of d and dg,, stated in Proposition 2.9. This motivates us to
estimate

o) = g, (1, 0] < e v) = dlu, w0)| + |, ) = v,
+ |dg, (U, va) — dg,, (u, )] :

and to show that the right-hand side can be bounded by an arbitrarily small ¢ for a
suitably chosen n and sufficiently large m.

Let € > 0 be fixed. The last summand in (4.35) can be estimated by

| (tn, vn) = dg, (u, 0)] < |dg,, (un, vn) = do,, (u, va)| + |dg,, (u, vn) — da,, (u, v)]

<cgl|lu — U”HH_l’]/z(Qm)”v”HH;{bl/z(Qm) + Cd”““H}J”(QM”” — U"||H;]b]/2(Qm)

<cd(zlé§ {||un|| e >} n ||u||H;1611/2(Q)) (||u — tnll 2y + IV = vn||Hibl/g(Q)).

Here we used that the Sobolev norms of functions restricted to @,, can be estimated
by the respective norms on () and that the bilinear forms dg,, can be bounded by a
constant ¢; independent of the domains 2,,, as stated in Proposition 2.9. Due to the
convergence of u, to u and v, to v there exists an n(e) independent of m such that

e -1
mase { [lu—ta | 12y [0 =0ll 12 } < 6 (sup {lonllgporn g +llullr2qy)
for all n > n(e). For all such n we conclude that

|dg,, (tn, va) — dag,, (u,v)] < %
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By repeating the same arguments for the first term in (4.35) it follows that

\d(u,v) — d(un, v,)| < %

for all n > n(e), with the same n(e) as before. The second summand in (4.35) is

given by
T
/ / aun(cc,t)vn(ar:,t) dx dt|.
o Ja, Ot

Note that we can use the explicit representation (2.7) of d and dg,, since u, and v,
are smooth. The convergence of |[Q\Q,| to zero as m tends to infinity allows us to
find an m(e,n) such that

|d(un>vn) - de (um Un)| =

|d(una Un) - de (un’ 1)")| < %

for all m > m(e,n). Hence, for a fixed n > n(e) and all m > m(e,n) we can bound
the right-hand side of (4.35) by e. Therefore, both terms on the right-hand side
of (4.34) converge to zero as m — co. O

LEMMA 4.15. Let {¥,,}n be a smooth approzimating sequence of X as introduced at
the beginning of the current paragraph. Let o, € HY*Y4(X) and ), be defined
by (4.32). Then

lim (curly,, ¥m, fy(i)"g V(Curlg o)), = (curly 9, V(curly ¢))s. (4.36)
m—00 yem

Proof. By the definition of the surface curl in (4.4) there holds

(curls ), V(curls @)y = (VEg; o2, curl(V(curls ¢))) 12(g)

= /0 /Q(VEE;,odj)(m., t) - curl(V (curlg ¢))(z, t) dez dt,

where we used that \N/(curlg ) is an extension of V' (curly, ¢) and that the definition
in (4.4) is independent of the extensions of the function ¢ and the test function; see
Proposition 4.3. Similarly, it follows that

int

(curly,, ¥, 5%, V(curly 9))s,,
T
= / / (VEs, otp)(x,t) - curl(V(curly ¢))(x, t) de dt,
0 Jaon

by using in addition, that (Es, 0t)|o,, is an extension of t,, due to its definition
in (4.32). Therefore,

(curlg ¥, V(curly ¢))x — (curly,, ¢m, 1%, V(curls ¢))s,,

/ / (VEs. o) (2, t) - curl(V (curly, o)) (, t) da dt| .
o Jo\en,
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Note that (VEg, o) and curl(f/(curlg ©)) are in L%(Q), because ‘7((3111'12 p) is
in H}O”l/ 2(Q). Hence, the right-hand side in the last equation converges to zero
as m — oo because |Q\Q,,| — 0. O

To show a similar convergence result for the second term of the right-hand side
in (4.29) we need to require the test function ¢ to be more regular. The following
result holds.

LEMMA 4.16. Let ¢ € 4% (C(Q x (0,7))) and & € C2(R? x (0,T)) be such that
Y= J\E Let o € HY?Y4(X). Let {£,,}n be a smooth approzimating sequence of %
as introduced at the beginning of the current paragraph and 1y, == ¢|s,,. Then

A 9 ~
: . ~/int — —
lim <nm Vo5, ((%V(g@n)) , wm>2m b, ), (4.37)

m—ro0

with the bilinear form b defined in (4.14).

Proof. We start by showing the identity

(nn i, (57 em) vm), = 5008, (%, (Vo) ) ], (439

where the right-hand side is understood as the application of a distribution on
R? x (0,7) to the test function ¢ € C2°(R® x (0,7)). For the duality product on
the left-hand side there holds

(it (7)), = [ [ BTt moe)i(e ) dssc

= _/0 /F ‘N/(ﬁpn)(w,t)-nm(w)g—qf(w,t) ds, dt,

where we used classical integration by parts in the second step, which is possible
since V(pn) € C*(Q), ¥ € C*(R? x (0,T)) and ¥,, C Q. The right-hand side of
this equation corresponds to the duality product

inf inf 8{/; 9 inf inf e o
8 (5 Tl 1) [ 5] = 2088, (85, T om) )3
on D'(R? x (0,T)) x C=(R® x (0,7)), where the last equality is just the definition
of the distributional time derivative. Therefore, (4.38) holds true.
Due to (4.38) the convergence in (4.37) follows if we can show that

2 ) (i, (Vlm) m) = ity (Vign)n) i DR < (0.7)). (4.39)
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For this purpose, let w € C*°(R3 x (0,T)). Then
a int a int / int
SO0s) (Vien) - m)[w] = (0%, (4, (V(en)) - nn ) [w}]
‘/ / (pn)(x,t) -n(x )% (x,t) ds, dt

- /0 /F T (on) (@, 1) - nm(m)%’(m, 1) dss dt’.

Since the product of dw/dt and V(pn) is in L2(0,T; H'(Q2)) we can apply the di-
vergence theorem to both surface integrals in the previous equation and get

A (div(f/(@n))(w, t)%(w,t) + V(pn)(z,t) - v(%’) (, t)) de dt

- /OT/m (div(v(@n))(w,t)%f(x,t) + V(pn)(@,t) - v(%f)@,ﬂ) dz dt‘

< ‘ /0 ! /Q N div(‘N/(gon))(:c,t)aa—w(w,t) da:dt’

ow
<pn z,t)-V x,t dxdt‘
b )-9(G) @
ow
< [ div(V(on)) |l 22(@\m) + IV en)llzuem|[V (5 :
at 2(Q\Qm) (at) L2(Q\Qm)

The norms in the last line are bounded for all m and converge to 0 as m — oo,
since |Q\Q@m| — 0. Therefore, we have established the convergence in (4.39) and
thus in (4.37). O

Finally, we are ready to give a proof of Theorem 4.8 by collecting all the results.

Proof of Theorem 4.8. Let {¥,,}m be a smooth approximating sequence of ¥ as in-
troduced at the beginning of the current paragraph. As in Lemma 4.16 we assume
first that ¢ € 7% (C22(Q x (0,7))), ie. ¢ = ¥[x for some ¢ € C°(R? x (0,T)), and
denote ¢, := 1; .- On each boundary ¥, the integration by parts formula (4.29)
from Proposition 4.11 is valid for ¢ and 1,,. By applying Lemmata 4.14-4.16 we see
that the limit of (4.29) as m — oo is given by

<D<)07 w>2 = QQ <C111'12 wa V(CllI'lZ <IQ)>E +a b(SD, 1/))7

which is the desired integration by parts formula (4.13) on X.
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It remains to show that (4.13) holds also for general ¢» € H'/?>Y4(%) in the appro-
priate sense. By reordering the terms in the integration by parts formula we get

« b(@? 1/}) = (D‘,O, ¢>E - a2 <CllI‘12 1/}7 V(Curlz ()0)>Z

for ¢ € AL (C2(Q x (0,T))). The right-hand side of this equation is continuous
as a bilinear form on HY/21/4(%) x HY/21/4(¥). This follows from the continuity of
the operators D : HY/2V4(%) — H-V/2=V4(Y), curly : HY/2V4(E) — H-Y2714(%)
and V : H~Y271/4(%) — HY?Y4(%). Hence, also the left-hand side, i.e. the bilinear
form

b(-,-) : HYPYHE) x A4 (C (2 % (0,7))) - R
(o, 1) = blp, ) = <V(g0n), %¢n>z

is continuous with respect to the norm in HY/2/4(%) x HY/21/4(%) and it admits a
unique, continuous extension to this space due to the density of 7% (C2*(Q x (0,7)))
in HY/21/4(%). In particular, the integration by parts formula (4.13) holds for general
@, € H'>Y4(X) by continuity, if we identify b with its continuous extension. [

4.2.2 An integral representation of the bilinear form b

In this section we focus on special situations in which we can express the bilinear
form b(-, -) on the right-hand side of the general integration by parts formula (4.13)
in terms of weakly singular integrals. In Proposition 4.9 we have seen that (4.15)
is not an appropriate representation of b, since the corresponding integral kernel is
not Lebesgue integrable. Nonetheless, it was used in applications where it yielded
satisfactory results; see e.g. [51, Example 3.2]. Let us further comment on this.

Let ¥, be a space-time tensor product mesh of ¥ and Sl®0 ,(X1) be defined as in

Section 2.4. Let @} ; ©?; be one of the basis functions in 5;@“;“(2,1) that vanishes

outside of the time interval (¢;,_1,t;,). By a very formal computation we can evaluate
ab(@y i i Pr i Pt,) via (4.15) as follows:

1.0 1 0
@ b(@m,jz%,jtv Pa,j. Pt ji)

form Lit 8Ga 1
= —a / / Pajo (@ / / (T —y,t — 7)pg,, (y)n(y)dsydrds,dt
tj—1
orm. aG
form-_ / / gpmm cpm ]m( / / —y,t — 7)drdtds,ds,
t]t 1 t—1

]

form. //@w,jm @z,]m( ) ( ) (y) G (J; tjt,l)dtdsydsm, (4.40)
ti—1
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where we used that G, (x —y, 0) is zero if & — y # 0 for the last step. The remaining
expression is then unproblematic since the kernel ((x,t),y) — Gu(x — y,t — t;_1)
is Lebesgue integrable on (I x (t;,_1,t;,)) x I'. However, the steps taken to get this
expression cannot be easily justified. Indeed, we cannot apply Fubini’s theorem to
change the order of integration, since the kernel (4.16) is not Lebesgue integrable
on the integration domain as we have seen in Proposition 4.9, and we cannot ignore
the singularities of (z,y) — Go(z — y,0) at £ = y. Nonetheless, numerical results
indicate that the result in (4.40) is valid.

In Theorem 4.17 we provide a representation of ab(-,-) that is similar to (4.15) but
overcomes the problem of the locally non-integrable kernel. This formula is only
valid for functions ¢ in suitable tensor product spaces on 3. To define such a space
we need to consider a partition Z,, of the time interval (0,T") as in Section 2.4 with
subintervals (tj,_1,t;,) for j, € {1,..., Ei}. We introduce

C;W(Im) = {f €L®(0,T) : flty,—rts,) € CHtj,-1,t5,),
(Al € L (i1, t) for all jy € {1, i} }
and in addition the tensor product space (L>*(I') N H*(T")) ® C&,(Zy,), which is a

subspace of HY/21/4(%).

THEOREM 4.17. Let b be the bilinear form defined in Theorem 4.8. Let I, be a
partition of the time interval (0,T) into subintervals {(t;,—1,1;,) jb:tzl. For functions

@ € (L>() N HY*()) @ Cho(Tn,) and ¢ € HY1(E) N L2(X) there holds

(4.41)

bot) = / (@, tyn(z) (4.42)

b=t [ OG,
[/ 3 (x—y,t — 7)oy, 7)n(y)ds, dr
0 r o7
+ /F Ga(w - y7t - tjt,l)w(y, tjt*1+)n(y) dSy

¢
+ / / Golx —y,t — T)a—(p(y, T)n(y) ds, dr | ds, dt,
tjg—1 /T 87-

where (-, t;,_1+) denotes the right limit of ¢ with respect to time in t;,_;. In par-
ticular, all occurring integrands are Lebesgue integrable on the respective integration
domains.

To prove Theorem 4.17 we follow a strategy that is similar to the one in the proof
of Theorem 4.8. First, we show a corresponding result on a sequence of auxiliary
boundaries {¥,,},, in Lemma 4.18 and then we show that (4.42) follows in the limit
as m tends to infinity.
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LEMMA 4.18. Let Q,, be a Lipschitz domain with boundary T, such that Q,, C €.
Let ¥, =T, x (0,T), ¢ € (L=(T)N H'Y*(I")) ® C;W(Iht) and V,, € HY2Y4(S,,).
Then

aN
<nm vé“ém(atv(wn)>7wm> . (4.43)
_ Yn(@, rim(a [ z—y.t— )y, rn(y) ds, d
]zzl/t\“ ) X n / y T(pyTny Sy T

T / Gal@ =yt — b, 1)o(y, 1 H)nly) ds,
r
t 850

+/ /Ga(:cfy,tfr)—(y,r)n(y) ds, dr| ds, dt.
ti,—1 r 87—

Proof. The left-hand side of (4.43) admits the integral representation
0 ~
int —
<n’m FYO Sm <atv(@n)> ’ ¢’m>2m

= Z /J:il /m ¢m(2137t)nm(113) ' %‘7(5077,)(3:715) dsg dt.

1/t

(4.44)

Note that we subdivided the integral over (0,7) into a sum of integrals over the
subintervals {(t;,_1,t;,)}2 ey of the partition Z,,. For an index j; € {1,...,E}, a
time t € (tj,1,t;,), and a point & € ', C Q2 there holds

SV(gm x,t) =% (//G z—y,t—7)p(y, T)n(y )dsydT)

:/0 r Ot ( —y,t = 7)p(y, 7)n(y) ds, dr, (4.45)

where we used the smoothness of G, away from zero to apply the Leibniz integral
rule and that G,(x — y,0) = 0 for all y € I'. Next, we replace 0,Go(x —y,t —7)
by —0.Ga(x — y,t — 7) and split the temporal integral in (4.45) into integrals
over (0,t;,—1) and (tj,_1,t). For the latter we apply the standard integration by
parts formula to get

-,

Jg—1

Yt — 7)p(y, 7)n(y) ds, dr

- \/FGO&( Yy, b —tj,— 1)90(3/7 tjz—1+)n(y) dsy

t a(p
+ / / Golx —y,t —7)==(y,7)n(y)ds, dr.
t]L*1 T 67—

Again, we used that G,(x —y,0) =0 for all y € I'. Inserting the resulting represen-
tation of 9,V (on)(x,t) into (4.44) yields (4.43). O
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Proof of Theorem 4.17. Let {Qu}m, {Am }m and {wy, }on be given as in Theorem 2.3,
T, = 0, and By, := Ty, x (0, 7). For ¢ € HY2V/4($)N L¥(%) let 1) be the unique
solution of the initial boundary value problem (1.1)—-(1.3) with Dirichlet datum
and initial datum ug = 0. Note that zz admits the representation

= W((-1/21d + K) '), (4.46)

cf. Theorem 4.5. In particular, zz € C*(Q), and thus we can define 1), := {/:|Em in
the classical sense. The idea of the proof is to show that for this choice of ¥, and ,,
the terms on the right-hand side of (4.43) converge to the respective terms of (4.42)
in the limit m — oo.

We start with the first term on the right-hand side of (4.43). By transforming the
integral over I';, into an integral over I' we get

Z[

Je=1""t—1

/ /tjzl/l:‘ dj’m(w, t)'n«m(x) ’ aacj-a (.’.U - Y, t— T)@(yv T)n(y) dSy dr dSm d

/t / / . / x),y,t,7) - F(y, T)wm(x) ds, dr ds, dt,  (4.47)

je=1""t—1

where we introduced the functions

0G,
(a9, 1,7) = 5 =yt = 7)o O (), (1.48)
fy.7) =y, 7)n(y) (4.49)
and used the homeomorphism A,, : I' — T';, and (iv) of Theorem 2.3. Let {Z;}/_,
be a finite family of coordinate cylinders covering I" as in (7i) of Theorem 2.3; see
also Definition 2.1. We split the outer spatial integrals in (4.47) into segments
Uj =1InN Zj
related to these coordinate cylinders. For this purpose, let {<I>j}‘-] be a smooth

partition of unity on T subordlnate to {Z;}_,, ie ®; € C°°(R3), supp(q) ) C Zj,
0<®;<land} ;®;(x)=1forallz €I'. Then (4.47) is further equal to

1// / Pon(Bn(®), 9,,7) (4.50)

: f(y7 T)wm(m) dSy dr d.Sm dt.

>y

]Lljl]
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In particular, the convergence of the first term in (4.43) to the first term in (4.42)
follows if we can show that

tjt t]t*‘
lim / / / / B (@) (A (), 9,1, 7) - £ (5, ) () dsy dr ds
m—o0 tj,—1 JU; Jo r

Ly tjp—1
_ / / / / &, (@)h(@, y.t,7) - f(y,7)ds, dr ds, dt (4.51)
t, u; Jo r

forall j, € {1,...,E;} and j € {1,...,J}, where

[e3

or

For this purpose, we split the inner integral of y over I' into an integral over

h(w7 y7 t’ 7—) =

(x —y,t —7)Y(z, t)n(x).

V;:=37;nT

and one over the remainder I'\V; and show the convergence of both parts using the
classical dominated convergence theorem.

First, we consider

/tj‘ / /t]ﬂ/ (@) (A (), y,t,7) - f(y, T)wn(x) dsy dr ds, dt (4.52)
tj,—1 JU; Jo \V;

and observe the pointwise convergence of wy, (€)hm(An(x),y,t,7) to h(xz,y,t,7) al-
most everywhere in the integration domain as m tends to infinity. In fact, w,, — 1
pointwise almost everywhere on I" by Theorem 2.3 (iv). For the respective conver-
gence of h,, (A, (x),y,t,7) in (4.48) to h(x,y,t, 7) we show the convergence of the
individual terms. By (77) of Theorem 2.3 we get that n,,(A,(x)) = n(x) for al-
most all ¢ € T'. Furthermore A,,(x) — @ even uniformly on T, by (i). Thus, we
obtain the convergence of G, /0T(A,,(x) —y,t —T) to 0G,/0T(x —y,t — 7) for all
x,y € I and 7 < ¢. Finally, we know that ¢, = {/;|zm and that 1; given by (4.46)
attains the Dirichlet boundary values ¢ on X in the sense of non-tangential limits
almost everywhere; see Theorem 4.5. Hence, ¢y, (An(x),t) — ¥(x,t) since A, (x)
approaches @ non-tangentially by point (i) of Theorem 2.3.

It remains to find an integrable function that dominates the sequence of integrands.
Obviously there holds ®; < 1 on U; by construction and |f(y,7)| < |[¢[le() al-
most everywhere on .. By Theorem 2.3 (iv) we get in addition, that w,,(z) < ¢!
for a constant ¢ > 0 independent of m and all & € I'. Furthermore, there holds
[V (A (@) 10 (A ()] < ||90]| Lo (x) for almost all € T' by the extended maximum
principle in Theorem 4.7. The only term left to bound is 0G, /07 (A, (x) — y,t — 7).
Let r and h be the radius and the height of the congruent cylinders Z;, respectively,
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and let ¢ := min(r, k). Due to (2.2) we can assume without loss of generality that
|z — A, (x)| < 6 for all x € I' and all m. Then we immediately get A,,(x) € 2Z; for
all z € U; =T'N Z;, and thus |A,,(z) —y| > 6 for x € U; and y € T'\V; = T'\3Z;.
This allows us to bound

oG,

a 0G,
S (An(@) — gt = 7)
:

ot

forall x € U;, y € T'\V}, and 0 < 7 < t < T, where Bg(0) and B;(0) are balls
centered around the origin with radii R and 4, respectively, and R is so large that
€ C Bgj2(0). The right-hand side in this estimate is bounded since the function
(r,t) — 0G,/0t(r,t) is in C®°(R3\{0} x [0,T]). Altogether we have found the
desired dominating function, as

‘q)j(w)hm(Am(w)> y.t,7) - fy,7)wm(z)|

< el 19]] oo ()

S ‘

((Br(0)\B5(0))x[0,T])

0G,,
ot

L2 ((Br(0)\B5(0))x[0,T])

almost everywhere in the integration domain of (4.52). Therefore, we have established
the convergence of (4.52) to

tjg—1
/ / / / h(xz,y,t,7)- f(y,7)ds, dr ds, dt. (4.53)
tj,—1 ny;

To show (4.51) we have to consider the remaining part

/t,t / /f“ / A (), y,t,7) - Fly, T)wm(z) ds, drds, dt.  (4.54)

We use the parametrization of the regions A,,(U;) and V; by the Lipschitz func-
tions n; (™) and n;, respectively, established in Theorem 2.3 (ii). This is possible, since

AL (U;) € Ty N2Z; as seen before. For the sake of simplicity, we assume that the
coordinates associated with the cylinder Z; correspond to the original rectangular
coordinates, i.e. we neglect additional translations and rotations. Then (4.54) can be

transformed into

/tj,,l /BQ,,(o)/o /Bar(O) L ()5 (Do () e (o () T ()., 7) (4.55)
@@, T)gm(@)g() d& d7 dg dt.

where T(§) == (4,7;(9)), (&) == (&,7" (&), r is still the radius of Z;, Bs,(0) the
parameter region of Vj, L{(m> C B, (0) the parameter region of A,,(U;), and g,,(Z)
and g(¢) denote the surface elements given by

gn(@) = 1+ VI @), g(9) =1+ V@)
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We compute the limit of (4.55) for m — oo using the dominated convergence theorem
again. First we show that the integrand in (4.55) converges to

15,(0)(@)®;(T(2)) (T (2), L(9),t,7) - F(T(9),7)g(®)g9(y) (4.56)

for almost all &, y, ¢t and 7 in the integration domain as m — oo. In general,
there holds T, (&) # A,,,(T'(Z)), so we cannot use the previous results about point-
wise convergence to show this. Instead, we consider again all terms of the inte-
grand in (4.55) depending on m separately to show pointwise convergence. Recall
the definition of h,, in (4.48) for this purpose. Theorem 2.3 (ii) implies that njm)
converges uniformly to 7;. As a result, I';,(2) — I'(2) for all £ € B, (0), and
thus 0G, /07 (T, (), T'(y),t, ) converges to 0G, /0T (T'(z),T'(y),t, ) for all such &,
and g, t and 7 in the respective domains of integration. Since the convergence of
I, (2) to T'(x) is non-tangential it follows as before that v, (T, (&), t) — ¢(T'(z),t)
for almost all £ € B,,(0) and ¢t € (tj,_1,%;,). From Theorem 2.3 (i) we know in
addition that V17J<-m) converges pointwise almost everywhere to Vr; in R%. This im-
plies g,,(&) — g(x) for almost all & and furthermore the convergence of n,,(T,,(z))
to n(L'(z)) for almost all & € B,,(0), due to the representations

n PN e ™S T DT. (T(E) = —— (T (@) T 1)
m(Tn(2)) gm(:i:)(vnj (@) ,-1)", (I'(z)) g(g)(v (@), —1) .

Next we show the convergence of 1, ) to 1, (o) pointwise almost everywhere in the

ball Bs,.(0). From (2.2) it follows that for all & € B,,(0) and sufficiently small £ > 0
there exists an m(e) such that for all m > m(e)

ASNT,, N Zep(@)) © (TN Za(2)), (4.57)

m

where Z,(z) := {(€,8) € R : |€ — &| < p,5 < h;} is the cylinder with center (&,0),
radius p > 0 and the same height h; as Z;. If & € B,(0) and ¢ is so small that
(I'N Z(x)) C Uj, (4.57) implies that Ty, (2) € A, (U;) for all m > m(e). This

means that & € Z/l](m), and thus 1, o (2) = 1 = 1p,(g)(2) for all m > m(e). Like-

wise, if & € B.(0)\B,(0) and ¢ is so small that (' N Z.(z)) N U; = 0, we get
L, (2) =0=1g,)(&) for all m > m(e). Together this proves 1 ) — g, (o)

almost everywhere in Bs,.(0).

Finally we have to show that ®;(A; (T, (2))) converges to ®;(I'(z)) in By, (0).
Since ®; is continuous it suffices to show the convergence of its arguments. This
follows again from (4.57). Indeed, for each ¢ > 0 we know by (4.57) that for all
m > m(e) there exists a ¥, such that A Y(T,,,(2)) = T'(9,,) and |9, — | < . As a
consequence there holds

AL (T (@) = T(@)] = D (@) = ()] = |Gy 03 () — (&,(2))] < &/ 1+ L3,
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where L; is the Lipschitz constant of 7;. This yields the desired convergence. In
particular, we have shown that the integrand in (4.55) converges pointwise almost
everywhere to (4.56).

For the application of the dominated convergence theorem we bound the integrands
in (4.55) uniformly by using the estimates

Ly (@) (A (D (@) <
o0@), D) < Il
[ Cn(@). O (Con(@))] < [0,
9@ < 1+ 190 leqeo,

l9m(@)] < /1 + V0™ ey < /1 + [V

for almost all &, g, t and 7 in the integration domain. The first estimate is clear
by definition. The second one holds true due to the assumption that ¢ € L>*(%).
The third estimate is again a consequence of the parabolic maximum principle in
Theorem 4.7. The last two estimates follow from the definition of the surface elements
and the fact that an](-m)HLoo(R2) < [|Vnj|| oo (r2); see Theorem 2.3 (ii). Therefore, the
product of all these functions is bounded by a constant C' independent of m. The
remaining term, i.e. the derivative of the heat kernel which we computed in (4.17),
can be estimated by

oG, o c(a)
S (Cn(@), (@), 1,7)| < (t — 1) T (@) — L (4) 22

c(a)
= (t—1)/|E — g3 (4.58)

almost everywhere in the integration domain. This estimate follows similarly as (4.20)
by considering the two terms in the numerator of (4.17) separately. Since the function
on the right-hand side of (4.58) is integrable on the considered integration domain
B (0) X (tj,-1,1;,) x Bs(0) x (0,t;,_1) we have found a function dominating the
sequence of integrands.

By the dominated convergence theorem we get that (4.55) converges to

/ttjt / (0) /th1~/[3 (0) (I)j (F(ﬁ:))h(r(ﬁ:)a F(@): i T) ! f(l-‘('g)7 T)g(:i)Q(i/) de dr d’f/ dt

Tt ti—1
/ / / / h(z,y,t,7)- f(y,7)ds, drds,dt.
L1

Together with the convergence of (4.52) to (4.53) we conclude (4.51).
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Recall that we wanted to show that all terms on the right-hand side of (4.43) converge
to the respective terms of (4.42). Equation (4.51) implies the convergence of the first
term. In particular, the integrand of the first term on the right-hand side of (4.42)
is Lebesgue integrable in the corresponding integration domain, which is another
consequence of the dominated convergence theorem. The remaining two terms can
be handled analogously. For both terms one can transform the integrals of @ over I';,
into integrals over I' as in (4.47) and split the integrals up as in (4.50). The individual
parts can then be handled as before by splitting the inner integral of y over I' into
integrals over V; and T'\V;. For both one applies the dominated convergence theorem
where one can use (4.20) to bound the heat kernel and in addition the estimates

|§0(y7tjt,*1+)| < ||(P(',tjt—1+)||L°°(F) for all ye F?
0 0
‘;(y7T)‘ < ’ a—(p forall y € T and 7 € (¢j,-1,1;,).
T T Lo (D% (tj,-1,t5,))

These estimates are justified since ¢ € (L(I') N H'/*(T')) @ CL(Zp,) with the space
Cy(Zn,) defined in (4.41). O

The representation of the bilinear form b in (4.42) is tailored to boundary element
methods with tensor product spaces used for discretization, like in Section 2.4. In-
deed, the assumptions of Theorem 4.17 are satisfied for ¢, 1y, € S,l,l?%t (34). Since the
derivative 0, (y,7) is zero for such functions, we can simplify the representation
of b in (4.42) even further and obtain

b(en, ¥n) = i /‘th

ji=1 tjg—1

/th(az t)in(z) (4.59)

e
: [ / 9 (212 - yvt - T)@h(ya T)n(y) dsy dr
0 r o7

+ / Golx —y,t —tj,_1)pn(y, tj,1+)n(y) ds, | ds, dt.
r

When we evaluate this bilinear form for ¢, = v, = ¢}, ; ¢f;,, where @} ; o, is a
basis function of 5,%) (%), we obtain the same result as in (4.40). Hence, Theo-
rem 4.17 justifies the calculations found in the literature.

4.2.3 Evaluating the BEM matrix of the hypersingular operator

With the integration by parts formula (4.13) and the representation of b in (4.59)
we can finally describe the assembly of the matrix Dy in (3.32). The entries of this
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matrix correspond to the values of the bilinear form (D-, )5, evaluated for pairs of
basis functions in Sl®0 (Xn). They are given by

= o(Veurls(pl ; ¢)),), curls (@ 04, )) s + ab(©g ;90 o Pl Pie)

for all &, j: € {1,..., E:} and ks, ju € {1,..., Ny}, where we use the notation from
Section 2.4. Let us take a closer look at the bilinear forms on the right-hand side.

The surface curls of functions in S1®o ,(Xn) are in SO®0 (Xn), i.e. their components
are piecewise constant on the mesh Eh In fact, there holds

curls (¢}, ©0,) = curlp(oy . )or

where curly : HY2(I') — H~Y?(T) can be defined similarly as in (4.4), or by
curlp ¢ = V@ x n for ¢ € HY?(T') and a suitably regular extension @ on Q. Com-
puting curly apiﬂkm and concluding that it is in Sgw(f‘h) for a mesh I'j, consisting of
plane triangles is a simple exercise; see [66, Section 12.5, Exercise 12.5]. It follows
that

V CLlI'lE (pm ]msot Jt Curlz((pm ko Llot ke )> (461)

te
/ / / / Golx —y,t — 1) curlp (gl )(y) - curlp(ph ) () dsy dr dsg dt
Ly —1 tj—1

and the entries of the single layer operator matrix Vj, in (3.25) can be reused to eval-
uate this bilinear form. More details are given by the authors in [81, Section 3.3].

When evaluating the bilinear form b for basis functions in S;%)  with (4.59) we
distinguish three cases. There holds

%,Jm@t,w sz kPt kt) (4.62)

7“kt tJt
- D6k W)k (@)n(@) - nly) ds, dr dss
thy—1 tj,—1

for ju, ke € {1,..., Nz} and ji, k € {1,..., B} with j, < k. If j, > k; the result is
zero. Finally, if j, = ki,

O(Pa Lo Paka Prge) (4.63)
= [ [ [Gule vt =tk ), @) i) dsy dsy .
tjg—1

To evaluate the remaining integrals we can use an analytic integration in time and
numerical quadrature formulae in space. The details about this procedure can be
found again in [81, Section 3.3].
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REMARK 4.19. For basis functions cp;kmapgkt and gai’jmtp?’jt with j, < k, — 1 we can
compute the corresponding entry of Dy, alternatively by

Dh[(k - 1 N + kwa / )N +Jiﬂ] <D90m,jz(70t,jt’(pm km(pt k:g) (464)

th,
[ / o G Gol® — Ut =TIk (0) b, (o) day dr .

The integral is well-defined, since ((x,t),(y,T)) = On,On,Go(x — y,t — T) is uni-
formly bounded for ¢,y € T, t € (ty,—1,lx,), and T € (t;,_1,t;,) with t;, < tg,_1. This
alternative is particularly interesting for fast methods for the application of Dy, like the
one considered in the next chapters. Note that we still have to use the representation
in (4.60) if j, € {ky — 1, k.}.







5 A SPACE-TIME FMM FOR THE HEAT EQUATION

A major difficulty in applying BEM for the solution of initial boundary value prob-
lems of the transient heat equation is that the matrices occurring in the corresponding
linear systems like (3.24) and (3.32) are dense. This is not a peculiarity of BEM for
the heat equation, but of BEM for the solution of PDEs in general due to the non-
local integrals that appear in the definition of typical boundary integral operators.
The matrix V), € RFtF=xFtEe related to the single layer boundary integral operator V
of the heat equation, for example, has the lower triangular block structure (3.29),
but the entries of all blocks ij"ﬁ with k; > j; are non-zero. Therefore, assembling,
storing, or applying Vj,, or solving systems of the form V,q = f with a blockwise
forward elimination scheme has a complexity of O((FE;E;)?) which is prohibitive for
large examples.

To overcome this problem several fast and data-sparse methods have been devel-
oped to compress and efficiently handle matrices related to BEM in general and
BEM for the heat equation in particular. Some examples for the heat equation are
mentioned in the general introduction in Chapter 1. The fast method which we con-
sider in this work is closely related to the parabolic fast multipole method (pFMM);
see [52, 53, 67, 68]. In its original form the pFMM combines standard ideas and
principles of fast multipole methods (FMM) — like partitioning the computational
domain into a hierarchy of boxes and approximating interactions in well-separated
boxes by using suitable truncated series expansions of the related kernel functions
— with an efficient forward-sweeping execution scheme that can be used for a block
forward elimination procedure to solve linear systems like (3.24) and (3.32). Since
one of the aims of this work is to develop a fast method that allows for an efficient
parallelization in space and time, we describe how to compress and apply whole BEM
matrices like V;, at once, instead. The resulting method is called space-time FMM
to distinguish it from the pFMM.

The description of the space-time FMM in this chapter is similar to the description
in [78]. In Section 5.1 we describe the truncated series expansion of the heat kernel
that is used for the FMM and analyze the corresponding approximation error. The
space-time FMM itself is described in full detail in Section 5.2. While we focus on
the single layer operator matrix Vj, in this description, we also mention the necessary
changes to obtain fast methods for the application of the BEM matrices Ky, K;’
and Dj;, introduced in Section 3.3.

61
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5.1 A separable approximation of the heat kernel

The FMM presented in this chapter is based on a suitable separable approximation
of the heat kernel (3.4) that combines an interpolation in time with a truncated
Chebyshev expansion in space. The expansion has been considered in the same
form in [51, 68]. We start by fixing the notation and stating a few results from the
literature.

The Chebyshev polynomial T}, of order m € Ny on the interval [—1,1] is given by
T,.(z) = cos(marccos(x)). The polynomial T,,,; has m + 1 distinct roots on [—1,1]
which are known as the Chebyshev nodes of order m+1 and are denoted by {g,im)}g;o.
Let I = [a,b] be non-empty and ¢; be the affine map from [—1,1] to I defined
by ¢i(z) := (a(l — z) + b(1 4+ x))/2. The transformed Chebyshev polynomials T},
on the interval I are given by Ty, = 1), o gpl_l and the transformed Chebyshev
nodes {f%)}?:o of degree m + 1 by E%) = (&™) for all k € {0,...,m}.

Let P,,(I) be the space of all polynomials with degrees less than or equal to m on an
interval I = [a,b]. When interpolating a function f € C(I) by polynomials in P, ()
we use the transformed Chebyshev nodes as interpolation points and obtain

FlemLey, (5.1)

NgE

3 =

=
Il

0

where ng) : C(I) = Pn(I) denotes the corresponding interpolation operator and
{L(I’z)}z;o are the Lagrange polynomials given by

(m) ot
7=0 gl,j TSIk
J#k

The norm of the operator ng) is known as the Lebesgue constant and is given by

j(m)
pyie sup 130l

(5.3)
ueC(I)\{0} ll2]] oo, 1

Note that A,, depends on the choice of the interpolation points on the interval I,
but it does not depend on the particular interval I as long as the same interpolation
points — up to an affine transformation — are used. For transformed Chebyshev
nodes as interpolation points we can estimate [61, cf. Theorem 1.2]

2
Ay < =log(m +1) + 1. (5.4)
™
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For two non-empty intervals I; and I, we define the two-sided interpolation operator
IO X I) = Pu(l) ® Pr(l) by 37, =3 @ 3. Tt acts on a function
f S C(Il X 12) by

3L LA S HE DL ()L (7).

7=0 k=0

We will use this interpolation operator to approximate the heat kernel (3.4) in the
temporal variables t and 7.

For the approximation of the heat kernel (3.4) in the spatial variables =, y € R3
we use a truncated Chebyshev expansion. The Chebyshev series of f € C([—1,1]) is
given by

1

S[fl(z Zc] z) forallz € [-1,1], ¢ = %/ f(@)T;(z)w(z)dz, (5.5)
-1

where w(z) := (1 — 22)7Y/2 and \; = 2 — §y; with the Kronecker delta dy;. The

partial sums of this series converge to f pointwise in [—1,1] and also with respect

to the norm in L2(—1,1); see e.g. |46, Chapter 5|. For an arbitrary interval I and

functions in C(I) an analogous series representation with transformed Chebyshev

polynomials 77, holds.

In higher dimensions we can consider related Chebyshey series by using tensor prod-
ucts of Chebyshev polynomials. For a box [a,b] := H;zl[aj,bj] C R?® we define the
tensor product Chebyshev polynomials Tjq 4, on [a, b] by

Tlabl HTa] bi1om; (T) (5.6)

for all multi-indices x € N3. Let X; = [a, b] and X, = [e, d] be two boxes in R3. A
function f € C(X; x Xs) can be represented by the Chebyshev series

6X1><X2[f] il? y Z Z fn UTX1 v TX2 n(y) (57)
kaeN*ueNS
)\ /\ A N . W AN 1A qa
’ f(@,9)T; 1,1]-‘*,n(y)T[ 1,13, (Z)Wprod (z, ¥) dz dy, (5.8)
—1,1 -1, 1

where A\ HJ 1 AN] and Wppod (T, Y) = szl(w(fvj)w(yj)) for A\; and w as in (5.5)
and f(:c,y) = f(px, (&), x,(y)) with the affine maps ¢x, : [-1,1]* = X;. An
approximation of f is given by the truncated series

Gg??XXz Z Z f"‘v VTXl V( )TXz K( )
k:|k|<mv:|k+v|<m

that includes only polynomials of total degree less than or equal to some m € Ny.
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Let us now consider the heat kernel ((x,t), (y,7)) — Go(x—y,t—7) in (3.4) for (x,t)
and (y, 7) in axis-parallel, 4D boxes Zi., = Xi x I; and Zg. = X5 X Iy, respectively.
We focus on the case where the spatial parts X; and X of the boxes are cubes with
edge length 2h,, i.e. X; = [¢, ¢+ 2h,1] and Xy = [d, d + 2h,1] for some ¢, d € R®.
Furthermore, we assume that the time intervals I; = [a1, b1] and Iy = [as, by] are such
that a; > by to ensure that the heat kernel is non-zero and bounded on Zi, X Zge.
By combining a two-sided interpolation in the temporal variables ¢ and 7 with a
truncated Chebyshev expansion in the spatial variables & and y we can approximate
the heat kernel G, by

G 3 [Gal (e, t T 7)

Z Y B Txw(@) Tow(y) LY () LE (1) (59)

a,b=0 n,uENB
\F»-H/\Smm

for (x,t) € Ziar and (y,7) € Zge. The coefficients E"b correspond to the expansion

coefficients in (5.8) when expanding the function (z, y) = Golx —y, & m‘) 5,:1))
They admit the product structure

3

1
Bt = — — By, 0, (rj,dap), with (5.10a)
(4ma(gfy) — €, *’))3/2][[1
ryi= (= d)fhey  day = da(€) — M) /12, (5.10b)
)\)\ r+z— g2 R . . RN
Buitrodos) =25 [ [ oo (I g0y utontanas s
(5.10c)

where A; and w are the same as in (5.5), cf. [68, Section 5.3, p. 209]. Note that there is
not any closed formula known for the evaluation of the integrals in (5.10c). Therefore,
we approximate them by a Gaufs Chebyshev quadrature rule in the application as
proposed in [69, p. 3563] which yields

A )\ Ze, P4 g — g2
Blalr, dog) ™ 7055 D ex (—' ¢ y &) gyemo meer).
a,b

n,m=0

In the following sections we investigate the error that results when we approximate
the heat kernel by (5.9).

5.1.1 Analysis of the interpolation error in time

The error that results when we interpolate the heat kernel (3.4) in two separated
time intervals decays exponentially with increasing interpolation degree. This result
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is stated, for example, in [67, Section 3.1] and is also proven in [51, p. 73]. In
Theorem 5.1 we present the corresponding error estimate in a slightly more general
form.

To simplify the notation we fix the heat capacity constant « and the spatial points
x and y, and set

2

1 r
tits) i =Gal®—y, ty — ) = —— S 5.11
9ltr,t2) (@ =yt —h) = o eXp( ot tg)) (5-11)
for all ; > t and 7> = |z — y|?>. We interpolate g on suitable pairs of inter-
vals I} = [a1,b1] and I, = [ag,bs] and use |I;| = b; — a; to denote their size and

dist(ly, Io) == min{|t — 7| : t € I}, 7 € I} for their distance.

THEOREM 5.1 (Two-sided interpolation error, cf. [51, p. 73]). Let 2 € Ry and
G2 :=143/(2m2). Let I} = [a1,b1] and Iy = [ag, be] be two non-empty intervals such
that a1 > by. Let the admissibility criterion

M2 diSt(IhIz) Z max{|[1|, |.[2|} (512)

be satisfied. Then there exists a constant co > 0 such that

m C2 —(m+1
lg = 37 9o, < ( (m1) (5.13)

adist(L,, 1) P2

The admissibility criterion (5.12) is a standard criterion used to identify pairs of
sets on which so-called asymptotically smooth functions can be approximated well,
cf. e.g. [35, Section 4.2.3]. In particular, interpolation error estimates like the one in
Theorem 5.1 are well known for such functions. They can be defined as follows.

DEFINITION 5.2 (Asympotically smooth functions; see [35, Definition 4.14]). Let
deNand X, Y C R% Let f be a function on X x Y such that f is arbitrarily
often differentiable with respect to © € X and y € Y with  # y. Then f is called
asymptotically smooth if there exists an s € R and suitable constants C, p and vy such
that

|D;"D5f(:c, Y)| < has( + B) |z — y|7‘°‘|7|ﬁ‘78 with has(v) = CV!|V|”’y|"| (5.14)

foralx € X andy € Y with x # y and all multi-indices o, B € NI such that
a+ B #0.

The proof of Theorem 5.1 relies on the fact that g in (5.11) is asymptotically smooth,
which we show next.
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PROPOSITION 5.3 (cf. [51, p. 73]). For the function g defined in (5.11) there exists
a constant c,s such that

Cas (K + O (k4 £ 4 1)3/2
a3/2(t1 _ t2)k+z+3/2

0f 01,9(t1, t2)| < Vk,(€Nyand all t, > ty.  (5.15)

In particular, g is asymptotically smooth on intervals I; and I as in Theorem 5.1.

Proof. The proof follows the lines of [51, proof of Lemma 4.1], where an estimate
analogous to (5.15) is shown for a similar function. Since g depends only on the
difference of the variables ¢, and t, it suffices to bound |0} g(1,0)] for all £; > 0 to
show (5.15). For n = 0 the estimate in (5.15) is clearly satisfied for all constants
Cas > 1/(4m)3/2. For the case n > 1 we consider the function z — §(2) := g(z,0),
which is holomorphic on C\ R<g. Hence, we can use Cauchy’s integral formula to

get
dr n! 9(¢)
t) = — 22
dZ"g( 1) oi 0B(t1.9) (C — tl)(nJrl) ¢
for all t; € Ry and § < t1, where B(t1,0) C C is the ball with center ¢; and radius ¢.
For all ¢ € 9B(t1,9) there holds [¢| > R(¢) > (t; — ) and R(—r%/(4a()) < 0, so0 it
follows that

GO = i | e M
= ——= | == X _ - .
g (ra)?2 |32 P\ T hal )| = (4ra)?2 (t, — 0)32
Therefore, we can estimate
dr n! 19(O)
’Wg(tl) < o Wdc
z T Jop(.) 1€ —

<£‘/ 1 dc = n!
= 37 Jopinsy (ralts = 9)72000 % = {rat, — )77

The optimal radius 6* to minimize this bound is 6* = 2nt;/(2n + 3). By inserting §*
in the previous estimate we get

n! (2n+3)3/2<1+3>n 1 e3? npl(n+1)32
t

< A~ -\3/2 o .
~ (4ma)3/? 3 2n ) 2T (Am)PR g3/t

dr _
—g(t
dz”g( 1)

This yields (5.15) for all n > 1 with ¢, = €¥2/(47)%/2. The asymptotical smoothness
of g on I1 x Iy with I; and I, as in Theorem 5.1 follows directly from (5.15). O

Proof of Theorem 5.1. According to [14, Corollary 4.21] it suffices to show that there
exist Cy € Rxg, 74 € Ry and o € N such that

Cy(nto—-1)

o o= Vn € Ny and k € {1,2} (5.16)
p !

195, 9llo.1ix1, <
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to conclude that

lg =357 1 [9)loo. 1122 (5.17)
max{| 11|, ||} 2, —(m+1)
< deC Am+12m+2"(1+ 0 g )
(A + 1) (m +2) - S DARTAY

where o(r) :=r + 1+ r? and A,, is the Lebesgue constant defined in (5.3). From
the estimate (5.15) and the admissibility criterion (5.12) it follows that

16591 < max o nl(n + 1)°2 _ Ganl(n+t 1)%2
Il =, )enixty 032 (ty — ta)" 32 T a2 dist (I, )32

Cas! cg ™ i "
— o2 dist(Iy, I)%? \max{|[1|, ||} ) ’

where 3 > 1 is arbitrary and the constant cg is chosen such that (n+1)%/2 < ¢z for
all n > 0. Thus, (5.16) is satisfied for the choice o = 1, v, = max{|L1|, |L2|}/(n2 5)
and O, = cuecp/(adist(Iy, )32 Since cs — oo as B — 1 we fix 8 = 4/3 and a
proper constant cg. Inserting these choices of o, v, and C} into (5.17) yields

2 —(m+1)
_(m) < decyscs (N, + 1)*(m + 2) 1 4 3
Hg j]1><[2 [g”|00,11><12 = (O[diSt(Il,]g))?’/Q + 3772 0 27]2 .

Similarly as in [14, Remark 4.23], we want to simplify this estimate. For this purpose,
we set go = 1+ 3/(2n2), and pia = 0(3/(212)) /go- Since o(r) > 1+ for all r € R we
see that ps > 1. Thus, we can rewrite the right-hand side of the above estimate as

4eCasCs(Am +1)%(m +2)(1 4 41,/3) 1 g5
s (adist(I, L)P22

The first fraction is a zero sequence in m and can thus be bounded by a constant c,. In
fact, its numerator grows like log(m + 1)%(m +2) due to (5.4), while its denominator
grows exponentially with increasing m. Therefore, we end up with the estimate
in (5.13). 0

REMARK 5.4. The result in Theorem 5.1 holds for general intervals I = [a1, b1] and
Iy = [ag, ba] with a1 > by as long as they are separated. However, the convergence
rate qo deteriorates as the constant 1y in the admissibility criterion (5.12) increases.
The smallest value ny for two given intervals I and Iy for which (5.12) holds is
ne = max{|L|, [}/ dist(I1, I2). This ratio will always be reasonably bounded in the
applications in this chapter.



68 5 A space-time FMM for the heat equation

5.1.2 Analysis of the approximation error in space

The approximation error of the truncated Chebyshev expansion of the heat kernel
for a fixed temporal setting has been investigated in [51, 68]. Here we collect and
slightly improve those results. We start by citing an estimate of the absolute value
of the expansion coefficients defined in (5.10c).

LEMMA 5.5 (cf. [68, Lemma 1]). For the coefficients Ey (r,d) in (5.10c) there holds

2
| Bk o(r, 0)] < AZif exp <(15 (a - i) ) (5.18)

where a € Rwq can be chosen arbitrarily.

REMARK 5.6. The estimate in (5.18) is slightly sharper than the one in the referenced
paper where an additional multiplicative factor 4 is included in the argument of the
exponential function. This factor can be dropped in the last step of the proof in [68];
see [39, Satz 4.13].

THEOREM 5.7 (Chebyshev series truncation error, cf. [68, p. 209]). Let ¢ € Roy.
Let X1 and X5 be two cubes with edge length 2h,. Let t,7 € R such that t > 17 and

da(t — 1)
h2

> Cut (5.19)

Let the function o : Rsg — R be defined by

o(s) = % (ln (s +V1+s%) - ‘52+1_1> : (5.20)

S

Then there exists a constant c, > 0 such that

||(Id — GEzrfi)Xz)[Ga(w - 'y7t - T)]HOOyXlXXQ

< sz exp ( = (mg +1) U((mw + 1)'5st/12)),

Proof. The proof is based on the proof of [51, Corollary 4.1] and the idea to minimize
the right-hand side of (5.18) in [69, p. 3551], where the function s corresponds to o
here. To estimate the error we represent it as the remainder of the Chebyshev series,
namely

(5.21)

(Id - Gg?fi)XQ)[Ga('m —yl— Z Z E, o (6T Tx, 0 () T ()

n=mg+1 K veNS:
|n+u|:n
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where E_ (t,7) = (4ra(t — 7)) 3/21_[ 1 B0 (1,0) with § = da(t — 7)/h% and T
and E,,, (r;,0) from (5.10). The polynomlals Tx,, and Ty,, are tensor prod-
ucts of transformed Chebyshev polynomials as defined in (5.6). Thus, there holds
|Tx,»(z)| < 1for all x € X; and all v € N} and the same for T, , in X,. Hence,
we can estimate

1(1d = S Cala =yt = M < S0 0 B, (67 (5.22)

n=mg+1 n,uGNgz
|k+v|=n
For a given n and k, v € N} such that |k + v| = n the estimate in (5.18) yields

_ 1 1Y\ 12 A\,
(Ara(t — 7))3/2|Em}(t7 7)| < exp (6 (an — a) ) H aiﬁ'/.j

n le

_ 64 3 1)?
— €eX N n - )
~ar PAs\Y n

where a, € Ry, can be chosen arbitrarily. To find the optimal @, we minimize the
function f,, on the right-hand side, which can be rewritten in the form

2
falan) = 64 exp (-nln(an) +§ (an B aln) ) .

From the necessary condition f(a}) = 0 we obtain a! = \/n5/12 + /14 (nd/12)?,
which is indeed a minimizer of f,, in Ry since f,, becomes unbounded for a,, tending
to zero or infinity. Therefore, the minimum of f,, is given by

fnlal) = 64exp (—n <ln(a:) — % <a; - al*) )) = 64exp (—no(nd/12))

n

with the function ¢ from (5.20) and we obtain

B, (t.7)] < me@ (= no(nd/12)).

By using this estimate and #{(k,v) € N} x N} : |k +v| = n} = ("}°) we can further
estimate the approximation error in (5.22) by

[(1d — 6723 )[Gala — st = 7)]llooxsxxa (5.23)

o0

Sm > (n?) exp (= nor(n6/12)).

n=meg+1
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The function o is monotonically increasing. In fact, one can show that o'(s) > 0
for all s > 0. Hence, we can use (5.19), which corresponds to the estimate § =
da(t — 7)/h2 > Cy, to get for all n > my,

exp (—no(nd/12)) < exp ( — na((mw + l)Est/IQ)) =q",

where ¢ := exp ( - 0((mm + 1)Est/12)). In particular, the series on the right-hand
side of (5.23) is bounded by 3% ("+°)q". There holds

n=mg-+1

Z <n;5)qn :qmﬁlz <n+5+5mw+1>qn

n=mg+1 n=0

. M4 e (Mg +2)°
<q z“(mm+2)52( 5 )q =q ”“7((1“”_ q)z , (5:29)

n=0
where we used the estimate (n+k+mgz+1) < (n+k)(mge+2) foralln > 0 and k& > 1.
Note that the last identity in (5.24) follows immediately by identifying 5!(1 — ¢)~%
as the fifth derivative of the geometric series » >~ ¢". Since ¢ depends on m, but
converges to 0 as mg, — 00, we can bound the term (1 — ¢)~® by a constant ¢ for
all m, > 0. Together with (5.23) and (5.24) this yields

64

5 mg+1
(47‘(‘04('[’—7’))3/20(mw+2) q )

[[(Id — 6()?112))(2)[6;&('30 — oyt — T)]HOO,XlxXz <
which is (5.21) with ¢, = 64c/(4m)%/2. |

REMARK 5.8. The behavior of the function o in (5.20) determines the approzimation
error in (5.21). In the proof of Theorem 5.7 we have already pointed out that o
is monotonically increasing. Furthermore there holds o(s) ~ s/4 for s — 0 and
o(s) ~ In(25)/2 for s — oo; see [69, p. 3551]. Thus, the convergence in (5.21)
s super-exponential in mg. Note that the approximation quality depends on the
constant s in (5.19), which appears in the argument of o. For small values of Gy
the estimate suffers. Thus, we have to ensure that (5.19) holds for a reasonably large
constant ¢g in the later application. This means that we have to adapt the size of the
cubes X1 and Xy to the temporal configuration.

5.1.3 The space-time approximation error

By combining the results from the previous two sections we can estimate the approx-
imation error of the expansion (5.9) in Ziay X Zgre.
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THEOREM 5.9 (Full space-time expansion error, [51, ¢f. Lemma 7.4]). Let ¢y € Rso,
N2 € Rag and o := 1+ 3/(2m2). Let A, be the Lebesgue constant defined in (5.3)
and o be the function in (5.20). Let I; = [a1,b1] and Iz = [ag, ba] be two non-empty
intervals with a; > by that satisfy the admissibility criterion (5.12). Let X; and X,
be two cubes in R® with edge length 271,0 such that

%ﬁhm >z, (5.25)

Let Zy,, = X1 X I and Zg. = Xo X Iy. Then there exist constants ¢, ¢ € Ryg such
that

iz m, 1
1014 = 7%, 3550 [Gallloo 2 2 <

(adist(ly, I5))3/2
X (czq;(mﬁl) + czAfm(mz +2)%exp ( — (Mg + 1)0((mm + I)Est/12))).

(5.26)

Proof. Throughout this proof we use || - ||oo to denote || - ||oo, 20 x 2 t0 shorten the
notation. We start to estimate the approximation error by adding and subtracting
:ig”;}z [G,] and using the triangle inequality to get

11 = &35, 90,7 (Gl o
< [1(1d = 3373, [Gal o + 11(1d = S5, )37, [l |
The first term can be further estimated by using Theorem 5.1. In fact, the function g

defined in (5.11) which is considered in that theorem is just the heat kernel for fixed
spatial points  and y and the estimate does not depend on these points. Thus,

C2 qf(m,/+1)
(adist (I, 1))3/2 ™

with ¢y from Theorem 5.1. For the second term we observe that
1957 oo

1(1d = 652y, )30, [Gallle < sup IR ) (1 — &) ) [Gal [l
FeC(ZumxZu\0} |1 flloo

(1 = 38" ) [Galllo <

where we used that the operators Gg?;mx)XQ and ’J(Iznxt)lg commute. The operator norm

of 3571";),2 is bounded by A2, , which follows from (5.3). For the other term we use

me

assumption (5.25) and apply Theorem 5.7 to get

1(1d-6 G2y, ) [Galllso

{cwm exp ( — (Mg + 1) o((mm + 1)’55t/12)>}

< sup
(t,r)elixIa

< cmm exp ( — (mg +1) U((mw + 1)Est/12))~

Combining all these estimates completes the proof. O
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Theorem 5.9 shows that we can control the approximation error of the expansion (5.9)
if we can control the respective errors in time and space separately. The spatial sizes
of the boxes Zi,, and Z. have to be adapted to the distance of their temporal
components according to the criterion (5.25).

REMARK 5.10. In [51, 67, 68, 76] a criterion different from (5.25) is used to deter-
mine the proper spatial size of the boxes for the expansion (5.9). There it is required
that there erists a constant cg, such that

72
- <y (5.27)
4ov hy

for each space-time box, where he denotes the half length of the edges of its spatial
component and h; the half length of its temporal interval. However, criterion (5.25)
follows from (5.27) for two bozes Zyoy = X1x 11 and Zge = Xo X Iy, if the admissibility
criterion (5.12) holds in addition. Indeed,

4C¥diSt([1,[2) > 4(3%]118,}(“[1'7 |IQ|} > 2
h2 B h21 = e

T

(5.28)

which is (5.25) with ¢y = 2(cyno)t. Therefore, we use the space-time configura-
tion criterion (5.27) instead of (5.25) in the rest of this work to allow for easier
comparison with previous articles.

5.2 Description of the space-time FMM

In this section we describe the space-time FMM for the fast computation of matrix-
vector products for BEM matrices of the heat equation like V). As stated at the
beginning of this chapter, the space-time FMM here is closely related to the pFMM
in [52, 67, 68], but realizes the full matrix-vector product at once instead of in a
forward-sweeping manner. The description in this section is similar to those in [76]
and [78]. We consider a space-time tensor product mesh 3, = I, ® Z,, of the lateral
space-time boundary ¥ of a space-time cylinder @ as in Section 2.4 and the BEM
matrices from Section 3.3. As a first step, we create a hierarchy of space-time boxes
that subdivides the elements in Xj; see Section 5.2.1. This hierarchy, which is often
denoted as a box cluster tree, will allow us to find a suitable partition of a BEM
matrix into blocks that can be approximated using the expansion in Section 5.1,
and a small remainder of non-approximable blocks. For the partitioning process we
construct suitable operation lists in Section 5.2.2. While these lists are independent
of the considered BEM matrices Vy, Ky, K,T"’, or Dy, the related approximation of
admissible blocks is not. In Section 5.2.3 we describe the approximation of these
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blocks and the corresponding FMM operations. Additional nested FMM operations
which are needed for higher efficiency are discussed in Section 5.2.4 together with
the resulting space-time FMM.

5.2.1 A 4D space-time box cluster tree

In this section we construct a hierarchy of 4D boxes to partition a given space-time
tensor product mesh ;. The construction is based on a recursive subdivision of an
initial box Z(® C R* that contains the whole mesh. The resulting structure is denoted
as a box cluster tree 7y. Similar trees have already been considered in [51, 67, 68].
In those works separate trees for the spatial mesh I'y, and the temporal partition Zp,
were constructed first and then combined to obtain a space-time box cluster tree. The
direct subdivision of 4D boxes, which we consider here, is a more general approach
applicable also to space-time meshes without a strict tensor product structure.

Note that from here on we consider half-open boxes Z = (a, a + 2%1,1} x (¢,d] C R*
since they allow for a simple, non-overlapping partition into smaller half-open boxes.
The spatial parts of boxes Z will be cubes throughout this work. By h.(Z) we
denote the half edge length of the spatial part of Z and by TLt(Z) the half length
of the temporal part of Z. We implicitly assign a space-time boundary element
Ojiw = Vjs X (tj,—1,t;) of the given space-time tensor product mesh ¥, to a box Z
if the geometrical center of o, ;. is contained in Z. By Z we denote the set of all
indices (ji,j.) corresponding to elements o;, ;, € ¥ that are assigned to Z. The
cardinality of Z is denoted by #Z.

Algorithm 5.1 describes the recursive construction of a space-time box cluster tree 7y
for a mesh ¥, = I'y, ® Zp,. In the algorithm it is assumed that an initial box
ARES (a,a—}—Qﬁgo)l] x (0,77 is already given. The spatial part of this box can
be constructed, for example, by determining the minimal axis-parallel bounding box
containing I', and extending it to a half-open cube that contains I';. The box Z(©
is the root of the tree Tx. It is subdivided into smaller boxes which are added to Ty
as children of Z© and further subdivided recursively. If an empty box Z is ob-
tained in the recursive subdivision process, i.e. a box such that #Zk = 0, it is not
added to 7y and not further subdivided. The subdivision process is also stopped
for a box Z if the number #Z of space-time elements assigned to Z is lower than a
certain number ny,... This number ny., has to be provided as an input argument
for the algorithm as well as the constant ¢y, > 0 for the space-time configuration
criterion (5.27). The concrete subdivision of a box Z = (a, b] X (¢, d] in lines 7 and 9
is executed as follows:

(i) Purely temporal subdivision (line 7): We split the time interval (¢, d] into (e, ]
and (¢, d], where ¢ is the grid point ¢; of the time partition 7, closest to the
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midpoint (¢+d)/2. Then we subdivide Z into the two boxes Z; = (a, b] x (¢, €]
and Zs = (a, b] x (¢, d].

(ii) Space-time subdivision (line 9): We subdivide the time interval (¢, d] as in (i).
The spatial box (a,b] is uniformly split into 8 boxes (a,al,..., (a,b], where
a = 1/2(a+b) is the center of (a, b]. By considering all possible combinations
of the resulting time intervals and spatial boxes we get a subdivision of Z into
16 space-time boxes.

Space-time boxes are only subdivided if it is feasible. We say that a temporal subdivi-
sion of Z = X x I is feasible, if the interval I contains more than one time step of the
partition Zp,,. A spatial subdivision of Z is feasible, if max j, ,; ,; diam(v;,) < ha(2),
where diam(v;,) := max{|x — y| : ,y € 7;,} is the diameter of the spatial ele-
ment ;.. This means that we do not refine a box in space if it contains a space-time
element whose spatial size is larger than the spatial half length of the box itself. A
space-time subdivision of Z = X x [ is feasible if the temporal subdivision and the
spatial subdivision of Z are feasible.

Algorithm 5.1 Construction of a 4D space-time box cluster tree Ty for ¥j,.

Require: Let a space-time tensor product mesh ¥, be given.
Let nmax be a bound for the number of elements in a leaf box.
Let ¢y > 0 for the space-time configuration criterion (5.27) be given.
Let ZO = (a,a+2h{"1] x (0, T] C R* be given such that 3 is contained in Z(©
and 1Y and hy(Z©) = T/2 satisfy (5.27).
1: Construct an empty tree 7y, and add Z© as its root.
: Call SUBDIVIDECLUSTER(Z(®), Tx)

N

3: function SUBDIVIDECLUSTER(Z, Ts)

4 i H#Z > npax

5: Let ¢, = £,(Z) be the temporal level of Z, h{“*Y) = 2-t=1h,(Z)

6: if b\ and ha(Z) satisfy (5.27) and a temporal subdivision is feasible
7 Temporal subdivision of Z into n¢ = 2 children {Z;};<,.

8: else if a space-time subdivision is feasible

9: Space-time subdivision of Z into nc = 16 children {Z;}}¢,.

10: else

11: return. / No subdivision is feasible. Stop the recursion.

12: for k=1, ..., nc

13: if 42,40

14: Add Zj, to Ty, as a child of Z and call SUBDIVIDECLUSTER(Z, Ts).

In the rest of this work we will use the terms box and cluster interchangeably when
talking about boxes in 7x. In addition, we use standard terms of graph theory
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related to rooted trees: We denote the parent of a box Z € Ty by par(Z), the set
of all its children by child(Z) and its level by ¢(Z), which is the length of the path
between Z and the root of 7y, in this tree. The largest level in the tree Ty is denoted
by depth(7s). In addition, we define the temporal level £,(Z) of a box Z in Ts by
setting £,(Z()) := 0 for the root Z(® and defining ¢,(Z) for all other Z € Ty, as the
number of performed temporal subdivisions starting from Z(® to obtain Z. This
temporal level is used in line 5 of Algorithm 5.1. Similarly, we define the spatial
level (,(Z) of a box Z in Ty by setting £,(Z®) := 0 and defining ¢,(Z) for all
other Z € Ty, as the number of performed spatial subdivisions starting from Z© to
obtain Z.

A simple illustration of the recursive subdivision process in Algorithm 5.1 is given in
Figure 5.1. In general, we switch between purely temporal and space-time subdivi-
sions of boxes in the tree construction due to criterion (5.27) — at least after some
initial, purely temporal subdivisions which might be sufficient to guarantee (5.27) for
the first tree levels. Note that we assume that the criterion (5.27) is already satisfied
for Z©), or rather hy(Z©) and hy(Z©). If this is not the case, we can subdivide Z(©)
in space as often as necessary to obtain boxes {Z;}nm* for which (5.27) is satisfied.
The tree construction can then be continued by adding the boxes 7, that satisfy
#Zk > 0 as children of Z( to 7y and calling the function SUBDIVIDECLUSTER in
line 3 of Algorithm 5.1 for them.

The described splitting in time yields the following property: If a space-time element
Tjrje = Ve X (tji—1,t;,) is assigned to a box Z = X x I, the temporal part (¢;,_1,1;,)

Jid Jid Jik

T X xT

Vka Vi

a) Mesh in a box Z(®), b) Boxes at level 1. c) Boxes at level 2. d) Resulting tree Ts.

Vi

Figure 5.1: Construction of a space-time cluster tree in 2D. Instead of 4D space-time
elements o we consider 2D rectangular elements consisting of temporal intervals
{Ji}1_, and spatial 1D elements {7, };=,. First, a box Z(© at level zero is
constructed that contains all these elements; see a). This box is refined recursively
as described in Algorithm 5.1. A purely temporal refinement leads to the two boxes
at level one in b). Refining these boxes in space and time results in eight boxes at
level two; see ¢). By connecting all child boxes with their respective parent box
we obtain the space-time tree in d).
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is fully contained in the temporal interval I of Z. We want to ensure in addition that
the inclusion v;, C X holds for all space-time elements ¢, ;, assigned to Z. If this is
not the case, we pad the boxes in Ty, appropriately in a post-processing step, i.e. we
extend the spatial size of a box Z such that o0, ;, C Zpaq for the extended box Zp.q
and all 0, ;. with (ji,ja) € Z. For a box Z = X x I with X = (a,a + 2h,1] we
set

Fona(2) = { i & = w9 € 3 Grde) € 2

where || - ||oo denotes the maximum norm in R®. The box with spatial padding
pad.o(Z) is given by (a—ﬁpad@(Z)L a+ (2hg +f~zpad1m(Z))1} x I, and all g;, j, with
(ji, jo) € Z are fully contained in the closure of this extended box. The corresponding
padding of a box X € R? is illustrated in Figure 5.2. Note that we might lose
the spatial uniformity of the boxes in 7y if we pad all boxes Z by an individual
amount hpaq .(Z). Furthermore, the relation Z, C Z for Z, € child(Z) might not be
satisfied anymore for the padded boxes. Since we want to exploit these properties
in the FMM, we pad all boxes at the same level ¢ in 75 by the same amount hfmd’m
which we define by

B g = max {0 e {0, depth(Ts)}}, (5.29)
h n 9.
hf;élx?i(:m = maX{hpad,:v(Z) 1Z e 7-27 f(Z) - g}

Note that the space-time configuration criterion (5.27) with the constant cy provided
in Algorithm 5.1 might be violated for the lengths hy(Zpaa) and hi(Zpaq) of the
padded version Z,,q of a box Z € Ty, because h,(Z) is increased. The criterion might

Z3 T3

T2 T2

xy Ty zy

a) Part of a mesh T'p,. b) Box X without padding,. c) Padded box Xpaq.

Figure 5.2: [llustration of the padding of a spatial box X. In a) we see a planar part
of a spatial surface mesh I',. The spatial box X in b) intersects this mesh. The
parts of the triangles which are contained in X are colored in a darker shade of
gray while the protruding parts are colored in white. By padding X we obtain
the larger box X,q in ¢) which fully contains all triangles.
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even be violated for an non-padded box Z, since we ensure only that (5.27) holds for
the quantity o\"%) = 2-4(D},(Z(©)) instead of the actual temporal half length h(Z)
of Z in line 6 of Algorithm 5.1. However, we assume in the following that Et(Z) differs
only slightly from EEMZ)) and that the amount of padding is reasonably small related
to the original spatial size of Z. Then (5.27) is satisfied for a constant ¢ slightly
larger than the original one. Note that the assumption on the spatial padding is
justified since we stop the subdivision process in Algorithm 5.1 earlier if a spatial
subdivision of a box is not feasible.

In the following sections we identify a box Z with its padded version Zp,q to simplify
the notation. Furthermore, we use the following naming convention: The spatial
part of a box Z is denoted by X and the temporal part by /. If an index is used
to specify Z, the spatial and temporal components are labeled with the same index.
For example, Z . = Xge X Ige and Ziy = Xiar X Liar-

5.2.2 Matrix partitioning using operation lists

Let Ts be a space-time box cluster tree constructed by Algorithm 5.1. The boxes
in Ts; can be used to partition BEM matrices for the heat equation. For this purpose,
we introduce suitable operation lists in this section. Similar lists have already been
considered, for example, in [51, 68, 76|, but the description here has a more algorith-
mic nature. The operation lists of clusters in 7y will be constructed by a recursive
procedure based on purely geometrical criteria related to the approximation of the
heat kernel (3.4) in Section 5.1. In particular, they can be used to partition any of
the matrices Vj,, Ky, K;” or Dy, from Section 3.3. We start by describing the desired
partition for the matrix V; whose entries are given in (3.25). This will reveal how
to construct the operation lists of clusters in Tx. The corresponding partition of the
other BEM matrices is described at the end of the section.

For two boxes Zi,, and Zg. in Ty let Vh|Z}aerm be the block of V), formed by

the rows correspor}ding to indices (jt, jz) € Ziar and the columns corresponding to
indices (kt, ky) € Ze. Let Z© be the root of 7. The block V4| 50, 50 corresponds

to the full matrix Vj. We can subdivide it into n? blocks V| ), 0, where {Z1V}7e,
i J

are the children of Z(® in Ts,. For the FMM we recursively subdivide the matrix into
blocks in this manner. The subdivision is stopped for a block V;L|Zt_drxzsrc if Ziar
and Zg. allow for the approximation (5.9) of the heat kernel (3.4) due to a proper
temporal separation. Such a block is called admissible. We will see in Section 5.2.3
how to approximate admissible blocks of V; efficiently. All other blocks are called
inadmissible and are further subdivided. This is possible as long as Z;, and Zg.
have children in the tree 7.
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The operation lists mentioned at the beginning of the section are used to identify
and keep track of the blocks Vh|2mx2m in the final partition of V,. We intro-
duce interaction lists and nearfield lists for clusters Z,,, in Tx,. The interaction list
Tnion(Ziar) is filled with clusters Zg. such that the block V4|5, 5 is admissible, but
the corresponding block of the parents of Z;,, and Zg. is inadmissible. The subscript
M2L of this list is related to the associated FMM operation, which we introduce
in Section 5.2.3. The nearfield list or simply the nearfield N (Zia) of Zi., contains
clusters Zg. corresponding to blocks V| Geonx G which are inadmissible and cannot
be further subdivided to obtain admissible subblocks. For a given cluster Z;,, one or
even both of these lists might be empty.

Before we can describe the construction of the nearfield lists and interaction lists of
clusters in Ty, we have to specify how to identify admissible blocks. In Theorem 5.9
and Remark 5.10 we have shown that the expansion (5.9) of the heat kernel (3.4) is
well-suited for Z;,, and Z, if the temporal intervals I,, and I, satisfy the standard
admissibility criterion (5.12) for a constant 1, > 0 and if the space-time configuration
criterion (5.27) is satisfied for a constant ¢y, > 0. Criterion (5.12) can be checked ex-
plicitly during the recursive construction of the operation lists, while criterion (5.27) is
always satisfied due to the construction of the boxes of the tree 7y in Algorithm 5.1.

The partitioning of BEM matrices like V}, and the construction of the related opera-
tion lists is further influenced by the causality and the exponential decay of the heat
kernel G, in (3.4). Due to the causality, G,(x —y,t — 7) vanishes for all (x,t) € Zia
and (y,7) € Zye with Ly, = (a1, b1] and Iye = (ag,bo] if as > by. We say that I,
is causally relevant for I, in the contrary case, i.e. if ag < by. If I is not causally
relevant for Ii,,, all entries of the block V| SuaxZ. A€ zero and we can ignore it.
This is related to the lower triangular block structure of Vp,; see (3.29). In particular,
the nearfield and interaction list of a cluster Z,, will be filled only with clusters Z,.
whose temporal component I, is causally relevant for Ii,;.

The exponential decay of the heat kernel allows to neglect interactions between clus-
ters that are sufficiently separated in space. We identify such pairs of clusters as
follows. Let Zi,, be a cluster in Ty with spatial level ¢, = £,,(Z). Due to the uniform
subdivision strategy employed in the construction of 7s, Xi.. is one of 8% possible
3D boxes in a regular grid G%. We can label the boxes in this grid with multi-indices
in {0,...,2% — 1} in a regular way (ascending componentwise) and use these in-
dices to measure the distance of boxes. For two spatial boxes X and Y in G’ with
corresponding multi-indices & and ¢ we define the grid distance of X and Y by

griddist(X,Y) := ,Hiaxs{‘fj — ¢l ) (5.30)
J=1,...,
For a fixed truncation parameter ny, we define the interaction area T4(X) of X in G

by
TA(X) :={Y € G* : griddist(X,Y) < ny}. (5.31)
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Blocks of BEM matrices like V| Jnorx Fure that are related to Zi,, and Z.. can be ne-
glected if Xgc ¢ Za(Xtar). Therefore, we do not have to include such clusters Zg.
in the operation lists of Z,,. From [68, Section 5.4] it follows that a single, prop-
erly chosen truncation parameter n, can be used for the definition of the interaction
area and the related truncation for various pairs of clusters Z., and Zg.. A suit-
able requirement is that the ratio h2/max{|li.|, [Isc|} of these clusters is similar,
where h, = ﬁz(Zmr) = Ez(Zsm). This will be the case in the construction of the
operation lists for clusters Zg.. and Z;,, in the part of Ty, where we alternate between
purely temporal and space-time subdivisions. Note that in the remaining, initial part
of the tree no spatial truncation is possible since all clusters are subdivided only in
time and, therefore, share the same spatial component.

Finally, we are ready to describe the construction of the operation lists of clusters in
a tree Tyx. It is based on the recursive routine DETERMINEOPERATIONLISTS in Al-
gorithm 5.2 that acts on pairs of clusters, and is first called for (Z(©, Z()) where Z(©
denotes the root of 7x. In the following we call pairs of clusters (Zgc, Ziar) blocks
due to their connection to blocks of BEM matrices. In the routine DETERMINE-
OPERATIONLISTS we first check if Xy € Za(Xiar) and if Iy, is causally relevant
for I, (line 3). If this is not the case we can ignore the current block as seen before.
Otherwise, we check whether the admissibility criterion (5.12) is satisfied (line 4) and
add Zg. to the interaction list Zyjor,(Ztar) if this is the case. In the contrary case, we
want to subdivide the block. If neither Zg,. nor Z,, is a leaf in 7Ty, we can subdivide
the block by calling the routine DETERMINEOPERATIONLISTS in line 9 for all pairs
of children of Zg . and Zi,,. If either Zg. or Zi, is a leaf, further subdivisions are
not possible or would not yield admissible subblocks anymore, so we add Zg. to the

Algorithm 5.2 Recursive construction of the operation lists in Tx.

Require: Let 7, be a space-time cluster tree with root Z©.
Fix a constant 75 € Ry for criterion (5.12) and ny, for the definition of (5.31).
1: Call DETERMINEOPERATIONLISTS(Z(), Z(©).

2: function DETERMINEOPERATIONLISTS(Zge, Ziar)

3 if Xy € ZaA(Xiar) and I, is causally relevant for Iy,

4 if Iye and I, satisfy the admissibility criterion (5.12)
5: Add Zsrc to IMQL(Ztar).

6 else

7 if Z., and Z.. are not leaves in Ty,

8 for all (Zyec, Ziare) With Zge . € child(Zge), Ziare € child(Ziar)
9 Call DETERMINEOPERATIONLISTS(Zsc.c, Ziar,c)-

10: else

11: Add Zy. to N(Ziar).
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nearfield A/ (Z,,) (line 11). Note that by construction the levels £(Z,,,) and £(Zg.)
coincide whenever Zy. € Tyor,(Ziar) Or Zge € N (Ziar)-

REMARK 5.11 (Subdividing inadmissible blocks). If Z. is a cluster in the nearfield
N(Ziar) of a cluster Zi,,, one of the two clusters is a leaf by construction. Let us
assume that Zg. is a leaf but Zi, is not. If the cluster Zy, contains many space-
time elements, the inadmissible block Vh|Ztaer}rc has many rows. In particular, the
inadmissible blocks of V', might vary greatly in size. In Chapter 6 we will talk about
the parallelization of the FMM presented in the current sections, where such varying
block sizes are undesirable since they make a balanced distribution of work more diffi-
cult. However, we can split V|, 5 into smaller blocks by further subdividing Zya,
and thereby the rows of the block. In this way, we obtain the set of matriz blocks
{Vh|deZsrc}d7 where {Zq}a denotes the set of all descendants of Zyay in T which are
leaves. While these blocks are still inadmissible, their sizes are uniformly bounded in
general.

To adapt the nearfield lists according to the described subdivision of the inadmissi-
ble block Vh|2mx2m’ we remove Zg. from the nearfield N'(Ziy) and add it to the
nearfield N'(Zq) of each leaf descendant Zy of Zyar. If, instead, Zyay is a leaf while
Zsge € N(Ziar) is not, we can similarly remove Zg. from N (Zia) and add all leaf
descendants of Zye to N (Zia). If all nearfield lists of clusters in Ts are treated in
this way, the resulting nearfield lists of non-leaf clusters in Ts are empty, and the
nearfield lists of leaf clusters contain only leaf clusters. When we talk about par-
allelization in later sections we will assume that this is the case. For the further
description of the FMM it does not make a difference.

The partitioning of the matrices K, K;” and D;, with the operation lists constructed
by Algorithm 5.2 is slightly more complicated. Let us first consider the matrix Kp,
whose entries are given in (3.26). Each column index (jy, j..) is related to a basis
function @} ; ©f, € S%) . Recall that ¢y, ; is a piecewise linear nodal basis function
on I';, that satisfies

for the vertices {xy, }fcvfﬂ of I';,. Hence, we have to assign such “nodal” indices (j;, jz)
to clusters in 7Ty to partition the columns of K, with respect to these clusters. For
this purpose we define the nodal index set Z of a cluster Z by

Z = {(jiJz) : 31, na) € Z such that x;, € 7, }. (5.32)

In other words: For each space-time element o3, ,, assigned to Z we consider the
vertices {x;, };, of the related spatial triangle ~,_ and assign the corresponding nodal
index pairs {(j¢, ja)};, to Z. While each space-time element o, ., is assigned to at
most one cluster Z() at level £ of the tree 75, a nodal index pair (j;,j,) can be
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assigned to several clusters at a single level £. We account for this by defining the
block Kylz, 7 of K, by

K e 22w (Kt = D) B + ko, (e = 1) Na + Jo (5.33)

th,
oz—G t—7)pk . (y)ds,drds,dt
/tkt 1 /'Ykm /t], 1 /Sr (Zsre) 8"’1/ ( ) e ) Y

for all (kt, ks) € Zear and all (Jts o) € Zore, Where Sr(Zge) is the subset of the spatial
surface I" given by

St(Zao) = |J e (5.34)

(jtn2) € Zsre

Note that here we use global indices instead of local indices to access blocks of BEM
matrices like K|,  » in (5.33), since it simplifies the description. The definition
of blocks of K, in (5.33) leads to an overlapping partition of the matrix, where an
entry Ky[(k; — 1)Eg + Kz, (j: — 1) Nz + jo] is distributed among blocks {K|; 7 }n
with (ky, ky) € Ziar and (j;, o) € N, Zn- In the later application, we apply a block
like Kp|j, ... to the local part g[; of a vector g € REN= that contains the full
entries of g correspondmg to indices in Zge.

The matrix K;w which discretizes the adjoint time-reversed double layer operator K7,
is obtained from the matrix Kj, by a suitable blockwise transposition; see (3.33). Since
this transposition is not very intuitive to handle when we work with blocks related
to clusters Zi,, and Z,.., we define the block K;m|vaX2 of KZ“ directly by

src

K| Zyx 2o (e = D Na + b, (G — )E + Ja] (5.35)

thy
/ / / / o(@ =yt = T)pg, () dsy dT ds, dt
tg,—1 Y Sr(Ztar) Jtj,—1 Y Vjg

for all (ky, kz) € Ziar and all (ji;, ju) € Zre.

The matrix Dy, can be partitioned similarly into blocks Dy |z . 7 , but we distinguish
two cases. If Zy. € Zyor(Ziar), we can use the representation in (4.64) and define

D e Zre [kt = D) Na + ki, (G2 — 1) Noy + Ja (5.36)

0
Ga(m - Y, t— 7_)
/tkt 1 ~/5r (Zsar) ~/,t 1 / Sr(Zsre) anz ony

X 0ok, ()02 5, (y)dsydrds,dt

for all (ky, k) € Ziar and all (ji;, jz) € Zge. This is possible, since I satisfies the
admissibility criterion (5.12) in this case and, therefore, there holds j; < k; —1 for all
such indices. If instead Zg. € N(Z;a:), we use the representation (5.36) for the entries
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of the block Dp|y, . for pairs of indices (ki kz) € Ziar and (i, jz) € Zse with
j+ < ky — 1. For all other entries we use the representation based on the integration
by parts formula in (4.60) and treat the spatial integrals in both bilinear forms in
the same way as those in (5.36) to distribute entries corresponding to shared nodal
indices among the involved blocks. Note that using these two representations together
is unproblematic, as long as we do not mix the representations for a single matrix
entry corresponding to two or more blocks. This is guaranteed, since we use (4.64)
whenever j; < k; — 1 holds for the involved temporal indices and (4.60) otherwise.

REMARK 5.12 (Important terms). The terms collected in the following list play an
important role in the rest of the thesis, which is why we repeat them here:

e Admissible block: A block |y, . 5 s called admissible in this work if the
corresponding clusters Zyy and Zg. allow for the approzimation (5.9) of the
heat kernel (3.4). Admissible blocks of Ky, K,Im and Dy, are defined analogously.
A block that is not admissible is called inadmissible.

e Interaction list: The interaction list of a cluster Zi,, is denoted by Tyor(Ziar)-
It is defined by the construction in Algorithm 5.2. A cluster Zg. is contained
in Inor(Ziar) if the block of a BEM matriz corresponding to Zy,, and Zg. s
admissible, but the block corresponding to their parent clusters is not.

e Nearfield list (or simply nearfield): The nearfield of a cluster Zi,, is denoted
by N (Ziar) and defined by the construction in Algorithm 5.2. A cluster Zg.
is contained in N (Zy) if the block of a BEM matriz corresponding to Ziay
and Zg. is inadmissible, and either Zi., or Zge cannot be further subdivided.

5.2.3 Approximation of admissible matrix blocks

In this section we describe how to efficiently approximate admissible blocks of the
BEM matrices Vy,, Ky, K;m and Dj, that are obtained from the partition constructed
in Section 5.2.2. The approximation of blocks is based on the approximation of the
heat kernel in (5.9) in Section 5.1.

Let 75 be a space-time box cluster tree constructed by Algorithm 5.1 and the op-
eration lists of clusters in 7Ty be constructed by Algorithm 5.2. We focus on the
matrix V,, first. For Z,, and Z, . in 7Ty we consider the matrix-vector product
floe = Vil x2..9) 5., where g|; s the local part of a vector q € RZE=  There
holds

Ly L
R = > qjt,jw/ // /Ga(m—y,t—T)dsydesmdt (5.37)

(it jao) € Zure thy—1 Vg Y tj—1 Y5
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for all indices (k;, k) € Ziar, where we used the representation of the entries of V,,
n (3.25). If the block V4|, 5 is admissible, i.e. Z. is contained in the interaction
list Znor, (Ziar), we can approx1mate (5.37) in an efficient way by replacing the heat
kernel with its approximation in (5.9). The resulting vector floc can be computed in
three steps:

S2M (source to moment): We compute the moments p(Zgy.) by

Ha(Zsee) = 4, ja / / Tx e L(I:Cta( 7)ds, dr (5.38)
tj—1

(3¢ Jm)EZsrc

for all @ € {0,...,m;} and all multi-indices k € N§ with || < m,.
M2L (moment to local): We compute the local contributions A(Zsar, Zsie) by

)\b,u(Ztan Zsrc) = Z Z Eiu:u‘a R(Zsrc) (539)

a=0 keN:|r+v|<me

for all b € {0, ..., m;} and all multi-indices v € Nj with || < mg, where EL? are the
coefficients in (5.10). A
L2T (local to target): For all (kt, k) in Zi,, we evaluate

flee = Z > N Ziar: Zave) / / T (@) LY, (1) dsg dt. (5.40)

b=0 [v|<mg tey=1 Y Vka

The integrals of polynomials in the S2M and L2T operations can be Computed bV
numerical quadrature formulae. For the integrals of the Lagrange polynomials L
over a time interval (¢;,_1,t;) we use a Gauk-Legendre quadrature formula Wlth
[(my + 1)/2] quadrature points, which is exact in this case. For the integrals of
the Chebyshev polynomials over a triangle -;, we use quadrature rules defined on
triangles. In practice, a 7-point formula proves to be accurate enough.

For the execution of an S2M operation (9( Zre (m“”) +nt(ZsrC) (m"f;“g)(mt +1)) arith-
metic operz}tions are required, where 7( Src) denotes the number of all distinct time-
indices in Z, or, in other words, the number of time intervals (¢;,_1,%;,) in Is.. This

can be seen by rearranging the operation in (5.38) as

Ha, fc src Z /t L(:,:ct a ) dr Z 9t jw / TXsch‘"/(y) dsy’

Jt—1 Jx Via

Similarly, an L2T operation requires O(Za (M=) + nt(thr)(mf+3) (mg + 1)) arith-
metic operations. A naive realization of the M2L operation in (5.39) would require

O((m’”;?’)Q(mt + 1)?) arithmetic operations. In |69, Section 4.3] an efficient alterna-

tive is proposed which requires only O((mg + 1)*(m; + 1)2) operations. We use this
alternative in our implementation.
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Admissible blocks Kp| 5, 7
K;” and Dj are also approximated by replacing the corresponding kernel functions
with suitable approximations. The related matrix-vector multiplications can then
again be executed by appropriate S2M, M2L, and L2T operations. We will see
that the S2M and L2T operations depend on the considered matrix, while the M2L
operations are the same for all matrices. In the following, we describe these operations
in more detail. As before, we will use p(Zg.) and A(Zyar, Zsre) to denote the moments

T o -
Ki 1 2 x 2 @0 Dz, 7., of the BEM matrices K,

and local contributions corresponding to clusters Zg.. and Z,,, and floc to denote the
result of the approximate matrix-vector multiplication for a given block of a BEM
matrix. While all these objects depend on the considered BEM matrix and are not
necessarily the same as those in (5.38), (5.39) and (5.40), we use the same names to
keep the notation simple. In the following paragraphs and sections we will always
focus on a single BEM matrix, so there is no risk of confusion.

The kernel function ((x,t), (y,7)) = On,Gao(x — y,t — 7) corresponding to the ma-
trix Kj, can be approximated by the normal derivative d,, of (5.9), i.e

0 _(ma :
I, SN T Gl @ .7

me
a, 8 mi my
=D D B Txaw(®) 5 Txn(y) L0 L (7)
- . L
ab=0 k,veNg:
|k+v|<mg

for all (x,t) € Ziy N X and (y,7) € Zge N Y with Zye € Zyor(Ziar). The S2M
operation for the related, approximate matrix-vector product Ku|;  ; gl with
Kilz,, 2, defined in (5.33) is to compute the moments fi4x(Zsc) for all indices
a €40,...,m;} and all multi-indices k € N3 with || < mg by

/Lan src Z g]t,]m/

t
(¢ sJz ) € Zsre =1

0 e
/ oL T ), ()L (7) ds, dr, (5.41)
Sr(Zsre Ty

where Sp(Z.) is defined in (5.34). The subsequent M2L and L2T operations are the
same as in the case of the single layer operator matrix Vy, i.e. (5.39) and (5.40).

For an admissible block K;m|vaXZm of K}® the S2M and M2L operations for the

approximation of KIE|Z~WXqu\Zm_’ are the same as in (5.38) and (5.39), while the
L2T operation for the evaluation of the local contributions A(Zs., Zsar) is given by

loc (me)
. § § Ao (Ztars Zsre / / AT (@ )@w (z)L (t)ds, dt
I e ' tky—1 Sr(Ztar) aniﬂ e frar?

b=0 |v|<me ( )
5.42
for all (k;, kz) € Ziar
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Finally, we consider an admissible block Dy ;. of D, as defined in (5.36). By
applying the normal derivatives —0p, and Op, to the approximation of the heat kernel
n (5.9), we get an approximation of the kernel function in (5.36). The corresponding
approximation of the matrix-vector product Dyl .z g|;  consists of the S2M
operation in (5.41), the M2L operation in (5.39) and the L2T operation in (5.42) up
to a minus sign, i.e.

1oc
¢ E § )‘bu Ziars Lsre / / ——Tx ar,V ( )@m ( )LI ar,b ( )dsw de
k ke = ‘ tr, 1 Sr(Ztar) 877,;1; t e t

b=0 |v|<mg
) (5.43)
for all (k;, k) € Ziar-

REMARK 5.13. An alternative strategy is to use the integration by parts formula rep-
resentation (4.60) for the entries of all blocks of Dy. In this case, one has to handle
the two bilinear forms (4.61) and (4.62) separately when approzimating an admissible
block. Since the functions y — curlp(¢}, ; )(y) and @ — curlp(p), ;. )(z) in (4.61)
and the functions y — ¢, (y)n(y) and x — @, (x)n(z) in (4.62) are vector-
valued, one has to execute three groups of S2M, M2L and L2T operations for the first
bilinear form — one for each component of the vector-valued functions — and addi-
tional three groups for the second bilinear form. Due to the computational overhead
of this approach, we use the integration by parts formula representation (4.60) only
for values of Dy, in inadmissible blocks as discussed at the end of Section 5.2.2.

5.2.4 Nested FMM operations and the space-time FMM

In this section we present a space-time FMM for the computation of the matrix-
vector product V,q for a given vector g. We focus on the matrix V,, but the BEM
matrices Ky, K;m and Dj, can be treated similarly as we will see in Remark 5.14 at
the end of this section.

The FMM uses the partition of V, into admissible and inadmissible blocks via the
operation lists constructed in Algorithm 5.2 for a blockwise application. Inadmissible
blocks are applied directly to the corresponding part of the vector q, while admis-
sible blocks can be approximated and applied as described in Section 5.2.3. In the
following, we describe how the application of admissible blocks is handled even more
efficiently in the FMM, before presenting the full method in Algorithm 5.3.

Recall that an admissible block Vj|; 5 of V, is applied to a local part of a vector g
by executing the S2M operation (5.38), followed by the M2L operation (5.39) and
the L2T operation (5.40). An important observation is that the computation of the
moments p(Zg.) in the S2M operation (5.38) is independent of the target cluster Zy,,.
Due to this property, we have to compute the moments p(Zg.) only once and can



86 5 A space-time FMM for the heat equation

reuse them for the approximate evaluation of all admissible blocks of V}, involving Z,.
and other target clusters. Likewise, the L2T operation used to evaluate the local
contributions A(Zyar, Zge) in (5.40) is independent of the source cluster Z.. We can
exploit this by adding up the local contributions A(Zy,y, Zg) of the cluster Zy,, and
all source clusters Zg. € Zyorn(Zge) to get a vector of local contributions X(Ztar)
that can be evaluated by a single L2T operation. Note that the same holds for all
the other S2M and L2T operations in Section 5.2.3 corresponding to other BEM
matrices.

The computation of moments and evaluation of local contributions for large clusters
in Tx can be further improved. In fact, it is possible to compute the moments p(Zg.)
of a non-leaf cluster Z. in 75 from the moments of its children. Furthermore, we
can transform the local contributions A(Zi,,) of a non-leaf cluster Z,, into local
contributions of its children, add them to the local contributions of these children,
and evaluate them in a single effort. This nested computation of moments and local
contributions is a standard approach in FMM algorithms, and was used already
in [51, 67, 68]. The related operations are based on suitable changes of bases of
the temporal Lagrange polynomials and spatial Chebyshev polynomials, which we
describe next.

Let I and I. be two intervals with I. C I, and {L mi)} and {L<mt M, be the

Lagrange polvnomlals of degree m; on I and I, respectlvely as defined in (5.2).

mt

The restriction L to I. is a polynomial of degree m,; on I. for all
be{0,...,m}. Hence we can express it in terms of the basis {L(m*>}7’”

EZ%bAJ';?7 gL 1) o= LED(ED) for a € {0, my}, (5.44)

where {fl ’)} ', are the Chebyshev nodes of order m; + 1 on I.. This representation
follows immediately from the identity L mt)\ = "”) [L(mt |7.], which holds since
the interpolation operator 31 ") is a projection on C( ) whose image is the space of

polynomials P, (I.).

We can also consider Chebyshev polynomials Ty, and Tj_, for a,b € {0,...,mz}
on the intervals I and I.. Since Tj;|;, is a polynomial of degree b on I, it can be
represented as a linear combination of the polynomials {T7_,}°_, by

b

= ¢ DT (5.45)

a=0

To compute the coefficients ‘1((1 (I, I) we compare this representation with the Cheby-

shev series expansion in (5.5), or rather its equivalent on /., and conclude

D) =2 [ T @) L@l d,

1
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where A\, and w are the same quantities as in (5.5), and ¢, is the affine map
from [—1,1] to .. By evaluating these integrals for all a,b € {0,...,m,} with a
Gauk—Chebyshev quadrature rule with m, + 1 points we get

(z) )\a < (M) (ma)
I..1) = E . 5.46
qu,b ( ’ ) M 1 ~ I b( Ien ) (g ) ( )

Since the quadrature rule is exact for polynomials in Pap,,1(—1,1) and a and b are
bounded by m, we do not introduce an approximation error here. For tensor products
of Chebyshev polynomials we get a similar representation. Let X = (a,b] C R® and
X. = (¢,d] C R3 be two boxes with X, C X. Then there holds

Txolx. = Y &) (Xe, X)Txon,  q&)(Xe, X) - ank e ((cj, dj], (ag,b5]) (5.47)

HENg:HSV

for all v € N3 with |v| < m,, where the inequality k£ < v is understood component-
wise and we use the coefficients from (5.46).

The identities (5.44) and (5.47) allow us to compute moments and local contributions
of clusters in 7y, in a nested way. The corresponding operations are known as moment
to moment (M2M) and local to local (L2L) operations. As in [68, Sections 5.5.2
and 5.5.3] we distinguish two cases for each of them.

Temporal M2M: Let Z = X x I in Tx be a cluster whose children were constructed
by a purely temporal subdivision in Algorithm 5.1. For the moments pu(Z) of Z as
defined in (5.38) there holds

)= Y8 [ [ Tt o) ds, o

Zechild( Z) (trjw)E e tjy—1 Y Vi

Ze=Xx
.S qu 1 / /TX,, ()L™ () ds, dr
Zcechild(Z) ac=0 (Gt rje)EZe tjg—1 Y Vja

Ze=Xx1Ic

Z Z qt(;?,a (Les ) pracw (Ze)

Zcechild(Z) ac=0
Ze=XxIc

for all @ € {0,...,m;} and v € N} with |v| < m,. The equality in the first line
is clear since the index set Z of Z is equal to the union of the index sets of all the
children of Z. The equality in the second line follows by using the identity (5.44)
for L;, on the intervals (t;_1,t;,) C I, and changing the order of summation and
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integration. By identifying the moments p(Z.) of a child cluster Z. we obtain the
last line. We conclude that p(Z) can be computed by

wz) = > w27,
Zecchild(Z)
Ze=X %I,

where the moments p(Z, Z.) are obtained by transforming the moments p(Z.) of a
child cluster Z. = X x I. into moments of Z with the temporal M2M operation

taw(Z; Ze) Z qac ales I) plagw(Ze) (5.48)

for all @ € {0,...,m;} and v € N} with |v| < m,. Recall that g (IC,I) are the
coefficients from (5 44).

Space-time M2M: Let Z = X x I be a cluster whose children were constructed by a
space-time subdivision in Algorithm 5.1. Its moments pu(Z) can be computed by

u(Z) = § : wz,Z.),
ZeEchild(Z)
Ze=Xc X1

where the moments p(Z, Z.) of Z related to a child Z. = X, x I. are computed by
the space-time M2M operation

taw(Z, Zc) Z > al e 1) ) (Xe, X) o n(Ze) (5.49)

ac=0 k:k<v
for all a € {0,...,m;} and v € N3 with |[v| < m,. The coefficients aPo(Ls, 1)
and ¢\")(X., X) are given in (5.44) and (5.47), respectively. This operation can be

derived analogously as the one in (5.48) by using the representation of polynomi-
als Tx,|x. in (5.47) in addition.

Temporal L2L: Let Z = X x I be in Ty and Z, = X x I. with I. C I be a purely
temporally subdivided child of Z. We consider the evaluation of the local contribu-
tions A(Z) as in (5.40), but only for indices (k;, k) in Z. instead of Z. This can be
reformulated by

b,
;ifL:Z > )/tk L Ty, (®)LV3)(1) ds, dt

b=0 |v|<mg
me mt

=33 iz / / Txo(®) Y gy, (I, )L™ (8) dsg dt
b=0 |v|<ma ey =1 Vg -

- Z Z ZQIS?I)(ZC7I))\Z)V / / Txo(x mt)( t) ds, dt,
b=0 ’ thy—1 Y Vg

be=0 [v|<mg
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where we used (5.44) to obtain the identity in the second line. The expression in the
last line corresponds to an L2T operation for the cluster Z, and the local contributions
AX(Z., Z) obtained by the temporal L2L operation

Noow(Ze, Z) qu L (Ies D (Z) (5.50)

for all b, € {0,...,m;} and v € Nj with [v] < m,. We can add A(Z, Z) and the
local contrlbutlons )\( ) of Z. that are obtained by M2L operations to get

A(Ze) = A(Ze) + M(Ze, Z).

In particular, we can evaluate all these local contributions of Z. at once.

Space-time L2L: Let Z = X x I bein Ty and Z. = X, x I, with X, Cc X and I. C I
be a child of Z obtained by a space-time subdivision. The local contributions A(Z)
can be transformed into local contributions A(Z., Z) of Z. by the space-time L2L
operation

Noow(Zes Z) thc (I 1) D ¢ (Xe, X)Nu(2) (5.51)

VWK

for all b, € {0,...,m;} and & € N3 with |&| < m,. This operation can be derived
in the same way as the one in (5.50) by using the representation (5.47) in addition.
As in the case of the temporal L2L operation, we can add up A(Z, Z) and the local
contributions A(Z.) and evaluate them together.

A nested computation of moments and local contributions is not only possible for the
matrix Vj, but also for the other BEM matrices. In fact, the corresponding M2M and
L2L operations are even the same regardless of the considered matrix. Let us compare
the S2M operations (5.38) and (5.41), for example. The main difference — apart from
the different basis function — is that the normal derivative 0,,T'x,,. . of the Chebyshev
polynomial Tx__ . appears in the integral in (5.41) instead of Tx,__ . From (5.47) we
obtain that

8 7]

= > 08X X) o T w.

K:k<v
By using this relation and repeating the above steps to derive the M2M operations
we end up with the same temporal and space-time M2M operations as in (5.48)
and (5.49). The same holds for the different types of L2T operations.

In Algorithm 5.3 we finally present the space-time FMM for the single layer operator
matrix Vj,. The computation is split into four phases. The first phase is the forward
transformation (lines 2-11) where all the moments of clusters in Ty are determined.
The moments of leaf clusters are computed by S2M operations, while suitable M2M
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operations are used for the computation of the moments of non-leaf clusters. After
this phase all moments are available, so all M2L operations can be executed in the
second phase, the multiplication phase (lines 12-15). The third phase is the backward
transformation (lines 16-23) where the resulting local contributions are passed from
the clusters in 7Ty, to their children by suitable L2L operations. The local contributions
of leaf clusters are finally evaluated by an L2T operation. In the last phase, the
nearfield evaluation, the inadmissible blocks are applied directly (lines 24-26).

In [67, Section 5.4] and [51, Section 4.5.3] it is stated that the runtime complexity
of the pFMM for the application of V;, is O(mim2E;E,). Recall that the pFMM is
closely related to the space-time FMM which we consider in this work. In fact, the
FMM operations executed in both methods are the same, but in the pFMM they
are executed in a forward-sweeping manner. Thus, our space-time FMM has the
same runtime complexity O(mim?2E,E,), while a direct application of the matrix V,
has the complexity O((E;E,)?). Note that the complexity estimate for the FMM is
only valid if the considered space-time tensor product mesh is globally quasi-uniform
in space and time and its temporal and spatial mesh sizes h; and h, satisfy the
relation hy ~ hZ. In [52] an additional nearfield compression scheme was introduced
for meshes where h, is too fine compared to h;. We will further comment on this
topic in Chapter 8, where we present an alternative nearfield compression scheme.

REMARK 5.14. The FMM for the matrices Ky, KZ” and Dy, is obtained from Algo-
rithm 5.3 by replacing the S2M and L2T operations in lines 5 and 23, respectively, by
the appropriate operations from Section 5.2.3 and the nearfield operations in line 26
accordingly. Due to this similarity, we focus on the single layer matriz Vy, and the
corresponding FMM in the following chapters.

The space-time FMM in Algorithm 5.3 can be seen as a collection of operations in the
space-time cluster tree Ty,. The S2M and L2T operations (lines 5 and 23, respectively)
act on leaf clusters in Tx. The M2M operations (lines 9 and 11), and L2L operations
(lines 19 and 21) are operations between clusters and their children, i.e. they take
place between clusters in 7Ty that are connected by an edge. The remaining M2L
operations (line 15) and nearfield operations (line 26) act on pairs of clusters in Ty
that are identified by the corresponding operation lists. In the next chapter we
show that the FMM can even be interpreted as a collection of operations in a purely
temporal tree structure. Based on this interpretation, we develop a parallel version
of the FMM in shared and distributed memory.
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Algorithm 5.3 The space-time FMM for the approximate evaluation of f = V,q.

Require: Let a space-time box cluster tree Ty as in Algorithm 5.1 be given.

=
=)

12:
13:
14:
15:

16:
17:
18:
19:
20:
21:

22:
23:

24:
25:
26:

Let the operation lists be constructed by Algorithm 5.2.
Let the expansion degrees m; and m, be given.
Initialize f =0
/ Forward transformation
for all Z € Tx

Initialize the moments by setting p(Z) = 0

for all leaves Z € Ty,
S2M: Compute p(Z) by (5.38).
for all levels ¢ = depth(7Tg), ..., 1
for all Z € Ty, with ¢(Z) == ¢
if Z results from par(Z) by a temporal subdivision:
Temporal M2M: Add the result p(par(Z), Z) from (5.48) to p(par(Z2)).
else
Space-time M2M:
Add the result p(par(Z), Z) from (5.49) to p(par(Z2)).

// Multiplication phase
for all boxes Zi,, € Ts.
Initialize the local contributions by setting A(Zis) = 0.
for all boxes Zgc € Tnor(Zrar)
M2L: Add the result A(Ziar, Zsre) from (5.39) to A(Zsar).
/| Backward transformation
for all levels £ =1, ..., depth(7x)
for all boxes Z € Ty, with {(Z) ==
if Z results from par(Z) by a temporal subdivision:
Temporal L2L: Add the result A(Z, par(Z)) from (5.50) to A(Z).
else
Space-time L2L: Add the result A(Z, par(Z)) from (5.51) to A(Z).
for all leaves Z € Ty,
L2T: Evaluate A(Z) by (5.40) and add the result to f|.
/ Nearfield evaluation
for all Z,,, € Tx
for all Zy. € N(Ziar)
Nearfield operation: Add the product V4|; 5 q

Zsrc 'f|Ztar







6 A TASK BASED PARALLELIZATION OF THE
SPACE-TIME FMM

An advantage of space-time methods over classical time stepping methods for the
solution of time dependent partial differential equations is that they allow for a
parallelization in space and time. Such a parallelization has been considered for
standard space-time boundary element methods for the heat equation in [29], but
to the best of our knowledge, the parallelization of a related fast method like the
space-time FMM presented in Chapter 5 has not been considered yet. However,
a lot of attention has been devoted to the parallelization of FMM algorithms for
purely spatial problems; see e.g. the non-exhaustive list in the general introduction
in Chapter 1. The task based parallelization of the space-time FMM for the heat
equation, which we discuss in this chapter, can be best compared with the task based
parallelization in [4, 5], but it is tailored to exploit the specific temporal structure of
the space-time FMM.

The temporal structure of the space-time FMM allows us to group FMM operations
in the original space-time box cluster tree 7y to obtain a temporal version of the
FMM with operations in a suitable time cluster tree 7;. We define tasks correspond-
ing to the operations in 7; and use a task scheduler to execute them in parallel based
on individual dependencies. For a distributed memory parallelization the clusters
in the tree 7; and the corresponding tasks are distributed among the available pro-
cesses. The inter-process communication required for this kind of parallelization can
be handled in the temporal tree in an asynchronous way, which allows to overlap com-
munication and computation. By defining the tasks as well as the communication in
the time tree 7; instead of the original space-time tree Ty, the resulting dependencies
between tasks and communication patterns between processes are simple and can be
handled efficiently. To increase the parallel performance we subdivide tasks in 7;
into smaller, concurrently executable tasks during their execution.

In the following sections we present the described parallelization strategy which was
originally published in [76] in more detail. We focus on the FMM for the matrix V,
but the FMM for the matrices K, KZ” and Dy, can be parallelized in the same way.
For our description and implementation we use basic concepts of high performance
computing like multithreading for shared memory parallelization and the parallel
execution of programs by multiple processes for distributed memory parallelization.
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We assume that the reader is familiar with these concepts and has a basic under-
standing of the standard programming interfaces OpenMP and MPI which we use.
A good overview of these topics and high performance computing in general is given
in [70].

The rest of this chapter is structured as follows. In Section 6.1 we present a temporal
version of the space-time FMM on which the parallelization is based. The paral-
lelization is first described for shared memory systems in Section 6.2. In Section 6.3
we discuss how to extend this parallel algorithm to distributed memory systems.
The related data and workload distribution is the topic of Section 6.4. The chap-
ter is concluded by Section 6.5, where we present numerical experiments in which
we investigate the parallel performance of the introduced algorithms in shared and
distributed memory. The corresponding C++ implementation is publicly available in
the library besthea [49].

6.1 A temporal version of the space-time FMM

In [68, Section 5.6] it was pointed out that the general structure of the considered
parabolic FMM for the heat equation corresponds to the one of a one-dimensional
FMM in the time domain. The same holds for the space-time FMM in this work
due to its close relation to the original parabolic FMM. We emphasize this here by
working with temporal projections to introduce a temporal version of the space-time
FMM in Algorithm 5.3. This version forms the basis for the parallelization considered
in the following sections.

The temporal projection II; : R® x R — R is defined by Il;(z,t) = ¢ for all z € R3
and t € R. For a set A C R® x R we define the image of A under II; as

IL[A] = {II;(a) : a € A}. (6.1)
In particular, there holds II;[Z] = I for a space-time box Z = X x I.

With the projection operator II, we can define the temporal projection of a space-time
box cluster tree 7.

DEFINITION 6.1 (Temporal projection of 7x). Let Tx. be a space-time box cluster tree
constructed by Algorithm 5.1. The temporal projection T; := I[Ts] of Ts is a graph
that is defined as follows:

o The vertices of Tr are the distinct intervals in {I : 3Z € Ty, with IL,[Z] = T}.

e Two intervals Iy and Iy in T; are connected by an edge in T; if there exist
clusters Z1 and Zy in Ty such that 1,[Z1] = I, [Zy] = Iy, and there is an
edge between Zy and Zy in Ts.
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In the following, we consider a fixed space-time box cluster tree Ty constructed by
Algorithm 5.1 and denote its temporal projection by 7;. The vertices of 7; are
referred to as intervals, clusters, or time clusters. We use the same standard terms
of graph theory for clusters in 7; as we do for clusters in 7. We define the root of
T; by 1 = 11,[Z)], where Z(© is the root of 7. Then 77 is a binary tree that is
full but not necessarily perfect. This follows immediately from the definition of 7;
and the subdivision strategy in Algorithm 5.1. Furthermore there holds

o If [ € Tr and Z € Ty with IL[Z] = I, the level ¢(I) of I in T; corresponds to
the temporal level ¢,(Z) of Z in Ts.

e . € child(]) if and only if there exist clusters Z,Z, € Ty with IL[Z] = I,
I1,[Z] = I. and Z € child(Z).

A cluster Z € Ty is associated with I € 77 if II;[Z] = I. The set of all clusters in Ty
associated with I € 7T; is defined by

Zosoo ) = {Z € Ts, : L[ Z] = I}. (6.2)

Operation lists for time clusters I, in 7; are defined via projections of the opera-
tion lists of clusters Zi,, in Ty, which are constructed in Algorithm 5.2 and refined
according to Remark 5.11. The interaction list of I, is defined by

IM?L([tar) = {Isrc S 7—1 : Ethar S 7-2 and Zsrc S IMQL(Ztar)

6.3
with H{;[Zsrc] = [src and Ht[Ztar] = [tar} ( )

and its nearfield by

N(Itar) = {Isrc S 7} . 3Ztar S 7—2 and Zsrc S N(Ztar)
with Ht[Zsrc} = lgrc and Ht [Ztar] = [tar}~

Note that both operation lists contain only causally relevant clusters I .. Further-
more, Iy is contained in Zyor(liar) only if Ig. and Ii,, satisfy the admissibility
criterion (5.12) and par(lg.) and par(li.,) do not. Likewise, Iy. is contained in
N (Iio) only if (5.12) is violated for I. and Ii,. As in the space-time setting, the
levels £(Iia,) and €(Ig.) coincide if Ig is in Zyor, (Iiar). The nearfield list N (Zi,,) of a
cluster Iy, can also contain clusters Iy with levels ¢(Iy..) < €(Iiar), even if Iy, is not
a leaf in T7. This is possible, if Z,s0c(Isc) contains a leaf Zg. in Ty which is in the
nearfield of a cluster Zia € Zassoc(ltar). An illustration of nearfield and interaction
lists of time clusters in a tree 77 is given in Figure 6.1.

(6.4)

We want to use the time clusters in 7; and the related operation lists to define
a temporal version of the FMM in Algorithm 5.3. That algorithm consists of a
collection of operations in the space-time box cluster tree 7s. In the following we
define corresponding operations in the temporal tree 7; by grouping FMM operations
in Ts, based on the lists of associated clusters Z,ss0c(I) for I € T;. The sets of moments
and local contributions of clusters in 7; are defined by a grouping as well.
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a) Interaction and nearfield lists of [ég). b) Interaction and nearfield lists of I;3>.

Figure 6.1: Illustration of the interaction lists (6.3) and nearfields (6.4) of clusters
in the temporal projection 7; of a suitable tree Tsx. The time clusters/intervals
are sorted in ascending order on each level in the figure. The depiction of the
interaction lists is representative of trees with uniformly sized intervals on each
level and the constant 7, = 1 used for the admissibility criterion (5.12). The de-
picted nearfield lists in 77 can contain additional clusters in general. For example,
the nearfield list A'(1{”)) of the cluster I{¥ in a) might also contain par(Z{”)) in
addition to I!¥ if Z,oc(par(1{¥)) contains leaf clusters in Ts.

DEFINITION 6.2. The moment set u(I) of a cluster I in T; is defined as the set of

the moments of its associated space-time clusters, i.e.

u(l) :={m(Z) : Z € Zassoc (1)} (6.5)
The local contribution set A(I) is defined similarly by

Al) ={X2) : Z € Zassoe(1)}- (6.6)
For each FMM operation in Ts, we define corresponding operations in T;:

(i) S2M operations for I: For each leaf cluster Z € Z.soc(I) compute the corre-
sponding moments in u(I) by the S2M operation (5.38).

(i) M2M operations between I and par(I): For each Z € Z.soc(I) compute the
moments p(par(Z), Z) by an M2M operation (either (5.48) or (5.49), depend-
ing on the configuration of par(Z) and Z) and add them to the corresponding
moments in p(par(l)).

(iii) M2L operations between Iy, and Iy € Tyor(Liar): For each Zia € Zassoc(Ltar)
and each Zgye € Taor(Ziar) with Wy[Zge] = Ige compute XN Ziar, Zsre) by the
M2L operation (5.39) and add the result to the corresponding local contributions
imn A(Itar)-
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(iv) L2L operations between par(I) and I: For each Z € Zassoc(I) compute the lo-
cal contributions X(Z,par(Z)) by an L2L operation (either (5.50) or (5.51),
depending on the configuration of par(Z) and Z) and add them to the corre-
sponding local contributions in A(I).

(v) L2T operations for 1: For each leaf cluster Z in Z.soc(I) evaluate the corre-
sponding local contributions in X(I) by the L2T operation (5.40).

(vi) Nearfield operations between I and Ige € N (Liar): For each Zyaw € Zassoe(Liar)
and each Zg. € N (Ziar) with 1y Zye] = I evecute the corresponding nearfield
operation; see line 26 of Algorithm 5.3.

Algorithm 6.1 The temporal version of the space-time FMM in Algorithm 5.3.

Require: Let all requirements from Algorithm 5.3 be met.
Let 7; be the temporal projection of Ts.

1: Initialize f = 0.
/ Forward transformation
2: for all [ € T;
3: Initialize all moments in p(I) by zeros.
4: for all levels ¢ = depth(7;), ..., 1
5. forall I € T; with (1) == ¢
6: if Z.s0c(!) contains leaves in Ty
7 Execute S2M operations for I (Definition 6.2 (i)).
8: Execute M2M operations for I and par(I) (Definition 6.2 (ii)).

/ Multiplication phase
9: for all I, € T;

10: Initialize the local contributions in A(I) by zeros.
11: for all [src S IM2L(Itar)
12: Execute M2L operations for I, and Iy. (Definition 6.2 (iii)).

J Backward transformation
13: for all levels £ =1, ..., depth(7x)
14: for all I € T; with ¢(I) == /¢

15: Execute L2L operations for par(/) and I (Definition 6.2 (iv)).
16: if Z.s0c(I) contains leaves in Ty
17: Execute L2T operations for I (Definition 6.2 (v)).

/ Nearfield evaluation
18: for all I, € T;
19: for all Iy. € N (Jiar)
20: Execute nearfield operations for I;,, and Iy (Definition 6.2 (vi)).
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REMARK 6.3. S2M and L2T operations have to be executed for all leaves in the tem-
poral tree Tr, but also for some non-leaf clusters. In fact, even for a non-leaf cluster I
the set of associated space-time clusters Zassoc(I) might contain leaves in Ts. for which
S2M and L2T operations have to be executed.

In Algorithm 6.1 we present the temporal version of the space-time FMM from Al-
gorithm 5.3. The two algorithms are equivalent, which is clear by construction. The
new temporal version allows us to view the FMM as a collection of operations in the
temporal tree 7;. This view reveals the temporal structure of the FMM, which we
exploit in the parallelization described in the subsequent sections.

6.2 A task based shared memory parallelization

In this section we restructure the temporal version of the space-time FMM presented
in Algorithm 6.1 to obtain a task based execution scheme where groups of FMM op-
erations are executed based on individual dependencies. We discuss a shared memory
parallelization of this approach. The extension to obtain a distributed memory par-
allelization is discussed in Section 6.3.

In Algorithm 5.3 and its temporal version Algorithm 6.1 we separate the FMM
operations into four distinct phases. This ordering of operations allows for a concise
and comprehensible presentation of the algorithms. In addition, it ensures that the
FMM operations are processed in a correct order when they are executed by a single
thread. However, this strict separation of phases might be suboptimal when it comes
to parallelization. Let us, for example, consider the forward transformation phase
of the space-time FMM in Algorithm 5.3. Here we compute the moments of all
clusters in the space-time tree 7Tyx. After the computation of the moments of all
leaf clusters, we proceed with the computation of the remaining moments by M2M
operations in a level-wise manner starting with the largest level £ = depth(7s).
The number of clusters per level decreases with decreasing levels and thereby the
number of operations per level decreases. As a consequence, it may not be possible
to distribute the operations of the forward transformation phase equally among the
available parallel threads on all levels of the tree 7sx which may cause undesired idle
times during their execution.

By breaking the strict separation of phases in the FMM we can obtain more flexibility
in its parallel execution. For example, we could execute some of the M2M operations
of the forward transformation phase in parallel with some of the M2L operations of
the multiplication phase, for which the required moments are already available. To
make this possible, we consider Algorithm 6.1 and decompose it into groups of tasks
that can be executed based on individual dependencies. These dependencies can be
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determined by taking a closer look at the FMM operations in the temporal tree 77
in Algorithm 6.1, which are given in Definition 6.2. We can subdivide them into 3
classes based on their input data:

(i) Operations that require parts of the source vector g: These are the S2M opera-
tions and the nearfield operations in Definition 6.2 (i) and (vi), respectively. We
assume that the source vector q is always accessible without any restrictions.

(i) Operations that require the set of moments p(f) of a cluster I € 7; to be
computed: These are the M2M operations between I and par(I), and the M2L
operations between Iy, € Tr and I € Zyar, (1) in Definition 6.2 (ii) and (iii),
respectively.

(iii) Operations that require the set of local contributions A(I) of I € T; to be
computed: These are the L2L operations between I and I. € child(7), and the
L2T operations for [ in Definition 6.2 (iv) and (v), respectively.

In principle, an FMM operation can be executed once its input data are available.
Hence, we can execute the FMM operations in Algorithm 6.1 in a more flexible order,
as long as we respect the above data dependencies. For this purpose, we introduce
so-called FMM tasks for clusters I € T;. By grouping some of the FMM operations
we obtain the following four kinds of FMM tasks:

e The M-list task for I € T; which comprises the S2M operations for I and M2M
operations between [ and par([).

e The M2L-list task for I € 7T; which includes the M2L operations between [
and all I, € Zyor(I), and additionally the L2T operations for I, if the list of
associated clusters Z,soc(I) contains leaf clusters.

e The L-list task for I € 7; which includes the L2L operations between par(I)
and I, and additionally the L2T operations for I, if the list of associated clusters
Zassoc(I) contains leaf clusters.

e The N-list task for I € 7; which comprises the nearfield operations between I
and all I, € N(I).

As the names of the tasks suggest we collect them in four different lists. We will use
a task scheduler to manage their execution in the later algorithm.

Note that the L2T operations for I are included in the M2L-list task as well as in
the L-list task for 7, but may be executed only once the local contributions A(I) are
fully available. Recall that these local contributions are computed in parts by the
M2L operations between I and Iy € Zyor () in the M2L-list task for I and in parts
by the L2L operations between par(I) and I in the L-list task for I. These L2L and
M2L operations are independent of each other. Hence, we can process the M2L- and
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L-list tasks for I in an arbitrary order and execute the L2T operations in the task
that is executed last.

Let us now describe the task based execution model for the FMM in Algorithm 6.1.
Before we present the full algorithm, we discuss the data dependencies of the above
FMM tasks, the construction of the corresponding task lists, the basic task scheduling
procedure, and the desired parallel execution scheme.

Data dependencies of the tasks and the construction of the task lists. The
data dependencies of the different FMM tasks introduced above correspond to the
dependencies of the associated FMM operations. We say that a task A depends on
some data B if A can be executed only if B is fully available. The FMM tasks have
the following dependencies:

e The M-list task for I depends on the moments pu(I). If I does not have any
children, these moments are computed by the S2M operations in the M-list task
of I, so this task does not have any dependencies. Otherwise, the moments are
computed in parts by the M-list tasks of the children of I.

e The M2L-list task for I depends on the moments E(Ism) of all time clusters I
in the interaction list Zysor,(I).

e The L-list task for I depends on the local contributions A(par(7)) of its parent.

e The N-list task for I does not have any data dependencies, since we assume
that the source vector q is always fully available.

To keep track of all the tasks which need to be executed in the FMM we construct
four task lists, namely the M-list, M2L-list, L-list, and N-list. These lists are filled
with the corresponding FMM tasks introduced above. The individual tasks in each
list are uniquely identified by the corresponding clusters in 77 on which they act, so
we can interpret them as lists of clusters as well. A cluster I € 77 is added to a list
if the corresponding task has to be executed for I.

A cluster I is added to the M2L-list only if the interaction list Zyor (1) is not empty,
and to the N-list only if the nearfield list A'(I) is not empty. Also M-list and L-list
tasks do not necessarily have to be executed for all clusters in 7;. In fact, we need
to execute an M-list task for a cluster only if its moments are needed in the FMM.
We can determine these clusters, and simultaneously fill the M-list by a recursive
traversal of the tree 7T; starting at its root. During the recursion we add a cluster
to the M-list if I is in the interaction list Zyor (Liar) of another cluster I, € 77, or
if par(7) is in the M-list. Likewise, we need to execute an L-list task for a cluster only
if its local contributions are needed in the FMM. We fill the L-list by a recursive tree
traversal, where we add a cluster I to the L-list if the interaction list Zypor (par(l))
of par(I) is not empty or if par([/) is in the L-list.
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The basic task execution procedure. Once the task lists have been determined,
we can start with the task based execution of the FMM operations. For this purpose,
we need a task scheduler. The task scheduler has to check the data dependencies
of the individual tasks and keep track of open tasks. In our implementation we
use a simple custom scheduler for this purpose instead of an existing solution like
the scheduler provided in OpenMP for the corresponding task constructs or a third
party solution like, e.g., StarPU [9]. The primal motivation for our decision is that
the task scheduler has to be suitable for the later distributed memory parallelization.
In particular, it has to be able to handle communication and dependencies between
different MPI processes. The OpenMP task scheduler (OpenMP API 5.0 specifica-
tion [58]) is not suitable for this purpose, so we decided to use a custom solution to
avoid dependencies on third party software.

Our custom scheduler iterates through the four lists of tasks. If it finds a task whose
dependencies are satisfied, this task can be executed and removed from the list. When
all lists are empty, all tasks and, therefore, all FMM operations from Algorithm 6.1
have been executed.

The parallel, multithreaded execution of tasks. The reason why we consider a
new task based version of the FMM is to enable an efficient parallelization. Therefore,
let us describe how the FMM tasks, i.e. the M-, M2L-, L.-; and N-list tasks, can
be executed in parallel. As described in the last paragraph, we use a custom task
scheduler to keep track of the data dependencies of the FMM tasks and initiate FMM
tasks whose dependencies are satisfied. For the parallel, multithreaded execution of
these tasks we use the OpenMP task construct in our implementation. The following
description is based on these OpenMP tasks, but other task based execution models
could be used for the implementation as well. To distinguish the FMM tasks from
OpenMP tasks, we use the term FMM task for the former and denote the latter in
monospaced font from now on.

OpenMP tasks are generated with certain explicit constructs in a code, like the task
and taskloop constructs which we encounter and describe in more detail later. We
can imagine that tasks created by such constructs are added to a general pool of
tasks and can be executed by all available threads concurrently. Various tasks of
different kinds can be added to the pool of tasks at the same time which leads to
a high flexibility of this parallelization approach. It is even possible to create tasks
in a nested way, i.e. when executing a task a thread can generate new tasks which
are added to the global pool of tasks. The actual task execution is managed by
the task scheduler of the OpenMP runtime system that assigns tasks to the available
threads.

In our task based version of the FMM we use OpenMP tasks as follows. Once our
custom task scheduler detects a ready FMM tasks, i.e. one whose dependencies are
satisfied, it creates an OpenMP task for its execution and continues looking for other



102 6 A task based parallelization of the space-time FNMM

ready FMM tasks. This allows us to execute several ready FMM tasks in parallel.
The FMM tasks can be quite large, so we want to further subdivide them. In fact,
an FMM task for a time cluster I € 7; consists of the related FMM operations
for this time cluster which are groups of FMM operations for space-time clusters
Z € Zassoc(l); see Definition 6.2. To execute these FMM operations for space-time
clusters inside of an FMM task in parallel, we create additional OpenMP tasks. In
Algorithm 6.2 we present a sketch of the resulting task based version of the FMM.

Algorithm 6.2 A parallel, task based version of the FMM in Algorithm 6.1.
1: Initialize f = 0.
2: forall I € T
3: Initialize p(7) and A(I) by zeros.
4: Fill the M_list, M2L_list, L_list, and N_list with clusters in 7.
5: #pragma omp parallel

6: #pragma omp single
7 while the FMM task lists are not empty
8 [1, list]
= FINDNEXTREADYFMMTASK(M_1list, L_list, M2L_list)
9: if 1ist == M_list
10: Remove [ from the M_list.
11: #pragma omp task // depend clause; see Remark 6.4.
12: MLisTTASK([)
13: else if list == L_list
14: Remove I from the L_list.
15: #pragma omp task J| + depend clause; see Remark 6.4.
16: LLisTTASK({)
17: else if 1list == M2L_list
18: Remove [ from the M2L_list.
19: #pragma omp task / depend clause; see Remark 6.4.
20: M2LL1sTTASK(])
21: else /| No ready task in the M_1%st, L_1%st or M2L_l1ist
22: if N_list is not empty
23: Choose I as the first cluster in the N_1ist.
24: Remove [ from the N_list.
25: #pragma omp task
26: NLi1sTTASK([)

In the first lines of Algorithm 6.2 we initialize the sets of moments and local contribu-
tions of clusters in 77 and fill the FMM task lists as described above. In line 5 we use
the OpenMP parallel pragma to create a parallel region for the execution of tasks
using multiple threads. The remaining lines in the algorithm describe our custom
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task scheduler. The scheduling is handled by a single thread, which is guaranteed by
the pragma in line 6.

In the scheduling procedure we first search for a ready FMM task in the M-, L-
or M2L-list. For this purpose, we use the routine FINDNEXTREADYFMMTASK in
line 8 to loop through each of these lists consecutively at most once and check the
dependencies of the contained FMM tasks. To be able to identify satisfied depen-
dencies we have to keep track of the fully computed moments and local contributions
in 77, e.g., by using some auxiliary variables which we do not specify here. As soon
as a ready FMM task is detected in the routine FINDNEXTREADYFMMTASK, the
corresponding time cluster I and the name of the list in which it was found are
returned.

The pair [I,1ist] is used to create a new OpenMP task for the execution of the
related FMM task. Let us assume, for example, that we found a ready FMM task for
a cluster I in the M-list. In this case, we jump to line 10, where I is removed from
the M-list before initiating the corresponding task with the routine MLISTTASK
in line 12. Due to the OpenMP task pragma in line 11, this routine is not pro-
cessed directly, but instead an OpenMP task is generated for its execution, which
is added to the above mentioned pool of tasks. To be more precise, the scheduling
thread could immediately execute the task or postpone its execution according to
the OpenMP API 5.0 specification [58, Section 2.10]. In the latter case, any of the
available threads may execute this task, while the scheduling thread can continue
with the scheduling procedure. The routine MLISTTASK is given in Algorithm 6.3
and discussed in more detail below. Tasks in the L-list and M2L-list are handled
analogously. To avoid data races during the parallel execution of the created tasks,
we introduce additional dependencies between them, which can be handled by the
OpenMP task scheduler itself. This is discussed in more detail in Remark 6.4.

The tasks in the N-list are handled separately. Since they do not have any depen-
dencies, they could be scheduled at any time. However, there are not any tasks
which depend on N-list tasks, so executing N-list tasks does not have a high priority.
Therefore, we consider the N-list only if no task was found in any of the other lists;
see line 21. In this case, we schedule the first N-list task in the N-list in the same
way as we scheduled the FMM tasks of the other lists.

The scheduling thread repeats the steps in lines 8-26 of Algorithm 6.1 and schedules
new FMM tasks once they are ready. When all task lists are empty and all the sched-
uled tasks have been executed, the application of the FMM is complete and we obtain
the same approximation f of the matrix-vector product V,q as in Algorithm 5.3.

REMARK 6.4 (Additional dependencies between FMM tasks). We have to ensure
that the parallel execution of FMM tasks in Algorithm 6.2 works correctly without
any data races between the different threads. Special care is necessary for M-list
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tasks of clusters I and Iy that share the same parent, i.e. I, = par(Il;) = par(ly),
because the results of the corresponding M2M operations are written to the same set
of moments p(Iy,). To avoid race conditions we can either use atomic operations
for the writing access of these operations, or prohibit the simultaneous ezecution of
such M-list tasks. In our implementation we choose the latter approach for which
we use the depend clause for OpenMP tasks; see [58, Section 2.17.11]. With this
clause we introduce dependencies between tasks which ensure that they are executed
in a sequential order. These additional dependencies are handled by the OpenMP
task scheduler itself, in contrast to the data dependencies of FMM tasks that we
introduced above and handle manually in our custom task scheduler. Recall that this
was a design choice to enable the later distributed memory parallelization. Additional
dependencies are also introduced to prohibit the simultaneous erecution of the L-list
and M2L-list tasks for a cluster I since the corresponding operations affect the same
set of local contributions A(I).

The routines for the execution of the FMM tasks in Algorithm 6.2 are specified in
Algorithms 6.3 and 6.4. In these routines the actual FMM operations in the space-
time tree Ty are handled. The routine MLISTTASK in line 1 of Algorithm 6.3 is
used to execute S2M and M2M operations for a time cluster I. The S2M operation
for I has to be executed only if the set Z.s0c() of space-time clusters associated
with I contains leaves in 7x. In this case, the S2M operations of all associated
leaves are executed in lines 4-5. To parallelize them, we use the taskloop construct
of OpenMP in line 3; see [58, Section 2.10.2]. Due to this directive, the iterations
in the subsequent for loop are subdivided into tasks that are added to the global
pool of tasks and handled by the task scheduler of the OpenMP runtime system.
A concurrent execution of the loop iterations is possible here without any restrictions,
since in each iteration a separate vector of moments u(7) is computed. The moments
computed by the S2M operations are needed for the subsequent M2M operations, so
we have to ensure that the main thread executing the routine MLISTTASK waits for
the completion of the S2M operations before it proceeds with the steps in lines 6-9.
By default, the taskloop pragma in OpenMP introduces a so-called taskgroup
which guarantees this; see [58, Section 2.17.6]. The following M2M operations for
clusters Z € Z.s0c(I) are grouped with respect to their parent clusters. This leads
to the nested loops in lines 7 and 8. The outer loop is parallelized by the taskloop
directive again. Due to the grouping of operations, the generated tasks can be
executed concurrently without any restrictions.

The other FMM tasks are realized analogously. For the L2L operations for a cluster 1
in the routine LLISTTASK of Algorithm 6.3 we use again a grouping of clusters
Z € Zas0c(I) with respect to their parent clusters as we did for the M2M operations.
The L2T operations are executed either in the L-list task or the M2L-list task once
the local contributions A(1) are fully available, as we already mentioned above. Note
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that we use atomic operations [58, see Section 2.17.7] when adding the results of the
L2T operations to the output vector f to avoid race conditions when several threads
try to access the same entries of f at the same time.

Algorithm 6.3 The M- and L-list tasks from Algorithm 6.2.
1: function MLISTTASK(J)

2: if Z.s0c(I) contains leaves in Ty
/ Execution of the S2M operations for I:
3: #pragma omp taskloop
: for all leaves Z € Z,qs0c(1)
5: S2M: Compute p(Z) in the set u(I) by (5.38).

/| Execution of the M2M operations between I and par([):
#pragma omp taskloop
for all Z,,,; € Zssoc(par(l))
for all Z € child(Z,,,) with IL[Z] = I
M2M: Compute p(Zpar, Z) (by (5.48) or (5.49) as appropriate).
Add p(Zpar, Z) t0 p(Zpar) in p(par(l)).

10: function LLI1STTASK(I)

/| Execution of the L2L operations between par(I) and I:
11: #pragma omp taskloop
12: for all Z,,, € Zassoc(par(l))

13: for all Z € child(Z,,,) with IL[Z] =T

14: L2L: Compute A(Z, Zyar) (by (5.50) or (5.51) as appropriate).
Add A(Z, Z,) to A(Z) in X(]).

15: if Z.0c(I) contains leaves in Ty

16: if A(1) is complete /| Only after potential M2L-list operations.
/| Execution of the L2T operations for I:

17: #pragma omp taskloop

18: for all leaves Z € Z,q0c(I)

19: L2T: Evaluate A(Z) in A({) by (5.40).

Add the result to f|, atomically.

The M2L operations of a cluster I in the routine M2LLISTTASK of Algorithm 6.4
are handled by a nested loop; see lines 3-5. In the outer loop we iterate over all
associated space-time clusters of I, while in the inner loop we iterate over their
interaction lists. In this way, we can use the taskloop construct to subdivide the
outer loop into groups of tasks that can be executed concurrently. The nearfield
operations in the routine NLISTTASK are handled analogously. When adding the
results of the nearfield operations to the output vector f we use atomic operations
again. Note that the assembly of the nearfield blocks Vy|z 5 —used in line 15

src
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involves the numerical evaluation of the integrals in (3.25) which is computationally
expensive. Therefore, one should assemble and store these blocks in a preprocessing
phase. A simple and efficient way of doing this is using two nested loops. In the
outer loop we iterate over all clusters Z,, € Tx with non-empty nearfield lists. The
nearfield blocks corresponding to Z,, and all clusters Zg. € N (Zg.) are computed in
the inner loop. The assembly can be parallelized by using the OpenMP for construct
[58, see Section 2.9.2] for the outer loop with a dynamic scheduling with chunk size
one. This way each available thread is assigned a single cluster Z;,., assembles all
nearfield blocks corresponding to Z,, and requests a new cluster afterwards. A good
workload balance is achieved with this parallelization strategy if the target clusters
with non-empty nearfield lists are sorted according to the total sizes of their nearfield
blocks before the parallel assembly.

Algorithm 6.4 The M2L- and N-list tasks from Algorithm 6.2.

1: function M2LL1STTASK(])
/ Execution of the M2L operations for I:
#pragma omp taskloop
for all Ziay € Zassoc ()
for all Zsrc S IMQL(Ztar)
M2L: Compute A(Ziar, Zsre) by (5.39) and add it to A(Zp,) in A(J).
if Z.s0c(I) contains leaves in Ty
if A(]) is complete /| Only after potential L-list operations.
/| Execution of the L2T operations for I:
#pragma omp taskloop
: for all leaves Z € Z,s0c(1)
10: L2T: Evaluate X(Z) in A({) by (5.40).
Add the result to f|, atomically.

© *»

11: function NLI1STTASK(I)
/| Execution of the nearfield operations for I:

12: #pragma omp taskloop

13: for all Zia € Zassoc ()

14: for all Z,. € N (Ziar)

15: Nearfield operation: Add Vi|; ., ¢

src

2. to flz atomically.

REMARK 6.5. The task based execution of the FMM in Algorithm 6.2 is based on the
temporal version of the FMM in Algorithm 6.1 and uses two levels of tasks. FMM
operations for time clusters in T; are collected in suitable FMM tasks, which are ini-
tiated based on individual dependencies by a lightweight, custom task scheduler and
executed using the OpenMP task construct. Once the FMM tasks in T; are eze-
cuted, they initiate the actual FMM operations in the underlying space-time tree T,
which form the second level of tasks. Alternatively one could also define tasks and
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corresponding dependencies directly in the space-time tree Ts. Such an approach is
described in [{] for an FMM related to the Laplace equation in R3. However, cre-
ating tasks for individual clusters in Tx leads to a very large number of tasks and
dependencies between them, which cannot be handled efficiently anymore in general.
Therefore, the authors in [{] proposed to group clusters into similarly sized blocks in
a suitable manner and to create tasks for these blocks. In this way, a suitable task
granularity can be obtained which allows for an efficient execution of tasks and an
efficient management of dependencies between them. Our approach is similar to this
block- and task based parallelization of the FMM. With the somewhat natural grouping
of clusters with respect to their temporal projections we obtain “blocks” of different
sizes but benefit from the simple temporal structure and dependencies between tasks.
These two aspects are particularly important for the distributed memory paralleliza-
tion which we describe in Section 6.3. Note that a distributed memory parallelization
of the approach in [4] is also possible and is described in [5].

6.2.1 Additional aspects for a better parallel performance

In our C++ implementation in [49] we consider a few additional aspects to increase the
performance of the task based parallel FMM in Algorithm 6.2. Our goal is to reduce
the idle times of all threads involved in the parallel execution of tasks as much as
possible. For this purpose, we influence the order in which FMM tasks are executed
by introducing priorities. Furthermore, we bound the number of scheduled N-list
tasks in certain situations and use the taskyield directive to include the scheduling
thread in the computation. The details are given in the following paragraphs.

Assign priorities to FMM tasks. For the parallel performance of Algorithm 6.2
it is beneficial if there are always several FMM tasks scheduled for execution at the
same time to keep all available threads busy. We can facilitate this by assigning
priorities to FMM tasks to influence the order in which they are executed.

We assign the highest priorities to M-list tasks, the second highest to L-list tasks, the
third highest to M2L-list tasks, and the lowest priorities to N-list tasks. This choice
is motivated heuristically based on dependencies. FMM tasks computing moments or
local contributions on which many other FMM tasks depend — directly or indirectly
via chains of dependencies — should be executed as soon as possible. This is why
we prioritize M-list tasks the most. L-list tasks are prioritized over M2L-list tasks
since their dependencies are more restrictive than those of M2L-list tasks. In fact,
the M2L-list task of a cluster I can be executed once the moments of the clusters in
Tmon(I) are available while the L-list task of a typical cluster I is ready only once
the M2L-list task and L-list task of its parent is completed. Hence, we can unlock
more new L-list tasks, by focusing on the execution of L-list tasks once they are
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ready. N-list tasks obtain the lowest priority since there are not any FMM tasks
which depend on them.

We can also distinguish priorities between FMM tasks of the same kind. A natural
choice is to use the levels of the corresponding clusters for such a distinction. M-list
tasks for clusters with high levels should be executed before M-list tasks for clusters
with low levels. For L-list tasks and M2L-list tasks the opposite is true. This choice
of priorities corresponds to the natural order in which the corresponding operations
are executed in the original Algorithm 6.1. When it comes to N-list tasks, it might be
beneficial to execute small N-list tasks first. In fact, we would like to use N-list tasks
only as buffers to keep all threads busy, as long as other FMM tasks are available.
Large N-list tasks initiated at an early stage might hinder threads from executing
other, more important FMM tasks.

We account for the priorities of the FMM tasks in our implementation in several ways.
First, we sort the tasks in the individual FMM task lists according to their priorities.
E.g., we sort the tasks/clusters in the M-list such that clusters with large levels come
first. Secondly, we respect the priorities when searching for new ready tasks in line 8
of Algorithm 6.2 by traversing the M-list first, the L-list second and the M2L-list
third. The N-list is only considered if there is not any ready task in any of the other
lists. Finally, we use the priority clause of OpenMP tasks when we schedule the
FMM tasks. This clause allows to specify priority values for tasks, which can be used
by the OpenMP runtime system as hints to determine the execution order; see [58,
Section 2.10.1, p. 138]. In our implementation we use different priority values for
the different kinds of FMM tasks, but do not distinguish priorities between different
tasks of the same kind.

Bound the number of scheduled N-list tasks. Since N-list tasks have the lowest
priority we would like to prioritize other FMM tasks in the execution. This is why
we consider the N-list in the scheduling process in Algorithm 6.2 only if we do not
find a ready FMM task in any of the other lists. If the scheduling thread does not
participate in the execution of tasks, it might however schedule many N-list tasks
at a very early stage. In fact, once there are no ready M-, M2L-, and L-list tasks,
it schedules the first N-list task before jumping to line 8 of Algorithm 6.2 to look
again for ready tasks. Since the scheduling of tasks and searching for ready tasks is
typically way faster than the execution of these tasks, the scheduling thread is likely
to schedule many or even all N-list tasks at once in such a scenario. To avoid such a
behavior, we introduced a bound for the number of N-list tasks that can be scheduled
concurrently with other FMM tasks in our implementation.

Include the scheduling thread in the computation. The scheduling thread is
trapped in the scheduling loop in lines 6 26 of Algorithm 6.2 until all FMM tasks
have been scheduled. Hence, it does not participate in the execution of tasks most of
the time in general. In [76] we propose to use the taskyield construct of OpenMP
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to change this behavior. When a thread encounters this construct it can suspend
the execution of the current task to work on a different one; see [58, Section 2.10.4].
Note that this is a non-binding request, so it is not guaranteed that the thread
actually suspends the current task. In fact, we do not observe any changes when
using taskyield in the scheduling routine with the GCC compiler (v9.3). In the case
of the Intel Compiler (v19.1.1 and newer), however, the taskyield construct shows
the desired effect. More details about the behavior of the taskyield construct for
various compilers are given in [65].

6.3 A task based distributed memory parallelization

The task based, parallel version of the FMM in Section 6.2 can be extended to allow
for a parallel execution on distributed memory systems. In this section we present
such an extension, which was originally published in [76]. We start by describing the
general idea.

For the data and workload distribution, the time clusters in the temporal projection
tree 7T are distributed among all available processes. In the application of the FMM,
each process executes a version of Algorithm 6.2 where it carries out tasks only
for clusters that are assigned to it. Since a process might need data computed
by other processes for some of its own tasks, communication between processes is
necessary. We communicate sets of moments p(I) and local contributions A(I) for
clusters I € T; as a whole instead of single moments and local contributions for
clusters Z € Tx. This reduces the number of communication events and leads to a
simple communication pattern in the tree 7;. To hide possible communication delays
we overlap the computation and communication by using asynchronous, non-blocking
communication routines in MPL.

A more detailed description of this distributed memory parallelization is given in the
following subsections. In Section 6.3.1 we make a few assumptions about the data
and work distribution for the parallel execution of the FMM, which we assume to
be satisfied in all the following subsections. A strategy to obtain such a distribution
is presented later in Section 6.4. In Section 6.3.2 we describe how each process
determines the FMM tasks that it has to execute and how communication between
processes is handled. The distributed, task based version of the FMM is finally
presented in Section 6.3.3.

6.3.1 Assumptions about the data distribution

For the distributed, task based FMM we make a few assumptions about the data
and work distribution that we assume to be satisfied in the subsequent Sections 6.3.2
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and 6.3.3. These assumptions will be discussed in more detail in the following para-
graphs and are stated in the following list:

(1) nproc Processes are available for the computation. They are identified by corre-
sponding IDs in the set {0,. .., nyoc — 1}.

(ii) The space-time tensor product mesh ¥, is distributed suitably among all avail-
able processes.

(iii) An assignment of process IDs to clusters in 77 is given such that each cluster
has exactly one process ID. A process is responsible for a time cluster I € 77 if
its ID is assigned to this cluster.

(iv) Ouly sets of moments and local contributions have to be communicated between
processes during the parallel, distributed execution of the FMM. The processes
have all the additional information that they need to carry out their own tasks
and to handle the communication.

From the assignment of process IDs to clusters in the temporal tree 77 in (iii) we get
an assignment of process IDs to clusters in the space-time cluster tree Ty as well.
In fact, we can assign the process ID of a cluster I to all Z € Z.0c(). In this
way, a process that is responsible for a time cluster I is responsible for all space-time
clusters associated with 1.

In Assumption (iv) above we mentioned additional information that each process
needs for its own tasks in the FMM. The required information includes local mesh
information related to the distribution of the mesh ¥, in Assumption (ii), and in-
formation about local parts of the space-time box cluster tree Ts and its temporal
projection T;. We specify the required information in the following paragraphs. A
strategy for process assignments as in Assumption (iii) and a description of how to
provide each process with the required data are given later in Section 6.4.

Locally required mesh information. The individual processes do not need the
information of the full space-time tensor product mesh ¥,. The mesh is distributed
among all available processes and each one stores only a local part related to some
space-time clusters for which it is responsible. Recall that we assigned space-time
elements o, ;, of the mesh 3, to space-time clusters Z in the construction of the
space-time box cluster tree 7Ty in Section 5.2.1. It is sufficient if a process p has the
mesh information of all space-time elements assigned to the following clusters:

e All leaf clusters Z € Tx, for which process p is responsible.

e All clusters Zy. such that Z,. € N(Z) for a cluster Z for which process p is
responsible.
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We assume that each process p stores this individual mesh information locally. Tt is
needed for the S2M, L2T, and nearfield operations in the FMM related to clusters Z
for which process p is responsible. For these operations a process p needs to access
corresponding local parts of the source vector q, which we assume to be stored locally
as well. Likewise, we assume that each process p stores the local part of the result
vector f that it computes in the FMM.

Locally required information about the time tree 7;. Each process p needs
only a local part of the full time tree 7;. We call this part the locally essential time
tree 7}LE”’ of p. The concept of locally essential trees has already been introduced
in [75]. In our setting, the locally essential time tree 7}LE’Z’ is a subtree of 7; that
contains all the clusters and process IDs which process p needs to determine and
execute its tasks in the FMM, and the information for the related communication.

For a rigorous definition of the locally essential time tree 7'1LE’p of a process p we define
local and essential clusters for p in Definition 6.6. An explanation as to why essential
clusters are relevant for the FMM is given in the paragraphs after this definition.

DEFINITION 6.6. A cluster I € Ty is local (for process p) if process p is responsible
for I. A cluster I is essential (for p) if it satisfies at least one of the following
conditions:

(i) I is local.
(ii) I € N (L) for a local cluster L,,.
(151) I € Tyor(Liar) for a local cluster I,
(iv) There exists a local cluster Iy such that Ige € Tyor(I).
(v) I =par(l.) for a local cluster I..
(vi) I € child(I,) for a local cluster I,.

The essential clusters for a process p are related to local FMM tasks, i.e. the FMM
tasks for local clusters in 7;. A cluster I is defined to be essential either because
it is local, or because its data is required for a local FMM task, or because the
data which is computed in a local FMM task is needed for an FMM task of I. If a
cluster [ satisfies (ii) in Definition 6.7 it is obviously essential in this regard because
its information is needed for the nearfield operations in the N-list task of a local
cluster Ii,,.

A cluster I satisfying (iii) in Definition 6.7 is essential since its moments p(I) are
needed for the M2L operations in the M2L-list task of the corresponding local clus-
ter Ii,. If I is assigned to a different process ¢, this process ¢ needs to send the
moments p(I) to process p once they are computed. Likewise, process p needs to
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send the moments of a local cluster I, to a process q if Iy. € Tyor (/) and q is
responsible for 1. This is why clusters satisfying (iv) in Definition 6.7 are essential
for process p.

The parent of a local cluster I, is essential according to (v) in Definition 6.7. The
reason is that the moments p(par(/.)) are computed in parts by the M2M operations
in the M-list task of I, and the local contributions A(par(I.)) are needed for the L2L
operations in the L-list task of I.. Communication is required if par(I.) is assigned to
a different process ¢. In this case, process p needs to send the parts of the moments
of par(I.) which it has computed in the M-list task of I. to ¢, and process ¢ needs
to send the local contributions of par(I.) to p for the L-list task of I.. This explains
why children of local clusters are essential as well; see Definition 6.7 (iv).

The locally essential time tree of a process p consists of all its essential clusters, some
additional clusters which allow process p to identify all the FMM tasks that it needs
to execute, and some auxiliary clusters to turn this set of clusters into a subtree of 7;.
More rigorously, we define the locally essential time tree as follows.

DEFINITION 6.7 (Locally essential time tree). The locally essential time tree ;"7
of a process p is defined as the subtree of T; that contains a cluster I € Ty if it satisfies
at least one of the following conditions:

(a) I is essential.

(b) There exists a cluster Iy € Tr such that Iy € IyoL(I) and Iy lies on the path
between a local cluster Lo, and the root of T;.

(c) There exists a cluster Loy € Ty such that I € Tyor (Iiar) and I, lies on the path
between a local cluster I, and the root of T;.

(d) I lies on the path between the root of T; and a cluster Iy, that satisfies at least
one of the conditions (a) (c).

The clusters satisfying (d) in Definition 6.7 are added to the locally essential time
tree 7}LE’p of process p to obtain a subtree of 7;. Organizing the essential clusters in
a tree simplifies some preparatory steps in the FMM. For example, it is possible to
determine the local FMM task lists for process p by a traversal of 7}LE’7’ similarly as
described in Section 6.2. To be able to determine the M-list tasks and L-list tasks
in general trees correctly, we add clusters satisfying (b) and (c) in Definition 6.7
to 7}LE’p . An illustration of a locally essential time tree is given in Figure 6.2.

We assume that each process p has the following information about every time clus-
ter I in its locally essential tree 7}LE‘p:

e the interval bounds of I,
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e the process ID assigned to I,
e the locally essential part of the list N'(1), i.e. all Iy, € N(I)N TILE’p,

e the locally essential part of the list Zyor, (1), i.e. all Iy, € Zyon (1) N 7}LE’p.

Figure 6.2: Illustration of a locally essential time tree 7}LE”’ of a process p. In this
example, process p is responsible for the clusters represented by the solid black
circles labeled with i. The clusters represented by red dashed circles are part of
the (non-uniform) tree 7; but are not contained in the locally essential tree 7,7,
Green circles represent clusters which are in ’7}LE’p because they are essential,
i.e. they satisfy one of the conditions on the list in Definition 6.6. The label of
such a cluster corresponds to a condition on that list that it satisfies. Clusters rep-
resented by blue squares are not essential, but satisfy one of the conditions (b), (c)
or (d) in Definition 6.7 which is specified by the label again.

Locally required information about the space-time tree 7y. Similarly as in
the case of the time tree 77, each process needs only a local part of the space-time
tree Ty, for the distributed version of the task based FMM. It suffices that a process p
knows all the space-time clusters which appear in FMM operations of local FMM
tasks. Recall that local FMM tasks are FMM tasks of clusters I for which p is
responsible. This motivates the following definition.

DEFINITION 6.8 (Locally essential space-time tree). A space-time cluster Z € Ty, is
essential (for the process p) if it satisfies at least one of the following conditions:

(i) Z is local, i.e. process p is responsible for Z.
(11) Z € N(Ziar) for a local cluster Z,,.
(111) Z € Inor(Ziar) for a local cluster Zy,,.
(iv) Z = par(Z.) for a local cluster Z..

The locally essential space-time cluster tree ’ELE’p of process p is defined as the small-
est subtree of Ts, that contains the root Z© of Ty, and all essential clusters.
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When comparing the definitions of essential time clusters and essential space-time
clusters in Definitions 6.6 and 6.8 we see that children of local time clusters are essen-
tial for process p, while children of local space-time clusters are not. Likewise, there
is not any criterion equivalent to criterion (iv) from Definition 6.6 in Definition 6.8.
The reason is that such clusters are not needed for local FMM tasks. Let us, for
example, assume that [ is a time cluster assigned to a process ¢, and Iy € Ty (1)
is assigned to a different process p. The M2L-list task for the cluster I is carried out
by process ¢ in this case, and it needs to receive the whole set of moments (/)
from process p to execute it. For the actual execution, process ¢ needs to know the
space-time clusters associated to I and Iy, i.e. Zassoc(I) and Zagsoc(Isre). Process p
sends the whole set of moments p(ls.) corresponding to clusters in Zassoc(lse) t0
process g once they are computed. For this purpose, it suffices that p knows that the
time cluster I exists and is assigned to ¢q. Process p does not need to know the actual
space-time clusters Z,ss0c(I), which is why they are not essential for p. Children of
local space-time clusters are not essential for the same reason.

We assume that each process p has the geometrical information about every space-
time cluster Z = X x I in its locally essential tree 75" and knows the process TD
assigned to it. If Z is a local cluster in TELE”’ also the nearfield V' (Z) and interaction
list Zyor,(Z) are assumed to be available.

In Section 6.4 we discuss how distributed meshes and locally essential time- and space-
time trees can be constructed in practice. Before that, we continue with Section 6.3.2
in which we describe how to set up the FMM task lists in a distributed way and handle
the communication between processes, before presenting the distributed, task based
FMM algorithm in Section 6.3.3.

6.3.2 Distributed FMM task lists and inter-process communication

In the distributed version of the task based FMM each process needs to execute the
FMM tasks corresponding to its local time clusters, i.e. those time clusters which
are assigned to it. For some of these tasks, communication is necessary as we al-
ready mentioned in Section 6.3.1. In this section we describe how to construct the
corresponding FMM task lists and how we handle the communication in practice
using MPL.

The construction of the local FMM task lists. To organize its FMM tasks
each process constructs a local version of the four FMM task lists introduced in
Section 6.2. The M2L-list of a process p is filled with all local time clusters whose
interaction lists are not empty. Similarly, the N-list of p is filled with all the local
time clusters whose nearfield lists are not empty. To construct the M-list of p in a
correct way, we traverse the locally essential time tree 7}LE”’ and proceed in the same
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way as described in Section 6.2. In a first step, we insert local and non-local clusters
alike into the M-list. In a second step, all non-local clusters can be removed from this
list to obtain the actual M-list of p. The same is possible for the L-list of p. Due to
our definition of locally essential time trees, all local FMM tasks can be determined
correctly in this way.

The inter-process communication in the FMM. The whole communication be-
tween processes in our parallel FMM is handled on the level of the time tree 7;. All
processes send and receive whole sets of moments p(I) or local contributions A(I) of
time clusters I whenever it is necessary. The situations in which communication is
necessary have been discussed in the paragraphs following Definition 6.6. To summa-
rize, there are two scenarios in which two processes p and ¢ need to communicate: If
they are responsible for two clusters that are connected by an edge in 7; — i.e. a clus-
ter and one of its children — or two clusters where one is in the interaction list Zyjor,
of the other. Hence, the communication pattern is simple and the number of overall
communication events is small. In general, this is desirable as long as the workload
of all processes is high enough so that they do not become idle while waiting for
data.

Each process p can determine the data it needs to receive during the FMM procedure
from its FMM task lists. To simplify the description we introduce three different lists
for each process p to keep track of clusters for which data needs to be received and
to identify the corresponding senders:

e The M-receive list: A pair (I, ¢) is added to this list if [ is a local cluster in
the M-list of p, and a child I. is assigned to process q.

e The M2L-receive list: A pair (Iye, ¢) is added to this list if Iy € Zyor (1) for
a local cluster I in the M2L-list of p, and ¢ is responsible for ..

e The L-receive list: A pair (I, ¢) is added to this list if I, is the parent of a
local cluster I in the L-list of p, and ¢ is responsible for I,,,.

Each process has to identify in addition the data it needs to send to other processes.
To keep track of this information we create two sets of process IDs for each cluster I
for which p is responsible:

e The M2L-recipient set of I: A process ¢ is added to this set if there exists a
cluster I, € 7}LE’p such that I € Zyor(Iiary) and ¢ is responsible for I,,.

e The L-recipient set of I: A process ¢ is added to this set if it is responsible for
a child I. of T in 7"

These lists can be filled by each process independently during a traversal of its locally
essential time tree 7,7, One could construct an additional M-recipient set of I and
add a process ¢ to this set if it is responsible for par(/). Since this information
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is directly obtainable by checking the process ID of par(I), we do not create this
additional list explicitly.

The actual communication during the FMM procedure can be handled asynchro-
nously with non-blocking MPI send and receive operations. At the beginning of the
FMM procedure each process p starts a non-blocking receive operation for each pair in
the M-receive list, M2L-receive list, and L-receive list using the routine MPI_Irecv.
For this purpose it has to allocate the memory for the expected incoming data,
e.g., the moments in p(7) for a pair (I, ¢) in the M-receive list, and provide it
to the routine MPI_Irecv together with some additional information like the ID
of the sending process and a tag to identify the message. MPI_Irecv initiates the
receive operation and returns immediately, so the thread that called it can proceed
with other assignments. A request object provided by MPI is then used to check if
data has actually been received. More details about MPI_Irecv and non-blocking
communication in MPI can be found in [50, Section 3.7]. After starting all non-
blocking receive operations, each process p can start working on its FMM tasks
and check the MPI request objects regularly to update dependencies when data has
actually been received.

REMARK 6.9 (Processing received data). When a process p has actually received a
set of moments p(Ige) for a pair (Iye, q) in the M2L-receive list or a set of local
contributions A(I,) for a pair (I,, q) in the L-receive list, it has to update the de-
pendencies of all its FMM tasks that require this data. Moments u(I) received for a
pair (I, q) in the M-receive list, on the other hand, may not be complete yet. In fact,
the received moments are those that process ¢ computed by M2M operations between I
and the children of I for which q is responsible, which may be only one of the two
children. Hence, process p needs to add all parts of the moments u(I) for a cluster I
in the M-receive list and ensure that the moments are completely determined before
it can update the dependencies of the related M-list task for I.

The sending operations take place during the execution of the FMM tasks. A pro-
cess p identifies the processes that need the data it has computed for a cluster [ using
the introduced M2L- or L-recipient sets of I or the process ID of par(I). Then it
uses the non-blocking send operation MPI_Isend to initiate the sending process. In
this routine the ID of the receiving process needs to be specified and, in addition, a
suitable tag that allows the recipient to identify the message. Similarly as the routine
MPI_Irecv, the routine MPI_Isend returns immediately. More details can be found
again in [50, Section 3.7]. We specify the concrete sending operations in Section 6.3.3
when talking about the updated FMM task routines.
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6.3.3 The distributed algorithm

In Algorithm 6.5 we present a sketch of the distributed, task based version of the
FMM. Each process p handles its own tasks by using a local version of the task
scheduler described in Section 6.2 and computes a local part f°“P of the global
result vector f. The local part f°°P includes all entries of f corresponding to local
space-time elements, i.e. those associated to space-time leaf clusters in TELE”’ for
which p is responsible. In particular, {floc’p}ZirSC is a disjoint partition of the global
vector f in our setting.

Algorithm 6.5 A distributed, task based version of the FMM in Algorithm 6.1.

Require: Let the assumptions (i) (iv) at the beginning of Section 6.3 be satisfied.
/ Each available process p executes the following steps:
Initialize f°°? = 0.
for all local clusters I € 7,7
Initialize p(7) and A(I) by zeros.
Fill the M_1ist, M2L_list, L_list, and N_list with local clusters in 7;""7.
#pragma omp parallel
#pragma omp single
STARTMPIRECEIVEOPERATIONS( )
while the FMM task lists are not empty
CHECKMPIFORRECEIVEDDATA( )
10: Execute the scheduling procedure in lines 826 of Algorithm 6.2.
/ Use the routines of Algorithm 6.6 for the M-, L-, and M2L-list tasks.

© ®» o

11: return f'°°? as part of the global result vector f.

In the first steps of Algorithm 6.5 each process p initializes its local result vector
and the sets of moments and local contributions of the time clusters assigned to it.
Then it fills the FMM tasks lists with local clusters as described above and starts the
scheduling procedure. This scheduling procedure is almost the same as the one in
Algorithm 6.2. The only differences are the additional communication routines. The
routine STARTMPIRECEIVEOPERATIONS starts the non-blocking receive operations
as we have discussed in the corresponding paragraph above. In each new iteration
of the scheduling loop, the scheduling thread checks for received data with the rou-
tine CHECKMPIFORRECEIVEDDATA and processes it according to Remark 6.9. In
particular, it updates the dependencies of its FMM tasks. For the execution of these
FMM tasks we use OpenMP tasks as in Algorithm 6.2, but the routines for the M-,
L- and M2L-list tasks have to be adapted to incorporate the new sending routines.

In Algorithm 6.6 we present the updated M-, L- and M2L-list tasks. In the new
M-list task in line 1, a process p sends the moments p(I) of the considered clus-
ter I to all processes in the M2L-recipient set of I after the completion of potential
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S2M operations. Note that the recipient set might be empty in which case the mo-
ments (/) do not have to be sent to any other process. Since the non-blocking
routine MPI_Isend is used for a potential send operation, the executing thread can
directly continue with the following M2M operations in any case. Once these M2M
operations are completed, process p needs to check whether it has to send its part
of the moments p(par(I)) of par(/) to another process q. This is the case, if ¢ is
responsible for pgr(f). If p is responsible only for I and not the other child I,
of par(]) it can send the computed moments immediately to ¢, because they are
“locally complete”. Otherwise, p sends the moments to ¢ in the M-list task of I or I,
that is executed last. This is the meaning of the if clause in line 7. In this way, we
avoid additional, unnecessary communication.

Algorithm 6.6 M-, L- and M2L-list tasks for distributed parallel execution.

/ All functions are assumed to be executed by a process p.
1: function MLI1STTASK(I)
2 Execute potential S2M operations as in lines 2-5 of Algorithm 6.3.
3:  for each process ¢ in M2L_Recipient_Set([)
4 Send the moments p(I) to ¢ using MPI_Isend.
Execute the M2M operations as in lines 6 9 of Algorithm 6.3.
if par([) is assigned to a different process g.

if the computation of p(par(I)) is locally complete

Send the moments p(par(I)) to ¢ using MPI_Isend.

® o

9: function LLISTTASK(])
10: Execute the L2L operations as in lines 11-14 of Algorithm 6.3.

11: if A(7) is complete /| Only after potential M2L-list operations.
12: if 7 is not a leaf in the locally essential time tree 7,7

13: for each process ¢ in L_Recipient_Set (I)

14: Send the local contributions A(I) to ¢ using MPI_Isend.

15: if Z,0c(I) contains leaves in Ty

16: Execute the L2T operations as in lines 17-19 of Algorithm 6.3.

17: function M2LLISTTASK(])

18: Execute the M2L operations as in lines 2-5 of Algorithm 6.4.

19: if A(7) is complete /| Only after potential L-list operations.
20: Proceed as in lines 12-16 above.

The new L-list task is given in line 9 of Algorithm 6.6. The process p executes the L.2L
operations for the cluster [ first. Like in the original version in Algorithm 6.3 it then
checks if the local contributions are complete, i.e. if the M2L-list task of the cluster I
is already completed. If this is the case, process p sends the local contributions A(I)
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to all processes in the L-recipient set of I, if I is not a leaf cluster. Note that this set
is empty, if p is responsible for both children of I or if I does not have any children.
Afterwards, process p can proceed with potential L2T operations like in the original
L-list task. The same sending operation is added to the new M2L-list task for a
cluster I in line 17. It is executed, if the M2L-list task for a cluster I is carried out
after the L-list task for I.

The N-list tasks in the distributed, task based version of the FMM are the same as
in Algorithm 6.4. Additional communication is not required since each process has
all the information it needs to assemble and apply the nearfield blocks in all its N-list
tasks. The assembly of the nearfield blocks should be handled in a preprocessing
phase as described in Section 6.2. The same nested loop construct described in
that section can be used for the assembly where each process needs to consider only
clusters Zi,, assigned to it in the outer loop.

REMARK 6.10. The additional implementation aspects which we discussed in Sec-
tion 6.2.1 for the task based shared memory parallelization of the space-time FMM
are also relevant for the distributed memory parallelization. Bounding the number
of scheduled N-list tasks and prioritizing other FMM tasks is even more important
here. In fact, a process p might need the data computed in an FMM task of another
process q. If process q executes all N-list tasks first, process p might run out of tasks
while waiting for the data of q, which would have a negative impact on the parallel
performance. Hence, each process prioritizes FMM tasks that compute data needed
by other processes in our implementation.

6.4 A data and workload distribution strategy

Let ¥ =T"x (0,7) and X5, = I'y, ® Zj,, be a space-time tensor product mesh of 3 as
in Section 2.4. We want to distribute the mesh ¥, among a set of 7., processes
and create a corresponding space-time box cluster tree 7y and a related time tree 77
in a distributed way to enable the distributed memory parallelization of the FMM
described in Section 6.3. Our data distribution relies on a subdivision of the time
interval (0,7") into a set of time slices which are groups of consecutive time steps
in Z,. We arrange these time slices in a coarse temporal cluster tree, assign pro-
cess IDs to clusters in this tree and use this assignment of clusters to determine the
data distribution. In this way, we can distribute the data and workload among all
processes before the actual tree 75 and its temporal projection 7; are constructed.

Let a set of time slices related to the partition Zj, of (0,7") be given. We construct
a binary tree for the time slices by a purely temporal version of Algorithm 5.1 in
Section 5.2.1, where we subdivide the initial time cluster (0,7") recursively until the
resulting clusters contain only a single time slice. The resulting tree is denoted
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by T/™. If the time slices are chosen suitably, the coarse tree 7™ is a subtree of
the temporal projection 77 of the space-time box cluster tree Ty, which we construct
later. We assume that this is the case in the rest of this section.

For the data distribution we need to define interaction lists and nearfield lists for
clusters in 7. In Section 6.1 we defined such lists in a time tree 7; via projections
of related lists in the corresponding space-time tree 7y; see (6.3) and (6.4). Since we
do not have a space-time tree corresponding to 7 we determine the lists directly
by using Algorithm 6.7. This is a temporal version of Algorithm 5.2, where we
incorporate the ideas from Remark 5.11 to ensure that nearfield lists are non-empty
only for leaf clusters in 7, and contain only leaf clusters.

Algorithm 6.7 Recursive construction of the operation lists in 7.

Require: Let I be the root of 7.
Let 7o € Ry be the same constant for (5.12) as in Algorithm 5.2.
1: Call DETERMINETEMPORALOPERATIONLISTS(1(®), 1(©)).

2: function DETERMINETEMPORALOPERATIONLISTS (Jgc, liar)

3 if I is causally relevant for I,

4 if Iy and I, satisfy the admissibility criterion (5.12)

5: Add Iy to Typor (Liar)-

6 else

7 if I, and I . are not leaves in 77

8 for all (Igcc, ltarc) With Tyce € child(Zyc), Tiare € child(Ziar)
9 Call DETERMINETEMPORALOPERATIONLISTS (I ¢, Tiarc)-
10: else / Inadmissible pair

11: if I, and I, are leaves in T;

12: Add I to N(Liar).

13: else if I, is a leaf in 77

14: for all leaf descendants I of ..

15: Add Iy to N (Ziar)-

16: else /| Ige is a leaf, while I, 1s not.

17: for all leaf descendants Iq of I,

18: Add I, to N(1y).

The data distribution is determined by an assignment of process IDs to clusters
in 7. We discuss a possible assignment strategy at the end of this section. For
now we assume that such an assignment is given and use it to describe the data
distribution and construction of distributed trees.

Mesh distribution. The space-time tensor product mesh ¥, is decomposed into
chunks corresponding to the leaves in 7. Recall that these leaves are the chosen
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time slices. A process is responsible for a leaf I in 7, if its ID is assigned to I. We
provide process p with a chunk of ¥, corresponding to a leaf I in 7, if

e p is responsible for I, or
e [ is in the nearfield N (Iia;) of a leaf I, for which p is responsible.

Hence, each process p obtains a part of the mesh ¥, related to a set of leaves {I%};
in 7. We distinguish the local mesh of p and the nearfield mesh of p. The local
mesh consists of chunks of 3, corresponding to local clusters in the set {I}j}k. The
remaining mesh obtained by p is related to non-local clusters in {I}'}; and is called
the nearfield mesh of p. Note that the mesh ¥, is the disjoint union of the local
meshes of all ny. processes.

Distributed tree construction. For the FMM we need to construct a space-time
box cluster tree Ty, and its temporal projection 7;. In Section 6.3 we have seen that
each process involved in the distributed execution of the FMM needs only a locally
essential part of these trees. We start by constructing the locally essential space-time
trees as introduced in Definition 6.8 in a collaborative manner. For this purpose, we
provide each process with the coarse time tree 7 and the related process assign-
ment information. From this tree a process p can deduce the temporal structure of
the coarse initial part of 7x and determine its locally essential space-time clusters in
this part. This allows us to use a distributed version of Algorithm 5.1 for the tree
construction, where the processes collaborate to determine if a cluster Z is subdi-
vided. Collaboration is necessary since the temporal part II;[Z] of a cluster Z can
contain several time slices whose meshes may be distributed among several processes.
Each process counts the number of space-time elements in its local mesh which are
assigned to Z. Then the total number #Z of space-time elements in Z is determined
by a global summation using communication. If Zis larger than the provided thresh-
old 7y, all processes can subdivide Z using, in particular, the temporal information
in 7. Note that each process can determine if a cluster Z constructed during this
process is locally essential for it and keep track of locally essential clusters only. The
collaborative subdivision is stopped for a cluster Z if the temporal projection II;[Z]
is a leaf in the coarse tree 7. In this way, each process p determines a coarse
version of its locally essential tree Ty 7. The remaining part of 75" can then be
constructed by each process p individually by further subdividing clusters whose el-
ements are fully contained in the local or nearfield mesh of p. Clusters constructed
during this local subdivision procedure are not assigned to any process a priori, since
their temporal projection is not included in 7. Therefore, we assign the process ID
of Z to all Z, € child(Z) during this additional subdivision of clusters, and use this
assignment to determine locally essential clusters.

REMARK 6.11. To reduce the number of communication events in the collaborative
construction of the space-time box cluster tree Ty one can use a level-wise subdivi-
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sion procedure. In this procedure, each process counts the number of local space-time
elements for all its clusters at a level € at once. All these numbers are communicated
among all processes with a single global communication routine and summed up to
determine the clusters at level ¢ which have to be subdivided. In this way, a single
communication event per level in the tree suffices.

To obtain the locally essential time tree 7'1LE‘p as introduced in Definition 6.7, each
process p constructs the temporal projection ’7~}LE’p of its locally essential space-time
tree ’TZLE”) . The projection 77 of the global space-time tree Ty, is obtained from these
time trees {7,"°%}, by a global communication between the processes. Since the
coarse tree T, is a subtree of 77, some but not all clusters in 7; have a process ID
assigned to them. If a cluster I has a process ID but its children do not, we assign
the ID of I to them. In this way, we get process assignments for all clusters in 77.
Each process p uses these IDs to construct its locally essential tree 7}LE’p from 77 by
removing clusters which do not satisfy the properties in Definition 6.7.

REMARK 6.12. If we follow the above strategy to distribute the space-time mesh 3,
among all available processes and to construct the locally essential trees, each process
has the necessary information for the distributed execution of the FMM in Algo-
rithm 6.5 in general. However, this might not be the case if there exist early leaf
clusters Z in the global space-time box cluster tree Ts. We denote a leaf Z € Ty
as an early leaf if its temporal projection I,[Z] is in the coarse time tree T, but
IL[Z] is not a leaf in that tree. Some of the space-time elements of an early leaf Z
might not be included in the local mesh or nearfield mesh of the process p which is
responsible for IL,[Z] and Z. To overcome this problem we subdivide early leaves in
the collaborative construction of Ts further ignoring the fact that they contain
less than Nuyax space-time elements — until the temporal components of the resulting
clusters are leaves in T™.

A process assignment strategy for clusters in 7°. We still need to specify
how to assign process IDs to the clusters in the coarse time tree 7. This process
assignment does not only determine the data distribution discussed above but also
the distribution of FMM tasks and the communication in the distributed parallel
version of the FMM in Section 6.3. Hence, it is crucial to assign process IDs to
clusters in 7,° such that each process ends up with a similar workload and such that
communication is avoided as much as possible. Here we propose a heuristic process
assignment strategy for perfect binary trees 7™, which are obtained for space-time
meshes with uniform time steps in general.

To motivate our process assignment strategy we first investigate the computational
effort of FMM tasks in a time tree 77 and recall the situations in which communication
between processes is necessary. The M2L operations and nearfield operations are the
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dominant operations in terms of the computational effort in the FMM in general.
We will see this, for example, in the numerical experiments in Section 6.5. Hence, we
want to ensure that the number of M2L and nearfield operations which every process
has to execute due to our process assignment strategy is balanced. The following
observations are relevant in this regard:

(i) The nearfield lists of time clusters on the same level of a time tree 7; have a
similar size. This is illustrated in Figures 6.1a and 6.1b. An exception is the
leftmost cluster on a level, i.e. the one whose lower interval bound is 0. The
nearfield of this cluster is always smaller since there are not any other clusters
in its history.

(ii) The sizes of the interaction lists of time clusters vary. With the typical choice
of the parameter 7, in the admissibility criterion (5.12), the right child of a
cluster I has two clusters in its interaction list, while the left child of I has only
one; see again Figures 6.1a and 6.1b. The two leftmost time clusters always
have empty interaction lists.

(iii) Due to the refinement strategy in the construction of the space-time cluster
tree Ty, the number of space-time clusters in the set Z,s0c(I) of a time clus-
ter I € T increases with increasing level of I in general. Therefore, more M2L
operations in Ty have to be executed for a cluster I, € 7; than for a cluster
I, € T; if the level £(I;) of I; in T is larger than the level £(13) of Iy, at least
in general.

Item (i) suggests that process IDs should be assigned to the leaves in a time tree 7; as
uniformly as possible. In this way, we can balance the number of nearfield operations
that each process needs to execute. Due to our mesh distribution strategy, also the
memory that each process requires is balanced in this case. Due to item (iii) such
a balanced process ID assignment is, in general, desirable for clusters at large levels
where the M2L operations of time clusters are more costly. The varying sizes of
interaction lists mentioned in item (ii) might still cause a slight imbalance which can
be compensated by the process assignments for clusters at lower levels in 77.

To understand the effect of the process assignment strategy on the required commu-
nication in the FMM, we recall that there are two situations in which two processes
need to communicate:

(a) If a cluster I and its parent par(I) are assigned different process IDs, the
two processes need to communicate for the M2M and L2L operations in the
respective M- and L-list task.

(b) If two clusters Iy. and i, with Ige € Zyon(liar) are assigned different process
IDs, the two processes need to communicate for the M2L operations in the
M2L-list task of Iiy,.
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From item (a) we conclude that it is advantageous in terms of communication if we
assign the same process IDs to a cluster I and its parent. If a cluster I, is in the
interaction list of a cluster I,,, they lie in a close neighborhood of each other since
their parents violate the admissibility criterion 5.12. Therefore, item (b) suggests that
groups of neighboring clusters should be assigned the same process ID, if possible.

Based on the above considerations we came up with the following strategy for the
assignment of 1, process IDs in the set {0, ..., npoc — 1} to clusters in a perfect bi-
nary tree 7. For the sake of simplicity, we assume that n,,,. = 2 for some k € N in
the description. The process IDs are assigned to the available clusters in a level-wise
manner starting with the largest level depth(7,™). The actual assignment strategy
depends on the level £ of the considered clusters:

o If { > k = log, nproc there are 2% clusters at level £ per process ID. We assign

process IDs to groups of 2% clusters in ascending order, i.e. the first 2¢%
clusters are assigned process ID 0, the next 2% clusters process ID 1, and so
on.

e If / = k — 1 there are twice as many process IDs as there are clusters at level /.
Each cluster I at this level is assigned the process ID of its left child.

e If { <k —1 we first determine for each process ID p the number nf; of clusters
at levels £ > £ in T® that are assigned this ID. We group the process IDs into
2¢ sets of consecutive IDs, i.e. one for each cluster at level ¢, and determine in
each set a process ID p with a minimal number nﬁ. The corresponding ID of
the first set is assigned to the first cluster at level ¢, the one of the second set
to the second cluster, and so on.

The described process assignment strategy leads to a balanced distribution for clus-
ters at large levels ¢ > k in the tree 7, which is favorable in terms of workload
balance as we observed above. By assigning neighboring clusters the same IDs and
using an assignment in ascending order on each level £ > k we reduce the necessary
communication. At level ¢ = k each process is responsible for a single cluster, but
the workload for these clusters differs due to the differently sized interaction lists
mentioned in item (ii) above. The assignment strategy at level £ = k — 1 helps to
compensate for the resulting workload imbalance since only processes with a lower
workload at level k are responsible for a cluster at level £k — 1. With the assignment
strategy for levels ¢ < k — 1 we try to further balance the workload between all the
processes. The process assignment strategy is illustrated in Figure 6.3.

Note that the proposed strategy cannot be optimal in general. In fact, the process
with ID 0 obtains the two leftmost clusters on all levels ¢ > log, 1pr0c, for which it
does not have to execute any M2L operations. However, the resulting imbalance in
the workload is not critical as long as there are enough other clusters assigned to
process 0.
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Figure 6.3: Hlustration of the proposed process assignment strategy for a coarse time
tree 7™ with depth 4 and np.. = 8 processes. Each cluster is represented by a
circle. The label of a cluster corresponds to the process ID assigned to it.

REMARK 6.13 (Process assignment strategy for general values of n,.). The proposed
process assignment strategy can be generalized for values of nproc which are not powers
of two. In this case, we use the value k = [logy(npoc)| to distinguish the strategy for
each level. For levels £ > k we split the clusters at level £ into npyoc groups, whose
sizes differ between my and my, + 1, where my is defined by the Euclidean division
20 = my Nproc + T¢ With ¢ € {0, ..., Npoc—1}. Process IDs are assigned to groups of
clusters as before. The different group sizes introduce a slight workload imbalance at
level ¢. We can compensate for this by the process assignment at level ¢ — 1. For
clusters at levels ¢ with ¢ < k — 1 we use the same process assignment strategies as
described above.

6.5 Numerical experiments

The parallel, task based version of the space-time FMM for shared and distributed
memory systems described in Sections 6.2 and 6.3 has been implemented in the
publicly available C++ library besthea [49]. In this section we present numerical
experiments that demonstrate the efficiency of the presented algorithms and our im-
plementation, in which we use SIMD vectorization to make the most of modern CPUs
with vector arithmetic units. The results for the distributed memory parallelization
here correspond to those published in [76] and were executed on the Salomon clus-
ter at IT4Innovations National Supercomputing Center in Ostrava, Czech Republic.
The results for the shared memory parallelization in [76] are replaced by new ones
to ensure a more consistent choice of FMM parameters throughout the thesis. Since
the operation of Salomon was discontinued by the end of 2021, we carried out the
new experiments on the VSC-4 cluster in Vienna, Austria. More details about the
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hardware specifications of these supercomputers and the compilers used on each of
them are given in Appendix A.

6.5.1 Numerical experiments in shared memory

To investigate the performance of the shared memory parallelization of the space-time
FMM described in Section 6.2, we consider the direct boundary integral approach in
Section 3.2 to solve an initial Dirichlet boundary value problem (1.1)-(1.3) for the
heat equation which is specified as follows: We choose the time interval (0,0.25), the
spatial domain = (—0.5,0.5)® and the heat capacity constant o = 1, as well as the
initial datum ug = 0 and the Dirichlet datum

u(z,t) = Gi(z — y*, 1) for (z,t) € &,

where y* = (1.5,1.5,1.5)" and G is the fundamental solution of the heat equation
in (3.4). To determine an approximation of the unknown Neumann datum fyiﬂltzu we
solve the linear system (3.24) on a space-time tensor product mesh ¥, = 'y, ® Zp,,,
where T, contains 3072 congruent triangles on the surface of the cube (—0.5,0.5)
and Z,, consists of 128 uniform time steps. The system (3.24) is solved by using
the GMRES method without a preconditioner and with a desired relative accuracy
of 1078, The BEM matrices V} and Kj, are applied using the task based version of

the space-time FMM in Section 6.2.

For the space-time FMM we construct a space-time box cluster tree 7Ty using Al-
gorithm 5.1 with the cluster parameters ny,.x = 800 and ¢y, = 4.1, and determine
the operation lists of clusters in 7y by using Algorithm 5.2 with the spatial trun-
cation parameter n, = 2 and the constant 7o = 1 for admissibility criterion (5.12).
The expansion degrees m; = 4 and m, = 12 are used for the FMM operations in
the space-time tree 7Ts.. All these parameters are chosen such that the FMM works
efficiently and does not affect the approximation quality of the BEM in a negative
way.

The linear system (3.24) was solved on a single node of the VSC-4 cluster with a
varying number of threads. To ensure that each thread is assigned to a separate
physical core of the two 24-core CPUs of the computing node, and to control the
thread affinity we set the OpenMP environment variables OMP_PLACES=cores and
OMP_PROC_BIND=close. More details about the effects of these environment variables
are given in [58, Sections 2.6.2, 6.4 and 6.5].

Independent of the number of used threads, 39 iterations of the GMRES method
are required to compute the approximate solution ¢ to the system (3.24) for the
considered mesh and data. The error between the corresponding discrete func-
tion g, € Sp=% and the exact Neumann datum gq(z,t) = "G (@ — y*,t) in the
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relative L? norm is [l¢ — qx||z2(s)/ldll2(s) = 0.064, which is close to the L? best
approximation error 0.054. This indicates that our implementation is correct and
that the parameters for the FMM are chosen properly.

Table 6.1 shows the measured computation times for varying numbers of threads. We
list the assembly times for the matrices V, and K, as well as the application times
for K;, and the iteration times required for a single GMRES iteration. Note that the
time it takes to apply Vj, is by far the most time-consuming part of a GMRES iteration
in our setting, so we can interpret the GMRES iteration times simply as application
times of V;,. The application times of the matrix K, were determined in a separate
routine where K; was applied several times in a row to ensure that initialization
times of libraries like the MKL, which we use for matrix-vector multiplications of
inadmissible blocks, do not spoil the measurements.

No. threads 1 2 4 8 16 24 48

time [s] 3063 1587 787.6 393.1 195.9 131.5 74.2
efficiency [%] 100.0 96.5 972 974 97.7 971 86.0

ool K time [s] 173.8 87.5 435 21.7 109 7.6 38
APPY R officiency [%] 1000 993 99.9 1001  99.7 953 953

time [s] 3667 1833 9159 459.1 229.7 153.2 76.9
efficiency [%] 100.0 100.1 100.1 99.8 99.8 99.7 99.3

time [s] 174.8 83.1 44.3 220 11.1 7.48 3.87
efficiency [%] 100.0 99.2 98.6 99.3 984 974 94.1

Assemble K,

Assemble V),

GMRES it.

Table 6.1: Results of a strong scalability test on a single node of VSC-4 for a BEM
problem with 393 216 space-time surface elements (128 time steps in the interval
(0,0.25), 3072 spatial elements on the surface of the cube (—0.5,0.5)3). The
assembly and application times for the matrix K, the assembly times for the
matrix Vj, and the times per GMRES iteration are presented for different numbers
of OpenMP threads. The GMRES iteration time is dominated by the application
time of the matrix Vj,.

The assembly times of V;, and K, indicate how long it takes to assemble the inad-
missible blocks of these matrices. Recall that the assembly of these blocks and the
related parallelization were shortly discussed in Section 6.2. In our implementation
we use SIMD vectorization for the numerical evaluation of the occurring integrals.
The details are given in [81, Section 5.2]. In Table 6.1 we see that the efficiency of the
parallel matrix assembly is close to optimal for the single layer operator matrix V,, for
the full range of threads. The same is true for the double layer operator matrix Ky
when using up to 24 threads on a single socket of the node. When using all 48 threads
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the efficiency slightly drops. This might be related to the fact that the memory ac-
cess in the construction of Kj, is more complicated than in the construction of V;, and
that this memory access is less efficient when using both sockets of the computing
node instead of one. To store the inadmissible blocks of the matrix K, 11.74 GiB
of memory are required. Since K, is applied only once, the memory can be freed
afterwards. The inadmissible blocks of the matrix Vj, require 16.28 GiB of memory.
In comparison, all moments and local contributions needed for the application of the
FMM require only 0.13 GiB of memory.

The application times of K;, and the times per GMRES iteration in Table 6.1 are very
similar. This is not too surprising, since the same number of operations are executed
in the space-time FMM for V, and K;. Only the nearfield operations and the kind of
S2M operations differ for the matrices V,, and Kj as we mentioned in Remark 5.14 in
Section 5.2.4. The S2M operations are slightly more expensive for K since normal
derivatives of tensor product Chebyshev polynomials have to be evaluated, while
the nearfield operations are slightly cheaper for K; since the number of columns
of an inadmissible block Kj|;  , is smaller than the number of columns of an
inadmissible block Vy|5 . » ~— the former depends on the number of spatial nodes
in X, and the latter on the number of spatial elements in this box. When comparing
the application and iteration times for different numbers of threads we observe an
almost optimal parallel efficiency which never drops below 94%. This shows that our
parallelization strategy works well for the considered example.

REMARK 6.14. In our implementation we do not check whether the time steps of a
space-time tensor product mesh are uniform in time. In particular, we do not exploit
the lower triangular block Toeplitz structure of the BEM matrices in such situations.
By making use of this structure, the storage requirements and assembly times of the
matrices Vy, and Ky, could be reduced significantly, while the application times would
stay the same. Instead of focusing on this kind of optimization we chose to consider
the space-time FMM for more general meshes as a step towards a space-time adaptive
method.

To get a better understanding of the way in which operations are executed in the task
based FMM, we included the possibility to measure the execution times of individual
FMM tasks and groups of FMM operations that each thread executes in our imple-
mentation. In Figure 6.4 we present the measured times for the application of Vj, in
the previous example when using 48 threads for the computation. As explained in
the caption of the figure, each rectangle stands for a single iteration of a taskloop
in one of the FMM tasks in Algorithms 6.3 and 6.4. For example, a red rectangle
drawn in the line of a thread means that this thread executed the M2L operations
for a single cluster Zi,, associated with a time cluster I;,, and all Zg. € Zyor(Ziar)
in line 3 of Algorithm 6.4.
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Figure 6.4: Illustration of the detailed execution times for the task based FMM for
the matrix Vj while running the example from Table 6.1 on 48 threads. For each
thread a line of colored rectangles is depicted. Each colored rectangle stands for a
single iteration of a taskloop in one of the FMM tasks executed by the respective
thread; see Algorithms 6.3 and 6.4. The S2M and M2M operations are depicted
in shades of yellow and orange, the M2L operations in shades of red, the L2L and
L2T operations in shades of green, and the nearfield operations in shades of blue.
The thread responsible for scheduling the FMM tasks is thread 33 in this example.

Figure 6.4 is another indicator of the good performance of our task based paralleliza-
tion. It can be clearly seen that the operations of the different FMM phases are
executed in parallel. For example, some threads execute M2L operations (red) of
corresponding M2L-list tasks while others are still busy with S2M and M2M opera-
tions (yellow/ orange) of M-list tasks during the starting period of the application.
Also L2L operations (green) of corresponding L-list tasks are executed concurrently
with M2L-list tasks. Nearfield operations (blue) of N-list tasks are executed only
at the end. The reason is that we bound the number of N-list tasks that can be
executed while other FMM tasks are available in our implementation as described in
Section 6.2.1. For the examples in this thesis, this bound is set to zero. We choose
this strict bound to ensure that other FMM tasks are always preferred, which is rel-
evant, in particular, for the distributed parallelization as motivated in Remark 6.10.
As long as enough other FMM-list tasks are available this choice is fine and might
only lead to some negligible idle times before the execution of the N-list tasks, which
can also be seen in Figure 6.4 at second glance. A more careful choice of the bound
of N-list tasks might, however, be beneficial for examples with few tasks.

—~

In general, one can see that the parallel execution of tasks is almost, but not com-
pletely perfect in our implementation. Throughout the application we can see spon-
taneous gaps in some of the lines in Figure 6.4, where threads are idle. Overall, these
idle times make up only a negligible portion of the total runtime here. Nonetheless,
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let us explain why these idle times exist in the first place. If a thread executes an
FMM task like, e.g., an M2L-list task created in line 20 of Algorithm 6.2, it generates
new tasks with the taskloop construct in line 2 of Algorithm 6.4. The thread can
only continue with the remaining assignments of the M2L-list task after all created
tasks have been completed. This ensures the correctness of our method but causes
the observed idle times.

If the thread that is responsible for scheduling new FMM tasks has to wait for the
completion of a taskloop, other threads might run out of tasks as well. Such a
situation can be seen in Figure 6.5, which shows the starting period of the application
in more detail. Here we see that the scheduling thread 33 becomes idle shortly
before time t+ = 12 - 10* us. From the measured execution times of FMM tasks,
we can tell that this thread is waiting for the completion of an M2L-list task here
until time ¢ ~ 13 - 10* ps. At the same time, we see that many other threads
become idle because there are not any tasks available for execution. At the time
t =~ 13- 10* us, the thread 33 schedules new FMM tasks and the other threads start
to work again. Thread 33 joins them in the execution of tasks again shortly before
time ¢t = 14 - 10 pus. The possibility that events like this occur, where multiple
threads become idle at the same time, is the price we have to pay for including
the scheduling thread in the execution of tasks by using the taskyield pragma
as described in Section 6.2.1. One could exclude the scheduling thread from the
execution of the large FMM tasks while allowing it to execute smaller tasks to
mitigate this problem. However, we are not aware of any feature of OpenMP that
allows one to hinder a certain thread from executing a specific task. Otherwise, one
could also refrain from using taskyield and thereby let the scheduling thread focus
on the scheduling of new FMM tasks until the very end of the application. If enough
threads are available this might work well, but it might be less efficient for small
numbers of threads.
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o
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Time [ps]

Figure 6.5: Enlarged view of the initial period of the execution times in Figure 6.4.
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Despite the few small shortcomings discussed above, we have seen that our parallel,
task based FMM works efficiently in practice for problems in shared memory. In
the following section we investigate if this is also true for the distributed memory
parallelization described in Section 6.3.

6.5.2 Numerical experiments in distributed memory

The results presented in this section correspond to those published in [76, Section 5.2].
To test the scalability of our hybrid MPI-OpenMP implementation of the distributed
task based FMM in Section 6.3 we used the Salomon cluster, whose hardware specifi-
cations are given in Appendix A, to solve the linear system (3.24) related to the same
initial Dirichlet boundary value problem as in Section 6.5.1, but on a finer space-time
tensor product mesh X consisting of 12288 spatial triangles and 1024 time steps,
i.e. a total of 12582912 space-time boundary elements.

For the distributed parallelization, the space-time mesh ¥, needs to be distributed
among the available processes. For this purpose we subdivide the mesh into 256
uniform time slices — each containing 4 time steps — and proceed as described in
Section 6.4: We build a temporal tree 7 for the time slices, distribute the clusters
in this tree among the available processes with the assignment strategy described at
the end of that section, and use the process assignments for the data distribution.
For the collaborative construction of the space-time box cluster tree Ty, or rather
the corresponding locally essential parts, we use the same parameters Ny, = 800
and ¢y, = 4.1 as in Section 6.5.1. The remaining parameters are also chosen as in
that section, i.e. ng, = 2 and 7y = 1 for the construction of the operation lists in
the space-time tree and the expansion degrees m; = 4 and m, = 12 for the FMM
operations.

When running our code on the Salomon cluster we assigned a single MPI pro-
cess to each cluster node and use all 24 available cores per node for the paral-
lel execution of tasks with OpenMP. The affinity of threads on each node was
set using the environment variables KMP_AFFINITY=granularity=core,compact and
KMP_HW_SUBSET=2s,12c. For the computations we used between 16 and 256 nodes.
The large memory demand of the considered problem did not permit us to run the
problem on fewer nodes. In fact, a total of 666.2 GiB of memory is needed to store all
inadmissible blocks of Kj; and 890.8 GiB for the inadmissible blocks of V. In com-
parison 2.92 GiB of memory are needed to store the moments and local contributions
of all clusters for the application of the FMM in this example.

In total, 60 iterations of the non-preconditioned GMRES method are required to
compute the solution g in this example. The relative L? error between the corre-
sponding function ¢, € ngf}“ and the exact Neumann datum ¢ is equal to 0.031,
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which is close to the relative L? best approximation error 0.027 of ¢ in S)%) . In
Table 6.2 we present the corresponding computation times for the assembly of the
system matrices V;, and Kj, and the times required for a single GMRES iteration when
using between 16 and 256 nodes of the Salomon cluster. To compute the efficiencies,
we take the times measured when using 16 nodes as reference values. We observe that
the parallel efficiency of the assembly of the system matrices V;, and K, is almost op-
timal in this example. The iteration times scale also well when using up to 128 nodes.
However, a clear drop in efficiency is observed for 256 nodes. This is related to the
size of the considered problem. The mesh is decomposed into 256 time slices which
form the leaves of the temporal tree 7. Recalling the process assignment strategy
at the end of Section 6.4, we see that each of the 256 processes/nodes is responsi-
ble for only a single leaf in 7, and some additional clusters in the remaining tree.
Hence, the number of FMM tasks that each process needs to execute is small in this
situation which increases the probability of threads becoming idle. This reveals the
limits of our parallelization strategy. It is remarkable that we are still able to achieve
an efficiency of more than 60% when using 256 nodes under these circumstances.

No. nodes 16 32 64 128 256

time [s] 769.8 3855 1944 97.1 50.0
efficiency [%] 100.0  99.8  99.0 99.1 96.2

time [s] 502.4 252.5 128.6 63.0 31.9
efficiency [%] 100.0 99.5 97.7 99.7 98.4

time [s] 147 7.3 37 21 15
efficiency [%] 100.0 101.5 99.4 89.4 62.6

Assemble V,,

Assemble K,

GMRES it.

Table 6.2: Results of a strong scalability test on up to 256 nodes of the Salomon
cluster for a BEM problem with 12582912 space-time surface elements (1024
time steps in the interval (0,0.25), 12288 spatial elements on the surface of the
cube (—0.5,0.5)3).

REMARK 6.15. The application times of K, are missing in Table 6.2. In fact, they
are also missing in [76, Section 5] where we decided to focus only on the GMRES
iteration times, since the time of a single application of Ky, is negligible compared to
the accumulated times of multiple applications of Vy, in the GMRES. In particular,
we did not run separate tests to measure the application times of Ky, for that publica-
tion which would be necessary to determine the effective application times without any
artifacts. Therefore, we refrain from presenting the application times of K, deter-
mined in the original experiments. Note that they should not differ too much from the
application times of Vy, in general as we observed in the shared memory experiments
in Section 6.5.1.
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We conclude this section by demonstrating the performance of our distributed mem-
ory parallelization of the space-time FMM for the heat equation for a more realistic
example. For this purpose, we solve the same linear system (3.24) as in the last
two examples related to an initial Dirichlet boundary value problem with the same
initial and boundary data as before. This time, however, we consider a more com-
plicated geometry €2, namely a crankshaft, whose surface is discretized by a mesh Iy,
consisting of 42888 plane spatial triangles; see Figure 6.6. Combining this mesh
with 1024 uniform time steps in the time interval (0, 0.25) yields a space-time tensor
product mesh Y, consisting of 43917 312 space-time elements which we consider for
the computations. We subdivide this mesh into 128 uniform time slices for the mesh
distribution and use the parameters ny.x = 800, ¢gy = 4.5, ey =2, =1, my = 3
and mg = 12 for the FMM. 7910 GiB of memory are required to store the inadmis-
sible parts of the corresponding matrix K; and 12369 GiB for the matrix V. This
high memory demand could be drastically reduced by exploiting the uniformity of
the time steps, as we mentioned in Remark 6.14. Since we do not consider this in our
implementation, we used 128 nodes of the Salomon cluster to set up and solve the
system in (3.24). The corresponding computation times are summarized in Table 6.3.
Since we do not use a preconditioner for the GMRES method in this experiment, 399
iterations are needed to achieve a relative GMRES accuracy of 1076, In total, we are
able to solve the problem in less than two hours. The solution at the end of the time
interval is depicted in Figure 6.6.

7.76-04

0.0007
0.0006
0.0005
0.0004

—0.0003
0.0002
[ 0.0001
0
-0.0001
I -0.0002
-3.50-04

Neumann data

Figure 6.6: Visualization of the approximated Neumann datum on the surface of the
crankshaft at time ¢ = 0.25. The surface is discretized by 42 888 plane triangles.
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No. utilized nodes assembly of V;, assembly of K; solution using GMRES
128 1161.58 s 1223.97 s 2927.70 s

Table 6.3: Computation times for setting up and solving the system in (3.24) for a
space-time tensor product mesh ¥, = I'y, ® Z,, with 43917 312 space-time surface
elements (1024 time steps in the interval (0, 0.25), 42 888 spatial elements), where
I', is a triangular mesh that describes the surface of a crankshaft.



7 A TIME-ADAPTIVE VERSION OF THE
SPACE-TIME FMM

The space-time FMM described in Chapter 5 and the related pFMM in [52, 67, 68]
were originally developed for space-time tensor product meshes with uniform time
steps. Uniform time steps lead to BEM system matrices with a block Toeplitz struc-
ture which can be exploited to avoid recomputing several matrix entries. However,
if the solution of a boundary value problem requires a small time step size to re-
solve some local aspects, a huge number of uniform time steps of that size might be
needed to cover the whole time interval. Instead, the time step sizes can be cho-
sen adaptively to reduce the total number of required time steps significantly and
thereby the total number of degrees of freedom of the considered linear systems. The
smaller system matrices can make up for the lost Toeplitz structure when consider-
ing temporally adaptive meshes. However, also the efficiency of the space-time FMM
from Chapter 5 might suffer for such meshes. Therefore, we present a time-adaptive
version of the FMM in this chapter.

In the context of the Laplace equation adaptive versions of the FMM have been de-
veloped, for example, in [21, 22, 54]. A key idea of these methods is to introduce
additional FMM operations between boxes of different sizes for which the standard
FMM operations cannot be used because of a violated admissibility criterion. These
operations are based on one-sided kernel expansions and are sometimes denoted as
S2L (source to local, also called Q2L) and M2T (moment to target, also called M2P)
operations. In this chapter, we introduce similar new FMM operations based on
temporally one-sided expansions of the heat kernel to extend the existing space-time
FMM and obtain a fast method that is better suited for the treatment of tempo-
rally adaptive meshes. The corresponding results have been accepted for publication
in [78].

The rest of the chapter is structured as follows. In Section 7.1 we introduce two tem-
porally one-sided approximations of the heat kernel and analyze in which situations
they are better suited for the kernel approximation than the temporally two-sided
approximation in Section 5.1. In Section 7.2 we describe the new time-adaptive FMM
in detail. Here we focus on the single layer operator matrix Vj,, but the matrices Ky,
K;“ and Dy, can be treated similarly. To enable the time-adaptive FMM we mod-
ify the construction of the space-time cluster trees in Section 7.2.1, introduce new
operation lists in Section 7.2.2, and new FMM operations based on the temporally

135
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one-sided kernel expansions in Section 7.2.3. The new time-adaptive FMM algorithm
for the application of V,, is presented in Section 7.2.4. In Section 7.3 we comment on
the runtime complexity and the storage requirements of the new FMM operations
and in Section 7.4 we discuss how the parallelization strategy from Chapter 6 can
be applied to the time-adaptive FMM. Finally, we present numerical experiments for
meshes with non-uniform time steps in Section 7.5 to demonstrate the benefits of the
new time-adaptive FMM.

7.1 Temporally one-sided approximations of the heat kernel

The space-time FMM in Chapter 5 is based on the separable expansion (5.9) of the
heat kernel (3.4) that is discussed in Section 5.1. For this expansion we have con-
sidered the heat kernel ((x,t), (y,7)) — Go(x —y,t — 7) for (x,t) and (y,7) in two
suitable axis-parallel, 4D boxes Zi,, = X1 X I and Zg . = X5 x I, interpolated it in
the two time intervals I; and I3, and approximated it with a truncated Chebyshev
expansion in X; and Xs. The corresponding approximation error is estimated in The-
orem 5.9. In Remark 5.4 we have pointed out that the temporal convergence rate ¢ in
the approximation error estimate deteriorates if the ratio max{|I|, |I2|}/ dist(I1, I2)
becomes large. This is not an issue for the space-time FMM in Chapter 5 since the
stated ratio is bounded from above by a constant 7y through the admissibility crite-
rion (5.12) whenever we approximate the heat kernel in this way for two clusters Z,,
and Zg.. However, this admissibility criterion limits the cases in which we can use the
expansion (5.9). Thus, the corresponding standard space-time FMM might become
inefficient for meshes that are adaptive in time. Therefore, we introduce two new,
temporally one-sided approximations of the heat kernel in this section that are ac-
curate as long as min{| |, |I2|}/ dist(I, I3) is bounded. These approximations allow
us to identify new kinds of admissible blocks of BEM matrices like V;, and introduce
new FMM operations that improve the performance of the FMM significantly for
space-time tensor product meshes which are adaptive in time.

In this section we use the same notation as in Section 5.1. We consider two axis-
parallel, 4D boxes Zi,, = X x I} and Zg. = X X I where X; and X, are cubes with
the same edge length 2h;, and I} = [a1,b1] and Iy = [as, bs] are two time intervals
such that a; > by. The only new operators that we introduce are the one-sided
interpolation operators

I O x L) = Pu(l) @ C(L), 34, =37 @14,
3, O x L) = C(L) @ Pu(l), 34, =1de@ 3y,

with the one-dimensional interpolation operators 37" and 37" defined as in (5.1).
We use these operators for the following new approximations of the heat kernel.
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One-sided interpolation in the source interval I,. By interpolating the heat
kernel in the temporal variable 7 € I, and approximating it with a truncated Cheby-
shev expansion (5.7) in both spatial variables € X; and y € Xy we get the
expansion

mi

S5 I nlGul@ oy, ) =D Y Br,) Txiw(@) Trow(y) L (1) (7.1)
a=0 k,veNg:
|K+V|§m¢
for (x,t) € Zior and (y,7) € g, where {Lgf;)}a are Lagrange polynomials as defined
n (5.2), and {Tx,,}, and {T, .}« are tensor product Chebyshev polynomials as
( 6). The expansion coefficients £, (t) depend explicitly on ¢ € I; and are given
by
1 3
B2, () = [ By (s dalt— €00, (72)

(ralt = 1,00 55

where r; and E,,, are the same quantities as in (5.10) and {¢ m’)} ', are the trans-
formed Chebyshev nodes of order m,+1 on /. The superscript of Ey,, should indicate
that the corresponding approximation involves an interpolation in the source interval
but does not involve an interpolation in the target interval.

mg

One-sided interpolation in the target interval /;. By combing an interpolation
in the temporal variable ¢t € I; with a truncated Chebyshev expansion in both spatial
variables * € X; and y € X, we obtain

G4, 30 [Gal (.t y, 7) Z S Bl (1) Tx,u(@) Ty (y) LY (1), (7.3)
b=0 g LIEFQB
|I€—Fll|<:77lm
1 ~
2, (r) = HEHJ oy, 4a(€l) —7) /h2) (7.4)

(dma(€l) — 7))3/2 12

for (x,t) € Zu and (y,7) € Zg., where the expansion coefficients E,;Mb,l, depend
explicitly on 7 € I,.

We plan to use the approximation (7.1) of the heat kernel for two boxes Zi,, = X; X I
and Zg. = Xo X Iy if the source interval I, in which we interpolate, is considerably
smaller than the target interval I; and there holds dist([3, I5) = |Io|. Likewise, we
want to use the approximation (7.3) if the target interval I is considerably smaller
than the source interval I and there holds dist(Iy, I5) 2 |/1]. In the following subsec-
tion we analyze the approximation error of the two approximations (7.1) and (7.3)
to show that they work well in these situations.
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7.1.1 Analysis of the approximation error

The approximation error of the temporally one-sided expansions (7.1) and (7.3) can
be estimated in the same way as the approximation error of the standard, temporally
two-sided expansion (5.9) in Sections 5.1.1-5.1.3. We first focus on the interpola-
tion error in time. As in Section 5.1.1 we consider the function (fy,%2) — g(t1,t2)
in (5.11) for this purpose, which corresponds to the heat kernel for fixed spatial
points ,y € R? and a fixed heat capacity constant .. The error that results when
we consider this function g on a pair of time intervals I; and I, and interpolate it in
the shorter one is estimated in the following theorem.

THEOREM 7.1 (One-sided interpolation error). Let g be the function in (5.11).
Let iy > 0 and ¢1 :=1+3/(2m). Let Iy = [a1,b1] and Iy = [ag, by] be two non-empty
intervals such that a; > by. Let the admissibility criterion

n dist(I1, Ip) > min{| 1], |l2]} (7.5)

be satisfied. Let k be such that Iy is the shorter time interval. Then there exists a
constant ¢; > 0 such that
~(me) 2! —(m+1)
—3v - < . 7.6
||g dir, Iy, [g]” JixIa = (Oé dlSt([l,[Q))5/2q1 ( )
Proof. The proof is very similar to the proof of Theorem 5.1 in Section 5.1.1. If we

can show under the assumptions in Theorem 7.1 that g satisfies an estimate of the
form (5.16), i.e.

Cy(n+5—1)

”8269”00711 x Iz <

for constants ég, 7y € Ryg and & € N, we can apply [14, Lemma 4.19] to obtain the
estimate
e ~ 5 I 27,\ "t
lo = 322, ol < 260 + D+ 27 (142 ) o (1) 7
9

where A, is the Lebesgue constant defined in (5.3) and o(r) := r + v1+r2. By
using the admissibility criterion (7.5), we can show that (5.16) holds for o = 1,
Yo = 3min{|11|,|L2]}/(4m) and C, = cascp/(adist(l1, I5))*? in the same way as we
did in the proof of Theorem 5.1. Therefore,

~(m -~ o 4 7(mt+1)
lo = 32, ol < 268y + D27 (14 3m) 0 ()

This estimate can be simplified in the same way as the corresponding result in the
proof of Theorem 5.1 to show (7.6). O
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By combining the interpolation error estimate in Theorem 7.1 with the truncation
error estimate of the Chebyshev expansion in space in Theorem 5.7 we can estimate
the approximation errors of the temporally one-sided expansions (7.1) and (7.3) as
in the proof of Theorem 5.9 in Section 5.1.3. This yields the following result.

THEOREM 7.2 (Temporally one-sided space-time expansion errors). Let ¢y € Ry,
m € Ryg and ¢y :=1+3/(2m). Let A, be the Lebesgue constant defined in (5.3)
and o be the function in (5.20). Let I; = [a1,b1] and Iy = [aq, bs] be two non-empty
intervals with a1 > by that satisfy the admissibility criterion (7.5). Let Xy and X, be
two cubes in R® with edge length 2h, such that the criterion (5.25) holds, i.e.

dodist(Iy, L) hy? > Gy

Let Zioy = X1 x Iy and Zge = Xo X Iy. Let k € {1,2} be such that I, is the shorter

time interval. Then there exist constants c¢1, cp € R such that
1

(CY dlSt(Il, [2))3/2

X (clq;wm) + g A, (Mg + 2) exp ( - 1)0((mz +1)E, /12))).

1014 = & 575, 3G )G al o, Zraex e < (7.7)

REMARK 7.3. By comparing the error estimates for the two-sided interpolation in
Theorem 5.1 in Section 5.1.1 with the error estimates for the one-sided interpolation
i Theorem 7.1, we see that in both estimates the error bound decreases exponen-
tially with increasing interpolation degree m;. The convergence rate depends on the
constants no and m from the admissibility criteria (5.12) and (7.5), respectively,
and suffers if they become large. For two fized, separate intervals I, and Iy we can
choose ny = max{|L|,|lo}/dist(I1, ) and m = min{|L],|l2|}/ dist(]1, I2) as the
smallest constants for which (5.12) and (7.5) hold. Hence, in all situations where
max{ ||, |l2]}/ dist(Iy, Is) s considerably larger than min{|l1]|,|l2|}/ dist(I1, I2) the
one-sided interpolation in the shorter time interval is expected to perform significantly
better than the two-sided interpolation. This property carries over to the temporally
one-sided space-time expansions (7.1) and (7.3) of the heat kernel when we compare
them with the standard expansion (5.9).

REMARK 7.4. In Theorem 7.2 we use criterion (5.25) to determine a proper spatial
size of the bozes for the expansions (7.1) and (7.3). This is the same criterion that
we have used in Theorem 5.9 for the standard expansion (5.9), but in practice we
have replaced it with the space-time configuration criterion (5.27) which requires that
7,2
i < Cst

40th

holds for a constant cy and each of the considered bozes Zg. and Zia,, where ﬁw de-
notes the half length of the edges of their spatial components and hy the half length of
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their temporal intervals; see Remark 5.10. In the setting of Theorem 7.2 we can also
eliminate (5.25) if we require instead that the space-time configuration criterion (5.27)
is satisfied for the space-time box Zi,. or Zg. corresponding to the smaller time in-
terval. In fact, since the spatial sizes of the two bozes coincide and the admissibility
criterion (7.5) is satisfied, we get

dadist(Iy, 1) S damin{| 1], ||} S 2
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in this case, which is criterion (5.25) with ¢y = 2(cym)™'. Therefore, we continue
to use (5.27) instead of (5.25) in the rest of this work.

7.2 Description of the time-adaptive FMM

In this section we discuss how to adapt the space-time FMM in Chapter 5 to ob-
tain the new time-adaptive FMM which is better suited for the compression of BEM
matrices related to temporally adaptive meshes. The key idea is that certain inad-
missible blocks of the BEM matrices in the standard FMM can be further subdivided
and partially approximated by using the temporally one-sided expansions of the heat
kernel from Section 7.1. In the following sections we present this subdivision process,
the resulting new operation lists, and the new FMM operations stemming from the
temporally one-sided kernel expansions. We start by revisiting and extending the
underlying space-time box cluster trees.

7.2.1 Extended space-time box cluster trees

In Section 5.2.1 we have described how to construct a space-time box cluster tree Ts
to partition a space-time tensor product mesh ¥, = I'y, ® Z;,. The corresponding
Algorithm 5.1 can also be applied to a mesh 3, whose temporal partition Z, contains
non-uniform time intervals. However, the resulting tree Ty, may contain some large
leaf clusters with many associated space-time elements. In fact, in the recursive
construction of Ty the clusters are always subdivided either with respect to time or
with respect to space and time. If the temporal component I of a cluster Z contains
only a single time interval (¢;,_1,%;,) in Zp,, a temporal subdivision is not possible
anymore, and thus Z is not further subdivided even if it still contains many space-
time elements. This is undesired because large leaves correspond to large inadmissible
blocks in the FMM in Chapter 5 which may break its efficiency. In this section we
describe how to extend a tree Ty by further subdividing such kind of clusters in
space. The new clusters obtained in this manner will enable us to introduce new
FMM operations in the following sections.
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To describe the additional subdivision of clusters in this section, we use the same
notation as in Section 5.1. In particular, we use 7 to denote the set of all indices
(Jts ) correspondmg to elements o, ;, € X5 that are assigned to a cluster Z. The
quantity nt(Z) denotes the number of all distinct time-indices in Z, i.e. the number of
time intervals (¢;,_1,t;,) contained in the temporal part I of Z. So-called temporally
indivisible clusters are of particular interest.

DEFINITION 7.5. A cluster Z is called temporally indivisible if nt(Z) =1.

We extend a given space-time box cluster tree Ty by recursively subdividing tem-
porally indivisible clusters in space. The resulting extended space-time box cluster
tree is denoted by T5** to distinguish it from the original tree 7. The corresponding
procedure is described in Algorithm 7.1.

Algorithm 7.1 Construction of an extended space-time box cluster tree T*.

Require: Let a space-time tensor product mesh X be given.
Let a tree Tx be constructed by Algorithm 5.1 with parameters ¢y and 7.
1: Initialize 78 by Ts.
2: for each temporally indivisible leaf Z in Tx

3: Call SUuBDIVIDECLUSTERINSPACE(Z, T&*).

4: function SUBDIVIDECLUSTERINSPACE(Z, T5")

5 if #7 > nmax and a spatial subdivision is feasible

6: Spatial subdivision of Z into eight children {Z;}%_;.
7 fork=1,...,8

8 if #2740

9: Add Z;; to T as a child of Z.

10: Call SUBDIVIDECLUSTERINSPACE(Zy, T:5*).

A temporally indivisible leaf cluster Z = X x I in Ty is recursively subdivided in
the routine SUBDIVIDECLUSTERINSPACE if more than n,,., space-time elements are
assigned to it and if a spatial subdivision is feasible. Recall from Section 5.2.1 that a
spatial subdivision of Z is feasible, if max;, ; . 5 diam(v;,) < he(Z), where hg(Z) is
the half edge length of X. For the spatial subd1v151on of Z we split the box X = (a, b]
uniformly into eight boxes (a,al,...,(a,b], where a = 1/2(a + b) is the center
of (a, b]. The resulting boxes are combined with the time interval I to get eight space-
time boxes {Z;}5_,. Note that the same kind of subdivision in space combined with
an additional subdivision in time is used to subdivide clusters with respect to space
and time in Algorithm 5.1. A box Z;, obtained by a spatial subdivision of Z is added
to the extended tree T** only if it is not empty, i.e. if there are space-time elements
in X, assigned to it. Then it is further subdivided if possible. The construction of
the extended tree T8 is complete after all temporally indivisible clusters of Ty, have
been recursively subdivided in this manner.
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We denote the level of a cluster Z in the extended tree 78" by ¢(Z) and define
the temporal level ¢;(Z) and the spatial level /,(Z) of Z in the same way as in
Section 5.2.1, i.e. as the number of temporal or spatial subdivisions performed to
obtain Z from the root Z(© of T, Similarly as in that section, we also pad the
clusters in 7,8 to ensure that a space-time element oy, ;, assigned to a cluster Z is
fully contained in it. For this purpose, we use a similar uniform padding strategy as
in Section 5.2.1, where we pad all boxes with the same spatial level £, in T by the
same amount. In the following sections we assume that clusters are padded in this
way and identify clusters in 7% with their padded versions as we did in Chapter 5.

7.2.2 Operation lists for the time-adaptive FMM

The operation lists which we have constructed in Section 5.2.2 for clusters in a space-
time box cluster tree 7Ty, induce a partition of the matrix Vj into admissible blocks,
which we approximate in the FMM, and inadmissible blocks which are applied di-
rectly. The extension T of Tx and the two new expansions (7.1) and (7.3) of the
heat kernel (3.4) allow us to further subdivide certain blocks which are inadmissible in
the setting of Section 5.2.2, and to obtain new kinds of admissible blocks V4| 5
for which the standard approximation in Section 5.2.3 would not work well in general.
In this section we construct new operation lists corresponding to these new kinds of
admissible blocks. Their approximation is then described in Section 7.2.3.

As a first step, we need to identify pairs of clusters Zi,, and Z. for which the
temporally one-sided expansions (7.1) and (7.3) of the heat kernel are well-suited. In
Theorem 7.2 and Remark 7.4 we have seen that the expansion (7.1) of the heat kernel
in two clusters Zi,, and Z. of the same spatial size approximates the heat kernel
well if the temporal intervals I, and Ig. satisfy the admissibility criterion (7.5),
I is the shorter interval, and the cluster Z,. satisfies the space-time configuration
criterion (5.27). For the expansion (7.3) the spatial sizes of Z;,, and Z. have to
coincide, the admissibility criterion (7.5) has to be satisfied, I;,, has to be the shorter
time interval, and Zi,, has to satisfy the space-time configuration criterion (5.27). In
both cases, it suffices to consider pairs of clusters Z,, and Z,. where I, is causally
relevant for I, because for all other pairs the heat kernel is constantly zero and so
are the related subblocks of Vj,.

In Section 5.2.2 we have introduced the interaction lists Zyor,(Ziar) of clusters Ziy,
in 7x to keep track of corresponding clusters Zg. for which the standard expan-
sion (5.9) of the heat kernel is suitable. These lists were filled using a recursive sub-
division procedure in Algorithm 5.2 which ensures that interactions between clusters
take place on the coarsest level possible. For the new kernel expansions we intro-
duce two new operation lists in addition to those in Section 5.2.2, namely the M2Lx
and Mx2L interaction lists of clusters in 7. A cluster Zy. is added to the M2Lx
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interaction list Zyjorx(Ziar) of Ziar if the temporally one-sided expansion (7.1) is suit-
able for Zi., and Z., but the standard expansion (5.9) is not. Similarly, Z. is
added to the Mx2L interaction list Zyyor(Ziar) 0f Ziar if the temporally one-sided
expansion (7.3) is suitable, but (5.9) is not. The new lists are named after the cor-
responding FMM operations which we introduce in Section 7.2.3. They are filled
together with the original operation lists by a recursive procedure, which is pre-
sented in Algorithm 7.2. In the following we call blocks Vi|; |, = admissible if
Zwe € Taor(Ziar), and temporally one-sided admissible if either Zg. € Tyxor(Ziar) or
Zsrc € IMZLX(Ztar)-

Algorithm 7.2 Construction of the operation lists for the time-adaptive FMM.

Require: Let 75 be an extended space-time cluster tree with root Z(©).
Fix constants 1y, 72 € Ry for the admissibility criteria (5.12) and (7.5).
Fix a constant ny, for the definition of the spatial interaction areas Z4 in (5.31).
1: Call DETERMINEOPERATIONLISTSEXT(Z(®, Z(©).

2: function DETERMINEOPERATIONLISTSEXT(Zgc, Ziar)
3: if Xge € ZaA(Xtar) and I, is causally relevant for I,
4 if I and I, satisfy the admissibility criterion (5.12)

5: Add Z,. to IMQL(ZtaI-).

6: else

7 if Z,. is not a leaf and Z,, is not temporally indivisible

8: if Zg. is not a leaf and Z,. is not temporally indivisible

9: for all (Zycc, Ziare) With Zge o € child(Zge), Ziare € child(Ziar)
10: Call DETERMINEOPERATIONLISTSEXT(Zgc.c, Ztarc)-

11: else | Zse 18 a leaf or a temporally indivisible cluster.

12: if Z. is temporally indivisible

13: for all Z,, . € child(Z,,,)

14: Call DETERMINEMX2LANDNFLISTS(Ze, Ztar.c)-

15: else /| Zswe 18 not a temporally indivisible cluster but a leaf.
16: Add Zye to N (Ziar)-

17: else | Ziar s a leaf or a temporally indivisible cluster.

18: if Zi. is temporally indivisible

19: if Zg. is not a leaf and Z. is not temporally indivisible
20: for all Z.. € child(Zg.)
21: Call DETERMINEM2LXANDNFLISTS(Zgc.c, Ztar)-
22: else
23: Add Zy. to N (Ziar)-
24: else | Ziar s not a temporally indivisible cluster but a leaf.

25: Add Zg. to N (Zyar).
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Algorithm 7.2 can be seen as an extension of Algorithm 5.2 in Section 5.2.2. The
operation lists are constructed by using the recursive routine DETERMINEOPER-
ATIONLISTSEXT that acts on pairs of clusters (Zge, Ziar) in the extended cluster
tree 75 which we denote as blocks in this context. Lines 3—-10 of Algorithm 7.2 are
similar to lines 3 9 in Algorithm 5.2. Here we check if I, is causally relevant for I, or
if a block can be neglected, which is the case if Xg. ¢ Z4(Xiar); see (5.31) and the re-
lated discussion. If I, and I, satisty the standard admissibility criterion (5.12), the
corresponding block is admissible and we add Z. to the interaction list Zyor,(Zsar ).
Otherwise, we subdivide the block recursively. As long as Z. and Z,, are neither
leaves nor temporally indivisible clusters in 7§, we subdivide the corresponding
block as in Algorithm 5.2 by considering all pairs of blocks related to children of Z,.
and Z,,, in recursive calls of the routine DETERMINEOPERATIONLISTSEXT.

Lines 11-25 in Algorithm 7.2 are new compared to Algorithm 5.2. Here we deal with
the situations where Zy. or Z,, is temporally indivisible or a leaf in 7§, Such
clusters would be leaves in the non-extended tree Tx, so we would add Z. to the
nearfield N(Zia) of Ziar in these cases in Algorithm 5.2. Instead, we try to iden-
tify temporally one-sided admissible blocks by special one-sided block subdivisions
in Algorithm 7.2. Such a subdivision is performed in lines 12 14 and 19 21 if ei-
ther Zg. or Z, is temporally indivisible and the respective other cluster can be
further subdivided in time, i.e. it is neither a leaf nor temporally indivisible. If Z.
is temporally indivisible and Z;,. can be further subdivided in time, we can consider
the blocks of V}, corresponding to Zg. and Zi,,. € child(Z,,). For these blocks a
temporally one-sided expansion (7.3) instead of the full expansion (5.9) may be ad-
missible, since the subdivision of Zi,, in time leads to a temporal separation between
some of the children of Z,, and Z., see Figures 7.1a and 7.1b. We check the blocks
for this kind of admissibility in the subroutine DETERMINEMX2LANDNFLISTS in
line 14, which is described in Algorithm 7.3 and further discussed below. Similarly,
if Z.r is temporally indivisible and Z,. is neither a leaf nor temporally indivisible,
we can subdivide Zg. and treat the corresponding blocks separately in the routine
DETERMINEM2LXANDNFLISTS in line 21 and Algorithm 7.4.

For some clusters Z,.. and Zi,, in lines 11 25 of the routine DETERMINEOPERA-
TIONLISTSEXT further subdivisions of the corresponding blocks are not possible or
would not yield efficiently approximable subblocks anymore. This is the case if:

e 7. is a leaf, which is not temporally indivisible, i.e. I, contains more than
one time interval in the temporal partition Z;, corresponding to 3.

e Zi. is a leaf, which is not temporally indivisible.
® Ziar and Zg,. are both temporally indivisible.
In all these cases we add Zg. to the nearfield N (Ziar) of Ziar; see lines 16, 23 and 25.
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T xZ xT

a) Clusters Zge and Zi,,. b) First subdivision case.  ¢) Second subdivision case.

Figure 7.1: Hllustration of the special subdivision of blocks/pairs (Zgec, Ziar) to detect
temporally one-sided admissible blocks. For the sake of simplicity, the mesh >,
and the clusters are drawn in 2D instead of 4D like in Figure 5.1. In a) a temporally
indivisible source cluster Z. is drawn with dashed blue lines and a non-leaf target
cluster Z;,, with solid green lines. The children of Z,,, are either subdivided only in
time (see b)), or in space and time (see ¢)). In both cases, Zg. is separated in time
from the children of Z,, which are hatched in green. In b), Z. and the hatched
child of Z;,, form a temporally one-sided admissible block/pair. In ¢), we have to
subdivide Z,. in space to get clusters whose spatial sizes coincide with the spatial
sizes of the children of Z;,.. Then, the spatially subdivided children of Z,. and
the hatched children of Z;,, form temporally one-sided admissible blocks again.

The routine DETERMINEMX2LANDNFLISTS in Algorithm 7.3 is used to determine
pairs/blocks (Zgc, Ztar) for which the approximation (7.3) is appropriate. Whenever
we call this routine for two candidates Zg . and Z,,, Zg. is a temporally indivisi-
ble cluster whose temporal level ¢;(Z.) is smaller than the temporal level £;(Z,,)
of Zi,.. The spatial sizes of the boxes Z;,, and Z.. have to coincide for the approxi-
mation (7.3), which is the case if the spatial levels £ (Zia;) and €5 (Zg.) of the clusters
are the same. This is checked in line 2. Let us first assume that the spatial levels
coincide. Then we can check if the temporal components I, and I, satisfy the ad-
missibility criterion (7.5). If this is the case, we have detected a temporally one-sided
admissible block, and thus we add Zg. to the Mx2L interaction list Zyxor, (Ztar) of Ziar;
see line 4. Otherwise, we want to recursively subdivide the current block. If Z,, is a
leaf or temporally indivisible, a further subdivision is not possible or would not yield
admissible subblocks anymore, so we add Zg. to the nearfield N'(Zia,) of Ziar; see
line 7. In the contrary case, we subdivide the current block by recursively calling the
routine DETERMINEMX2LANDNFLISTS for Z,.. and all children of Z;,,; see line 10.
Note that we subdivide only Zi,, here, because Z. is temporally indivisible. Thus,
only a subdivision of Z,, leads to a different temporal configuration of the resulting
blocks which might then satisfy the admissibility criterion (7.5).
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Algorithm 7.3 Determine Mx2L interaction lists by asymmetric subdivisions.

1: function DETERMINEMX2LANDNFLISTS(Zge, Ziar)

2 if gm(Zsrc) - gw(Ztar)

3 if Iy and I, satisfy the admissibility criterion (7.5)
4: Add Zsrc to IMXQL(Ztar)-
5: else
6
7
8
9

if Z,,, is temporally indivisible or Z,,, is a leaf
Add Zg. to N (Zyar)-

else /| Subdivision of Zy. in space and time.

: for all Z,, . € child(Zi,,)
10: Call DETERMINEMX2LANDNFLISTS(Zge, Ziar.c)-
11: else
12: if 7. is a leaf
13: Add Zge to N(Ziar)-
14: else /| Spatial subdivision of Zg..
15: for all Z. . € child(Zy.)
16: Call DETERMINEMX2LANDNFLISTS(Zgc.c, Ztar)-

Let us now discuss the case when the spatial levels of the clusters Z . and Zi, in
the routine DETERMINEMX2LANDNFLISTS in Algorithm 7.3 do not coincide; see
lines 11-16. Whenever we call this routine, there holds €3 (Zse) < lu(Ziar), 80 Lo (Zsre)
is less than £,(Z:.;) in this case. The proper spatial level is the one of Z,,. This
follows from Remark 7.4 and the construction of the original space-time box cluster
tree Ts, whose boxes satisfy the space-time configuration criterion (5.27). Therefore,
we have to subdivide Zg,. to obtain clusters with larger spatial levels. If Z. is a leaf
in 75 this is not possible, and we add Zg. to the nearfield N'(Zar) of Zi,r regardless
of whether the temporal components satisfy (7.5) or not; see line 13. Otherwise we
can subdivide Z. and call the routine DETERMINEMX2LANDNFLISTS recursively
for Zi,r and all children of Z.; see line 16. Since Zg. is a temporally indivisible
cluster, its children in 75" are subdivided only with respect to space. Hence, their
spatial level £, is larger than the spatial level {4 (Zg.) of Zg. as desired.

To summarize, the main goal of the routine DETERMINEMX2LANDNFLISTS in Al-
gorithm 7.3 is to identify temporally one-sided admissible blocks by recursively subdi-
viding the target cluster Z,, in time until the admissibility criterion (7.5) is satisfied
for the temporal components of the resulting clusters or until a final inadmissible
block is detected. During this procedure, the source cluster might need to be subdi-
vided to ensure that the considered pairs of clusters have the same spatial level. This
is also illustrated in Figure 7.1. Note that we do not check for an additional spatial
truncation in Algorithm 7.3. This is motivated by the fact that the temporal config-
uration does not change significantly when only the target cluster is refined in time.
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Since the decay of the heat kernel in space depends on the temporal configuration,
an additional spatial truncation is thus not feasible.

The routine DETERMINEM2LXANDNFLISTS in Algorithm 7.4 is the analog of DE-
TERMINEMX2LANDNFLISTS when the roles of source and target clusters are inter-
changed, i.e. when Z;,. is temporally indivisible while Z. is not. In this case, we
want to find blocks (Zge, Ziar) for which the approximation (7.1) is admissible. The
recursion strategy including the choice of spatial levels is completely analogous to
the one in DETERMINEM2LXANDNFLISTS.

Algorithm 7.4 Determine M2Lx interaction lists by asymmetric subdivisions.

1: function DETERMINEM2LXANDNFLISTS(Zgc, Ziar)

2 if ew(Ztar) = gw(Zsrc)

3 if Iy and I, satisfy the admissibility criterion (7.5)
4 Add Zg. to IMQLX(Ztar).
5: else
6
7
8
9

if Z. is temporally indivisible or Z,. is a leaf
Add Zg. to N(Ziar).

else /| Subdivision of Z.. in space and time.

: for all Z. . € child(Zg.)
10: Call DETERMINEM2LXANDNFLISTS(Zgcc, Ztar)-
11: else
12: if Z.,. is a leaf
13: Add Zg. to N(Ziar)-
14: else /| Spatial subdivision of Z .
15: for all Zia . € child(Ziar)
16: Call DETERMINEM2LXANDNFLISTS(Zse, Ztarc)-

REMARK 7.6. A purely spatially refined cluster Zg. in the tree TS can only be con-
sidered as a source cluster in the subroutine DETERMINEMX2LANDNFLISTS in Al-
gorithm 7.3, if the corresponding target cluster Zy, has the same spatial level. In
particular, there might exist spatially refined clusters in T which are never consid-
ered in this routine. For the same reason, such clusters might never be considered
as target clusters in the subroutine DETERMINEM2LXANDNEARFIELDLISTS in Al-
gorithm 7.4. Hence, T might contain clusters that are never visited in the routine
DETERMINEOPERATIONLISTSEXT and its subroutines. These clusters are not rel-
evant for the FMM and could be removed from the tree TE*. On the other hand,
one could use them to subdivide large inadmissible blocks into smaller parts for a
better parallel efficiency as we described in Remark 5.11. For the sake of a simpler
description, we assume in the following that such fine clusters do not exist or have
been removed from TS
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7.2.3 Block approximation and new FMM operations

In Section 5.2.3 we discussed how the kernel approximation (5.9) is used to efficiently
approximate admissible blocks V| Geuxiae OF Vi related to clusters Zg. and Ziar
with Zg. € Zyorn(Ziar) in the application of Vj, in the space-time FMM. In this sec-
tion we consider the new temporally one-sided admissible blocks Vy|; ., — where
Zswe € Taorx(Ziar) OF Zge € Taxor(Ziar) and use the temporally one-sided kernel ex-
pansions (7.1) and (7.3) to approximate their application. As a result, we get new
kinds of FMM operations and related purely spatial moments and local contribu-
tions of clusters in 7$**. As in Section 5.2.4 we introduce additional nested FMM
operations for the computation and evaluation of these spatial moments and local
contributions.

To derive the new FMM operations related to the temporally one-sided admissible
blocks we consider a vector g € R¥*#= and the local product f'°° = Vil x2..9
The entries of f°° are given by

f}v(t)cka: = 9t ja / / / / JJ - y7 ) dsy dr dsz dt (78)
thy—1 t—1 Y Vix

(JtrJa Equ K

Zsre”

for all indices (ki k) € Zm. In Section 5.2.3 we assumed that Zi,, and Z,,. are
clusters with Zg. € Zyor(Ziar) and replaced the heat kernel in (7.8) with the expan-
sion (5.9) to derive the FMM operations. Here we assume that V|, 5 is a tem-
porally one-sided admissible block and distinguish the two cases Zgy. € Znarx(Ziar)
and Zsrc S IMXQL(Ztar)-

Case 1: Let Zy € Tyorx(Ztar). By the construction of the M2Lx interaction lists in
Algorithms 7.2 and 7.4, Z;,, is temporally indivisible in this case and, therefore, Ziar
contains only a single time-index k;. We use the temporally one-sided expansion (7.1)
to replace the heat kernel in (7.8) and get

lijckm / / (t)TXtanV(a:) dsg dt Na,n(ZsrC) (7.9)
thy—1 Yy

ke a=0 K/VENS

|[k+v|<mg
for all (k;, ky) € Ziar, where the moments p (Zgc) are the same as in (5.38), i.e
Haw(Zsce) = 4, ja / / Tx e Lg:?:a( ) dsydr
tjg—1

(5t 1]:2)6Zsr<‘

for all a € {0,...,m;} and k € N} with |k| < m,. The temporal integral in (7.9) is
evaluated by using a Gauk-Legendre quadrature rule with p, + 1 points, i.e.

/ dt ~ Zwkt,bEnu th, ) (710)
thy—1
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where {5}t and {wr, p}7-, are the corresponding Gauk-Legendre quadrature
points and weights on the time interval (¢,_1,tk,). In this way, we get an approxi-
mation floc of f°°¢ which we compute in three steps:

S2M: We compute the moments p(Zy.) by (5.38).

M2Lz: We compute the spatial local contributions X® (Zyar, Zee) by

)\<w> Ztar: src Zwkt, Z Z E Ckf, Ha, N(Zsrf:) (7'11)

KkeN3:  a=0
|n+u|<mm

for all v € N} with |v| < mg, where the coefficient function ¢ — E@, () is given
n (7.2). R
Lz2T: For all k, such that (k, kz) € Ziar we evaluate

fklz?cm = Z Tx () dsm)‘Szw>(Ztarv Zste)- (7.12)

[v|<mg * Tk

Case 2: Let Zye € Tyxor(Ztar). In this case, Zg. is temporally indivisible and Zare
contains only a single time-index j;. We substitute the heat kernel in (7.8) with the
temporally one-sided expansion in (7.3) and proceed similarly as in case 1 to obtain
an approximation floc of f'°¢ in the following three steps:

S2Mz: We compute the spatial moments ™ (Zg.) by

KO Ze) = Y g / Ty, n(y) ds, (7.13)
.

Jx

Ja: (Jt 7jm)EZsrc

for all k € NJ with || < my.
Mz2L: We compute the local contributions A(Ziar, Zsre)

Mo (Ziar, Zxe) Z D wiaBL(Goa) ) (Zare) (7.14)
a=0  keN3:
|[k+v|<mg
for b € {0,...,m;} and v € N} with |[v| < mg, where {(;, .}0", and {wj, . }o", are
Gauf-Legendre quadrature points and weights on the time interval (¢;_1,%;,), and
T B (1) is the coefficient function given in (7.4).
L2T: We evaluate the local contributions A(Zyar, Zs) by (5.40), i.e. we compute

klf,(l:cm Z Z )\bu Ztara src)/ / Txtar’y(iﬂ)l/ mt)( )dS dt

b=0 |v|<mg thy—1 Y Vha

t

for all (k;, kz) € Ziar.
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The abbreviations Mx and Lx in the M2Lx, Lx2T, S2Mx and Mx2L operations in-
dicate that these operations involve purely spatial moments and local contributions.
For example, in the M2Lx operation (7.11) a standard moment (M) is transformed
into a spatial local contribution (Lx). These FMM operations and the correspond-
ing purely spatial moments and local contributions are new compared to the FMM
operations in Section 5.2.3. This is related to the fact that the expansions (7.1)
and (7.3) of the heat kernel incorporate an interpolation in only one of the temporal
variables instead of an interpolation in both variables as the expansion (5.9) does.
However, all three expansions include an additional truncated Chebyshev expansion
in both spatial variables. Thus, we have an expansion in space and time in Zg,. and
only an expansion in space in Z,, in the case of (7.1), and vice versa in the case
of (7.3). The spatial local contributions in (7.11) and (7.12) and the spatial moments
in (7.13) and (7.14) originate from this purely spatial expansion in the respective clus-
ter. Note that the spatial moments depend explicitly on the time interval (¢;,_1,1;,)
contained in Iy, and the spatial local contributions depend explicitly on the time
interval (tg,_1,t,) contained in Iy,,. Since these time clusters contain only a single
time interval whenever we construct spatial moments or spatial local contributions
we do not indicate this dependence in the notation.

In comparison to the standard S2M and L2T operations in (5.38) and (5.40), the
temporal integrals over the Lagrange polynomials are missing in the S2Mx and Lx2T
operations in (7.13) and (7.12). The corresponding integration in time is included
in the Mx2L and M2Lx operations in (7.14) and (7.11) instead where it is carried
out by a numerical quadrature; see (7.10). It is not surprising that these Mx2L and
M2Lx operations are similar to the M2L operation in (5.39), since the additional
interpolation in the kernel expansion (5.9), which leads to the M2L operation, can be
interpreted as an alternative quadrature formula in the context of (7.10). However,
we can freely choose the quadrature formula in (7.10) for the M2Lx operations —
and likewise for the Mx2L operations — and adapt it for individual time intervals
to obtain better accuracy. The discussion in Remark 7.3 indicates that quadrature
formulae with higher accuracies are required in those situations, where we use the
temporally one-sided expansions. Alternatively, we could analytically evaluate the
integrals of the expansion coefficients £, (-;) and E?(-;) for the M2Lx and Mx2L
operations, respectively. However, this would destroy the product structure of the
coefficients and prohibit an efficient execution as in [69, Section 4.3] which we use for
the Mx2L, and M2Lx operations in the same way as for the M2L operations in our
implementation.

The newly introduced spatial moments p(®)(Z) and spatial local contribution A®(2)
of clusters Z € T can be computed and evaluated in a nested way like the standard
moments p(Z) and standard local contributions A(Z) in Section 5.2.4. The corre-
sponding new FMM operations are called Mx2Mx and Lx2Lx operations in this work
and can be derived like the space-time M2M and L2L operations in (5.49) and (5.51)
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by using the identity (5.47) in Section 5.2.4, i.e. a suitable change of basis of the
involved Chebyshev polynomials. Furthermore, the spatial moments p®(Z) of a
cluster Z can be used to compute its standard moments p(Z) if both are needed,
and standard local contributions of Z can be transformed into spatial local contri-
butions of Z. We describe the related Mx2M and L2Lx operations together with the
Mx2Mx and Lx2Lx operations in the following.

Mz2Mz: Let Z = X X I be a temporally indivisible cluster in 7$**, whose children
are obtained by a purely spatial subdivision. Its spatial moments p®(Z) can be
computed by

p®(2) = Z w2, 7,),

Z.echild(Z)
Ze=XcxI

where the spatial moments ;L('“‘”)(Z7 Z.) of Z related to a child Z. = X. x I are
computed by the Mx2Mx operation

= q@)(Xe, X)) (Ze) (7.15)

k<v

for all v € N3 with |v| < mg. The coefficients ¢®)(X., X) which are used here are
those in (5.47).

Mz2M: For a temporally indivisible cluster Z = X x I in T we can compute the
standard moments p(Z) defined in (5.38) from the spatial moments p(®)(Z) defined
in (7.13) by including the temporal integrals of the Lagrange polynomials. This yields
the Mx2M operation

t]t
hanl2) =i2(2) [ L) ar (7.16)

tjg—1

for all a € {0,...,m;} and k € N3 with |k| < m,, where (¢;,_1,1;,) is the only time
interval contained in the temporal part I of the temporally indivisible cluster Z. Note
that such a conversion is only necessary for a cluster Z if its parent is not temporally
indivisible. The standard moments of all other temporally indivisible clusters are not
needed.

L2Lz: For a temporally indivisible cluster Z = X x I in T we can transform the
standard local contributions A(Z) into spatial local contributions A@®-¥f(Z) by using
the L2Lx operation

A@)it (7 ZAM / LY () dt (7.17)
thy_y

for all v € N3 with |v| < mg, where ({1,_1,t,) is the only time interval contained
in the temporal part I of the temporally indivisible cluster Z. This corresponds to
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an evaluation of the local contributions A(Z) with respect to time only. The result-
ing spatial local contributions A@"f(Z) can be added to the spatial local contribu-
tions ;\@)(Z), which are those obtained by summing up all spatial local contributions
related to M2Lx operations for Z and Zg. € Iyorx(Z) in (7.11), ie

A@(z2)= Y Az, Zy.). (7.18)

Zsrc€Imarx(2)

In this way, we get the spatial local contributions
)\(w)(Z) — X(-’D) (Z) + )\(w),trf(Z)

that can be evaluated with a single Lx2T operation or further processed with an
Lx2Lx operation. Note that the standard local contributions A(Z) of a temporally
indivisible cluster Z will be computed in the later algorithm only if the parent of Z
is not temporally indivisible. In particular, only for such clusters an L2Lx operation
will be executed.

Lz2Lz: Let Z = X x I be a temporally indivisible cluster in 78 and let Z. = X, x I
be a child of Z obtained by a purely spatial subdivision. The spatial local contri-
butions A® can be transformed into spatial local contributions A®)(Z., Z) of Z. by
the Lx2Lx operation

NZe, Z) =Y 4 (Xe, X)N(Z) (7.19)

VK

for all k € N} with || < mg, where the coefficients ¢{) (X, X) are given in (5.47).
We can add A®)(Z,, Z) and the spatial local contributions A®(Z,) of Z, that are
defined as in (7.18) to get the spatial local contributions A®)(Z,), which can be
evaluated by a single Lx2T operation or further processed by additional Lx2Lx op-
erations.

7.2.4 The time-adaptive space-time FMM

In Algorithm 7.5 we present the new time-adaptive version of the space-time FMM
in Chapter 5. This algorithm can be seen as an extension of Algorithm 5.3. The
additional subdivision of formerly inadmissible blocks by Algorithms 7.3 and 7.4
leads to new FMM operations which allow for a more efficient treatment of space-
time tensor product meshes which are adaptive in time. The related new purely
spatial moments and local contributions are compatible with the standard moments
and local contributions which allows us to compute and evaluate all of them in a
nested way to avoid redundant computations.
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Algorithm 7.5 The time-adaptive FMM for the approximate evaluation of f = V,q.

Require: Let a space-time box cluster tree 7 as in Algorithm 7.1 be given.

Let the operation lists be constructed by Algorithm 7.2.
Let expansion degrees m; and m, and a parameter p; (for (7.10)) be given.

1: Initialize f = 0.

2: Call FORWARDTRANSFORMATIONTIMEADAPTIVEFMM( ). J Alg. 7.6
3: for all boxes Zi,, € TS /| Multiplication phase

4 if Zi,. is temporally indivisible

5 Initialize the spatial local contributions by setting A(®)(Z,.) = 0.

6: if par(Z.,) is not temporally indivisible

7 Initialize the local contributions by setting A(Z.,) = O.

8 else || Ziar 18 not temporally indivisible.

9 Initialize the local contributions by setting A(Ziar) = O.

10: for all boxes Zy. € Tyor(Ziar)

11: M2L: Add the result A(Ziar, Zsre) from (5.39) to A(Ziar)-

12: for all boxes Zg. € Taxor(Ziar)

13: Mx2L: Add the result A(Ziur, Zgre) from (7.14) to A(Zyar).

14: for all boxes Zy. € Tyorx(Ziar)

15: M2Lx: Add the result )\(m)(Ztar, Zge) from (7.11) to )\(m)(Zmr).

16: for all levels £ =1, ..., depth(T£*) /| Backward transformation

17: for all boxes Z € T with £(Z) == ¢

18: if par(Z) is temporally indivisible:

19: Lx2Lx: Add the result A®(Z, par(Z)) from (7.19) to A®)(Z).
20: else
21: if Z results from par(Z) by a temporal refinement:
22: Temporal L2L: Add the result A(Z, par(Z)) from (5.50) to A(Z).
23: else
24: Space-time L2L: Add the result A(Z, par(Z)) from (5.51) to A(Z).
25: if Z is temporally indivisible:
26: L2Lx: Add the result A®@ from (7.17) to A®)(Z).

27: for all leaves Z € TS5

28: if Z is temporally indivisible:

29: Lx2T: Evaluate A®)(Z) by (7.12) and add the result to f| .
30: else

31: L2T: Evaluate A(Z) by (5.40) and add the result to f|,.

32: for all Z,,, € T8 /| Nearfield evaluation

33: for all Zy. € N (Ziar)

34: Nearfield operation: Add the product V4|z 5 ql; to flz .
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Algorithm 7.6 The forward transformation phase in Algorithm 7.5

1: function FORWARDTRANSFORMATIONTIMEADAPTIVEFMM

2 for all Z € T

3: if Z is temporally indivisible:

4: Initialize the spatial moments by setting u(®(Z) = 0.
5: else

6: Initialize the moments by setting p(Z) = 0.

7. for all leaves Z € T

8: if Z is temporally indivisible:

9: S2Mx: Compute p@®(Z) by (7.13).

10: else

11: S2M: Compute pu(Z) by (5.38).

12: for all levels ¢ = depth(75*), ..., 1

13: for all Z € T$* with ((Z) == ¢

14: if par(Z) is temporally indivisible:

15: Mx2Mx: Compute u® (par(Z), Z) by (7.15).

16: Add p® (par(Z), Z) to p'® (par(Z2)).

17: else

18: if Z is temporally indivisible

19: Mx2M: Compute p(Z) from p@(Z) by (7.16).
20: if Z results from par(Z) by a temporal subdivision:
21: Temporal M2M: Compute p(par(Z), Z) by (5.48).
22: else

23: Space-time M2M: Compute p(par(Z), Z) by (5.49).
24: Add p(par(Z), Z) to p(par(Z2)).

The time-adaptive FMM in Algorithm 7.5 is split into the same four phases as the
standard space-time FMM in Algorithm 5.3. In the new forward transformation
phase, which is covered in Algorithm 7.6, we need to distinguish between temporally
indivisible clusters and others. Spatial moments u(®(Z) are computed for temporally
indivisible leaf clusters Z by S2Mx operations and passed to their temporally indi-
visible ancestors by Mx2Mx operations. For a temporally indivisible cluster Z whose
parent is not temporally indivisible also the standard moments pu(Z) are needed,
which are obtained by an Mx2M operation. The resulting moments are used to com-
pute the moments of clusters at lower levels in the tree with suitable M2M operations
just like in the original Algorithm 5.3. If a leaf cluster Z in 7' is not temporally
indivisible, we compute its moments p(Z) directly by an S2M operation, and further
process them with M2M operations. In this way, all the required spatial moments and
standard moments of clusters in 7&** are computed in the forward transformation
phase.
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In the subsequent multiplication phase of Algorithm 7.5, we execute all the M2L
operations as in Algorithm 5.3 and, in addition, all new M2Lx and Mx2L opera-
tions. The resulting local contributions and spatial local contributions are evaluated
in a nested way in the backward transformation phase. Standard local contribu-
tions A(Z) are passed from a cluster Z to its children by suitable L2L operations.
As soon as a temporally indivisible cluster is encountered, the local contributions
are transformed into spatial local contributions with an L2Lx operation. The spatial
local contributions A@®(Z) are then passed from a cluster Z to its descendants by
Lx2Lx operations. In the last part of the backward transformation phase, the spatial
local contributions of temporally indivisible leaf cluster are evaluated by an Lx2T
operation, while for all other leaf clusters the standard local contributions are evalu-
ated by an L2T operation like in Algorithm 5.3. Finally, in the nearfield evaluation
phase, all inadmissible blocks are applied directly just like in the corresponding phase
of Algorithm 5.3.

7.3 Complexity analysis for newly approximated blocks

In this section we give an overview of the runtime complexities of the individual
operations in the time-adaptive FMM. Furthermore, we compare the costs of the
standard FMM in Algorithm 5.3 with the costs of the new time-adaptive FMM in
Algorithm 7.5 for certain groups of temporally one-sided admissible blocks to better
understand the benefits provided by the latter.

Note that we do not intend to give a complete complexity analysis of the full time-
adaptive FMM here. The reason is that the operations in the time-adaptive FMM
highly depend on the specific adaptive decomposition of the considered time interval
(0, T) which makes a general analysis without any restrictive assumptions difficult.
Furthermore, an additional temporal nearfield compression is, in general, necessary
to reduce the costs of nearfield operations related to coarse time steps, which may
dominate the overall costs of the time-adaptive FMM. Such a nearfield compression
scheme is discussed in detail in Chapter 8.

The runtime complexities of the new FMM operations are listed in Table 7.1. To
enable a simple comparison we also list the runtime complexities of the original
FMM operations in this table. Recall that we estimated the complexity of the S2M
and L2T operations in Section 5.2.3 where we also discussed that the complexity
O((mg + 1)*(my + 1)2) of the M2L operations is only achieved if they are executed
as proposed in [69, Section 4.3]. Executing the M2Lx and Mx2L operations in the
same way requires O((mg + 1)*(m; 4+ 1)(p; + 1)) arithmetic operations. The Mx2Mx
and Lx2Lx operations have the complexity given in Table 7.1 if the product structure
of the coefficients ¢} (X,, X) in (7.15) and (7.19) is used to split up the sums in the
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computation; see also [67, Sections 4.2 and 4.3]. The same holds for the space-
time M2M and L2L operations. The complexity of all other FMM operations can
be estimated by simply counting the number of multiplications in the respective
equations. By comparing the numbers in Table 7.1 we conclude that the new FMM
operations are similarly efficient as the related standard FMM operations.

Operations Runtime complexity

S2Mx/Lx2T ((7.13)/(7.12)) OH#Z(™")
Mx2Mx/Lx2Lx ((7.15)/(7.19)) mﬁ3) =)

Mx2M/L2Lx ((7.16)/(7.17)) ot ) my + 1))
M2Lx/Mx2L ((7.11)/(7.14)) Mg + 1) (my + 1)(pt+1))

O(
O(
O(
S2M/L2T ((5.38)/(5.40)) OH#Z (") + m 2) (=) (my + 1))
O(
O(
O(

("
(m
Temporal M2M /L2L ((5.48)/(5.50)) (M=) (my + 1)
Space-time M2M /L2L ((5.49)/(5.51)) (M=) (my + 1)('% + (my +1)))

M2L ((5.39)) (£ 1)4mq + 1)?)

Table 7.1: Runtime complexities of all FMM operations in the time-adaptive space-
time FMM for the heat equation for given expansion orders m, and m;. The
cluster Z appearing in the estimated costs for the S2M, L2T, S2Mx and Lx2T
operations is the related source or target cluster and (p; + 1) is the number of
quadrature points used in the M2Lx and Mx2L operations; cf. (7.10).

To study the effects of the approximation of temporally one-sided admissible blocks
of V), we consider an extended space-time cluster tree 7,5 corresponding to a tensor-
product mesh ¥, = I'y x Zj,, where 7j, is a non-uniform partition of the time
interval (0,T) and Ty, is a sufficiently fine spatial mesh with similarly sized elements.
We focus on two fixed time clusters Iy, and I, related to clusters in 7§ which
satisfy the admissibility criterion (7.5) but not the admissibility criterion (5.12), and
assume that I, is temporally indivisible, i.e. it contains only a single time interval of
the partition Z;,. The temporally one-sided admissible blocks of V}, related to these
time intervals are given by

B(Isrcvjtar) = {Vh|le22 : Zl = Xl X Itan Z2 = X2 X [src» Z2 S IM2LX(Z1)}~ (720)

In the following, we compare the costs for the direct application of these blocks in the
case of the standard FMM with the costs of the corresponding new time-adaptive
FMM operations. Note that the analysis for interchanged roles of Iy, and I, —
i.e. a temporally indivisible cluster I, and blocks V4|5 , 5, with Zy € Zyior(Z1)
can be done following the same lines due to the symmetric character of the related
FMM operations, which is why it is sufficient to focus on the above case.
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We start by estimating the number of blocks in (7.20) or rather the corresponding
pairs of clusters. From the construction of the operation lists in Algorithm 7.2 it
follows that these clusters have the same spatial level £,. Due to the uniform spatial
refinements in the construction of the extended space-time box cluster tree TE*
in Algorithm 7.1, the spatial components of the clusters with spatial level ¢, are
contained in a regular grid G% consisting of 8% boxes, as we already noted for
the non-extended trees in Section 5.2.2. Since each target cluster Z,, related to a
block in (7.20) is a product of a spatial cluster in G% and the time interval I, the
number Ny, of all such target clusters is bounded by

Ntar < #me = 82)(-

For each target cluster Z,, = Xiar X liar We need to estimate the number of clusters
in the M2Lx interaction list Zyjorx(Ztar) with temporal component Ig.. This number
of clusters is influenced by the truncation in space applied in the construction of the
operation lists in Algorithm 7.2, which is determined at the level of the coarsest tem-
porally indivisible ancestor Z2¢ = X x I, of Zy,, in TE. In fact all relevant pairs
of clusters (Zgc, Ziar) With Zge € Tyorx(Ziar) are obtained by recursive subdivisions
of this cluster Z° and a suitable source cluster Z2'¢ = X3¢ x I3%°, whose spatial

component X% is contained in the interaction area Z4(X3) due to the truncation

src tar
in space executed in line 3 of Algorithm 7.2. The number of clusters in Z 4(X{°) is
bounded by (2n;, + 1)® in general, and is approximately equal to (2n, + 1)? if the
spatial clusters at this level are fine enough to resolve the surface I', which we assume
for the sake of simplicity in the following. With this assumption, it also follows that
each cluster Z21°¢ = X21° x [20¢ with X21°¢ € T 4(X{"°) has approximately 4% descen-
dants with temporal component Iy. and spatial level ¢, where d,, = £, — {,(Z2°)
corresponds to the number of spatial refinements required to obtain these descen-
dants. These are the clusters in Zyarx(Ziar) with temporal component I, and their
number is approximately equal to (2n,+1)?4%. Hence, we conclude that the number

of blocks in (7.20) satisfies
#B(Isrca [tar) ~ Ntar(zntr + 1)24d¢'

If the blocks in (7.20) are stored and applied without any approximation the related
storage and runtime complexity is directly proportional to the number of entries of
these blocks. This number is

O(#B(Lsee, Liar)re(Inc)n7, ), (7.21)

where we denote the number of time steps contained in Iy by n¢(Is.) and the average
number of spatial elements contained in a cluster with spatial level ¢, by ng_.

In the time-adaptive FMM the blocks in (7.20) are approximated by computing the
moments of the involved source clusters, applying an M2Lx operation for each block,
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and evaluating the resulting spatial local contributions. As we have seen in Table 7.1,
the runtime complexity of a single M2Lx operation is O((mg + 1)*(m; + 1)(p; + 1)),
so the runtime complexity for the execution of the M2Lx operations for all blocks
in (7.20) is

O#B(Lswe, Ttar) (Mg + 1) (my + 1) (pr + 1)). (7.22)

Due to the nested computation and evaluation of (spatial) moments and (spatial)
local contributions in the time-adaptive FMM, the costs of these operations should
not be estimated in a blockwise manner to avoid counting the same costs multiple
times. On a global level all (spatial) moments and (spatial) local contributions of
clusters in T8 are computed or evaluated only once in a nested way in the time-
adaptive FMM. Furthermore, the costs of the newly introduced operations are similar
to the costs of the standard FMM operations, as we have seen in Table 7.1. Therefore,
one can show that the overall storage and runtime costs for the computation of all
the moments by S2M, S2Mx, Mx2Mx, Mx2M, and M2M operations and evaluation
of local contributions by L2L, L2Lx, Lx2Lx, Lx2T, and L2T operations scale linearly
in the number of space-time elements F, F, as in the case of the standard space-time
FMM or pFMM; see [67, Section 5.4] and [51, Section 4.5.3]. In particular, it is
reasonable to focus on the costs of the M2Lx operations in (7.22) when comparing
the costs of the application of the blocks in (7.20) in the time-adaptive FMM with
the costs of their direct application in (7.21).

By comparing the costs in (7.21) and (7.22) we see that the approximation of the con-
sidered blocks in the time-adaptive FMM is more efficient than the direct application
if

O((ma + 14 (ms + 1)(pr + 1)) < nmi(Lue).

While the costs on the left-hand side are constant if the expansion degrees m; and my
and the number of quadrature points p; + 1 is fixed, the costs on the right-hand side
depend on the considered blocks. The number n;(I.) of time steps in I, influences
the costs of the direct application, but if the considered temporal partition is not
highly non-uniform, this influence is rather small. The influence of n,, i.e. the
average number of spatial elements contained in the clusters with spatial level £,
in 7 that are associated with the considered blocks, is more pronounced. If £,
is small, n,, may be large. In this case, the approximation in the time-adaptive
FMM is significantly more efficient than the direct application, while for large spatial
levels ¢, and small numbers ny_ the direct application might be faster. Note that
the approximation of the blocks in the time-adaptive FMM may still be favorable in
the latter case since the costly computation of the matrix entries in the assembly of
the blocks in (7.20) is omitted and since the costs for storing the related moments
and local contributions in the time-adaptive FMM are also significantly lower than
the costs for storing the entries themselves in general. In the numerical examples in
Section 7.5 we will observe these effects.
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7.4 Parallelization of the time-adaptive FMM

The task based parallelization scheme for the space-time FMM from Chapter 6 can be
adapted to obtain a parallel version of the time-adaptive FMM in Algorithm 7.5. The
necessary modifications are described in this section. For the sake of simplicity, we
focus on the shared memory parallelization and comment on the distributed memory
parallelization only at the end of the section.

The starting point for the derivation of the parallel space-time FMM in Chapter 6
was the temporal version of the FMM in Algorithm 6.1. We obtained this version by
associating space-time clusters in the underlying space-time tree 7y with temporal
clusters using projections and defining FMM operations for these time clusters. For
the time-adaptive FMM we follow the same approach. By applying the temporal
projection IT; in (6.1) to the extended space-time box cluster tree 75 we obtain
the same temporal tree 7; as for the related non-extended tree 7x. For a time
cluster I € T; we define the set of all associated space-time clusters in 7t by

Z& (D) ={Z e T L[ Z) =T}. (7.23)
Note that a temporally indivisible cluster Z = X x [ in Ty and all its spatially
refined descendants in 7S are associated with the same temporal cluster I. Hence,
the set Z& (I) of a temporally indivisible clusters I may contain entire subtrees

assoc

of T in general.

For a time cluster I,, in 7; we define the operation lists related to the time-adaptive
FMM as in Section 6.1 by projections. The M2L interaction list Zyor, (Itar) is defined
by (6.3) and the nearfield N(I;,,) by (6.4). In addition we define the M2Lx interaction
list of I;n by

IMQLX(Itar) = {Isrc S 7} . EIZtar S 7'Eext and Zsrc S IMZLX(Ztar)

. (7.24)
with Ht [Zsrc] = Adsrc and Hf, [Ztar] = [tar}
and the Mx2L interaction list by
IMXZL(Itar) = {[src S 7} : ElZ‘car S 7§Xt and Zsrc S IMx2L(Ztar) (7 25)

with Ht[Zsrc] = I and Ht[Ztar] = ]tar}-

To obtain a temporal version of the time-adaptive FMM in Algorithm 7.5 we need to
define corresponding operations in the temporal tree 7;. While the operations of the
standard FMM in Definition 7.7 can be reused, we need to introduce additional ones
for the new operations in the time-adaptive FMM like the M2Lx and Mx2L operations
and related sets of spatial moments and local contributions for clusters I € 7;. This is
done in Definition 7.7 and Algorithm 7.7. Note that in the routines of Algorithm 7.7
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we execute operations in a level-wise manner in the underlying extended space-time
cluster tree T8 to ensure a correct execution in the case that the set Z&¢ (1) of a
cluster I € 77 contains entire subtrees of TS

DEFINITION 7.7. For a temporally indivisible time cluster I we define the set of spa-
tial moments of its associated space-time clusters by
pO(1) = {u®(2) : 7 € 222, (1)} (7.26)

assoc

and similarly the set of spatial local contributions by

A@() =A@ (2): Z ez (I)}. (7.27)

assoc

Furthermore, we define the following FMM operations for clusters in Ty in addition
to the operations in Definition 6.2:

e Extended S2M operations for temporally indivisible clusters I1: Erecute the re-
quired S2Mz, Mz2Mz and Mx2M operations for the clusters in Z&4 (I) in a
level-wise manner as outlined in Algorithm 7.7.

e M2Lzx operations for I with Tyerx(I) # 0: For each Zy,, € Z&¢ (I) and each

Zge € Tnorx(Ziar) compute X®)(Zyar, Zare) by the M2Lx operation in (7.11) and
add the result to the corresponding spatial local contributions in A (I).

o Mz2L operations for I with Taeor(I) # 0: For each Zy,, € ZE¢ (I) and each

Zse € Iaxor(Ziar) compute XN Ziar, Zsee) by the Mz2L operation in (7.14) and
add the result to the corresponding local contributions in A(I).

e Extended L2T operations for temporally indivisible clusters I: Ezecute the re-
quired L2Lz, Lx2Lx and Le2T operations for the clusters in Z&L (I) in a level-
wise manner as outlined in Algorithm 7.7.

With the newly defined FMM operations for clusters in 7; we can introduce a tem-
poral version of the time-adaptive FMM in Algorithm 7.5 similar to Algorithm 6.1.
Instead of explicitly describing this temporal version we continue with the description
of the corresponding task based algorithm. The concept of this algorithm is the same
as the one in Section 6.2: We group FMM operations of time clusters in 7; into FMM
tasks and execute them based on individual dependencies using a task scheduler and
a second level of OpenMP tasks for a better load distribution. For this purpose we
define two new tasks for clusters in 7; in addition to the M-list, M2L-list, L-list and
N-list tasks from Section 6.2:

e The M2Lx-list task for I € T;. This task includes the M2Lx operations between
the clusters I and I € Zyorx(I) and in addition the extended L2T operations
for I. It can be executed once the sets of moments p(/.) of the clusters
Iive € Tyarx (1) are fully available. n
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Algorithm 7.7 Extended S2M and L2T operations in 7;.

function EXTENDEDS2MOPERATIONS(J)
Let (@ :=min{l,(Z) : Z€ ZZL (1)} and (2> :=max{l,(Z) : Z€ Z=¢ (I)}.
for all leaves Z € Z=t (1)

assoc

1:

2

3

4 S2Mx: Compute p(®(Z) in p®(I) by (7.13).
5. for f, = (max (min ]

6 for all Z € Z&¢ (I) with spatial level £,

7

8

9

Mx2Mx: Compute u® (par(2), Z) by (7.15).
Add p® (par(Z), Z) to p'® (par(Z)) in p®(I).
for all Z € Z=¢ (1) with spatial level ¢

assoc

10: Mx2M: Compute p(Z) in p(I) by (7.16).

11: function EXTENDEDL2TOPERATIONS(I)
12: Let ™™ :=min{l,(Z) : Z€ ZZL (1)} and (2> :=max{l,(Z) : Z€ Z= (I)}.

assoc assoc

13:  for all Z € Z= (I) with spatial level i

assoc

14: L2Lx: Add the result A®(Z) from (7.17) to A@(Z) in A®(I).
15 for fy = (M 4 1, ..., (o

16: for all Z € 22 (I) with spatial level £,

17: Lx2Lx: Compute A®(Z, par(Z)) by (7.19).

18: Add A®)(Z, par(Z)) to A®)(Z) in A®)(1).

19:  for all leaves Z in T3

20: Lx2T: Evaluate A®)(Z) in A®(I) by (7.12). Add the result to f|.

e The Mx2L-list task for I € 7;. This task includes the Mx2L operations be-
tween the clusters I and Iy, € Zyxer (/) and in addition the (extended) L2T
operations for I, if the list of associated clusters Z&t (I) contains leaf clusters.
It can be executed once the sets of spatial moments u(w)(lsrc) of the clusters

Iye € Tyxon(I) are fully available.

In the Mx2L-list task of a cluster I we execute extended L2T operations only if [ is
temporally indivisible. Otherwise, the standard L2T operations from Definition 6.2
are used. Also in the M2L-list tasks and L-list tasks of temporally indivisible clusters
we need to replace the standard L2T operations with the extended L2T operations
in Algorithm 7.7 and the standard S2M operations in the M-list tasks of temporally
indivisible clusters with the extended S2M operations. Note that the (extended) L2T
operations are now included in up to four different FMM tasks of a cluster I, namely
the M2L-list, L-List, Mx2L-list, and M2Lx-list task of I, but may be executed only
once. By specifying that the (extended) L2T operations are only executed in the
last scheduled task we can execute these tasks in any order once their individual
dependencies are satisfied, and still ensure that the corresponding (spatial) local
contributions are fully computed before their evaluation.
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In the parallel task based version of the time-adaptive FMM we need to execute
M2Lx-list tasks for all temporally indivisible clusters I with non-empty M2Lx in-
teraction lists Zyarx (1) and Mx2L-list tasks for all clusters I with non-empty Mx2L
interaction lists Zyor(I). To keep track of all these tasks we collect the correspond-
ing clusters in the M2Lx-list and the Mx2L-list, respectively. The additional M-list,
M2L-list, L-list and N-list can be constructed as described in Section 6.2 with two
small modifications:

e In the recursive construction of the M-list, a cluster I should be added to this
list not only if I is in the M2L interaction list Zysor, (Itar) of another cluster Iia,
or if par(]) is in the M-list, but also if there exists a cluster I, such that
I € Tyixor,(Tiar) o I € Tyiorx (Lar)-

e In the recursive construction of the L-list, a cluster I should be added to this
list not only if Zyor(par(/)) is non-empty or par(!) is in the L-list, but also
if Zyixor (par(I)) is non-empty.

A sketch of the parallel task based version of the time-adaptive FMM is given in
Algorithm 7.8. The main difference in comparison to the parallel version of the

Algorithm 7.8 Sketch of a parallel, task based version of the time-adaptive FMM.
1: Initialize f = 0.
2: forall I € T;
3: Initialize p(I), p@ (1), A(I) and A (I) by zeros as necessary.

4: Fill the M_1ist, M2L_list, L_list, Mx2L_list, M2Lx_list and N_list.
5: #pragma omp parallel

6: #pragma omp single
T while the FMM task lists are not empty
8 [1, list] = FINDNEXTREADYFMMTASK(

M_list, L_list, M2L_list, Mx2L_list, M2Lx_list)

9: if list € {M_list, L_list, M2L_1ist}

10: Proceed as in lines 9-20 of Algorithm 6.2.
11: else if 1ist == Mx2L_list

12: Remove [ from the Mx2L_list.

13: #pragma omp task /| + depend clause.
14: Mx2LL1STTASK(])

15: else if 1ist == M2Lx_list

16: Remove [ from the M2Lx_list.

17: #pragma omp task

18: M2LXL1STTASK(I)

19: else /| Schedule one of the remaining N_1ist tasks.

20: Proceed as in lines 2226 of Algorithm 6.2.
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standard space-time FMM in Algorithm 6.2 is that the new Mx2L-list and M2Lx-lists
need to be taken into account in the task scheduling procedure. Ready M-list, L-list,
and M2L-list tasks are handled by creating corresponding OpenMP tasks in the same
way as in Algorithm 6.2. The concrete tasks have to be slightly modified though,
as we will discuss later. Also for ready M2Lx-list and Mx2L-list tasks we create
corresponding OpenMP tasks in lines 11-18, while N-list tasks are only scheduled
for execution if there are not any ready FMM tasks in the other five lists. Note that
since the L-list, M2L-list and Mx2L-list tasks of a cluster I modify the same set of
local contributions A(7) we use OpenMP depend clauses as discussed in Remark 6.4
to ensure that they are not executed contemporaneously.

The Mx2L-list task for a cluster I € 77 is specified in Algorithm 7.9. In this task
we execute the Mx2L operations of all space-time clusters associated with [ in par-
allel using the OpenMP taskloop construct, see lines 2-5. This is similar to the
execution of the M2L operations in the M2L-list task in Algorithm 6.4. The subse-
quent (extended) L2T operations in the Mx2L-list task are only executed if all other
tasks for the cluster I from the M2L-list, L-list, and M2Lx-list have been executed
already. We check this in lines 7 and 22, respectively, where we distinguish between
temporally indivisible clusters and others.

For the parallelization of the extended L.2T operations of a temporally indivisible
cluster [ in lines 8 20 of Algorithm 7.9 we make use of the OpenMP taskloop con-
struct. First, the L2Lx and Lx2Lx operations are executed in parallel in a level-wise
manner. As we already mentioned in Section 6.2 the taskloop construct introduces
an implicit barrier that ensures that the spatial local contributions are computed in
the correct level-wise order. The subsequent Lx2T operations are also parallelized by
a taskloop. When adding the local vectors obtained by these Lx2T operations to
the result vector f, atomic operations are used to prevent race conditions between
threads. If I is not temporally indivisible, the standard 2T operations are similarly
parallelized in lines 22 25.

Algorithm 7.9 also includes a sketch of the M2Lx-list task of a cluster /. In this
task we execute the M2Lx operations of all space-time clusters associated with I in
parallel using the OpenMP taskloop construct; see lines 27-31. The subsequent
extended 2T operations are handled exactly in the same way as in the Mx2L-list
task.

Note that the M-list, L-list and M2L-list tasks have to be slightly adapted for the
time-adaptive FMM. In the M2L-list and L-list tasks, the (extended) L2T operations
have to be handled as in the Mx2L-list task in lines 7-25 of Algorithm 7.9. Also the
M-list tasks need to be adapted to distinguish between temporally indivisible clusters
and others. If a cluster I is not temporally indivisible, the standard S2M operations
can be executed in parallel as in Algorithm 6.3. For temporally indivisible clusters, on
the other hand, the extended S2M operations in Algorithm 7.7 need to be executed.
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Algorithm 7.9 Mx2L-list and M2Lx-list tasks in Algorithm 7.8.

1: function MX2LLISTTASK(])
/ Execution of the Mx2L operations for I:

2: #pragma omp taskloop

3: for all Z,,, € Z=¢ (I)

4: fOI‘ all Zsrc (S IMXQL(Ztar)

5: Mx2L: Compute A(Ziar, Zse) by (7.14) and add it to A(Zy,) in A(1).

6: if I is temporally indivisible

7: if A(I) is complete and potential M2Lx operations have been executed
/| Extended L2T operations are executed only after potential
/| L-list, M2L-list or M2Lx-list tasks.
Initialize {2 and M2* as in line 12 of Algorithm 7.7.

: #pragma omp taskloop

10: for all Z € Z=t (I) with spatial level £min

11: L2Lx: Add the result A®*(Z) from (7.17) to A®(Z) in A®)(I).

12: for (, = (min 41, ... fmax

13: #pragma omp taskloop

14: for all Z € Z&¢ (I) with spatial level £,

15: Lx2Lx: Compute A®(Z, par(Z)) by (7.19).

16: Add A®)(Z, par(Z)) to A®(Z) in A®)(1).

17: #pragma omp taskloop

18: for all leaves Z € Z2¢ (1)

19: [x2T: Evaluate A®(Z) in A®(I) by (7.12).

20: Add the result to f|, atomically.

21: else if Z,.,c([) contains leaves in T

22: if A(I) is complete /| Only after potential M2L- and L-list operations.
/ Execution of the L2T operations for I:

23: #pragma omp taskloop

24: for all leaves Z € Z2 (1)

25: L2T: Evaluate A(Z) in A(J) by (5.40).

Add the result to f|, atomically.

26: function M2LXL1STTASK({)

/ Execution of the M2Lx operations for I:
27 #pragma omp taskloop
28: for all Z,,, € Z=t (I)

assoc

29: for all Zsrc (S IMQLX(Ztar)
30: M2Lx: Compute A®)(Ziar, Zore) by (7.11).
31: Add X (Ziar, Zare) to A®)(Z,) in A®(1).

32: Handle extended L2T operations as in lines 7-20 of the Mx2L-list task.
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These extended S2M operations can be parallelized similarly to the extended L2T
operations in Algorithm 7.9.

REMARK 7.8 (Priorities of Mx2L-and M2Lx tasks). In Section 6.2.1 we have dis-
cussed that the load balance of the parallel, task based version of the space-time FMM
can be improved by assigning priorities to the corresponding FMM tasks to influence
the order in which they are executed. Based on the dependencies of the individual
FMM tasks we have motivated that M-list tasks have the highest priority, followed by
L-list tasks and M2L-list tasks, and that N-list tasks have the lowest priorities. For
the prioritization of tasks in the parallel version of the time-adaptive FMM discussed
in this section, we need to assign priorities to the new Mz2L-list and M2Lx-list tasks
as well. Mxz2L-list tasks are similar to M2L-list tasks. In fact, both modify the set
of local contributions of a cluster and can be executed as soon as certain (spatial)
moments are available. Therefore, we assign the same priority to Mx2L-list tasks
as to M2L-list tasks, and prioritize Mx2L-list tasks for clusters on lower levels over
Mz2L-list tasks for clusters on higher levels in the time tree. M2Lx-list tasks, on the
other hand, are only used to update spatial local contributions of a cluster which are
not required for the execution of any other tasks. Therefore, they have a similarly
low priority as N-list tasks.

REMARK 7.9 (Distributed memory parallelization). The task based version of the
time-adaptive FMM presented in this section can be extended as in Section 6.3 to
allow for a parallel execution on distributed memory systems. In that section we
distributed the clusters in the time tree T; and the corresponding FMM tasks among
all the available processes and handled the necessary inter-process communication in
the execution of the FMM on the level of the time tree. The same can be done in the
case of the time-adaptive FMM with the following modifications:

e The locally essential time trees and locally essential space-time trees of a pro-
cess p introduced in Definitions 6.7 and 6.8 need to be extended such that the
clusters contained in the Mz2L and M2Lzx interaction lists of clusters assigned
to p are contained in its locally essential trees.

e The inter-process communication has to be extended. Fach process has to send
the moments of clusters assigned to it also to those processes which need them
for the execution of M2Lx operations. Likewise, a process has to send spatial
moments of clusters assigned to it to those processes which need them for the
execution of Mx2L operations.

e Instead of the process assignment strategy in Section 6.4 a more elaborated
strategy 1is necessary to obtain a good load balance in the case of space-time
meshes with adaptively refined temporal partitions.
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7.5 Numerical experiments

The time-adaptive FMM algorithm presented and analyzed in the previous sections
has been implemented in the publicly available C++ library besthea [49] using the
parallelization approach in Section 7.4. In this section we consider numerical experi-
ments for space-time tensor product meshes with non-uniform time steps to show the
benefits of the new time-adaptive FMM over the standard space-time FMM consid-
ered in Chapters 5 and 6. The results here correspond to those published in [78].

The following parameters are chosen for the standard and time-adaptive FMM in
this section: When constructing a space-time cluster tree 75 by Algorithm 5.1 or an
extended tree T by Algorithm 7.1 we choose nyax = 800 and ¢y, = 4.5. For the
construction of the operation lists in Algorithms 5.2 and 7.2, respectively, we choose
the truncation parameter ny, = 2 and the parameters 7; = 1, = 1 for the admissibility
criteria (5.12) and (7.5). Finally, we choose the expansion degrees m; = 4 and
mge = 12, and the parameter p; = 3 for the numerical quadrature in (7.10), i.e. a
four-point rule, which proves to be sufficiently accurate in our examples.

First experiment: Exponential decay in time. In the first experiment we use
the direct boundary integral approach from Section 3.2 to solve an initial Dirichlet
boundary value problem (1.1) (1.3) for the heat equation. We consider the space-
time cylinder Q = 2 x (0,T) with the spatial domain = (—0.5,0.5)3, the time
horizon T' = 0.25, the heat capacity constant a = 1, the Dirichlet datum g = 0, and
the initial datum uy chosen such that the exact solution is given by

3
u(x, t) = exp(—372t) HSiH(?T(ZEj +0.5)), forall (x,t) € Q. (7.28)

Jj=1

Our goal is to compare the standard space-time FMM and the new time-adaptive
FMM for the application of Vj, when solving the linear system (3.24) to obtain an ap-
proximation ¢, of the Neumann datum ¢ = wgu To set up this system, a discretiza-
tion Xj of the lateral surface X of () is needed and in addition a discretization €, of
the domain €2 due to the inhomogeneous initial condition. We use an admissible vol-
ume mesh €, consisting of 196 608 similarly sized tetrahedra and a space-time tensor
product mesh ¥y = I'y, ® Z;,, where I'y, is the conforming surface mesh corresponding
to 25, and contains 12 288 uniform triangles. To account for the exponential decay in
time of the solution w in (7.28) we choose the non-uniform partition Zj, illustrated in
Figure 7.2 which consists of 20 intervals whose sizes increase as time advances. We
constructed this partition Z;, by using an adaptive refinement algorithm that was
tailored to reduce the L? projection error of the temporal part g;(t) = exp(—3n2t) of
the exact solution (7.28) for piecewise constant basis functions. The resulting space-
time tensor product mesh ¥, = I', ® Z,,, consists of 245760 space-time boundary
elements.
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Figure 7.2: The time mesh 7, consisting of 20 time steps in the time interval (0, 0.25)
adapted to q(t) = exp(—3n2t). For each interval its length is depicted.

For the computation of the right-hand side of the linear system (3.24) we assemble the
initial operator matrix M9 as outlined in Section 3.3. The system is solved by using
the GMRES method with a diagonal preconditioner and a desired relative accuracy

of 1078,

The computations were carried out on the local workstation Babbage at

the Institute of Applied Mathematics at TU Graz; see Appendix A for the hardware
details. The results are presented in Table 7.2.

Standard FMM  Time-adaptive FMM

Storage nearfield V,, [GiB] 39.9
Setup time V, [s] 307.3
GMRES it. time [s] 1.36
No. GMRES iterations 49
Total time [s] 374.0
Rel. L? error BEM 0.0530951

32.0

217.6

1.42

49

286.9
0.0530951

Table 7.2: Results of the first experiment of Section 7.5 where the linear system (3.24)
is solved for a space-time tensor product mesh consisting of the non-uniform par-
tition of the time interval (0,0.25) depicted in Figure 7.2 and a uniform spatial
mesh on the surface of the cube Q = (—0,5.0.5)% consisting of 12288 triangles.
The listed total times include the setup times for V; and the times for the solution
of the considered linear system, but not the required times for the construction
of the right-hand side of the system, which takes about 250 seconds when using a
suitable fast method for the application of MY.
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Let us first compare the storage requirements of the standard and time-adaptive
FMM. In the second line of Table 7.2 we list the memory required to store the
inadmissible nearfield blocks of V;, in these two fast methods. Here we see that the
memory demand is reduced by roughly 20 percent for the time-adaptive FMM. Note
that only 21.6 MiB are needed in this particular example to store all the moments
and local contributions in the case of the standard FMM and only 22.1 MiB in the
case of the time-adaptive FMM with the additional spatial local contributions, so the
memory required to store the inadmissible blocks is by far the dominating part.

In lines 3-6 of Table 7.2 we compare the execution times when assembling and solving
the system (3.24) using the standard and time-adaptive FMM. In both cases, the
GMRES method requires 49 iterations to achieve a relative accuracy of 1078, The
time for a single GMRES iteration, which is dominated by the time needed for the
application of Vy, is slightly lower for the standard FMM in this example. This is
not completely unexpected, since the application of inadmissible dense matrix blocks
is simple and efficient if they are already computed. The newly introduced Mx2L
and M2Lx operations are more efficient than the related nearfield operations for
source and target clusters containing many space-time boundary elements but can
be less efficient for clusters containing few elements, as we discussed in Section 7.3.
The corresponding gains and losses seem to balance out in this example. However,
the assembly of the inadmissible blocks requires considerably more time than the
GMRES solver and is significantly faster in the time-adaptive version, due to the
reduced number of nearfield entries which have to be computed. Therefore, the new
time-adaptive FMM outperforms the standard version in this example.

To compare the accuracy of the standard and time-adaptive FMM we consider the
relative L? approximation errors ||¢ — gal|r2(s) /|4l 12(s) between the known Neumann
datum ¢ and the approximate solutions g, obtained by solving (3.24) in the last line
of Table 7.2. These values do not differ in the specified six significant digits. Fur-
thermore, they are close to the relative L? best approximation error of the Neumann
datum which is 0.0467157. Therefore, we conclude that the new time-adaptive FMM
operations are sufficiently accurate and that the time-adaptive FMM is the better
option in this particular example.

Second experiment: Rapidly changing boundary data. In the second experi-
ment we consider a boundary value problem where the boundary data change rapidly
over time. For this purpose we consider the function

t 1\ 1/4
wt) =1+ (t—3) Laweo(t) teO.7), (7.29)

where T' = 0.25. The function w; is depicted in Figure 7.3a. It is non-smooth at time
t = 1/6 when the part (t — 1/6)'/* is “turned on” by the indicator function 1(; /6 0).-
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Figure 7.3: Visualization of the rapidly changing function w; in (7.29) in the time
interval (0,0.25) and a suitable mesh Zj,, on this interval that resolves the non-
smooth behavior of w; at time ¢t = 1/6 well.

We set

.

w(x, t) =w(t)wg(x), for all (x,t) € Tx(0,T), wz(m)zw, (7.30)
where T" is the surface of the crankshaft domain Q from Section 6.5.2 depicted in
Figure 6.6, and m is the outer unit normal vector on I'. Applying the single layer
potential operator V from (3.2) to w yields a solution of the heat equation (1.1)
in the space-time cylinder @ = Q x (0,7") with homogeneous initial conditions and
Dirichlet trace g := Vw. Therefore, we can regard w as the density that is obtained
when solving the initial Dirichlet boundary value problem (1.1)—(1.3) for the heat
equation with initial datum uy, = 0 and Dirichlet datum g using the first indirect
boundary integral approach described in Section 3.3. In the following, we discretize
this boundary integral equation and solve the corresponding linear system

Vow =g. (7.31)

For the discretization we use the space-time tensor product mesh ¥, = I'y, ® 7,
where T’ is a surface mesh of the crankshaft geometry consisting of F, = 10722
triangles and Zp, is the non-uniform partition of the time interval (0,7") depicted in
Figure 7.3b consisting of F; = 37 subintervals. As in the previous experiment, we
constructed this partition Z,, by using an adaptive refinement algorithm to reduce
the L? projection error of w; for piecewise constant basis functions. Note that Zj,
is highly adaptive and that the intervals with the smallest lengths are those close to
the time ¢t = 1/6.

Since an analytic form of the Dirichlet datum g is not known, we compute the right-
hand side g of (7.31) as follows: We uniformly refine the mesh ¥, once with respect
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to space and twice with respect to time to obtain the mesh
S = {Ohike = ke X Tty i) 1 ke € {1, 4B}, by € {1, 4E,}}.

By applying the single layer matrix V), for this mesh 3, to the coefficients w of the
L? projection wy, € S,?:.(,)IL(Z;I) of w we obtain the coefficients g = V,w which we

restrict to the mesh ¥, by setting

Giie = D Ok hild(Gi, ) o= { (ke ka)  Okn C 0y}
(kt.ka)€child (e, ja )

for all index pairs (j;, j) corresponding to space-time elements o, ;. € X, to get the
vector g.

We solve the linear system (7.31) by using the GMRES method with a diagonal
preconditioner and a desired relative accuracy of 1078, and compare the resulting
runtimes, storage requirements, and approximation errors when using the standard
FMM and the time-adaptive FMM for the application of V;,. The computations were
carried out using a single node of the VSC-4 cluster: a standard node for the time-
adaptive FMM and a fat node for the standard FMM due to the higher memory
demand; see Appendix A for the hardware details. The results are presented in
Table 7.3.

Standard FMM Time-adaptive FMM

Storage nearfield V), [GiB] 93.2 66.6
Setup time V}, [s] 495.3 302.3
GMRES it. time [s] 1.27 1.16
No. GMRES iterations 98 98
Total time [s] 619.4 415.6
Rel. L? error BEM 0.013129 0.013129

Table 7.3: Results of the solution of the linear system (7.31) for a space-time tensor
product mesh consisting of the non-uniform partition of the time interval (0, 0.25)
depicted in Figure 7.3b and a mesh on the surface of the crankshaft geometry 2
depicted in Figure 6.6 with 10722 triangles.

The difference in performance between the standard and the time-adaptive FMM is
slightly more pronounced in this experiment than in the previous one. The memory
required to store the inadmissible blocks of V; is reduced by almost 29 percent.
Note that the moments and local contributions require only 28.8 MiB of storage
in the standard FMM and the additional spatial moments and local contributions
in the case of the time-adaptive FMM require only 2.4 MiB. Due to the smaller
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number of inadmissible blocks, the assembly time is significantly lower for the time-
adaptive FMM. In contrast to the previous experiment, also the application times
and the related GMRES iteration times are lower when the time-adaptive FMM is
used instead of the standard FMM. Since 98 GMRES iterations were needed to solve
the system in both cases, we end up with the total times in the sixth row of Table 7.3
for the assembly of Vj and the solution of the system (7.31). As in the previous
experiment we see that the time-adaptive FMM outperforms the standard FMM,
while the approximation quality does not suffer when introducing the new FMM
operations.

Finally, we want to compare the results in Table 7.3 with results obtained by solving
the same boundary integral equation on a suitable temporally uniform mesh. For
this purpose we consider the space-time mesh X, = I', ® Zy, ,, where I'y, is the same
crankshaft surface mesh as above and 7y, ,, is the uniform time mesh on (0,T) con-
sisting of 512 uniform time steps with length 2711. Note that ¥, contains 5 489 664
space-time boundary elements while the time-adaptive mesh Y, above contains only
396 714 space-time elements. The large number of uniform time steps in 7, is re-
quired to resolve the rapid change of w; around the point ¢ = 1/6 reasonably well.
The mesh 7, ,, is slightly coarser than the adaptive mesh 7, in Figure 7.3b around
t = 1/6 but considerably finer otherwise. The L? approximation errors obtained by
projecting the function w; to the spaces of piecewise constant functions for these two
temporal meshes are similar, but the error is slightly larger around time ¢ = 1/6 for
the uniform mesh.

When we discretize the boundary integral equation Vw = g using the uniform space-
time mesh X, , we obtain the system

Vi Wy = Gu, (7.32)

where we compute the right-hand side g, similarly as the right-hand side g of (7.31)
above. We solve this system by using the GMRES method with a diagonal precon-
ditioner and the standard FMM for the application of V},,. Note that using the
time-adaptive FMM would not bring any benefits here due to the temporal unifor-
mity of the mesh ¥, ,. For the computations we used 16 standard nodes of the VSC-4
cluster due to the large size of the problem. The results are given in Table 7.4.

Let us compare the results in Table 7.4 with the results in Table 7.3 when the time-
adaptive FMM is used for the approximation of the matrix V;. Even though we use 16
nodes for the computations on the temporally uniform mesh, more memory per node
is needed to store the inadmissible blocks of Vj , than for storing all the inadmissible
blocks of the matrix V}, for the temporally adaptive mesh on a single node. However,
this comparison is slightly unfair, since we do not exploit the temporal uniformity of
the mesh Vj , in our implementation and, therefore, we store identical blocks of Vj, ,,
multiple times. For the same reason, a direct comparison of the setup times is not very
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meaningful. On the other hand, a comparison of the application times or GMRES
iteration times is reasonable since the uniformity of the mesh cannot be exploited in a
similar way in the application of the matrices. In the case of the temporally uniform
mesh, we use the sixteenfold hardware power for the computations, but nonetheless,
the time for a single GMRES iteration is about twice as long as for the computations
on the temporally adaptive mesh. Due to this fact and the larger number of required
GMRES iterations, the solution of the system (7.32) for the temporally uniform
mesh takes about 350 seconds instead of 113 seconds for the temporally adaptive
mesh despite the additional parallelization. At the same time, the approximation
quality of the resulting BEM solutions is comparable. This shows that the temporally
adaptive mesh is far better suited for the solution of the considered boundary integral
equation with rapidly changing boundary data.

Standard FMM (16 nodes)

Storage nearfield V},,, (average per node) [GiB] 79.90
Setup time Vj,, [s] 406.12
GMRES it. time [s] 2.29
No. GMRES iterations 153
Total time [s] 756.40
Rel. L? error BEM 0.011851

Table 7.4: Results of the solution of the system (7.32) for the mesh ¥, , consisting of
512 uniform time steps in the interval (0,0.25) and 10 722 triangles on the surface
of the crankshaft domain €.

In summary, we have seen that the new time-adaptive FMM provides a better matrix
compression for temporally non-uniform meshes than the standard space-time FMM,
which helps to reduce the storage requirements and runtimes when solving related
boundary integral equations. The only difference between the two methods is the
treatment of temporally one-sided admissible blocks, which are fully assembled in the
case of the standard FMM and approximated in the case of the time-adaptive FMM.
Hence, the time-adaptive FMM can be seen as a valuable extension of the standard
FMM. Since the storage requirements — or, equivalently, the number of inadmissible
blocks corresponding to pairs of clusters that are not temporally separated — can
still be quite large in the case of the time-adaptive FMM, we present a method for
the additional compression of this temporal nearfield in the next chapter.
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At the end of Chapter 5 we have seen that the space-time FMM can significantly
reduce the runtime complexity of the application of BEM matrices like the single
layer operator matrix Vj: For a space-time tensor product mesh with FE; similarly
sized time steps and FE, similarly sized spatial elements and lowest order test and
trial spaces the costs are reduced from O((E,E,)?) to O(E,Eym?mL), where m;
and m, are the expansion degrees of the FMM operations. A requirement for this
reduction is that the spatial and temporal mesh widths h, and h; satisfy the re-
lation h; ~ hZ. If h, is too small in relation to h; the efficiency of the space-time
FMM suffers and costs of order O(E;E2) are to be expected in the worst case. This
is because the approximations of the heat kernel in (5.1) and (7.1), on which the
efficient approximation of blocks of V}, is based, rely on a separation in time of the
clusters corresponding to the blocks. If the number of time steps of the considered
mesh is too small, there exist large blocks of V;, whose clusters are not separated in
time. These large temporal nearfield blocks are not approximated in the standard
space-time FMM and are responsible for its bad performance.

The suboptimal performance of the space-time FMM for meshes with too fine spatial
mesh resolutions has already been discussed in [52] for the related pFMM. To over-
come this issue an additional fast method for the application of the temporal nearfield
has been described in that work. In that fast method, the integrals of the entries of
inadmissible blocks of V; — or other BEM matrices — are transformed and subdi-
vided in time in a sophisticated way to obtain two parts: A part of singular integrals,
which are sufficiently localized in space to allow for an efficient direct evaluation,
and another part of regular integrals, which are efficiently treated by combining nu-
merical quadrature in time with fast Gauf transforms in space based on truncated
Chebyshev expansions as in the pFMM. In the numerical examples in [52, Section 5]
it was shown that the linear complexity of the pFMM can be reestablished up to a
logarithmic factor for meshes with fine spatial mesh resolutions by using the proposed
additional fast method for the application of the temporal nearfield.

In this chapter we present an alternative method for the compression of the temporal
nearfield in the space-time FMM. Our approach is based on the partially pivoted
adaptive cross approximation (ACA) which is a method that allows one to compute
a low-rank approximation of a given matrix in a pure algebraic way using only few
of the original matrix entries and is described, for example, in [10, 13]. The partially
pivoted ACA can be used instead of kernel approximations in BEM to approximate
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suitable admissible blocks of the corresponding system matrices with an overall quasi-
linear complexity in the number of rows and columns of the considered matrix. This
is described in more detail, for example, in [62, Chapter 3] or [11]. In the context
of the heat equation, a fast method alternative to the pFMM and the related space-
time FMM in this thesis was developed in [74] where admissible blocks of a BEM
matrix like V}, corresponding to temporally separated clusters are approximated us-
ing a kernel expansion in time and the ACA in space. Our approach in this chapter
is different: Starting from the space-time FMM in Chapter 7 we determine suitable
inadmissible blocks of V;, which can be approximated by the ACA — if necessary by
additional block refinements. The partially pivoted ACA is then directly applied to
these blocks. The ranks of the resulting low-rank matrices can be further reduced by
using an additional truncated singular value decomposition. This kind of recompres-
sion is well known from the literature  see e.g. [12, Section 2.2]  but we propose
a new criterion to determine the related recompression ranks. The resulting nearfield
compression scheme is similarly efficient but easier to implement than the nearfield
compression scheme in [52] since it requires only an implementation of the rather sim-
ple partially pivoted ACA algorithm — and algorithms to compute a singular value
decomposition of a matrix available in standard math libraries like LAPACK [6] —
while the method in [52] introduces additional refinements of time steps and new
integrals to evaluate in a spatial multi-level setting. Furthermore, the method in [52]
relies on the uniform prismatic structure of the elements of the considered space-time
mesh, while the black-box nature of the ACA might allow us to use our new nearfield
compression scheme also for more general space-time meshes.

The rest of this chapter is structured as follows. In Section 8.1 we give a basic
description of the partially pivoted ACA before motivating in Section 8.2 why it can
be used to approximate certain originally inadmissible blocks of the matrix V. By
identifying and approximating these blocks in the context of the space-time FMM
from Chapter 7, we obtain the new nearfield compression scheme mentioned in the
previous paragraph, which is described in Section 8.3. In Section 8.4 we describe
the additional recompression strategy and in Section 8.5 we analyze its effect on
the approximation quality of Vj,. The chapter is concluded by Section 8.6 where
we present various numerical experiments revealing the positive effects of the new
nearfield compression scheme with and without the additional recompression.

8.1 The adaptive cross approximation

The space-time FMM from Chapter 5 and its extension from Chapter 7 rely on the
fact that suitable blocks of BEM matrices like V), can be approximated and applied in
an efficient way by suitable FMM operations. These approximations of matrix blocks
can be understood as approximations by low-rank matrices. In linear algebra, the
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rank of a matrix A € R™*" is defined as the dimension of the image space of A and
is bounded by min{m, n}. A is called a low-rank matrix, if its rank & is significantly
smaller than min{m,n}. It is well known, that such a low-rank matrix A admits a
representation

k
A=UW" =) ww,, (8.1)
=1

where U € R™* and W € R™** are suitable matrices, and {u;}* ; and {w;}* , are
their columns; see [11, Theorem 1.2]. The low-rank approximations of matrix blocks
in Chapters 5 and 7 have been constructed by replacing the heat kernel in the integrals
defining the matrix entries by the separable approximations (5.9), (7.1) and (7.3) of
the heat kernel. An alternative method that yields such low-rank approximations is
the adaptive cross approximation.

The adaptive cross approximation (ACA) has been introduced in [10, 13]. Tt allows
one to construct a low-rank approximation of a given matrix in a purely algebraic way
by using only the original matrix entries. For certain matrices — like suitable blocks
of BEM matrices generated by asymptotically smooth kernels — this is even possible
without assembling the full matrix in advance. Instead, relevant matrix entries can
be computed on demand during the approximation. The resulting method is denoted
as partially pivoted ACA and is sketched in Algorithm 8.1. This version is based on
the one in [11, Section 3.4.1, Algorithm 3.1].

In the ACA in Algorithm 8.1 a matrix A € R™*" is approximated by generating a se-
quence of low-rank matrices {Sy,}x of the form S, = UyW, . In the first step, a suitable
index pair (i1, j1) is chosen and the vectors w; € R™ and u; € R™ are constructed as
wy = Afiy, j1]7'Afir, ;] and wy = A[;, 71], i.e. wy is the 3" row of A scaled by Aliy, j;] 7
and u; is the j{h column of A. This yields the first approximation S; = ulwlT of A.
The residuum R; = A —S; is a matrix whose i{" row and j{* column vanish. The ap-
proximations {S; }; are then constructed iteratively: Once Sy, is computed, a suitable
index pair (ix41, jr+1) is determined and new vectors wi1 € R and w1 € R™ are
created by setting Wpy1 = Rk[ik+1,jk+1]_le[ik+17 Z} and Up+1 = Rk[Z,jk+1], where
Rir. = A — Sg; see lines 5-7 and 11 in Algorithm 8.1 for w;,; and lines 12-14
for ugy 1. This yields the next approximation Siyq = le;rll w,w, and the residuum
Rit1 = A—Sy.1 which contains zeros in all rows i € {i,};} and columns j € {j,}5*}.
Note that once Sy is computed only the i, row and ji%, column of A are needed
to compute the required entries of R, 1 and the update Syy;. The pairs of rows and
columns that are constructed in each step can be seen as crosses, which explains the

name of the method.

The choice of the indices i;y; and jjyq for the construction of the matrix Sgiq
from Sy in the ACA is crucial for the efficiency and correctness of the method.
From the construction described in the last paragraph it is clear that the index i,
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should be chosen from the set {1,...,m}\ {i1,...,4} and the index j;,; from the
set {1,...n} \{j1,...,Jk}. Once ipyy is chosen and the unscaled i, row Wy
of the residual matrix R; has been computed, the index jy; is chosen such that
|(Wrt1)j,,, | = max;{|(Wy11),|}; see line 10 in Algorithm 8.1. This choice is moti-
vated in [11, Lemma 3.34]. Note that it is possible that wyy; = 0. This is not
bad, since it means that an additional row of the matrix Rj is zero and, therefore,
an additional row of A is already approximated well. However, it also means that
we need to choose a different row index i1 to determine the vector wy.y for the
matrix S, 1. We keep track of all previously selected row indices in the set R in line 8
of Algorithm 8.1. A new index 4, is then chosen in line 20 such that |(ug);,.,| is
maximal among all values |(uy);| with ¢ ¢ R; similarly as in [62].

Algorithm 8.1 Partially pivoted adaptive cross approximation (ACA) of A € R™*",

Require: Let a parameter exca for the stopping criterion (8.3) be given.
Let a bound k., for the maximal rank of the approximation be given.
1: Initialize k¥ = 0 and the row index set R = ().
2: Initialize the row index iz = 1.
3: Initialize the squared Frobenius norm nZ , of the approximation by n?_, = 0.
4: do
5 Set w1 = A[ik+1, Z]T.
6 forall/=1,....k
7 Update wgi1 < wii1 — ()
8
9

iy We-

Update R < R U {ig41}.

if w1 does not vanish:
10: Set jr+1 = argmax;_; _{|(wy41);]}-
11: Update W1 < (wk+1)j_k+1wk+1.
12: Set wg.1 = A[Z,jk+1}.
13: for/=1,... k
14: Update py1 < Upy1 — (We)j,,, U

// Update the squared Frobenius norm n_, of the approximation.

15: for(=1,... )k
16: Update nZ,, < ni, + 2(we - wpy1)(we - wip).
17: Update n2,, « nZ., + |ups1?|wi o)
18: Update k < k + 1.
19: if R#A{1,...,m}
20: Set i1 = argmaxc(y, . mpril(wn)il}-

21: while (8.3) is violated and k < min{ky.x,n} and R # {1,...,m}.
22: return S; = UkW,;r. J Uk = [u, ... ug], Wy = [wy, ..., wy].
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The approximation can be stopped for a certain rank £* if the corresponding residuum
is small enough. To determine this one could, for example, compute the Frobenius
norm [|Ry- |7 = (307, Y0 Rie[i, 41%)'/ of Ry- and demand that

F < €aca ||Allr (8.2)

IRk

for a sufficiently small constant €aca > 0. Since the full matrix A needs to be
computed to check (8.2), we stop the approximation instead if

2 (8.3)

? < encal|Skr

2|wk*

[wp

for another small constant exca > 0. Under certain assumptions on the matrix A and
the construction of the approximations {Sy }, the stopping criterion (8.3) implies the
estimate (8.2); see [11, Sections 3.4.1 and 3.4.2]. We will further comment on this
in Remark 8.2. Note that the norm ||Si41|/% can be computed from ||Sg||% in each
iteration step using the formula

k+1 k+1

ISkallF = Uk Wi 15 =D 0> (ws - uy) (w; - w;)

i=0 j=0
k

= [ISkllE + 2 (i - 1) (w; - w) + [ [Pwiea],
=0

which can be found in [11, cf. p. 11, Equation (1.4)]. We compute the norm of S
in this way in lines 15-17 of Algorithm 8.1, where it is denoted as ngol.

Even if the stopping criterion (8.3) is not satisfied, there are two additional cases in
which the computation of the low-rank approximation of A is stopped:

(i) The rank % has reached a certain threshold k., or is equal to the number of
columns n of A.

(i) All rows of A have been considered, i.e. R = {1,...,m}.

Ifk=norR=1{1,...,m}, UW] corresponds to the full matrix A which means that
the low-rank approximation has failed. By introducing a reasonable threshold k.
one can also stop the approximation earlier when it is foreseeable that the ACA will
not yield an efficient approximation of A. In all these cases the full matrix A should
be used instead of the low-rank approximation S; returned in Algorithm 8.1, which
we denote as ACA low-rank matrix in the following.

The runtime complexity of the ACA in Algorithm 8.1 is O((#R)?(m + n)). This
is stated in [11, Section 3.4.1] and can also be seen by counting the number of
floating point operations in the algorithm. During the computation O(#R(m + n))
entries of A are accessed. If these entries are computed on demand and the compu-
tation is expensive, the complexity of the ACA scales instead like O(#R(m + n));
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see [11, Remark 3.31]. For a block A of a BEM matrix this is typically the case
since for each entry a boundary integral needs to be evaluated. For the resulting
approximation (m + n)k entries of the matrices U, and W, need to be stored, which
is more efficient than storing the original mn entries of A if the rank k satisfies
k < min{m,n}/2.

REMARK 8.1. It is well known that the choice of the row indices {ix}r, in line 20 of
Algorithm 8.1 combined with the stopping criterion (8.3) might cause the ACA to
fail for certain matrices A. In fact, some parts of the matriz A might not be ap-
prozimated at all by the resulting approzimation Sy in certain pathological situations;
see [11, Section 3.4.3] where a block of a double layer operator matriz is considered
as an example. Different row selection strategies that allow one to overcome this
deficiency are discussed in [11, Section 3.4.3] and [40, Section 3.2]. For the sake of
simplicity we do not discuss them here, and apply the ACA only to suitable blocks of
the single layer operator matriz Vy, in the following sections.

REMARK 8.2. If the residual matrices {Ry}r considered in the ACA satisfy an esti-
mate of the form |Rys1|lr < n||Ri|lr for some value n < 1 and if the stopping crite-
rion (8.3) is satisfied for a rank k* and eaca = (1 —1)aca/(1+Eaca), one can show
that the estimate (8.2) is satisfied, i.e. Sgx approzimates A well; see [11, p. 141f.].
Let A be the Galerkin matriz for an integral operator K, i.e.

A[Za .7] = <()0’m K:wJ>F:

(8.4)
Ko@) = [ K)o (w)ds,,
r

for some functions {p;i}i2, with supports in a bor Xio and {1;}}_, with supports
in Xee. Let {Ry}r be the residual matrices obtained in the adaptive cross approzima-
tion of such a matriz A. An upper bound for |Ri[i, j]| is derived in [11, Theorem 3.37]
under suitable assumptions on the row indices {ix}i, chosen in the ACA. An essential
part of this bound is the best approrimation error

max inf _||K¢; — plleo X (8.5)

j=1,...,m p€span E
where = is an arbitrary set of functions {&}?;1 with & = 1, and k' is the number
of vanishing rows of Rg. If one can show that this best approzimation error (8.5)
converges exponentially to zero, an estimate of the form ||Rii1|lr < nl|Rk||F is satis-
fied. For kernel functions (x,y) — K(x,y) which are asymptotically smooth — see
Definition 5.2 — and bozes X and Xior which satisfy an admissibility criterion like

N dist(Xiar, Xare) = max{diam(Xi,,), diam(Xg)} (8.6)

for a suitable constant n, > 0, such an exponential decay of the best approrimation
error can be proven using polynomial interpolation. This is shown in [11, Section 3.3]

and [14, Section 4.4].
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8.2 The applicability of the ACA for the single layer operator
matrix

In this section we motivate why the ACA from Section 8.1 can be used to efficiently
compress certain blocks Vp,| Zuux 2. Of the single layer operator matrix V. We are
particularly interested in those blocks which are inadmissible, and thus not approx-
imated in the FMM in Chapters 5 and 7. For our motivation we consider a special
setting: We assume that Zg . and Z;,, are temporally indivisible clusters, i.e. their
temporal components I and I, contain only a single time interval of the parti-
tion Z, of the space-time tensor product mesh 3,; see Definition 7.5. This situation
is particularly relevant for inadmissible blocks of V;, and the meshes ¥, mentioned
in the introduction of this chapter for which the spatial mesh width h, is consider-
ably finer than the temporal mesh width h; in the sense that the relation h; ~ h2
is violated. We show that for such temporally indivisible clusters Zg. and Zi,, the
block Vi[5 can be interpreted as a matrix generated by a purely spatial kernel
function. By showing that this kernel function is asymptotically smooth we will con-
clude that the ACA can be used to compute low-rank approximations of such blocks
if the spatial components of Z;,, and Z, are suitably separated.

Let Vi|z,. 7. be a block of the single layer operator matrix Vj corresponding to
two clusters Zi,, and Zg.. Its entries are given in (3.25), i.e. there holds

Vil zx 2 [kt = 1) By + kg, (jr — 1) Bz + ]

/ / / / (x—y,t —7)dsydrds,dt
thy—1 Y Vhg 1YY

Ji

for all (ki ko) € Zear and all (Jts o) € Zee. As in previous sections, we use global in-
dices to access the entries of the block here to simplify the description. In Section 3.3
we discussed that the integrals in (3.25) are evaluated in practice by an analytic
integration in the two time-variables combined with quadrature routines in space.
This is described in more detail in [81]. Here we present the resulting formulae after
the analytic integration in time. We define the time-integrated kernel

thy Ly,
Foosn(7) = / Gulr.t — 7)drdt (8.7)
tey—1 Jtj,—1
for r € R? and distinguish three cases. If k; < ji, Fop,;,(r) = 0 for all » € R? due
to the causality of the heat kernel G. If k; > j; there holds

Fa;ktsjt (T) :ng‘rdt(r ke — t' ) - Gdet(r Uy — tjtfl)

8.8
— G (7 by — ) + GaT (P by — 1) (88)
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for all » € R?, where G474 is defined by
L[] 0 7| Vs r[?
drdt _ T v f o .
Ga(r.0) am {(2042 " a|r> “ (2\/a(5 * Tas P 4a6 ) | (8.9)

Gdet(’r‘,O) — 115111(1) Giﬂit(r,é) — |T|
—

dra?

for all » € R?\ {0} with the error function

erf(z) : \f/ exp(—y?) dy. (8.11)

If instead k; = j;, we have
Fa,kt,kt (T) = ht,ktGi‘r(Tv 0) - Gi‘rdt(rv ht-,kt) + GgTdt(Tv 0) (812)
for all » € R?® with hyy, = ty, — ty,_1 as defined in (2.13) and G97(r,0) given by

1
dmalr|

G (r,0) = (8.13)

Note that
Fogy g (1) ~

as r — 0, (8.14)

while F, 4, j,(r) stays bounded as » — 0 if j, < k;. This follows, since G4 (r,0) — 0

as r — 0 and since :
1)
drdt _
}«IL%G (r,9) = 20/ 7303

for all § > 0; see [81, Section 4].

By using the function [, j, we can rewrite the entries of the block Vy|; 5 —as

Vh|Ztarx25rc[(kt_1)Ew+kwv( DEz+jz) = / / Fokj(x—1vy)ds, ds, (8.15)
Yex ¥ Vix

for all (ki ky) € Zear and (Jts Jo) € Ze. 1f we assume that Zye and Zi are two
temporally indivisible clusters, there exists only one time-index k; in Ziar and one
time-index j; in Zee, and thus the block in (8.15) is generated by a single kernel
function F,, ;. In this representation, the block Vh|Z e has exactly the same
form as a block of a single layer operator matrix of an elhptlc PDE like the Laplace
equation when a Galerkin method with piecewise constant basis functions in space
is used for the discretization; cf. Equation (8.4) in Remark 8.2 and [11, Section 3.1].
Due to (8.14), the time-integrated kernel function (z,y) — F, gk (x — y) is even
asymptotically equivalent to a scaled version of the fundamental solution of the
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Laplace equation (z,y) — (4n]x —y|)™' as € —y — 0. The ACA presented in
Section 8.1 is known to be well suited for the approximation of blocks of the single
layer operator matrix of the Laplace equation corresponding to clusters that satisfy
an admissibility criterion like (8.6); see for example the numerical experiments in
[62, Section 4.2]. This follows, in particular, from the results which we have men-
tioned in Remark 8.2. Those results are valid for more general matrices generated by
asymptotically smooth functions. By showing that the time-integrated kernel func-
tions F, j, in (8.7) are asymptotically smooth, we motivate that the ACA can also
be used to approximate suitable nearfield blocks of V; which are inadmissible in the
context of the FMM in Chapter 7. Note that the asymptotic smoothness of the time
integrals of the heat kernel in 2+1D was shown in [60, Corollary 7.2.2].

To show that the kernel functions (x, y) — Fi, x, j, (€ —y) are asymptotically smooth
for all k¢, j, € {1,..., B} with j, < k;, we use a few basic results about asymptotically
smooth functions which we list in the following propositions.

PROPOSITION 8.3 ([35, Section E.1]). Let d € N. The functions (z,y) — |z —y|™*
and (z,y) — |x — y| are asymptotically smooth on R? x R?,

PROPOSITION 8.4 ([35, Theorem E.8]). Let ra > 0 and A := (—ra,ra) C R. Let
f A\ {0} = R be asymptotically smooth in the sense that there exists an s € R and
suitable constants C, p and ~ such that

‘;Wf(r)‘ < has(W)|r| 7770 with has(v) :== CvivPy” (8.16)

for allr € A\ {0} and v € N. Letd € N and X,Y C R? be such that |x —y| <14
for all x € X and y € Y. Then the function F : X xY — R defined by
F(x,y) := f(le —y|) for allx € X and y € Y is asymptotically smooth.

PROPOSITION 8.5 (|35, Remark E.11 and Theorem E.12]). Let d € N and X C R?
and Y C R? be two non-empty, bounded, open sets. Let f : X xY — R and
g: X xY — R be two asymptotically smooth functions. Then the sum f+ g and the
product fg of f and g are asymptotically smooth on X X Y.

In the next proposition we show that the two functions (z,y) — exp(—|z—y|?/(4ad))
and (z,y) — erf(|z — y|(2v/ad)), which are parts of the function GI7 in (8.9), are
asymptotically smooth.

PROPOSITION 8.6. Let X,Y C R? be two non-empty, bounded, open sets. Then

(z,y) — Fi(z,y) = exp (— |:c4;(;;/|2) for (z,y) € X XY, (8.17)
(z,y) = Fy(x,y) = erf (';\;%') for (z,y) € X x Y, (8.18)

are asymptotically smooth for all 6 > 0 and a > 0.
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Proof. For the functions f; : R — R and f5 : R — R defined by

fi(r) = exp < - 4;25>7 fo(r) = erf <2\;£>

there holds Fi(x,y) = fi(lx — y|) and Fy(x,y) = fa(|e — y|). According to Propo-
sition 8.4 it is therefore sufficient to show that f; and f, are asymptotically smooth
on R in the sense of (8.16) to conclude that F; and Fy are asymptotically smooth
on X xXY.

Let us first consider f; and estimate |(d/dr)” f1(r)| for all R\ {0} and v € N. Since

(d/dr)” fi(r) = (=1)"(d/dr)" fi(=7)

holds for all v € Ny and r € R we can focus on the case » > 0. The function
z — f1(z) is holomorphic on C. Therefore, we can use Cauchy’s integral formula to

get
& f1(<)
h) = 5 | ac

dz” 2mi Brnr) (C— 1)

for all r € Ryy and R € R.g, where B(r, R) C C is the ball with center » and
radius R. We can estimate |f;(¢)] < 1 if R(—¢%/(4ad)) < 0, i.e. R(¢?) > 0. If we
write ¢ in polar coordinates ¢ = e with g € Rsq and ¢ € (—m, 7], we see that this
is the case if and only if |p| < 7/4. In particular, it is satisfied for all ¢ € 9B(r, R)
with R < 7/4/2, because for such values R the ball B(r, R) is fully contained in the
set {z = pe™¥ € C: |p| < m/4}. Hence, for R < r/+/2 we can estimate

w/ Al 4 ¥ L a2

4
dzv

oBerR) [C— 1" 7 7 21 Japir) RV

7o) <

= or

Since R — R~ is monotonically decreasing, we can minimize this bound by choosing
R = r/x/i In this way, we obtain the estimate

< plov/2p—v

’ ¢ filr)

dzv

for all v € N, which shows that f; is asymptotically smooth.

To show that f5 is asymptotically smooth too, we proceed in the same manner. The
function f satisfies (d/dr)” fo(r) = (=1)**(d/dr)” fa(—r) for all v € Ng and r € R,
so we can focus on the case r > 0 again. Since z — fy(z) is holomorphic on C, we

can estimate , |
d fz(r)’< V’/ ALY, (8.19)

dev = or oB(rR) [ — "1
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for all 7 € Ry and R € Ryy. We can rewrite f5(¢) as

.
7o) =t (5= ) = 2= [ esal-s)
. ¢ 2> ¢ [
= ra(i/o exp( 4(157 dr = r(xé/o fi(¢r)dr,

where we used the definition of the error function in (8.11), which is also valid for
complex arguments, and the substitution y = 7¢(/(2v/ad). From this representation
it follows that

R0 < % / A1) dr < \/:Tfs (8.20)

for all ¢ € 0B(r, R) with R < r/+/2, where we used that |¢| < r+ R and |f1((7)] < 1
for all these values of ¢ and all 7 € [0,1]. By using the estimate (8.20) in (8.19) it
follows that

<!

’ dv r+R

dzv Rv\rTad

The function R — (r + R)R™" is monotonically decreasing for all 7 > 0 and v € N,

so we can minimize the bound in the last estimate by setting R = r/4/2 and obtain
dl/

the estimate ) )
Al <14~ 9v/2 v+,
dzv f2( ) = ( \/5) and

which proves that f; is asymptotically smooth. O

fo(r)

The asymptotical smoothness of the functions F} and F5 in Proposition 8.6 implies
that we can approximate them well on pairs of boxes X, and X, in R? that satisfy
an admissibility criterion like (8.6), which ensures a separation in space. For Fj
we had already shown a stronger result in Section 5.1.2. In fact, the heat kernel
(z,y) = Go(x —y,t—7) for a fixed time difference 6 = ¢ — 7 is just a scaled version
of the function Fi, and in Theorem 5.7 we had shown that it can be approximated
well by a truncated Chebyshev expansion. For this purpose, a separation of the
boxes Xi.r and X in space is not necessary. Only the sizes of the boxes have to
be chosen suitably with respect to § = ¢t — 7 as stated in (5.19). Proposition 8.6
is helpful nonetheless since we can use it together with the results in the previous
propositions to show that the more complicated time-integrated kernel functions
in (8.7) are asymptotically smooth.

THEOREM 8.7. Let k; € {1,...,E} and j; € {1,...,k; — 1}. Let XY C R3 be
two non-empty, bounded, open sets. Then the functions (x,y) — For, . (x —y) and
(@, y) = Fopo(®—y) with Foy, ;. defined in (8.8) and Fyy, 1, defined in (8.12) are
asymptotically smooth on X X Y.
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Proof. Let us first consider the function (x,y) — Fu ., (z — y) in (8.8) for j; < k;.
Due to Proposition 8.5 we can conclude that it is asymptotically smooth on X x Y
if we can show that the function (x,y) — GY¥(x — y,d) is asymptotically smooth
on X xY forall § > 0. For § = 0 this is clear due to Proposition 8.3 since

Gdet _ 0) = ‘w_y|7
a (:B Y, ) {02

see (8.10). For 6 > 0 we have

T—y 0
2V py(ay) +

0
—F —F}
47T0[|(E — y| 2(w7y) + - 1(w7y)

Gt (a — ) =

with the asymptotically smooth functions F; and F5 from Proposition 8.6. According
to Proposition 8.3, the function (x,y) — |z—y|™" is asymptotically smooth on X xY
too. In particular, the function (z,y) — G4 (x —y, §) is the sum of three products
of asymptotically smooth functions on X x Y, and thus it is itself asymptotically
smooth on X xY because of Proposition 8.5. Therefore, we have proven the assertion
for Fyr,j, with j; < ki. For the function (z,y) — Fop, r (z — y) it follows in the
same way using the decomposition

Fa,kz,kz(w - y) = - Gi‘f‘dt(a: - Y h’t,kt) + G(;Tdt(a“ - Y, O) |

To summarize, we have shown that for two temporally indivisible space-time clus-
ters Ziay and Zg. the entries of the block Vy|; 5 are of the form (8.4), and, more
importantly, that the correspondmg kernel function Fy k,.j,» which is determined by
the time-index k; in the index set Ztar and j; in Zsm, is asymptotically smooth for all
cases j; < k;. According to Remark 8.2 we can therefore assume that the ACA can be
used to efficiently approximate such a block Vh|Z .x 2., If the spatial components X,
and X of Zi,, and Z,. satisfy an adm1551b1hty criterion like (8.6).

8.3 The ACA nearfield compression in the space-time FMM

The ACA from Section 8.1 can be used to compress certain inadmissible blocks of
the single layer operator matrix Vj, in the space-time FMM from Chapter 7 to obtain
a more efficient fast method for the application of V;. In this section we describe
the necessary changes in the setup and application of the FMM for this additional
nearfield compression.

Let 78 be an extended space-time box cluster tree T as constructed in Algo-
rithm 7.1 and let the operation lists for clusters in 78 be constructed by Algo-
rithm 7.2. We want to determine originally inadmissible blocks V|, of Vj,

Zsrc
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with Zg. € N(Ziar) for which a compression by means of the ACA is applicable.
According to the findings in Section 8.2 this is the case for temporally indivisible
clusters Z,, and Zg., whose spatial components satisfy an admissibility criterion
like (8.6). In our application we use a different admissibility criterion. We require
that Zi,, and Zg. have the same spatial level £, which we defined at the end of Sec-
tion 7.2.1. Then their spatial components X, and X, are contained in a regular
grid G and we can use the grid distance introduced in (5.30) in Section 5.2.2 to
define the spatial separation criterion

griddist (Xear, Xae) > 1. (8.21)

Note that there exists a constant 7, such that (8.6) is satisfied for all pairs of
boxes Xior and X in the grid G that satisfy (8.21), even if the boxes are ad-
ditionally padded as described at the end of Section 7.2.1.

An illustration of the criterion (8.21) is given in Figure 8.1, where we consider a fixed
spatial target box Xi, and mark all the source boxes for which (8.21) is satisfied.
Recall that when we construct the operation lists in Algorithm 7.1 we neglect inter-
actions between clusters Zg. and Z,, if X is not contained in the interaction area
ZA(Xtar) of Xiar defined in (5.31), i.e. if griddist(Xiar, Xore) > 4. This is indicated
by the hatched boxes in Figure 8.1 for which (8.21) is satisfied, but which are not
contained in the interaction area of Xi,. in this particular example, so they can be
ignored.

Figure 8.1: Illustration of the spatial separation criterion (8.21) for spatial boxes
in 2D. For the fixed target box X, and any of the source boxes filled with green
color (8.21) is satisfied. For the source boxes hatched in green (8.21) is also
satisfied, but they are not contained in the interaction area Z (Xta) of X, defined
in (5.31) if ny, = 2 is chosen as truncation parameter.
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REMARK 8.8. Numerical experiments indicate that also for originally inadmissible
blocks corresponding to clusters Zy, and Zg. which are not temporally indivisible
we can apply the ACA to determine a potential low-rank approrimation, as long as
the spatial components of these clusters satisfy (8.21). Therefore, we do not require
that the clusters are temporally indivisible when we determine the blocks which are
admissible for a compression by the ACA in the following.

In Algorithm 8.2 we present the procedure to determine the ACA admissible nearfield
blocks of Vp, i.e. all previously inadmissible blocks of V), that can be compressed
by the ACA. To keep track of these blocks we introduce the new ACA interaction
lists Zaca for clusters in 758 which we fill during this procedure. We assume that the
nearfield lists of clusters in 78 have already been constructed using Algorithm 7.2.
Then we consider all pairs of clusters Zi,, and Zgy. with Zy. € N (Zia) to iden-
tify related ACA admissible nearfield blocks of Vj. First, we check if the spatial
levels of the clusters agree; see line 3. If this is the case, we remove Zg. from the
nearfield N'(Z,,) and call the routine DETERMINEACAINTERACTIONLISTS for this
pair of clusters.

Algorithm 8.2 Construction of ACA interaction lists

Require: Let the operation lists of clusters in T be constructed by Algorithm 7.2.
1: for all Z,, € TS
for all Zy. € N(Ziar)
if E:v(Zsrc) == gw(Ztar):
Remove Z, from N(Zi,,).
Call DETERMINEA CAINTERACTIONLISTS(Zsre, Ziar)-

6: function DETERMINEACAINTERACTIONLISTS(Zge, Ztar)
7 if X and X satisty (8.21):

8 Add Zg. to IACA(Ztar)-

9

else
10: if Zgy. and Z,, are not leaves in T
11: for all (Zsec, Zrare) With Zge € child(Zge), Ziare € child(Ziar)
12: Call DETERMINEACAINTERACTIONLISTS(Zgc.c, Ztarc)-
13: else
14: Add Zg. to N(Zyar).

In the routine DETERMINEACAINTERACTIONLISTS we check if the spatial sepa-
ration criterion (8.21) is satisfied for the spatial components Xi,, and Xg. of Zi.r
and Zg.. If this is true, the corresponding block can be approximated by the ACA,
so we add Zg. to the ACA interaction list Zaca (Ziar); see line 8. Otherwise we want
to further subdivide the block V| Geaex Frre If Zior and Zg. are not leaves in T8, we

src
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do this in the usual way by recursively calling the routine DETERMINEACAINTER-
ACTIONLISTS for all pairs of children of Zi,, and Z.; see lines 11 12. If either Z,,
or Zg. is a leaf, we stop the subdivision. In this case, the block is inadmissible, so
we add Zg. to the nearfield N'(Zi,,); see line 14. In this way, we partition the set
of all originally inadmissible blocks of V;, that we have determined in Algorithm 7.2
into a set of ACA admissible nearfield blocks and a remaining set of blocks for which
an approximation is not feasible according to our criteria.

REMARK 8.9. The spatial separation criterion (8.21) can only be used for bozes Xiay
and Xge corresponding to clusters Zi,, and Zg. whose spatial levels coincide. This is
an implicit requirement in the routine DETERMINEACAINTERACTIONLISTS in Algo-
rithm 8.2. For a pair of clusters Zy,y and Zge with Zgy. € N (Ziar) we check it explic-
itly in line 3 before calling the routine the first time. In line 12 we call it recursively
without checking the spatial levels of the involved child clusters. In fact, this is not
necessary: For the clusters for which we call DETERMINEACAINTERACTIONLISTS
the first time there holds Zgye. € N (Ziar), s0 we know that either Ziy or Zg. is a
leaf in T, or both are temporally indivisible according to the construction of the
operation lists in Algorithm 7.2. Only if both clusters are temporally indivisible, they
can have children in TS, These children are obtained from Zia and Zg. by purely
spatial refinements, so their spatial levels coincide if the spatial levels of Zi. and Zg.
are equal. Hence, whenever we reach line 12 in Algorithm 8.2 the considered child
clusters have the same spatial level.

REMARK 8.10. By constructing the ACA interaction lists according to Algorithm 8.2
we compress only blocks V| 5 by the ACA for which the spatial levels {z(Ziar)
and Uy (Zse) of the clusters Ziay and Zgre coincide. We decided on this restriction since
it helps to simplify the description and convey the main ideas. However, the ACA
can also be applied to blocks Vil 5 — where lo(Zia) # le(Zac), as long as the
clusters are sufficiently separated in space. The criterion

T dist (X7, Xo) > min{diam(X}), diam(X5)} (8.22)

with a constant 7, > 0 is suitable to determine such clusters; cf. [11, Equation
(3.35)]. We can use this criterion and one-sided subdivisions of blocks in the con-
struction of the ACA interaction lists to determine additional blocks that can be ap-
prozimated by the ACA. E.g., if (8.22) is not satisfied for the spatial components Xiar
and X of a pair of clusters Zyo and Zg. and if only Zya: s a leaf, we can consider all
blocks Vh|ZAszAC with Z, € child Z,. and compress them by the ACA if X and X,
satisfy (8.22). This approach is related to the temporally one-sided FMM operations
which we introduced in Chapter 7. In the numerical experiments in Section 8.6 we
will use this enhancement since it helps to further reduce the storage requirements of
the method. Note that the criterion (8.22) can again be replaced by a grid criterion
like (8.21), if Xiar and Xy are contained in two regular grids, where one is obtained
from the other by uniform refinements.
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To set up the new fast method we assemble and store the blocks Vp[, 5 —of V)
for all clusters Z,, and Zg. with Zg. contained in the updated nearfield list N'(Za,)
as we did in previous chapters. During this assembly phase, we also approximate
each ACA admissible nearfield block Vi |5 . 5 with Zg. € Zaca(Ziar) by using the

partially pivoted ACA in Algorithm 8.1 and obtain an ACA low-rank matrix

o T
Sk Ziarx Zare = Uk Zuarx Zare Wi Zp x Zure-

If the ACA algorithm terminated because the stopping criterion (8.3) was satisfied
for a small rank %k, the matrix Sy z,, «xz.. is an efficient low-rank approximation of
the block Vi 5 . In this case we store the matrices Uy z,,,xz,. and Wy, 7.« 7.,
and use them when applying the block. If the ACA algorithm terminated because of
any of the other conditions in Algorithm 8.1 the low-rank compression failed and we
assemble and store the full block instead.

The new fast method is presented in Algorithm 8.3. It is an enhancement of the
time-adaptive FMM in Algorithm 7.5, which uses the ACA low-rank approximations
Sk Ziarx Zue Of successfully approximated blocks Vy|; 5 with Zg. € Taca(Ziar)
for a more efficient nearfield evaluation. In particular, only the nearfield evaluation
differs from the time-adaptive FMM in Algorithm 7.5.

Algorithm 8.3 The space-time FMM for V;, with an ACA nearfield compression.
Require: Let all the requirements in Algorithm 7.5 be met.
Let the ACA interaction lists be constructed by Algorithm 8.2.
Let blocks Vp|; ., with Zy. € Zaca(Ziar) be approximated by Algorithm 8.1.
1: Execute lines 1-31 of Algorithm 7.5.
J/ Nearfield evaluation
2: for all Z,, € TS
3: for all Z,,. € IACA(Ztar)
4: if Vil;,. 5. was successfully compressed by the ACA:
/ Compressed nearfield operation:
Compute w = WkT,Ztaermq

Zsre”

5
6 Add the product Uy, z,,,x z..w to fl;,_ .
T: else
8
9

Nearfield operation: Add the product Vh|meZsrcq Dre 1O f|Z}ar'
for all Zy. € N(Ziar)

10: Nearfield operation: Add the product Vil ., ql; to fls .

When applying a block of the matrix V, in the nearfield evaluation phase in Algo-
rithm 8.3 we have to distinguish between compressed and uncompressed blocks. To
identify the blocks of V; compressed by the ACA we consider the ACA interaction

lists Zaca of clusters in 7£*; see line 3. If the compression of a block Vh\zmxz»m



8.4 A recompression strategy to improve the nearfield compression 189

by the ACA was successful, we apply the ACA low-rank matrix S 7, «z.. to the
corresponding part of the source vector q in lines 4 6, where we use the low-rank
representation of Sj 7. .xz.. and compute the product in two steps for the sake of
efficiency. If the compression was not successful, the full block V[, . . has been
assembled instead and is applied to the corresponding part of the source vector in
line 8. All other uncompressed blocks of V}, correspond to pairs of clusters (Zg.e, Ziar)
with Zg. € N(Ziar) and are applied in lines 9-10.

The additional nearfield compression in the fast method in Algorithm 8.3 allows us
to overcome the storage and runtime complexity O(F;E2) of the fast methods in Al-
gorithms 5.3 and 7.5 for meshes where the spatial mesh width h, and the temporal
mesh width h; satisfy h2 < h;. In fact, we can interpret the nearfield compression as
an approximation of each originally inadmissible nearfield block V[, 5 —of Vj in
the original FMM by a hierarchical matrix (#-matrix) using the ACA as described
in [11]. If such a block has O(E?) entries, the complexity to compute this H-matrix
approximation is O(F, log(Fy)| log(eaca)|®), where eaca is the accuracy in the stop-
ping criterion (8.3), and the complexity to store and apply the approximated block is
reduced from O(E2) to O(E, log(Ey)|log(eaca)|®); see [11, Section 3.4.4]. In partic-
ular, if there are O(FE}) originally inadmissible blocks in the FMM in Algorithm 5.3
with O(E2) entries, the complexity to store and apply all these blocks is reduced
from O(E:E2) to O(E Eylog(Ey)|logleaca)l?)-

REMARK 8.11. The described nearfield compression agrees well with our paralleliza-
tion strategy in Chapter 6. In fact, each process assembles and applies a local part of
all inadmissible blocks in our parallel FMM individually. To incorporate the nearfield
compression, each process can use a local variant of Algorithm 8.2 to determine all
ACA admissible nearfield blocks among its share of inadmissible blocks, approrimate
them, and apply the compressed blocks in the parallel application of V, together with
related inadmissible blocks whenever a corresponding nearfield operation is erecuted.

8.4 A recompression strategy to improve the nearfield
compression

While the ACA in Algorithm 8.1 typically yields an adequate low-rank approxima-
tion Sy when it is applied to a suitable matrix A € R™*" the rank k of this approxi-
mation does not need to be optimal in general. A recompression of the matrix S; by
means of a truncated singular value decomposition can be used to reduce the rank
of Sy in a post processing step; see e.g. [12, Section 2.2]. In this section we describe
such a recompression in the context of the fast method from Section 8.3. The novelty
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of our approach is the criterion that we use to choose the recompression ranks, which
is based on a comparison of an approximated block with a suitable diagonal block of
the matrix Vy,.

To compute a singular value decomposition (SVD) of a low-rank matrix S, = UWT
with U € R™* and W € R™* we proceed as described in [12, Section 2.2]. First,
we compute the QR decompositions U = QyRy and W = QwRw, where Qy € R™**
and Qw € R™* are orthogonal matrices and Ry,Rw € R¥** are upper triangular
matrices. Secondly, we compute a singular value decomposition of RyRyy,, which
has the form Uﬁ]WT, where U and W are orthogonal matrices and Sis a diagonal
matrix containing the singular values of RyRy,. The singular values o; = 3[4, j]
with j € {1,...,k} are non-negative real numbers and are typically arranged in de-
scending order, i.e. 01 > 03 > ... > 0} > 0, which we assume here. From this singular
value decomposition of RyR}, we get a singular value decomposition S, = USWT with
the orthogonal matrices U = QU € R™* and W = QuW € R*k,

We obtain an approximation of the matrix S; with rank r < & from the singular
value decomposition S, = Uswr by setting all entries f)[j,j] with j > r to zero.
This truncation yields the approximation gr = G,\/NVTT of S, with UT € R™" and
VNVT € R™", where the columns of GT correspond to the first 7 columns of U and
the j* column of W, corresponds to the ;™ column of W scaled by the singular
value ;. One can show that

ISk = U W] ||z = 07 (8.23)
see [14, Lemma 5.19]. Here, || -||2 denotes the spectral norm of a matrix defined by
Ax
4l = mex 15! (5.2

max
zcR™\{0} |x]
and |v] is the Euclidean norm of the vector v as in the rest of this work.

We want to use the described recompression to reduce the ranks of the ACA low-
rank matrices Sz, xz.. i1 the context of the fast method from Section 8.3. While
this kind of recompression is not new, we propose a new criterion to choose the
ranks of the recompressed matrices. For a given ACA low-rank matrix S 7, xz... we
choose the recompression rank r as the smallest value such that the (r+ 1) singular
value 0,41 of S 7, xz.. satisfies

Or41 < 5rec||vh‘2tar><2mr 2 (825)

for a sufficiently small constant £, > 0 and obtain the approximation

_ AT
Sr Ziwrx Zoe = Ur Zuax 2w Wi 70 5 Zure
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Choosing the recompression rank r by (8.25) means that we use [|[Vi|z_ .z Il2 as a
reference value to determine the accuracy of the recompression instead of the largest
singular value of Si z,...xz.., which is often used for this purpose. Our choice is
motivated by the fact that the blocks on the diagonal of Vj, are the most relevant
ones in the sense that they contain the entries with the largest absolute values among
all the entries of V. This follows from the definition of the entries of V}, in (3.25)
and the decay of the heat kernel G, in (3.4) in space and time. In Section 8.5 we
will show that this kind of recompression is sufficiently accurate.

The spectral norm of the diagonal block V| ., in (8.25) corresponds to its largest
singular value, which is the square root of the largest eigenvalue \; of the product
(Valz,.. Z}M)TV’J JuwxZen We can approximate A; by applying the power iteration
to this matrix, which is described, for example, in [20, Section 4.1]. Independently
of the considered stopping criterion, this method yields an approximation Xl of A\
which is less than or equal to [[Vi|; 5 |3, so (8.25) is satisfied if we ensure that

the first truncated singular value o, satisfies 0,11 < €rec(M1)/2. Note that a less
accurate approximation of the spectral norm leads to a more restrictive truncation
criterion. By bounding the number of iterations of the power iteration in practice for
all blocks by a suitable constant npe, we might therefore increase the recompression
ranks of some blocks but do not reduce the accuracy of the recompression.

If a cluster Z;,, has children in 75*, the block V| Juarx 2 18 1Ot assembled in the
fast method in Section 8.3, because Z,, is not contained in N(Z,) due to the
subdivision of blocks in Algorithm 8.2. This means that we cannot estimate the norm
IVilz,..x 2., |2 as described above. Therefore, we do not use the criterion (8.25) for
the choice of the recompression rank r for such clusters, but require instead that

011 < Eree max{ ||V, deZd”? : Zg is a leaf in T8 and a descendant of Zi,, }. (8.26)

Note that if (8.26) is satisfied, (8.25) follows since for every descendant Zy of Z,,

the block V| . 5 is a subblock of Vi[5 . 5~ and, therefore,

Vil 2, x 2,12 < IVl 2 x 20 l2-

REMARK 8.12. The criteria (8.25) and (8.26) might even be satisfied for the re-
compression rank r = 0 if the spectral norm of the ACA low-rank matriz S z,,,x ...
approzimating a block V| 5 satisfies

HS/@,anrXZsrc 2 < 5rec||vh|2tm><2tar 2- (8.27)

In this case we discard the matriz Sy z,,.xz,

src*

To incorporate the recompression of the ACA low-rank matrices in the fast method in
Section 8.3 we need to modify the way in which we assemble the blocks of V},. Since



192 8 An ACA based nearfield compression scheme

we may need the spectral norms of some diagonal blocks V| Fnae X Jiar for the recom-
pression described above, we first assemble all blocks Vh|Z}aersrc with Zge € N(Zyar).
The spectral norms of blocks Vy |5 . ; are then determined for all leaves Zi,, € T
by using the power iteration as described above and stored to access them later. Once
this is done, we can consider the ACA admissible nearfield blocks Vh|Z}Mstrc of Vy.
For each of these blocks we use the ACA in Algorithm 8.1 to construct an ACA
low-rank matrix Sy, 7, xz.,.. If the approximation is successful, we recompress the re-
sulting low-rank matrix by a truncated SVD as described above where we determine
the recompression rank r by using either the criterion (8.25) if Zi,, is a leaf in T
or (8.26) otherwise. If the compression by the standard ACA is not successful, we
assemble and store the full block Vp|; . instead.

In the fast method in Algorithm 8.3 only minor changes are necessary to take the
additional recompression of ACA low-rank matrices into account. In fact, we only
need to replace each ACA low-rank matrix Sy z,,.xz,.. by the corresponding recom-
pressed matrix gr,Zta,-stm in the application. The resulting method is presented in
Algorithm 8.4.

Algorithm 8.4 The fast method in Algorithm 8.3 with the additional recompression.

Require: Let all the requirements in Algorithm 7.5 be met.
Let the ACA interaction lists be constructed by Algorithm 8.2.
Let blocks Vp|y 5 with Zg. € Taca(Ziar) be compressed by Algorithm 8.1
and recompressed by a truncated SVD choosing the rank by (8.25) or (8.26).
1: Execute lines 1-31 of Algorithm 7.5.
/ Nearfield evaluation
: for all Z,, € T
for all Z,,. € IACA(Ztar)
if Vil 5 wassuccessfully compressed by the ACA with recompression:
if the recompression rank r is greater than zero:
/ Compressed nearfield operation:

AN

Compute w = \TVIZtarXZsrcq Zgee®
Add the product U, 7, xz,..w to f_ .

else
Nearfield operation: Add the product V,|;  ; q

10 for all Zy. € N(Ziar)

11: Nearfield operation: Add the product V4|; ;> q

Zuwe 10 Flz.-

Zuwe 10 Flz,,-

Let us discuss the computational effort of the additional recompression. As de-

scribed above we first estimate the spectral norms of the blocks V[ 5 ~for all

leaves Zi. € Ts. The number of space-time elements assigned to a leaf Z,,,, i.e. #Ztar,



8.4 A recompression strategy to improve the nearfield compression 193

is bounded by a constant n,,,, due to the construction of the extended space-time
box cluster tree 7£** in Algorithm 7.1. Thus, approximating the spectral norm of
the corresponding diagonal block V|, , by applying nyey iterations of the power
iteration to (Vilz, 2. ) "Valz, vz, requires O(nk, nyey) operations. If we assume
that 7.5 has O(E,E;) leaves, the spectral norms of all corresponding diagonal blocks
of V, can therefore be approximated in O(E,EznZ, npow) Operations, i.e. with linear
complexity. Note that, in general, the effective costs for the assembly of the related
blocks will dominate the costs of the applied power iterations if 7, is reasonably
bounded.

Once the spectral norm estimates are available, the ACA low-rank blocks are as-
sembled and recompressed. Computing the singular value decomposition for the
recompression of a single low-rank matrix S 7, « Zare with rank %k as described at
the beginning of this section requires (’)((#Zmr + #Zgrc + k)k?) operations; see for
example [12, Section 2.2]. Recall that the computation of Sy z,. xz.,. with the ACA
requires O((#R)2(# Zar + #Zere)) operations, where #R > k is the number of con-
sidered rows in Algorithm 8.1, and that we bound the rank k of each block by a
parameter ky... Therefore, the costs of the additional singular value decomposition
and its truncation scale like the costs of computing the initial low-rank approxima-
tion. This shows that the additional recompression strategy does not reduce the
efficiency of the fast method in Section 8.3. While we cannot show that it improves
the storage and runtime complexity of that algorithm asymptotically, we will see its
positive effects in the numerical experiments in Section 8.6.

REMARK 8.13 (A heuristic extension of the recompression strategy). The idea of our
recompression strategy is to consider all ACA admissible nearfield blocks V|, . 5
of Vy, apply the ACA in Algorithm 8.1 to compress them, and recompress them if
Algorithm 8.1 terminated because the stopping criterion (8.3) was satisfied, i.e. the
approzimation was successful. The blocks for which the approzimation by the ACA
stopped before (8.3) was satisfied because the rank of the approzimation reached the
bound k. are not recompressed but fully assembled. In fact, if the stopping crite-
rion (8.3) is not satisfied, one cannot expect that the low-rank approzimation com-
puted by the ACA is sufficiently accurate in general. However, if we could show that
an estimate like

(8.28)

holds for a low-rank approzimation S, z,,,x 7. of a block V|, 5 — for which (8.3)
was not satisfied, we could recompress it like the successfully approximated blocks
using the appropriate criterion (8.25) or (8.26) to determine the recompression rank r
and get an approzimation §T7Ztar><zsrc that is accurate in the sense that

Vil 2, v 2. = SkZiarx Zaell2 < Erecl Vil 2, x 20 |12

IVA] 2w x Zoe = St Zearx Zere |2

2+ [ISk, Zuiaw x Zere = Sr.Zuarx Zare

S Valzx2e = SkiZiaex Zure 2 < 26recl|Valz,, w2, |12



194 8 An ACA based nearfield compression scheme

Note that the spectral norm of the diagonal block Vh‘meZ}a, is used as a reference
value on the right-hand side of (8.28). Hence, it is a rather weak requirement that
might also be satisfied if the estimate

VAl 2 x 2e = SkZiarx Zae lF < EacallValz,, vz I F

related to the stopping criterion (8.3) of the ACA is not satisfied. In Section 8.6.2
we consider numerical experiments where the ACA fails for certain blocks. There we
motivate why the estimate (8.28) might hold for these blocks and the related low-rank
approzimations, and investigate the effect of their recompression on the efficiency
and accuracy of the fast method.

REMARK 8.14. If one wants to apply the ACA nearfield compression with the ad-
ditional recompression to the double layer operator matriz K, the recompression
criteria (8.25) and (8.26) need to be adapted because diagonal blocks of Ky, can be
zero. In fact, if all the elements of the spatial part T'y, of 3j, which are contained in
the spatial part Xa of Zear lie in a plane, the integral kernel o On,Go of Ky, in (5.33)
vanishes on T', N Xiar and the diagonal block Kh|Z}aerm 1s zero. Howewver, not all
diagonal blocks of Ky, are zero at once, and the gradient of the heat kernel decays in
space and time similarly as the heat kernel itself. Thus, the criterion

Or1 < reemax{||Knlz, 7. |2t Ziar is a leaf in TS}

should be a suitable substitute for the recompression criteria (8.25) and (8.26) when
considering K. The same is true for the adjoint double layer operator matriz sz
and the matriz Dy, of the hypersingular operator.

8.5 Analysis of the recompression error

In this section we analyze the effect of the additional recompression of ACA low-rank
matrices in the fast method in Algorithm 8.4 on the approximation of the matrix Vy,.
The results which we present can be used to conclude that when solving a BEM
system like (3.24) and using this fast method with suitably chosen parameters for
the application of Vj, in an iterative solver, the approximation quality of the obtained
solution is not reduced.

To be able to analyze the approximation error we define the matrices corresponding
to the fast methods in Algorithm 8.3 and Algorithm 8.4.

DEFINITION 8.15. Let V), € REEXEEe be the single layer operator matriz defined
in (3.25). We define VSMM’NC € REE=xEEz g5 the matriz corresponding to the fast
method for the application of Vy, in Algorithm 8.3 and \~/}FLMMJNC € REE=xEEs g the
matriz corresponding to the fast method in Algorithm 8.4.
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To simplify the discussion, we assume that the parameters in Algorithm 8.3 and in
all the corresponding preparatory routines are chosen such that

V), — VMM, < 2 (8.29)

i.e. the spectral norm error between V; and its approximation in the fast method in
Algorithm 8.3 that includes the ACA nearfield compression but not the additional
recompression is bounded by a sufficiently small constant & > 0. Such an estimate
can be shown by deriving an estimate like (8.29) for each block of the partition
of V}, induced by the operation lists constructed in Algorithms 7.2 and 8.2, and com-
bining the blockwise results to obtain the global estimate (8.29); see for example
[14, Section 4.6]. The approximation of an admissible block Vi[; . — with Zg.
contained in one of the interaction lists Zyior,, Znmorx, OF Znxor, Of Ziar is obtained
by replacing the heat kernel in the integrals (3.25) defining the entries of V), by the
respective kernel expansions (5.9), (7.1) or (7.3) as we have seen in Sections 5.2.3
and 7.2.3. By using the results about the approximation errors of these kernel ex-
pansions in Theorems 5.9 and 7.2, one can estimate the approximation errors of the
related blocks; see [14, Lemma 4.44]. The blockwise error estimates for the approxi-
mation of the ACA admissible nearfield blocks V| G Gare With Zge € Taca(Ziar) are
obtained from the error analysis in [11, Section 3.4].

In Theorem 8.16 we estimate the approximation error related to the recompression
of all the ACA low-rank blocks of V} ™™~ which is ||V} NC — yIMMINC)

THEOREM 8.16. Let \N/,P;MM’NC and \~/5MM’rNC be the matrices related to the fast meth-
ods in Algorithms 8.8 and 8.4 as introduced in Definition 8.15 and let

vdiff . 7FMM,NC v/FMM,rNC
Vit . ¥ -V :

Let €, > 0 be the constant in the criteria (8.25) and (8.26) that are used to determine
the recompression ranks of all the ACA low-rank blocks of VEMM’NC. Then there

exists a constant cag depending on the underlying space-time bozx cluster tree TS
(see Remark 8.17) such that

IVET ]y < caitr Erec [[Vall2- (8.30)

\/FMM,rNC \/FMM,
Vh ' Vh ’

Proof. The matrix is obtained from Ne by recompressing all the low-

rank blocks of \N/EMM’NC that are obtained by successful applications of the partially
pivoted ACA in Algorithm 8.1 to ACA admissible nearfield blocks Vp[; 5 —of V,
corresponding to clusters Zi,, and Zg. with Zge € Zaca(Ztar). In particular, there
holds

e

Zewx Zuro 12 S EreclVal 2, 21, 12 (8.31)
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for all these blocks due to the recompression criteria (8.25) and (8.26), and the entries
of all the other blocks of V& are zero. Let

.Amr = {Z e 7-Zext ZIACA(Z) 75 (Z)} (832)

and g € RF¥*= with |g| = 1. To simplify the discussion, let us first assume that the
index sets of clusters in A, are pairwise disjoint, i.e. Z; N Zy = 0 for all Z; and Z,
in Ay, with Z; # Z5. Then there holds

WD S (TP D S D SR L

Ztar € Atar Ztar€Atar | Zsrc€IAcA (Zar)

sue| - (8.33)

By using the triangle inequality, the consistency of the matrix norm ||-||2 with respect
to the Euclidean vector norm |- |, and (8.31) we further get
) 2

~ . 2 ~ ..
Vitq| < Y S

Zsre
Ztar€Atar  ~ Zsrc€ZacA (Ziar)

<Y (X [

Ziar€Atar  Zere€Taca(Ziar)

gz( Y e

Zyar€Avar  ~ Zsre €LACA (Ztar)

2
Jal.))

)2
Let n4S% be a bound for the number of source clusters in the ACA interaction list
Zaca(Z) of all clusters Z € Ay,,. We can continue the estimation of |\~/2iffq|2 by using

the estimate ||[V4l|z, .z lla < [[Vall2 for all Zi,, € As and the Cauchy—Schwarz
inequality to obtain
>2

~ .. 2
Vit <l (X
Zsre

Vh ‘ Ztar Xanr Zsrc

la
2

Zsre

Ziar€Awar  Zere €TacA (Ziar)

S‘E?eCHthg Z n?rSA Z !q

ZtarEAtar Zsrc €IACA (Ztar)

2

(8.34)

To further simplify this expression, we reorder the double sum in the last line. For
this reason we define the set

Age = {7 € T : AZ,0r € T such that Z € Taca(Ziar)} (8.35)

and get
2

> X ldal= X > e

Ztar € Atar Zsrc ETACA (Ztar) Zsrc€EAsre Ztar: Zsre €LacA (Zrar)

< Z }q 2 ACA

tar
Zsre € Asre

Zsre

Zsrc
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where n2C4 is a bound for the number of target clusters Zi,, in whose ACA interaction

list Zaca(Ziar) & source cluster Zg. is contained. If we assume that also the index
sets of clusters in Ay, are pairwise disjoint there holds

> ldls.

Zsrc€Asre

it < niMgl? = i (8.36)

and together with (8.34) we obtain

brc ntar

‘\N/giffq‘ < (nACA ACA)1/2EreC”VhH27

which is the estimate that we wanted to show.

We have to show a similar estimate in the case that the index sets of clusters in A,
and A, are not pairwise disjoint, which is possible due to the refinement of blocks in
the construction of the ACA interaction lists in Algorithm 8.2. Let us first consider

the sum in (8.36), i.e
2
> lals.

Zsrc€Asre

For each element index pair (j, j.;) and each level £ there exists at most one cluster Z
at level £ of T8 such that (j,j.) € Z. Therefore, the number of clusters in Ag.
which contain a fixed index pair (j;,j,) is bounded by a constant c;, ;, and the
maximum

Cmax = max{cjt,jm : .jt S {L ) Et}a.ja: € {17 R E:l:}}

is bounded by depth(7<*). As a consequence, we get

Ey Eg
; = |q|*Cmax =
q ZSrc = Cmax q], Jz 4| Cmax = Cmax;
Zsrc €EAsrc Jt=1ja=1

since we chose g such that |g| = 1. In a similar way, we get the estimate

\diff | R
E: Vil | 2 x 29

Zsre €ZACA (Zsar)

2

~ . 2
‘VglﬂQ‘ S Cmax Z

Ztar € Atar

Zsre

instead of the equality in (8.33). The remaining steps of the first part of the proof
can be repeated without further modifications to obtain

‘\7213(1‘ < Cmax(n igAnggA Ve | (8-37)
which is (8.30) with caif = Cmax (P2SARACA)1/2, O
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REMARK 8.17. The constants nAS* and n2SA in the estimate (8.37) are sometimes
denoted as sparsity constants. Under suitable assumptions on the mesh one can
show that these constants are bounded; cf. for example [11, Example 1.36]. The
remaining constant cmax in (8.37) is bounded by the mazimal number of refinements
of an originally inadmissible block of V,, in the recursive construction of the ACA
interaction lists in Algorithm 8.2 and scales like O(log(Ey)) for globally quasi-uniform

meshes with E, spatial elements.

The right-hand side of the estimate (8.30) in Theorem 8.16 includes the spectral
norm ||V}, ||z of the non-approximated single layer operator matrix V;. We estimate
this spectral norm next to get a better understanding of the approximation error
in (8.30).

PROPOSITION 8.18. Let ¥y, = I'y, ® Iy, be a space-time tensor product mesh for a
lateral space-time boundary 3 as in Section 2.4 and hy and hy be the global spatial
and temporal mesh sizes of ¥y, as defined in (2.12) and (2.14), respectively. Let
Vo HY2V4(8) — HY2V4(S) be the single layer operator defined in (3.8) and let
the constant c¥ be a bound for its operator norm. Let V), € RFtF=>FtEz pe the BEM
matriz of V' for the space of piecewise constant test and trial functions ng’%t@h) as
in Section 3.3. Then

[Vill2 < c¥ heh2. (8.38)

Proof. Let q and w be two vectors in RFtE=\ {0} and ¢, and wy, be the corresponding
functions in the space Sg;@%L(Eh) of piecewise constant functions on ¥, as in (2.17).
To estimate the spectral norm of Vj we consider the inner product q - Vyw and use
the identity
q - Viw = (gn, Vwp)s,

where V' is the single layer operator in (3.8). Due to the continuity of the duality
product (-, -)x on H=Y/2=Y4(2)x H'/>Y/4(%) and the boundedness of V' as an operator
from H~Y/2714(%) to HY*Y4(X) there holds

(an, Vwn)s < lanllg-12-173) IV Wl 120/(5) (8.39)

< C;/HQhHH”/Q«*]/“(E)”wh”H*l/Q«*l/“(Ey

The functions wy, and g are contained in L*(¥), so we can estimate their norms in
H~Y/2=1/4(%) by their norms in L?(X). In this way, we obtain
Ji=1 jo=1"tit—1

2
/ @, j, 82 dt
Vix
Et E:c

< heh?, Z Z @, . = hhllal

Jt=1ja=1

Ey Eg

JanlBy sy < Nl = 22> [

L
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and an analogous estimate for ||wp||-1/2-1/4(s). By using these estimates and the
one in (8.39) it follows that

q-Viw = (qy, Vwy)s, < ¢ hhl|ql|w]

for all g,w € RP*F=\ {0}. We can reorder the terms in this inequality and insert
q = V,w to get
Vawl|

|wl

for all w € RPP=\ {0} which yields the desired estimate (8.38) for ||V} ]| O

S C‘2/ hthi

From Theorem 8.16 and Proposition 8.18 it follows that

Hvz‘MM,NC _ vgmw,mc”? < eree caitt Y hih2,
i.e. the error related to the additional recompression of blocks approximated by the
ACA can be controlled by choosing a sufficiently small constant ... for the recom-
pression criteria (8.25) and (8.26). Together with (8.29) we obtain the estimate

FMM,INC FMM,NC TFMM,NC  JFMM,NC
Vi = VN < vy - VN g U ey,
< &+ Erec Cait € hih2 =: epMMNG PR

Let us assume that the constant epy,ne in (8.40) is sufficiently small and that the
mesh 3, is part of a sequence of meshes that are globally quasi-uniform in space
and globally quasi-uniform in time. Then we want to show that a system like (3.24)
is still uniquely solvable if we replace V}, by \N/EMM’YNC, and that the approximation
error of the solution of this perturbed system is still quasi-optimal in the energy norm
|| | zr=1/2.-1/4(x;) like the solution of the non-perturbed system. Such a result is proven,
for example, in [11, Section 3.3.4.1] in a general setting, but also in [53, Section 4]
in the context of the parabolic FMM for the heat equation. In the latter work
the authors derive their results by comparing the bilinear forms related to the non-
approximated BEM matrices with the bilinear forms obtained by approximating these
matrices with the parabolic FMM. In our setting, the corresponding bilinear forms
a(-,+) and @, ™) on SpY (Sh) x SpE9 (%) are defined by

~FMM,rNC

a(gn, wp) = wTth7 a, (qn, wy) == wT\N/ZMM,rNC

where g and w are the coefficient vectors of the functions g, and wy in )9 ().
Since we assumed that Y, is globally quasi-uniform in space and time, there exists a
constant c,,; such that

|q‘2 < Cuni h;lh;2|‘qh||%2(2)
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By using this estimate and the one in (8.40) we get

|a(Qh-, wh) _ EI;:NH\LrNC (q,“ wh)| — ‘wT(Vh _ VEMI\'LrNC)q‘ S th _ VEI\HVI,rNC H2|q| |’UJ|
< i ermancllanll 2 lwnl 2 -

In [53, Sections 4.1 and 4.2] an estimate of the same form is used as a starting point
to show the existence, uniqueness, and quasi-optimality in the energy norm of solu-
tions of perturbed BEM systems using, in particular, the first Strang lemma. One
can follow the same lines to conclude that these results also hold in our setting for
sufficiently small values of epyvync. To be more precise, for the quasi-optimality of
the lowest order approximation error in the energy norm || - || jy-1/2.-1/4(s) we need to

ensure that
he VRO
EFMM,INC = O<(hi +h) (max { \/:77 h. }) >;
t T

cf. [53, Equation (4.4)].

8.6 Numerical experiments

In this section we present several numerical experiments to show the benefits of
the proposed ACA based nearfield compression in the FMM. The experiments are
subdivided into two sections. In Section 8.6.1 we consider numerical experiments
for sequences of nested space-time tensor product meshes with a fixed number E; of
uniform time steps and a varying number FE, of spatial elements. Here we will see
that the storage requirements and runtimes of the original FMM scale like O(E;E2)
and are significantly reduced by the fast methods in Algorithms 8.3 and 8.4. In
Section 8.6.2 we revisit numerical experiments from Sections 6.5 and 7.5 to show
that the additional nearfield compression reduces the effective storage requirements
and runtimes also for more general examples.

If not stated otherwise, we choose the parameters n,,,x = 800 and ¢y = 4.1 in all
experiments when constructing an extended space-time box cluster tree T for a
mesh ¥, by Algorithm 7.1 and the parameters ny, = 2, 71 = 172 = 1, my = 4 and
mg = 12 for the setup and application of the FMM operations from Chapters 5
and 7. For the nearfield compression by the ACA we set kypax = 150 to bound
the approximation ranks of the approximated blocks and use eaca = 107° for the
stopping criterion (8.3). When using the additional recompression from Section 8.4
we use e = 1075 for the recompression criteria (8.25) and (8.26) and npey = 20
iterations of the power iteration to estimate the spectral norms of the diagonal blocks
appearing in these criteria. The basic implementation of the ACA which we use
is taken from [18]. All occurring systems of linear equations are solved using the
GMRES method with a relative accuracy of 1078,



8.6 Numerical experiments 201

8.6.1 Experiments for spatially refined meshes

As we mentioned in the introduction of Chapter 8, the standard FMM in Algo-
rithm 5.3 and its extension to non-uniform temporal meshes in Algorithm 7.5 may
not efficiently compress BEM matrices for space-time tensor product meshes whose
spatial and temporal mesh widths h, and h; are such that hi < hy. In this sec-
tion we present numerical experiments which show that our nearfield compression
scheme based on the ACA in Section 8.1 allows one to overcome this deficiency like
the nearfield compression scheme proposed in [52] does.

REMARK 8.19. The number of time steps of the meshes in the following two nu-
merical experiments is rather low. Hence, for each ACA admissible nearfield block
Vh|2mx2m of Vi, the clusters Zgy. and Zyy are temporally indivisible and the appli-
cation of the ACA for the nearfield compression is justified according to Section 8.2.

First experiment: A sequence of meshes refined uniformly in space. In the
first experiment we consider a partition Zj, of the time interval (0,0.25) consisting
of F; = 16 uniform time steps and a triangular mesh I'j, of the surface of the cube
(0.5,0.5)% with £, = 768 congruent triangles. The spatial mesh is uniformly refined
several times, while the time steps are not modified. In this way, we get a sequence
of space-time tensor product meshes on which we solve the linear system (3.24) for
the same initial Dirichlet boundary value problem with zero initial datum as in Sec-
tion 6.5.1 using the GMRES method. For the application of the matrix V, we use
the fast methods in Algorithms 8.3 and 8.4 that include the nearfield compression by
the ACA and in the case of the latter also the recompression from Section 8.4. To
simplify the discussion we identify these methods with the related matrices VEMM’NC
and \N/EMMJNC as introduced in Definition 8.15, and the standard FMM in Algo-
rithm 5.3 with the matrix \N/EMM when referring to them. For the computation of
the right-hand side in (3.24) the matrix K, is applied by using a variant of the stan-
dard FMM in Algorithm 5.3, where we apply the nearfield blocks directly after their
assembly and discard them afterwards to reduce the memory demand. The compu-
tations were executed on the local workstation Babbage using all 32 available CPU
cores; see Appendix A for more hardware details. The obtained results are presented
in Tables 8.1 and 8.3 and discussed in detail in the following paragraphs. Since we are
interested only in the effect of the nearfield compression introduced in this chapter,
we do not report on the application times of the FMM approximation of K.

We start by comparing the storage requirements when using the different methods
to approximate the matrix V;,. The numbers in lines 4—6 of Table 8.1 correspond to
the memory required to store all the inadmissible blocks and all the ACA admissible
nearfield blocks computed during the setup phase of the fast methods. Note that the
numbers for VMM were determined without assembling the actual blocks due to their
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large sizes. In fact, we can see that these storage requirements scale quadratically
with the number of spatial elements E,. This is due to the small number of time
steps of the considered meshes. In fact, already for the mesh with 12288 space-time
elements all leaves of the corresponding space-time box cluster tree 7Ty are temporally
indivisible, i.e. they contain only a single time-step of the temporal partition Zy,.
By refining the space-time mesh only with respect to space, the numbers of space-
time elements in these clusters increase and so do the corresponding blocks of the
matrix V;,. While we can subdivide these clusters when constructing the extended
space-time box cluster tree 75" by Algorithm 7.1, we do not get any new admissible
pairs of clusters satisfying a temporal admissibility criterion like (5.12) or (7.5) in
this way, so neither in the standard FMM of Section 5.2.4 nor in its extension to
temporally adaptive meshes in Section 7.2.4 we can subdivide and approximate the
increasing inadmissible blocks. Therefore, we observe the quadratic increase in the
storage requirements of VEMM.

No. space-time elements F,F, 12288 49152 196608 786432 3145728

No. spatial elements E, 768 3072 12288 49152 196608
No. time elements F; 16 16 16 16 16
Storage VEMM |GiB| 014 218 3488  558.0 8928
Storage V"™~ |GiB| 014 218 1065  58.47 304.5
Storage V} ™™ |GiB] 014 218 6.29  35.46 191.7

Table 8.1: Results of the first experiment of Section 8.6.1 where the linear sys-
tem (3.24) is solved for a sequence of space-time meshes of the time inter-
val (0,0.25) and the surface of the cube (—0.5,0.5)%. The storage requirements of
the FMM in Algorithm 5.3 (VFMM) are compared with the storage requirements
of the fast methods in Algorithm 8.3 (VI™N®) and Algorithm 8.4 (VIMM™NC),

The storage requirements of \~/}FLMM’NC and \~/,FLMl\'LrNC do not differ from those of \75MM
for the first two considered meshes. This has to do with our choice of the parameter
Nmax i the construction of the underlying extended space-time box cluster trees and
its resulting structure: The maximal spatial level of the tree is zero for the first mesh
and one for the second mesh. Therefore, a separation in space as we require it for the
approximation of blocks by the ACA in (8.21) is not possible for clusters in these trees.
Only for the considered meshes with more than 3072 spatial elements the maximal
spatial level of clusters in the tree is larger than one and the nearfield compression
starts to show its effects. In fact, we see that the storage requirements of VEMM’NC
and \N/,FLMl\'LrNC are significantly reduced in the fourth column of Table 8.1 and all
following columns. In Figure 8.2 we plot the different storage requirements per space-
time element, i.e. the total storage requirements divided by E,F;, on a logarithmic
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scale together with two_reference curves. Here we can see that the elementwise
storage requirements of ViMM scale like O(E,F;) which means that its total storage
requirements scale quadratically as we have already observed before. By comparing
the curves of Vi "™~ and V;™'™NC with the O(log®(E,E,)) reference curve we
conclude that the total storage requirements of \7,};1\/IM’NC \N/gMMerC
O(E,E;log*(E,Ey)) for the considered meshes.

and scale like
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ﬁ A VEMM -
E = VEMM,NC -
E o YFMMNC
- h
< 1000 - o(EE)
E -~ O(log*(ELEy)) -
P
z
2,107 .
wn
—
)
2,
) _
o0 B
<
3 10
n
10* 10° 10°

E.E,

Figure 8.2: Plot of the storage requirements per space-time element of \~/,FLMM7 \~/£MM’NC

and \N/EMM’rNC for the results in Table 8.1 together with related reference curves.

When comparing the storage requirements of \N/EMM’NC and \~/£Ml\'LrNc in the fourth,

fifth, and sixth columns of Table 8.1 we see that the additional recompression in the
setup of VEMM’YNC reduces the effective storage requirements by roughly 40 percent
compared to \N/EMM’NC. To get a better understanding of this recompression, we
consider the matrix V;, for the mesh with 786432 space-time elements and take a
closer look at how the ACA admissible nearfield blocks of V), are approximated in
the setup of VEMM’NC and VEMM’YNC.

In Table 8.2 we see that the 243536 ACA admissible nearfield blocks require a total
of 526.6 GiB when they are stored without any approximation, so only 31.4 GiB of
the 558 GiB of blocks which are stored in the case of the standard FMM are not
approximated in the nearfield compression. In the case of VEMM’NC, i.e. the nearfield
compression with the ACA but without any recompression, all blocks are successfully
approximated and the storage requirements are reduced from 526.6 GiB to 27.04 GiB.
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By the additional recompression in the setup of \~/£MM’rNC these storage requirements

are further reduced to 4.04 GiB. In Table 8.2 we see that 40 160 blocks with a total
memory demand of 230.4 GiB before the approximation can be discarded during the
recompression because their recompression rank r equals zero; see Remark 8.12. The
other 203 376 blocks require only 4.04 GiB of storage instead of 296.1 GiB after their
approximation and the additional recompression.

Storage [GiB]  Storage [GiB]
No. blocks before approx. after approx.

VIMMNC ACA admissible 243536 526.6 27.04
Compressed 243536 526.6 27.04
ViMMING ACA admissible 243536 526.6 4.04
Compressed 203 376 296.1 4.04
Discarded 40160 230.4 0

Table 8.2: Details about the nearfield compression of V;, for the mesh with 786432
space-time elements in the experiment in Table 8.1. By ACA admissible we denote
all the ACA admissible blocks Vh\ZszAm of V. Compressed blocks are those
that are successfully approximated by the ACA with a rank greater than zero and
discarded blocks are those whose recompression rank r equals zero.

In Table 8.3 we present additional details of the conducted computations. Lines 4
and 5 contain the times required for the setup of VSMM’NC and VSMM’YNC, i.e. for
the assembly of the inadmissible blocks and the approximation of the ACA admis-
sible nearfield blocks. The times for the smallest mesh are suboptimal due to the
small number of clusters in the corresponding space-time cluster tree and the way
in which we parallelize the assembly (see Section 6.2) which is not optimal for such
small meshes if many CPU cores are used. The assembly times for the larger meshes
scale similarly with respect to the number of space-time elements as the storage
requirements of VEMM’NC in Table 8.1. This is to be expected since the computa-
tional effort of assembling inadmissible blocks and ACA admissible nearfield blocks
is proportional to the number of computed matrix entries in general. In the case
of VEMM’INC the ACA admissible nearfield blocks are approximated by first using the

partially pivoted ACA as for V} MN¢

\/FMM,rN
of VFMMrNC

and recompressing them afterwards. There-

fore, the setup times cannot behave as well as the corresponding storage

requirements and will be larger than the setup times of \~/£MM’Nc in general. However,
the results in Table 8.3 indicate that the costs of the additional recompression are
rather low. In fact, we see that the setup times of VEMM’NC and V,FLMM’rNC are almost
identical for the mesh with 196 608 space-time elements, which is the first mesh for

which the nearfield compression is in effect. For the two larger meshes the times for
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the setup of Vi MMNC

of \~/EMI\'I"NC. This validates our analysis of the costs of the recompression at the end
of Section 8.4.

are only slightly larger than the corresponding setup times

In lines 6-8 of Table 8.3 we present the required numbers of iterations and times
per single iteration when solving the linear system (3.24) with the GMRES method
and using Algorithms 8.3 and 8.4 for the application of V. For the first three
meshes a large part of the computation time corresponds to FMM operations for
admissible blocks. The number of these FMM operations does not vary for the
considered sequence of meshes and the costs of the M2M, M2L and L2L operations
stay constant when we refine the meshes in space. This explains why the GMRES
iteration times, which are dominated by the application times of Vj,, scale better
than the assembly times and storage requirements for the first three meshes. Only
for the last two meshes the application of the inadmissible blocks and ACA admissible
nearfield blocks becomes dominant in the fast methods and we observe a quasi-linear
increase in the iteration times. For these larger meshes the differences between the
iteration times of VEMM’NC and V}FLMM’rNC, which are caused by the better compression
rates of the latter, are also more pronounced. Therefore, and due to the mild increase
in the number of GMRES iterations, the total times required for the setup and
solution are lower for VZMM’TNC than for VEMM’NC; see lines 9 and 10 of Table 8.3.

No. space-time elements F;F, 12288 49152 196608 786432 3145728

No. spatial elements E, 768 3072 12288 49152 196608
No. time elements F; 16 16 16 16 16
Setup time VEYMNC [g] 2.02 16.85  79.56  413.9 2311
Setup time V} "N [4] 197 1690  79.28  416.7 2327
GMRES it. time VIMMNC [g) 0.08  0.12 0.25 1.01 4.93
GMRES it. time VI ™™ 5] 0.078  0.12 0.19 0.78 3.38
No. GMRES iterations (both) 26 33 42 52 68
Total time V}MMNC [g] 41 207 89.9 466 2706
Total time V} ™™ 4] 40 209 87.4 457 2601
Rel. L? error BEM (both) 0.146 0.082  0.061  0.055 0.054
Rel. L? projection error 0.120  0.075 0.059 0.054 0.053

Table 8.3: Execution times and approximation errors for the computations in the first
numerical experiment of Section 8.6.1. The listed total times include the setup
times for V;, and the times for the solution of the considered linear system, but
not the required times for the construction of the right-hand side of the system.
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Finally, we consider the relative approximation errors ¢ — qnl[2(x) /¢l L2(x) between
the known Neumann datum ¢ and the approximate solutions g, of the systems (3.24)
for the different meshes in line 11 of Table 8.3. The differences between these er-
rors when solving (3.24) and approximating V), by VEMM’NC or VEMM’YNC are very
small, and, in particular, not observable when considering only the first three deci-
mal places. E.g., for the mesh with 786 432 space-time elements the approximation
error for the solution obtained when using VZMM"NC is 0.0549592, and 0.0549597
when using \~/EMM‘rNc. This shows that the additional recompression of the low-rank
matrices is sufficiently accurate. In line 12 of Table 8.3 we present the relative ap-
proximation errors obtained by projecting ¢ to the ansatz space Sg?%t(Eh) for each
of the meshes as reference values. The BEM approximation errors are close to these
best approximation errors — in particular for the larger meshes — which demon-
strates the correctness of our implementation and the proposed methods. However,
we also see that the approximation errors do not really decrease anymore after a few
purely spatial mesh refinements, which is due to the too large time step size.

In conclusion, our first experiment shows that the fast methods in Algorithms 8.3
and 8.4 with the additional nearfield compression are capable of reducing the pro-
hibitively large storage and runtime complexity O(E;E2) of the space-time FMM in
Section 5.2.4 for meshes with a fine spatial resolution. The additional recompres-
sion proves to be efficient in terms of the required computation time as well as the
achieved storage reduction. Furthermore, our experiment indicates that both meth-
ods provide an approximation of the application of V, that is sufficiently accurate for
solving linear systems in BEM and not compromising the quasi-best approximation
property of the related solutions. The academic nature of the experiment should be
noted, though. The sequence of spatially refined meshes was only considered to show
the benefits of the nearfield compression, but it is suboptimal for the solution of the
considered initial boundary value problem, as the development of the approximation
errors in Table 8.3 indicates. However, in real-life applications where a fine spatial
resolution is necessary to resolve complicated geometries and a relatively coarse tem-
poral resolution is sufficient, our fast methods should perform similarly well. Another
use case is considered in the next experiment.

Second experiment: Meshes refined adaptively in space. In the second ex-
periment we consider an initial Dirichlet boundary value problem for the prismatic
L-shaped domain

Q = (—0.5,0) x (=0.5,0.5) x (0,0.5) U (0,0.5) x (0,0.5) x (0,0.5)

and the time interval (0,T") with 7' = 0.25 which we want to solve by using the direct
boundary integral approach from Section 3.2. The initial and boundary data are
chosen such that the exact solution of the homogeneous heat equation is

u(r, @, z,t) = Joy3(r) sin(2¢/3) exp(—2t/3), (8.41)
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where Jp/3 is the Bessel function of the first kind of order 2/3 and (r, ¢, z) are cylinder
coordinates in R®. We constructed this solution by using the method of separation
of variables similarly as in [34, Proposition 4.4.2.2], where the well-known singular
solutions of the Laplace equation for polygonal domains are derived. As stated in
[3, p-360, Equation 9.1.7]

2/3
Jay3(r) ~ F(51/3) <;) for 0 < r < \/5/3.

Hence, the function u has a singularity along the edge {(0,0,2) € R®: 2z € (0,0.5)}
for all times t € (0,7) and, in particular, the Neumann datum which we want to
determine is non-smooth. When such a non-smooth function is approximated on a
sequence of uniformly refined meshes a reduced order of convergence of the approxi-
mation errors is to be expected. To obtain better convergence rates one can consider
adaptively refined meshes instead, which is done in an adaptive BEM; see e.g. [31]
for such a method in the context of the heat equation in two spatial dimensions.

y, —
TNLTN OTT>
AV

T

Figure 8.3: An adaptively refined surface mesh of the L-shaped domain €.

In our experiment we do not apply an adaptive BEM in the strict sense, but consider
a sequence {I',;}; of adaptively refined spatial meshes; see e.g. Figure 8.3. These
meshes were constructed using an adaptive BEM in [38, Section 6] to resolve the
singularity of the Neumann datum of the solution v(r, ¢, z) = r?/3sin(2¢/3) of the
Laplace equation on the L-shaped domain €2, which has the same singular behavior
along the edge {(0,0,z) € R3 : z € (0,0.5)} as our considered solution u of the
heat equation. By combining these spatial meshes with a partition 7, of the time
interval (0,7") consisting of 16 uniform time steps, we obtain a sequence of space-time
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tensor product meshes for which we solve the linear system (3.24) for the considered
initial Dirichlet boundary value problem by using the GMRES method with a diag-
onal preconditioner. The computations were executed on the workstation Babbage
using all 32 available CPU cores. The results are given in Table 8.4.

REMARK 8.20. Since the initial datum u(r, ¢, 2,0) = Jos3(r)sin(2¢/3) of the initial
Dirichlet boundary value problem which we consider is non-zero, we need a mesh €,
of the domain ) to discretize the initial datum and to construct the initial operator
matriz MY defined in (3.28). We use a sufficiently fine globally quasi-uniform volume
mesh Qy, consisting of 118 784 tetrahedra for all examples. Note that this mesh and the
adaptively refined surface meshes {T'y,,, }r, are not conforming, i.e. the intersection of a
tetrahedron T i € Qp, and a triangle y; in any of the meshes {T' n}n is not necessarily
a vertex, edge, or triangle of the same surface mesh. Our results indicate that by
using these combinations of meshes and evaluating the entries of MO as outlined in
Section 3.3 we are able to compute the right-hand side of the system (3.24) accurately
enough to not affect the approrimation error of the BEM solution in a negative way.
Since we are primarily interested in the effect of the nearfield compression of the fast
methods in Algorithms 8.3 and 8.4 for Vy, we do not discuss the application times
of MY or the double layer operator matriz Ky, in the following.

\/FMM,N \/FMM,rN
Vh ,NC Vh oNC

In Table 8.4 we see that the storage requirements of and are sig-
nificantly lower than the storage requirements of VEMM for the considered spatially
adaptive meshes, at least once a certain mesh size is reached. When comparing the
storage requirements in Table 8.4 with the storage requirements from the first exper-
iment in Table 8.1 we see that for a comparable amount of space-time elements they
are quite similar. The same holds for the assembly and iteration times in Tables 8.3
and 8.4. The required numbers of GMRES iterations are slightly higher for the adap-
tive meshes in the second experiment, but due to the diagonal preconditioning, they
are still reasonable. By comparing the L? approximation errors of the obtained BEM
solutions with the L? projection errors of the actual Neumann datum in Table 8.4 we
furthermore see that our matrix approximations are sufficiently accurate to preserve
the quasi-optimality of the BEM solutions also in the second experiment. Note that
here the approximation errors are reduced without any observable stagnation when
increasing the number of adaptive space elements, although we keep the number of
time steps fixed as in the first experiment. In fact, increasing the number of time
steps does not bring any noteworthy benefit, which we checked by computing the
related projection errors. This means that the spatial approximation quality is the
limiting factor in this experiment, which is not surprising due to the singular be-
havior of the approximated Neumann datum in space. In conclusion, the results in
Table 8.4 reveal that our new nearfield compression scheme allows one to recover the
quasi-linear storage and runtime complexity of the FMM for the application of Vy,
also in the case of space-time meshes which are adaptively refined in space.
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No. space-time elements E;E, 13696 54592 210816 791040

No. spatial elements E,, 856 3412 13176 49440
No.time elements E; 16 16 16 16
Storage VEMM [GiB] 017 269 401  564.6
Storage V; "N [GiB| 017  2.41 15.2 57.3
Storage V; "N [GiB] 017 2.30 13.2 42.0
Setup time Vi YMNC ] 2.16 1882 109.18  411.62
Setup time V; "NC [4] 242 1954 110.14  412.24

GMRES it. time VEMMNC [ 0,058 0.10 0.31 0.95
GMRES it. time V; ™™ [s]  0.062  0.10 0.30 0.78

No. GMRES iterations (both) 58 78 98 117
Total time VEMMNC [4] 551 267 1393 523
Total time V} ™™ [4] 6.03 27.2  139.6 504
Rel. L2 error BEM (both) 0.162 0.125  0.098  0.078
Rel. L2 projection error 0.151 0.120  0.094  0.075

Table 8.4: Results of the second experiment of Section 8.6.1 where the linear sys-
tem (3.24) is solved for a sequence of spatially adaptive meshes for the time in-
terval (0,0.25) and the surface of the L-shaped domain Q. The matrix \N/gMM
represents the original FMM in Algorithm 5.3, \N/EMM’Nc the fast method in Algo-
rithm 8.3 and \N/gMMJNC the one in Algorithm 8.4. The listed total times include
the setup times for V;, and the times for the solution of the considered linear sys-
tem, but not the required times for the construction of the right-hand side of the
system.

8.6.2 Revisiting numerical experiments from previous chapters

In this section we revisit various numerical experiments from Chapters 6 and 7 and
solve the related boundary integral equations by using the fast methods in Algo-
rithms 8.3 and 8.4 for the approximation of V}, to study the effects of the additional
nearfield compression in more general situations. In contrast to the experiments from
the previous section, the clusters corresponding to ACA admissible nearfield blocks
can contain more than one time step in the following experiments. While we have not
explicitly shown that the partially pivoted ACA in Algorithm 8.1 is suitable for the
approximation of such blocks, the results which we are going to present indicate that
this is the case. In the following experiments we will also use the heuristic extension
of the recompression strategy in Remark 8.13 and motivate why it is applicable.
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First experiment: The cube example from Section 6.5.2. In the first ex-
periment we consider the space-time tensor product mesh ¥; from the distributed
memory scalability test in Section 6.5.2 which consists of a surface mesh of the cube
(—0.5,0.5)% with 12288 triangles and a partition of the time interval (0,0.25) into
1024 uniform time steps. We solve the same boundary integral equation as in that
section, or rather the corresponding discrete linear system (3.24) using the GMRES
method. For the application of V; we use the parallel FMM in Algorithm 6.5 and
distributed parallel versions of the fast methods in Algorithm 8.3 and Algorithm 8.4.
As in Section 8.6.1 we identify the three fast methods in the following discussion with
the matrices VMM, VZMM’NC and VEMM’YNC, respectively. To run the experiment we
used 16 nodes of the VSC-4 cluster; see Appendix A for the hardware details.

By choosing the FMM parameters as discussed in the introduction of Section 8.6
we obtain a space-time cluster tree 7y for the space-time tensor product mesh X,
whose leaf clusters have the same level and contain four time steps. The ACA
admissible nearfield blocks of V;, determined in Algorithm 8.2 correspond to_pairs of
such clusters. To start, we investigate how well the nearfield compression of VEMM’NC
works in this setting. In Table 8.5 we present the number of ACA admissible nearfield
blocks of V} and an overview of the successfully and unsuccessfully approximated
parts of these blocks for Vj "NC,

Storage [GiB]  Storage [GiB|
No. blocks before approx. after approx.

ACA admissible 3139584 577.9 217.8
Compressed 2476 656 488.0 127.9
Uncompressed 662928 89.9 89.9

Table 8.5: Details about the nearfield compression of V; for the first experiment in
Section 8.6.2 when using the fast method in Algorithm 8.3 (VEMM’NC). By ACA
admissible we denote all ACA admissible nearfield blocks Vy|; 5 —of V. Com-
pressed blocks are those that are successfully approximated by the ACA with a
rank greater than zero and uncompressed blocks are those which were not effi-

ciently compressed and are thus fully assembled in the setup of \~/£MM’NC.

In Table 8.5 we see that the compression achieved by the ACA is rather bad in
this example. For roughly 21 percent of all the ACA admissible nearfield blocks the
approximation even failed. This rather large amount is the reason why we use the
heuristic extension of the recompression from Remark 8.13 when setting up VEMM’rNC.
To motivate why this extension is applicable, we examine for which blocks the ACA
fails. For this purpose we subdivide the ACA admissible nearfield blocks into equiv-
alence classes based on the relative position of the corresponding space-time clusters
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Ziar = Xtar X Ltar and Zg. = Xge X Ige. Since all leaf clusters in the space-time
cluster tree Ts, have the same level, the number of different relative configurations of
such pairs of clusters is bounded by 250:

e 2 different configurations in time: ACA admissible nearfield blocks are inad-
missible in the standard FMM in Chapter 5. Thus, I, is either equal to I,
or it is the causally relevant neighboring cluster of Ii,;.

e At most 125 different configurations in space: If the grid distance of X, and
Xire defined in (5.30) is greater than the chosen truncation parameter ng, = 2
the interaction between Z,, and Zg. is neglected in the FMM (recall the defi-
nition of the interaction areas in (5.31)).

For each configuration we count how many of the corresponding ACA admissible
nearfield blocks of V;, have been approximated successfully and how many have not.
The result is illustrated in Figure 8.4. Here we see that the successful approxi-
mation of a block V[, ., by the ACA depends on the relative position of the
corresponding clusters. The partially pivoted ACA fails more frequently to provide
an efficient low-rank approximation if the temporal components of the clusters Z,,
and Zg. coincide and if their spatial components are farther separated. The heat
kernel (x,t), (y,7) = Go(x —y,t — 7) in (3.4) attains small values for such pairs of
clusters due to its exponential decay in space, which is more pronounced for small
differences in time. Hence, the entries of the corresponding block Vh‘meZ}-rc are
particularly small compared to the entries of the related diagonal block V4|5 5 .
This means that already a small relative accuracy of the ACA low-rank approxi-
mation Sy 7., xz.. of Vilz, .z Iis sufficient to ensure that the estimate (8.28) in
Remark 8.13 is satisfied, which serves as a motivation to use the heuristic extension
of the recompression strategy for \N/,};WH\/I’rNC in the following.

Storage [GiB]  Storage [GiB|
No. blocks before approx. after approx.

ACA admissible 3139584 577.9 13.7
Compressed 1728 864 358.5 13.7
Discarded 1410720 219.4 0

Table 8.6: Details about the nearfield compression of V, for the first experiment
in Section 8.6.2 when using the fast method in Algorithm 8.4 with the heuristic
extension of the recompression in Remark 8.13 (VEMMJNC). By ACA admissible
we denote all the ACA admissible blocks V| 5 of V,. Compressed blocks are
those that are successfully approximated by the ACA with a rank greater than
zero and discarded blocks are those whose recompression rank r equals zero.
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Figure 8.4: Visualization of the blocks

b) Blocks corresponding to clusters with the same temporal component Igc = Iiar-

of QMZZ,ZQ approximated by the ACA in the first experiment of Section 8.6.2.

Based on the relative position of their associated clusters Zi,, = Xiar X liar and Zg. Xgre X Ige, the blocks
are grouped into equivalence classes which are represented by the small squares. The position (,y,2) of a square
represents the relative position of Xg. with respect to X, (0,0,0) for all blocks in its class, and the number inside a
square represents the number of corresponding blocks. The colors indicate how many of them have been approximated
successfully (white) or unsuccessfully (dark gray) by the ACA. If a square is split into two differently colored parts,
the ratio of their sizes corresponds to the success rate of the approximation for the related equivalence class. Light
gray squares without any number correspond to clusters that are not separated in space and thus not approximated.
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In Table 8.6 we see the effect of the additional recompression in the nearfield compres-
sion of VEMM’YNC. The memory required to store all the ACA admissible nearfield
blocks is reduced to 13.7 GiB, which is significantly less than the 577.9 GiB re-
quired to store the non-approximated blocks in the case of the standard FMM or
the 217.8 GiB required to store the ACA admissible nearfield blocks in the case of
VZMM’NC. About 38 percent of the ACA admissible nearfield blocks are even discarded
during the recompression because the determined recompression rank is zero.

\/FM \/FMM,NC \/FMM,rNC
VEMM Vh s Vh s

Storage requirement [GiB] 890.8 530.7 326.6
Setup time [s] 299.8 212.3 195.2
GMRES iteration time [s] 6.14 5.80 5.50
No. GMRES iterations 59 59 59
Setup and solution time [s] 661.9 554.4 519.7

rel. L? approximation error 0.0297163 0.0297163 0.0297164

Table 8.7: Storage requirements, execution times and approximation errors for the
computations in the first numerical experiment of Section 8.6.2 where the linear
system (3.24) is solved for a space-time tensor product mesh with 1024 time steps
in the interval (0,0.25) and 12 288 triangles on the surface of the cube (—0.5,0.5)3.
The matrix V;, is approximated by the FMM in Algorithm 6.5 (\N/EMM), the fast
method in Algorithm 8.3 (Vi™NC) and the fast method in Algorithm 8.4 with
the heuristic extension of the recompression in Remark 8.13 (\~/£MM’rNC).

In Table 8.7 we compare the storage requirements, the setup and solution times, and
the achieved accuracy when solving the system (3.24) for the considered boundary
integral equation and approximating V;, by \~/£MM, \~/}FLMM’NC and \N/}FLMM’TNC. Note that
storing all non-zero entries of V;, without any compression would require 590 400 GiB
of memory for this particular example. With the approximation of V;, by VEMM in the
standard FMM we can already reduce this exorbitant amount to 890.8 GiB of storage
for the inadmissible blocks of V}™M. The new fast methods yield further reductions.
Indeed, the memory required to store the inadmissible blocks and ACA admissible
nearfield blocks of VEMM’NC and, in particular, VEMMJNC is significantly less than the
\N/EMM, which the results in Tables 8.5 and 8.6 already suggested.

. FMM,NC FMM,iNC .
As a consequence, the setup times of V, and V, " are considerably lower
\/FMM
Vi

memory required for

than the setup time of
of VEMMJNC

. At first glance, it is surprising that the setup time
is about eight percent lower than the setup time of \N/EMM’NC despite
the additional recompression. The reason is that all the ACA admissible nearfield
blocks for which the approximation by the ACA failed are recompressed in the case
of \75MMerC due to our heuristic recompression scheme, while they are fully assembled
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in the case of \N/,P:MM’NC. Note that in our code we recompute all the entries of such

blocks and do not reuse the entries which we already determined in the ACA, so a
slight reduction of the setup times of VEMM’NC would still be possible.

The times required for a single GMRES iteration of VEMM VFMMNC 5, 4 \/FMM.NC
listed in Table 8.7 do not differ as much as the corresponding setup times. This is
because the FMM operations of admissible blocks require the most time in the ap-
plication of the three fast methods and are the same for all three of them. The total
time required for the setup and solution of the linear system (3.24) is nonetheless
VEMM,NC szM,rNC than
the corresponding time for At the same time, the accuracy of the matrix
approximation does not suffer for the new fast methods, as the relative L? approx-

imation errors ||¢ — qnllz2(x)/|l¢llz2(x) in the last line of Table 8.7 indicate. When
VEMM

about 16 percent lower for and about 21 percent lower for

VFMM
VY

using and \N/EMM’NC for the approximation of V, these approximation errors do
not differ in the specified six significant digits, and when using V,EMMJNC only the
last of these digits is different. This validates our assumptions on the applicability of

the heuristic extension of the recompression strategy for the considered example.

Second experiment: The crankshaft example from Section 6.5.2. To investi-
gate the effect of the nearfield compression in the case of a more realistic example, we
revisit the second numerical example from Section 6.5.2, where we solved the linear
system (3.24) on a space-time tensor product mesh with 1024 uniform time steps
in the time interval (0,0.25) and 42888 triangles on the surface of the crankshaft
depicted in Figure 6.6. We apply a parallel version of the fast method in Algo-
rithm 8.4 to approximate the matrix Vj in (3.24). As in the previous experiments
of this chapter we denote the resulting approximation by \N/EMMJNC. To allow for an
easier comparison of the new results with the results in Section 6.5.2 we choose the
same FMM parameters as in that section and in addition the new parameters for the
nearfield compression of VEMM’INC as stated in the introduction of Section 8.6. The
system (3.24) is solved using the GMRES method with a diagonal preconditioner.
For the computations we used 64 nodes of the VSC-4 cluster. The resulting setup
time for VEMMJNC, solution time, and required memory to store the inadmissible
blocks and compressed ACA admissible nearfield blocks of \N/EMM’rNC are presented
in Table 8.8.

In the standard FMM in Section 6.5.2, 12369 GiB of memory were required to store
the inadmissible blocks of V}, which is why even 128 nodes of VSC-4 do not provide
enough RAM to store these blocks. In contrast, only 2711 GiB are required in the
case of V; ™™ which allowed us to use 64 nodes of VSC-4. The computation times
in Table 8.8 and Table 6.3 are not really comparable due to the different hardware
specifications and the diagonal preconditioner used in this section, which reduces
the number of required iterations from 399 to 112 to achieve a relative accuracy
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below 107% in the GMRES. Nevertheless, we note that the setup of \N/EMM’TNC and

the solution of the system (3.24) using this approximation of V}, requires only about
fifteen minutes. The relative L? approximation error of the resulting approximate
solution ¢, is roughly 0.01237, while the L? best approximation error is 0.00837.
Hence, we conclude that also in the second experiment the nearfield compression
with the heuristic extension of the recompression proves to be sufficiently accurate
and significantly more efficient than the standard FMM.

No. nodes storage [GiB| assembly time \N/ZMMrNc [s] solution time [s]

64 2711 415.3 490.4

Table 8.8: Storage requirements and execution times for the computations in the
second numerical experiment of Section 8.6.2 where the linear system (3.24) is
solved for a space-time tensor product mesh with 1024 time steps in the time
interval (0,0.25) and 42888 triangles on the surface of a crankshaft using the
fast method in_Algorithm 8.4 with the heuristic extension of the recompression in
Remark 8.13 (V; ™™ to approximate V.

Third and fourth experiment: The experiments from Section 7.5. In the last
two experiments of this section we revisit the numerical experiments from Section 7.5
to study the effects of our nearfield compression in the case of temporally non-uniform
meshes. To allow for a simple comparison we use the same FMM parameters as in
that section and the additional parameters for the ACA nearfield compression listed
at the beginning of Section 8.6 when solving the related boundary integral equations.
Furthermore, we used the same hardware to run the computations, i.e. the local
workstation Babbage for the first experiment and a single node of the VSC-4 cluster
for the second experiment. The results are presented in Tables 8.9 and 8.10, where
we compare the time-adaptive FMM (VSMM’M) with the fast method in Algorithm 8.4
(\N/EMM’YNC), which differ only in the treatment of the temporal nearfield.

In both tables we clearly see the benefits of the additional nearfield compression. The
storage requirements for the inadmissible blocks are drastically reduced. In relation,
the reduction of the setup times is slightly less pronounced, since we approximate
ACA admissible blocks first by the partially pivoted ACA before recompressing them.
Nonetheless, the reduction is still significant. The GMRES iteration times are also
reduced by a considerable amount in both experiments, which shows that a large part
of the original application times is related to the application of inadmissible nearfield
blocks. While the storage requirements and runtimes are reduced, the approximation
quality of the obtained BEM solutions is almost identical for the two fast methods
in both experiments. This clearly demonstrates the usefulness of our new nearfield
compression scheme.
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OFMM, ¢ OFMM,rNC
V), & v, :

Storage nearfield V;, [GiB] 32.0 8.1
Setup time V), [s] 217.6 108.0
GMRES it. time [s] 1.42 1.09
No. GMRES iterations 49 49
Total time [s] 286.9 161.4
Rel. L? error BEM 0.0530951  0.0530957

Table 8.9: Results obtained by revisiting the first experiment from Section 7.5 (expo-
nential decay in time). The results labeled by \~/,le1\/[’“’l are the same as in Table 7.2
when the time-adaptive FMM is used for the approximation of V. The results
labeled by VEMM’rNC are obtained by using the fast method in Algorithm 8.4 with
the heuristic extension of the recompression in Remark 8.13.

OFMMta  7FMM,rNC
Vo

Storage nearfield [GiB] 66.6 28.3
Setup time [s] 302.3 170.4
GMRES it. time [s] 1.16 0.77
No. GMRES iterations 98 98
Total time [s] 415.6 246.3
Rel. L? error BEM 0.013129  0.013130

Table 8.10: Results obtained by revisiting the second experiment from Section 7.5
(rapidly changing boundary data). The results labeled by VSMM’“‘ are the same
as in Table 7.3 when the time-adaptive FMM is used for the approximation of
V. The results labeled by VEMM’INC are obtained by using the fast method in
Algorithm 8.4 with the heuristic extension of the recompression in Remark 8.13.

Let us summarize our findings in the four experiments in this section. We have seen
that the new fast methods with the additional nearfield compression can also be used
in more general settings, where clusters corresponding to ACA admissible nearfield
blocks contain more than a single time step. In the first experiment we observed
that the approximation of the ACA admissible nearfield blocks was not optimal for
the fast method in Algorithm 8.3 and failed for a relatively large part of the blocks.
Nonetheless, the obtained matrix approximation proved to be more efficient and at
the same time similarly accurate as the approximation obtained by the standard
FMM in Algorithm 6.5. By identifying the blocks for which the ACA failed, we
motivated that the heuristic extension of the recompression scheme in Remark 8.13



8.6 Numerical experiments 217

is applicable for the fast method in Algorithm 8.4. This recompression proved to be
more efficient in the first experiment while being still similarly accurate. This impres-
sion was solidified in the other three numerical experiments, where we applied the
fast method with the heuristic recompression for space-time tensor product meshes
with more complicated spatial geometries and non-uniform temporal partitions. To-
gether with the results from Section 8.6.1 the results in this section show that the
additional nearfield compression proposed in this chapter is a useful addition to the
standard space-time FMM in Chapter 5 and its extension to non-uniform temporal
meshes in Chapter 7.






9 CONCLUSIONS AND OUTLOOK

In this work space-time boundary element methods for the solution of initial bound-
ary value problems of the transient heat equation in three spatial dimensions have
been considered. The main results are a new, rigorous proof of the integration by
parts formula for the hypersingular boundary integral operator and several signifi-
cant enhancements of an alternative version of the parabolic fast multipole method,
namely an efficient parallelization in space and time, an extension for temporally
adaptive meshes, and a novel compression strategy for the temporal nearfield.

After presenting some preliminary results in the first chapters, we provided a general
version of the integration by parts formula for the hypersingular boundary integral
operator of the heat equation in Chapter 4 together with a rigorous proof. We showed
that the formula which is commonly used in the literature includes an integral term
that is not well-defined because the related kernel function is not Lebesgue integrable.
In the general formula provided in Chapter 4 this integral term is replaced by a bilin-
ear form b(-, ), which is well-defined for general functions in the considered Sobolev
space HY21/4(¥), but difficult to evaluate due to its definition as a continuous ex-
tension. We derived a suitable formula for the evaluation of this bilinear form for
certain types of functions including the typical tensor product discretization spaces.
In this way, we justified the results found in the literature.

When it comes to fast methods for the application of BEM matrices for the heat
equation we achieved several significant improvements. Our starting point was the
pFMM in [52, 67, 68] which we covered in a slightly modified form in Chapter 5. While
we considered the same expansion of the heat kernel and a similar clustering strategy
to derive the FMM operations, we did not exploit the lower triangular block structure
of the matrices to solve the related systems of linear equations in a forward-sweeping
manner. Instead, we reorganized the operations to obtain a more common FMM that
realizes the full matrix-vector multiplication at once. This allowed us to parallelize
the method in Chapter 6 not only with respect to space but also with respect to
time. For the parallelization we used a task based execution scheme where the
temporal structure of the FMM is exploited to distribute the workload and to handle
the communication between the involved processes efficiently. We implemented the
parallel FMM in C++ using MPI and OpenMP. The parallel efficiency of our method
and implementation was demonstrated in several numerical experiments where we
used up to 256 nodes of the Salomon cluster in Ostrava (CZ) and showed close to
optimal scalability. A refinement of the parallelization approach to incorporate an
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additional decomposition and distribution in space to further improve the scalability
is left for future considerations.

In Chapter 7 we extended the FMM to improve its performance when dealing with
space-time tensor product meshes that are adaptive in time. For this purpose we
considered temporally one-sided expansions of the heat kernel and analyzed the cor-
responding approximation errors. Based on these expansions we introduced new
FMM operations to compress previously inadmissible blocks of the considered BEM
matrices. The resulting time-adaptive FMM was parallelized similarly as the stan-
dard FMM and implemented in C++. In our numerical experiments we showed that
it outperforms the standard FMM for space-time tensor product meshes that are
adaptive in time.

To further improve the performance of the FMM we presented a novel method for
the compression of the temporal nearfield in Chapter 8. Our method is based on an
additional subdivision of inadmissible blocks of the BEM matrices in the FMM and
subsequent low-rank approximations obtained by using the partially pivoted ACA.
In the description we focused on the single layer operator matrix Vj. By showing
that certain blocks of this matrix are generated by an asymptotically smooth spatial
kernel function we motivated that the ACA can be applied for their approximation.
We suggested using a truncated SVD with a novel truncation criterion to recompress
the low-rank matrices obtained by the ACA and analyzed the related approximation
errors. In various numerical experiments we showed that the resulting nearfield
compression scheme can significantly improve the compression achieved by the FMM
not only for space-time meshes with a fine spatial resolution but also for more general
meshes. We are confident that the presented nearfield compression method can also
be used for other BEM matrices than Vj, if a more sophisticated row selection strategy
is used in the ACA as discussed in Remark 8.1.

The improvements of the FMM achieved in this work are an important step towards
the development of efficient adaptive space-time boundary element methods for the
heat equation. First results regarding a related adaptive BEM can be found in [31].
In that work, a posteriori error estimates are introduced which drive the non-local
mesh refinement of the proposed adaptive algorithm. The adaptive algorithm and the
considered numerical examples cover only the spatially two-dimensional case. When
transferring the ideas to the spatially three-dimensional case, a fast method is needed
for the solution of the related systems because the problem size is prohibitively lim-
ited otherwise. The numerical experiments in this thesis suggest that our enhanced
FMM provides a good matrix compression also for temporally or spatially adap-
tive meshes and, therefore, it is suitable for use in an adaptive BEM. Depending on
the structure of the adaptive meshes, further modifications of the method might be
necessary, though. In fact, the new temporally one-sided FMM operations in the
time-adaptive FMM exploit the tensor-product structure of the considered meshes



221

and need to be modified for more general meshes, in particular tetrahedral meshes
or other non-prismatic meshes. The black box nature of the ACA might allow us to
use our nearfield compression scheme also for this kind of meshes, but further work
is necessary to justify the application in such situations. However, before tetrahedral
meshes can be considered in an adaptive BEM, suitable quadrature routines need to
be developed to efficiently evaluate the occurring singular integrals for matrix entries
corresponding to neighboring elements. This is a challenging task in itself.

There are a variety of other interesting topics which one could consider in future
works. For example, we have not presented an FMM for the initial potential operator
matrices MY and M} in this work, because they differ considerably from the other
BEM matrices due to the integrals over the domain {2 appearing in their definition.
Nonetheless, the same concepts used to derive the FMM in this work can be used
to derive an FMM for these operators if an additional cluster tree for the volume
mesh €2, is constructed. In fact, we even used such a fast method in the numerical
experiments in Chapters 7 and 8. However, a new parallelization strategy needs to be
developed for these fast methods, because the parallelization strategy in Chapter 6
cannot be directly applied due to the structural differences between the methods.
The development and analysis of new preconditioning strategies for the solution of
the linear systems in the space-time BEM and the consideration of higher order
polynomial discretization spaces are also interesting research topics that are left for
future considerations.






A HARDWARE AND COMPILER SPECIFICATIONS

The following hardware and compilers were used to run the numerical experiments
in this thesis.

Babbage is a local workstation at the Institute of Applied Mathematics at TU Graz,
Austria. It is equipped with two 16-core Intel Xeon Gold 5218 processors and 384
GiB of RAM. For the compilation on Babbage we used the Intel compiler v2021.2.0.

Salomon was a supercomputer at [T4Innovations National Supercomputing Center
in Ostrava, Czech Republic. It consisted of 1009 compute nodes equipped with two
12-core Intel Xeon E5-2680v3 processors and 128 GiB of RAM that were intercon-
nected by InfiniBand FDR networks. It was operated until the end of 2021. For the
compilation on Salomon we used the Intel compiler v19.1.1.

VSC-4 is a supercomputer at the Vienna Scientific Cluster in Vienna, Austria. It
consists of 790 compute nodes equipped with two 24-core Intel Skylake Platinum
8174 processors that are interconnected with 100 Gbit/s OmniPath networks. 700
of the nodes at VSC-4 are standard nodes with 96 GiB of RAM, 78 are fat nodes
with 384 GiB of RAM, and 12 are very fat nodes with 768 GiB of RAM. For the
compilation on VSC-4 we used the Intel compiler v19.1.3.304.
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