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Preface

This book is a revised version of the author’s dissertation (Albert, 2017). Resonant
transport regimes in non-axisymmetrically perturbed tokamaks are treated by the
application of Hamiltonian perturbation theory in action-angle variables. The main
advantages of this method are the independence from assumptions on geometry
such as the large-aspect-ratio limit and its extensibility to non-linear regimes. In
the context of this problem, weakly non-linear theory is applied to go beyond the
quasilinear limit and allow for a physically consistent transition between limiting
cases.

Naturally, a significant portion of this text is dedicated to the review of well-known
concepts found in the cited literature and aims to clarify some details, which may
not be obvious to a graduate student studying the scientific literature, or not obvious
at all. In that sense, the text is aimed to be useful for the reader to efficiently acquire
knowledge on both, required basics and the specific topic.

The initial part introduces methods for studying resonant effects in a perturbed
Hamiltonian system subject to collisional effects. To separate the essential points
from additional requirements in the general case, the development starts with a
bottom-up approach, where concepts are developed based on a one-dimensional
example and then generalised to a wider class of systems. In the second part, the
Hamiltonian description of guiding-centre motion in an axisymmetric magnetic field
is reviewed together with some required aspects of plasma kinetic theory. Finally,
the general form of the method from the first part is applied to the specific problem
of resonant transport regimes in a non-axisymmetrically perturbed tokamak plasma.

Results from computations confirm the significance of contributions from those re-
gimes to neoclassical toroidal viscous torque in medium-sized tokamaks with mag-
netic perturbations from coils installed for the control of edge-localized modes. The
major features of this work appear to be relevant for quantitative evaluation of tor-
oidal torque, namely complete geometry, consideration of magnetic drift, magnetic
shear and the transition region between quasilinear and non-linear regimes under
the assumption of well-separated resonances.
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Introduction

Background

The general topic of this text is the behaviour of magnetically confined fusion plas-
mas in tokamaks with small non-axisymmetric perturbations. For readers not fa-
miliar with the issue this section will give a very short introduction together with
references to relevant literature. A current overview can be found e.g. in the re-
view articles of Boozer (2005) and Ongena et al. (2016). In the last paragraph, the
purpose of the present work in this general context is outlined.

Magnetic confinement fusion is considered to be a potential technology for sus-
tainable world-wide large-scale energy supply. In analogy to the natural processes
heating the Sun, fusion reactions between small nuclei are used as a power source.
To initiate this process, the nuclei have to be brought together sufficiently close,
which is possible by gravitational pressure inside the Sun. Here on earth, we have
to rely on other mechanisms, one of them being a magnetic trap for a sufficiently
hot plasma of nuclei (usually deuterium and tritium) together with their electrons.
To produce a significant amount of energy by fusion reactions that allow for the
plasma to be mostly self-heated (or fully — ignited), the product of density, pressure
and energy confinement time has to be sufficiently high (Lawson, 1957). Devices
currently believed to be able to fulfil those requirements! are tokamak (Artsimovich,
1972; Wesson, 2011), and stellarator (Spitzer, 1958). Both of these devices have the
topology of a torus and rely on magnetic coils to produce a toroidal magnetic field.
In the stellarator, additional poloidal field components required for plasma stability
are produced by a twisted coil geometry. The classical tokamak is an axisymmet-
ric device, which means that toroidal currents are required to produce a poloidal
magnetic field. Up to today, the best confinement properties have been reached in
so-called H-mode plasmas in tokamaks (Wagner et al., 1984), which has made it
possible to achieve fusion gains of the order of heating power already in the 1990s
(Keilhacker et al., 1999). In this operational mode, a transport barrier is formed at

!Another possible candidate is inertial confinement fusion (Nuckolls and Wood, 1972), which
relies on laser beams instead of magnetic fields, which is not the scope of the present text.



8 CONTENTS

the plasma edge, which results in a substantial enhancement of energy confinement
time. This improvement comes at a cost: the occurrence of edge-localised modes
or ELMs (Zohm, 1996), small instabilities that lead to the continuous expulsion of
heat towards the device wall, is still an issue of active research. While not dramatic
for current devices, those modes will have to be reduced or suppressed in future
devices of dimensions large enough for significant energy production, namely ITER
(Loarte et al., 2003), to avoid damage to the wall. One way to achieve this purpose
is to intentionally perturb the original axisymmetry by so-called resonant magnetic
perturbations or RMPs (Evans et al., 2004) using additional coils.

The purpose of this work is the investigation of side-effects from such perturba-
tions on toroidal plasma rotation. One reason for the importance of this question
is the requirement of sufficiently high toroidal plasma rotation for magnetohydro-
dynamic stability (Ida and Rice, 2014). In a completely axisymmetric plasma, the
toroidal rotation velocity can in principle take arbitrary values due to conservation
of toroidal angular momentum linked to this symmetry. Breaking the symmetry by
non-axisymmetric magnetic field perturbations, e.g. by toroidal field ripple, error
fields or RMP fields, leads to non-ambipolar transport that results in toroidal rota-
tion damping, an effect known as neoclassical toroidal viscous (NTV) torque (Shaing,
1986; Shaing et al., 2010). Accurate computation of this effect is possible and re-
quired for the distinction from turbulent effects not considered here (Kasilov et al.,
2014; Martitsch et al., 2016).

It should be stressed that NTV torque is related to the part of the RMP field that is not
in resonance with the equilibrium magnetic field, while the resonant part leads to
additional resonant torque, which requires a different treatment (Heyn et al., 2008).
In this sense, the term resonant used here is not related to the “R” of RMP but rather
to orbital resonances, which can play a major role in NTV torque at low-collisionality
conditions relevant for reactor applications (Martitsch et al., 2016). Although initial
results from a fully numerical kinetic approach to the effect of RMPs in tokamaks
(including resonant torque) have been published (Albert et al., 2016c¢), the scope
of this text is intentionally limited to the self-contained topic of the Hamiltonian
approach to resonant transport regimes of NTV torque.

The first task of this work is to formulate a method to treat the quasilinear limit
(Romanov and Filippov, 1961; Vedenov et al., 1961) produced by infinitesimal
perturbations without the limitations of bounce-averaging or expressions for large
aspect-ratios. This is done by a Hamiltonian approach in action-angle coordinates
introduced by Taylor (1964) first for magnetic traps, established in the context of
quasilinear transport in tokamak plasmas by Kaufman (1972), and applied in par-
ticular by Hazeltine et al. (1981) and Mahajan et al. (1983). A notable application
of the Hamiltonian approach is plasma heating by quasilinear wave-particle inter-
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action (Osipenko and Shurygin, 1989, 1990; Bécoulet et al., 1991; Eriksson and
Helander, 1994; Timofeev and Tokman, 1994; Kasilov et al., 1997). Since perturb-
ation amplitudes can reach more than half a percent of the axisymmetric magnetic
field module (Martitsch et al., 2016), the second task is to overcome the limita-
tion of infinitesimal perturbations required for quasilinear theory. To achieve this,
non-linear effects by orbital resonances are taken into account following secular
perturbation theory (Chirikov 1960; 1979) in combination with a kinetic approach
describing the transition between quasilinear and non-linear limit, where the lim-
iting cases have originally been introduced in the context of plasma wave-particle
interaction (Romanov and Filippov, 1961; Vedenov et al., 1961; Zakharov and Karp-
man, 1963).
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Overview
The main features of this work are the following:

* Unified descriptions of low-collisional quasilinear and non-linear resonant trans-
port regimes of neoclassical viscous torque in non-axisymmetrically perturbed
tokamak plasmas without limitations on device geometry.

* Accurate transition between superbanana and superbanana plateau regimes
and equivalent bounce resonance regimes.

* Review of the construction of action-angle coordinates and canonical frequen-
cies in a tokamak.

» Natural appearance of a magnetic shear term that is absent in the standard
local neoclassical ansatz.

» Extension to consider the full orbit width for computation of toroidal torque.

* Demonstration that a momentum-conserving collision operator is not required
for quasilinear resonant transport regimes at sub-sonic rotation.

* Ilustration of importance of the discovered features on a model tokamak and
ASDEX Upgrade with resonant magnetic perturbations.

* Efficient implementation in the code NEO-RT (Albert and Kasilov, 2017) by
interpolation of pre-computed frequencies and a non-linear attenuation para-
meter.

This first chapter on Hamiltonian mechanics should serve as a quick overview of
well-known concepts and methods that are applied in the subsequent chapters. In
particular, this includes the treatment of resonances in the context of Hamiltonian
perturbation theory, which is demonstrated on the example of a one-dimensional
pendulum. Moreover, a number of notations and conventions used in the remaining
text will be defined here. In chapter 2 the basic concepts of kinetic theory are out-
lined and the general weakly non-linear perturbation theory in the low-collisionality
limit is introduced.

Chapter 3 describes the transformation to action-angle variables for the guiding-
centre motion of in the magnetic field of a tokamak. Though the use of actions
and adiabatic invariants dates back to the beginning of research in the field of mag-
netic plasma confinement, some specific details needed for a consistent derivation
are not completely clear from common literature. One of these peculiarities is the
transformation of geometrical angles from magnetic coordinates in a way to obtain



CONTENTS 11

a canonical form of the guiding-centre Lagrangian. This has been solved by an exact
transformation closely related to the one of Li et al. (2016) and additionally by a
modification of the approximate method of White (1990).

In chapter 4, general conservation laws for flux-surface averaged quantities are for-
mulated with emphasis on particle density and toroidal momentum density. The
toroidal torque at low collisionality due to a small non-axisymmetric Hamiltonian
perturbation is derived based on the action-angle variables for the unperturbed sys-
tem for the quasilinear case. The approach is then extended to the weakly non-linear
case (lower collisionality and/or higher perturbation amplitudes), where new orbit
classes (e.g. superbananas) become relevant.

In chapter 5 results from computations from the code NEO-RT (Albert and Kasilov,
2017) that has been developed based on the presented approach are presented, val-
idated and analysed. Computations have been performed for test cases in a circular
tokamak and equilibria from the experiment ASDEX Upgrade with ELM control coils
(resonant magnetic perturbations or RMPs). In the end, an outlook on the possible
treatment of finite orbit width is given. The chapter is mostly based on parts of the
author’s publications on the topic to which references are given.

Finally, the appendix includes details on the construction of magnetic flux coordin-
ates, analytical comparisons to existing works and a list of formulas used in deriva-
tion and implementation of the method.

Some remarks on the notation

To balance clarity and readability, dependent variables of functions are given expli-
citly where needed, e.g. in the first occurrence of partial derivatives 9.Jy(J 1, H,p,)/0p,
and omitted in subsequent lines as in 9.Jj/0p,. Jacobians of variable transforma-
tions (z1, %2, z3) — (y1, Y2, ys3) are denoted by

Oz1(y1,y2,93)  O0z1(y1,y2,43)  Oz1(y1,y2,93)

5(961, z2, I:s)

Oy . Oy . Oy3
_ A2 (y1,y2,y3)  Oz2(y1,y2,y3)  9z2(y1,Y2,Y3)
- = det 5 / / . (@)
(Y1, y2,y3)

i Y1 i Y2 ; Y3
Oz3(y1,y2,y3)  Oxa(yiye.ys)  Ox3(y1,y2,y3)
Iy 0y2 9ys

N-tuples of quantities (this includes vectors) are denoted by bold-face letters, i.e.
J = (J1,J2, J3). In particular for vectors, the co- and contravariant notation with
superscripts and subscripts (see, e.g. the book of D’haeseleer et al. (1991)) is chosen.
The sum convention applies for repeated indices at opposite positions,

akbk = Z akbk. 2
k

There are a few ambiguities in the notation, most notably the use of letters m and
n for both mass/density as well as harmonic indices, and the use of D;; not only
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as components of diffusivity but also as transport coefficients later. Normally, the
choice should be clear from the context, and otherwise the notation is resolved by
additional comments and/or by including subscript « for the particle species, i.e.
mq is the mass of species .



Chapter 1

Hamiltonian mechanics

1.1 Lagrangian, Hamiltonian and equations of motion

A classical mechanical system (see e.g. the books of Goldstein (1980), Landau and
Lifshitz (1960), Lichtenberg and Lieberman (1983) or Arnold (1989)) is fully char-
acterised by its Lagrangian L(q, q,t), which is a function of N generalised coordin-
ates ¢' in configuration space, N generalised velocities ' and time t. The solution of
a mechanical problem is given by a trajectory in configuration space, i.e. a twice
continuously differentiable curve g(¢) for which ¢(¢) = dq(¢)/dt, and the action

functional ,

1
S = ) dt L(q(t),q(¢),t) 1.1

0
takes an extremal value. Here, in contrast to many other texts, we did not identify
dotted notation with a time derivative a priori — the three quantities ¢, ¢(¢) and
dq(t)/dt are of different nature. Without argument, ¢ describes N independent
velocity variables, ¢(t) their evolution over time parameter ¢, and dg(t)/d¢ a tangent
vector to the parameterized curve g(t) in configuration space. Only in Lagrangian
mechanics one immediately identifies g(¢) with the curve velocity dq(t)/dt¢ already
at the level of the action law, thereby effectively dropping N velocity dimensions
to work only in N-dimensional configuration space. In that case one can deduce
that each component of g(¢) must fulfil a set of NV second-order ordinary differential

equations — the Euler-Lagrange equations

d /oL oL
— [ =(q(®),q@),t) ) = =(q(¢),q(t),t) = 0. 1.2
i (5r(a0.a0.0) - SEa0.a0.0 a2
Here, at first, ¢’ and ¢’ are treated as independent variables in 2N-dimensional (velo-
city) phase-space on which L(q, q,t) is defined. Only after taking partial derivatives,
one may set ¢ = ¢(t) and ¢ = ¢(t) = dq(t)/dt to their values along the trajectory
and take a total time derivative.
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Since the extremal path in Eq. (1.1) is not affected by a constant shift in S, adding a

total time derivative inside the integral results in a new Lagrangian
_ ) ) dF(q(t), q(t),t
Lla(t).a(t).1) = L(a(0) a(t).t) + LA

that describes the same mechanical system as L. Here, F can be any dynamical

(1.3)

variable (a function depending on position, velocity and time), for which the total
time derivative is defined as
dF(q(t).q(t).t) _ OF  dq'(t)OF  dd'(t) OF

dt ot At 8¢ | dt oF
_OF | OF dgi(t) OF
=5 i (t) o7 + =g o7 1.4

along any trajectory. If all 9F/8¢’ vanish one may describe such a total time deriv-

ative as AF(q(t).1) DF
q(t), _ -
S = 2 (a(0),a(t) ), (1.5)
where DF oF(q,)) . OF(a.t)
. _ q, o q,
o (@4t = —, =5, (1.6)

is an advective derivative being a function on positions, velocities and time, inde-
pendent from the actual trajectory. The latter is only inserted in Eq. (1.5).
Derivatives of L with respect to ¢* are called generalised momenta
pi = 7611((17.-(.17”,
G’
which are conserved along any actual trajectory g(t) (short: conserved), in case L is
independent of the respective coordinate ¢'. Together with g, canonical momenta
p form a set of so-called canonically conjugate coordinates in 2N-dimensional phase
space. Introducing the Hamiltonian H(q, p,t) by a Legendre transformation

1.7

H(q,p,t) =p-4(q,p) — L(a,4(q,p), 1),

we obtain the equivalent Hamiltonian description of Eq. (1.2). Here yet another use
of the velocity symbol is introduced, with (g, p) being velocity components of a
coordinate transformation from canonical coordinates (g, p) to non-canonical phase-
space coordinates (q,¢).! The resulting set of 2NN first-order ordinary differential
equations,

dqc;gt) _ %(q(t),p(tm’
dpét(t) _ _gg(Q(t)7p(t)7t)7 .

This also clarifies that the term “velocity phase-space” is a result of (incorrectly) identifying co-
ordinates with the actual space — there is only one phase-space where phase-points can be described
by different systems of coordinate.
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describes the temporal evolution of coordinates and momenta. They are called
Hamilton’s equations of motion or canonical equations. This formulation is a geo-
metrical one, as the right-hand side of Egs. (1.8) describes a so-called Hamiltonian

vector field
qa\ _ OH/0p B 0 I
(p)‘(—MNw>‘<—fo>V”H -

and the left-hand side its integral curves. Similar to the Lagrangian formalism above,
we will only identify the (global) vector field of phase-velocities ¢ and p with the
(local) tangent to a particular orbit q(¢) and p(¢) if explicitly stated as ¢(t), p(t).

Introducing the Poisson bracket

f 99 0f 9y
= - - = 1.10
{f,9} 04 o Opi dqi” (1.10)
total time derivatives of dynamical variables f(g,p,t) along a phase-trajectory is
expressed by
df(q(t),p(t).t) _df  d¢'(t)of  dpi(t) f _ Of
dt ot dt oq dt op; ot £ (1.11)

with the right-hand side evaluated at (q(¢),p(¢),t). In the Hamiltonian formal-
ism, it becomes thus particularily easy to write an advective derivative of f along
the Hamiltonian (phase-velocity) vector field (1.9) along phase-space trajectories.

Namely,
bf
Dt

_of oHof oHof _of
Ot Op; Ot Oqi Op; Ot
and for a particular trajectory

df(q(t),p(t),t) _Df
dt Dt

(q,p,t) +{f,H}, (1.12)

(q(t), p(t), ). (1.13)

This will allow us to use df/d¢ and D f/Dt synonymously, as long as a relation is
valid for all trajectories defined by H. This is in contrast to Eq. (1.4) of the Lag-
rangian formalism, where dg(t)/d¢ would first have to be expressed via the Euler-
Lagrange equations (1.2) to obtain an equivalent expression.

For g and p, canonical equations (1.8) may also be written as

dg'(t) _
dt - {q 7H}7
dpi(t) _
T {pi, H}. (1.14)

For the Hamiltonian itself, it follows that
dH 0H 0L

oo o (1.15)
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Hence, if L(q,q,t) = L(q,q) does not explicitly depend on time, H is conserved
along the trajectories defined via L. If there are no explicitly time-dependent con-
straints in addition, H is equal to the total energy. We call such systems conservative.

It is possible to switch to a new set of canonically conjugate variables (g,p) by
canonical transformations that leave the Poisson brackets (1.10) invariant,

of b9 _ 9f oy

U9 = o6 op: ~ omiog

(1.16)

This is usually performed via a generating function, for example F» = F(q, p,t) and

OFy . 0Fy
;= ——, = = 1.1
P~ gy 7 op; 17
If F, depends on time explicitly, H is transformed to a new Hamiltonian?
_ OF:
H(g.p)=H+ 5" (1.18)

1.2 Action-angle variables

A conservative system is called integrable if it is possible to find a set of N independ-
ent first integrals of motion o with de/dt = 0 and {«a;, a;} = 0. A specific set of a
uniquely determines the trajectory in phase space together with N initial values. If
the motion is bounded in phase space, it can then be shown (see e.g. Arnold (1989))
to be conditionally periodic, i.e., it is possible to choose angle variables 6 that evolve
linearly in time for any trajectory, so

0(t) = Qt, (1.19)

with conserved canonical frequencies @ = Q(a). The pairs (0, ) do not generally
form a set of canonically conjugate coordinates. It is however possible to perform a
transformation J(a) to a set of N action variables J that are canonically conjugate
to the angles 6. One also says that « are a set of coordinates in N-dimensional action
space. Conversely, @« = a(J) can be written as functions of canonical actions. In
particular, since H = a itself is conserved, it will depend only on J but not on 6.
From Eq. (1.8) we obtain

d‘ﬁ}f“ -0, (1.20)
a0it) ., OH(J)
== (1.21)

2Sometimes called the Kamiltonian due to its often used label K (Goldstein, 1980, p. 380)
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To determine action-angle variables for a certain system, a canonical transforma-
tion (q,p) — (0,J) is performed via the abbreviated action (also called Hamilton’s
characteristic function) written in terms of ¢ and «,

W(q, ) :/qdq/'p(q’a) (1.22)
90

= [" a9 4010, (1.23)
Co

where the integral is taken along a path of constant «, which also implies constant
J. This path is the actual trajectory in phase space for this specific set of «. Never-
theless, the curve parameter ¢ used for integration can be different from time ¢.

The transformation reads

pi(g,J) = %;(J)) (1.24)
i Wl ald) _ (9T\ 7 oW (g.a)

The actions can be easily computed explicitly in the case of a separable system, where
for a certain set of (g, p), W can be written as a sum of terms depending only on
one coordinate each,

=Y Wid,a)= /dqipi(qi,a)‘ (1.26)
In a separable system, the actions are given by integrals
1
9§dq pild', @) 7§dq awcgql ) 1.27)

taken either over the range of motion of one round-trip (back and forth) if oscillatory
(libration) or one period in ¢' if periodic (rotation). We will keep this distinction
in mind to maintain consistent sign conventions for canonical actions, angles and
frequencies later.

Finally we note that in action-angle variables dynamical time derivatives in Eq. (1.11)
take an especially simple form using Poisson brackets with the Hamiltonian,

of

" (1.28)

{fHy =927

1.3 A one-dimensional example

To illustrate the methods that are defined in a general way, let us consider a conser-
vative one-dimensional mechanical system of a particle with mass m,, position z,
momentum p in a potential U(x). The Hamiltonian of such a system is given by
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H= x 1.2
2 +U(x) (1.29)
and the equations of motion are

dz P

- =, 1.30

dt  mg’ ( )

dp dU(z)

- = . 1.31

dt dz ( )

Because H is conserved in this system, it can be used to write p as a function of
position and integrals of motion,

p(z,H) = 0/2mq(H — U(z)), (1.32)
op(x,H) s 1 __Ma
oH 2 JH—-U(x) plz,H) (1.33)

The constant o = +1 specifies whether the motion is directed towards the positive

or negative x direction. Since the system is one-dimensional, the abbreviated action
W in Eq. (1.26) is trivially separable, since it contains only one term

W =W, :/ da’ p(z, H)
z0

= /z da' o/ 2mo(H — U(z)). (1.34)

To
To be more specific, let us choose a cosine-shaped potential
U(z) = Up(1 — cos(z))
=20y sin2($/2), (1.35)

which results in the Hamiltonian

p2

2my,

+ Up(1 — cos(z)). (1.36)

The classical physical interpretation of this system is the pendulum of mass m, on
a rigid, massless rod in a homogeneous gravitational field. In this case, = takes the
role of the angle of the pendulum towards the vertical axis. Alternatively, it can
represent a particle in a 27-periodic cosine-shaped potential well. In that case, z is
interpreted as a Cartesian coordinate and the size of the system is infinite. In a more
abstract sense, this Hamiltonian also appears in weakly non-linear approximations
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within more complex systems, which will become clear in the subsequent section.
Integrals of the type (1.34) for the pendulum Hamiltonian can be represented by
elliptic integrals £ and K depending on the parameter

H
2
K=k = o0
defined e.g. in the book of Gradshtein and Ryzhik (1965) (see also the article of
Brizard (2013), who uses the same notation for elliptic integrals as we do here).

One important feature of the pendulum Hamiltonian is the existence of two distinct
types of motion. If the parameter « is smaller than one, the libration kind of motion
is bounded between two turning points given by

H =U(z%) = Up(1 — cos(at)), (1.37)
xt =+ arccos(1l — 2k) (1.38)
= F2arcsin(v/k). (1.39)

The classical pendulum would oscillate between those two points. For x > 1, the
rotation kind of motion is unbounded, corresponding to a pendulum rotating over
the top. This kind of behaviour leads to two regions in phase space that have to be
treated separately. The boundary in-between defined by x = 1 is called separatrix.

To be consistent with later terminology, we switch to the particle-in-well interpreta-
tion and call the librating orbits trapped and the rotating orbits passing.

For trapped orbits, the action associated to z is given by an integration forth and
back between the turning points from Eq. (1.27),

1o 1 [
I =5 [ e e By g [ de sl B,

x
1ot
—2 [ o e,y
x

-1 /: da \/2ma(H — 2Up sin®(z/2))

= 7‘22‘1% /iJr dx /K — sin?(x/2)
- \/mang (E(x) — (1 - k)K(r)) - (1.40)

As mentioned at the end of section 1.2, the integration direction has been switched
at the turning points to result in a non-zero J.
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For passing orbits, integration over one period of the motion in z results in

™

JH) = 2 [ depla, H)

2m ) .
= UM/ dz /K — sin?(x/2)
2 .
= m/maUOME(rfl) . (1.41)
™

In contrast to the trapped case, we have maintained the positive z-direction in the
integration. The result are different signs in J distinguishing co-passing orbits with
o = 1 from counter-passing orbits with o = —1. This detail of the sign convention
for canonical actions is frequently neglected or taken for granted in the literature
(it is for example clear that gyration of a positively charged particle in the negative
sense results in negative magnetic moment). In any case we should keep it in mind
for the later developments for axisymmetric plasmas, where it will be crucial for the
correct expressions for canonical variables.

The associated canonical frequency for trapped orbits is computed according to Eq.
(1.21). For reasons that will become clear in the following paragraphs, we call it the
bounce frequency wj corresponding to the bounce time 7, and write

-1
Q0= <6J(H)> =wy = 2—7 (1.42)

OH Ty
Here, the derivative with respect to H in principle affects also the boundaries z* =

2% (H) by the Leibniz rule,

xt(H) 2t (H) 6p(x H)
dH/ dep(x, H) = / doe ——

(H) o (H) OH
dat(H) , o dz=(H) , _

However, since p(z*, H) = p(z~, H) = 0, the latter two boundary terms vanish and
we obtain

zt

T = QFE = 2/ dz op(x, H)

= Varme / TU()

If the analytical solution for J were not known, one could integrate the equations
of motion ((1.30)-(1.30)) numerically and use the orbit time 7 as an integrand to

(1.44)
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substitute z, taking x(7) from the orbit integration and

de=LPar— | 2 JHE—U@)dr. (1.45)
Ma Mmq

The general bounce time integral (1.44) then becomes

" dr 2
T =V 2mq /77 T TG0 v/ E\/H —Ul(z(7))

-

= 2/ dr, (1.46)

which is two times the time of one half-turn. As expected, this is indeed the bounce
time of the one-dimensional oscillation.

For our cosine potential in particular, we can just take a derivative of the analytical
solution for the action in Eq. (1.40) and obtain

= 1/7”7:41( (k) (1.47)
— UO m —
&'271/%%7%. (1.48)

The canonical frequency {2 is the bounce frequency wj,, which becomes the usual

harmonic frequency
U
wo =1/ —2~ (1.49)
Ma

for k < 1 where the orbit remains close to # = 2n7w with integer n. Orbits at
x < 1 take longer and longer time to complete as the anharmonic contributions grow
stronger at higher energy (Fig. 1.1). At the separatrix x = 1 the system approaches
one of the unstable equilibrium points = (2n + 1)7 to come arbitrarily close with
time.

The bounce (transit) time for passing orbits can be computed by the same means.
The analytical results for the cosine potential follow as

K ()
T, = mT, (1.50)

oo [T T/
N ma K (k71)

. (1.51)

This is already known as the canonical (bounce) frequency 2 = wj, which can
now become negative for counter-passing particles, where o = —1 over the whole
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1.5 2.0

Figure 1.1: Left: pendulum orbits in phase-space with initial conditions equally
spaced in x € (0.05, 1.1585) traced until the bounce time 79 = 27 /wy of the harmonic
limit at x = 0 (solid) and their full shape (dashed). Right: dependency of bounce
frequency |wp| on x with limit 0 at the separatrix x = 1. The frequency wy, of passing
orbits becomes larger than wy already close to the separatrix, tending towards the
linear behaviour of free orbits further outside.

orbit. This follows from the sign convention when computing canonical angles for
momenta from Eq. (1.25), which yields

oI\t oW (x, H) oW (z, H)
0(z,J) = (ﬁ) 30 = Q 20 (1.52)
Using Egs. (1.33) and (1.45), the canonical angle follows as
o [ v Op(z, H)
0=0— da’ H)=Q do’ 2
om |/, 4P H) LO T om
=0 dr’ P Ma 0 = 2%01 , (1.53)
0 Mo P )
where the global o = —1 is relevant for counter-passing orbits only. It is thus equal

to the orbit time 7 normalized to the bounce time 7, (both always positive) span-
ning 27 in one full turn and is valid for both, trapped and passing orbits in general
one-dimensional Hamiltonian systems. Here, the orbit time 7 appears as a purely
geometrical quantity in phase space — a rescaled canonical angle . For the cosine
potential, it is given by the incomplete elliptic integral

_TE (I
0(x) = KDy (1.54)
in the passing region and by
F(z
o(z) = mF (51%) (1.55)
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Figure 1.2: Evenly spaced contours of constant canonical actions J (left) and angles
0 (right) for the pendulum. By convention, J > 0 in the trapped region and has
sign o of p in the respective passing region. Angle 6 is zero at z = 0 (in the trapped
region only for o = 1) and grows with z in both passing regions specified by o = +1.

in the trapped region during the first half-oscillation 2~ < z < z* with 0 = +1,
together with a phase-shifted variant of the expression for the other with o = —1
(see Fig. 1.2).

For a general potential U (z) with local minima, multiple classes of trapped particles
with different turning points can arise, as long as their total energy H is below the
respective local maximum that marks the boundary of the potential well. In that
case, different starting positions z( lead to different classes of canonical frequencies
and angles.

1.4 Treatment of perturbations and resonances

We are now going to introduce a time-harmonic perturbation H;(6,J,t) on an
originally unperturbed Hamiltonian H(J) with the new Hamiltonian being H =
Hy + Hy. The perturbation shall be of smaller order than Hy and be represented by
a Fourier series

Hy(0,J,t) = Hp(J)elm 070 (1.56)

with complex coefficients H,,,. In case of a resonance
m-Q—w=0 (1.57)

between canonical frequencies 2 and perturbation frequency w (which can also be
zero), special treatment is required. The technique of choice is known as secular
perturbation theory (Lichtenberg and Lieberman, 1983, p.109) and can be applied
in a number of systems involving resonant interaction of a perturbation with the
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original system. A review of the method with emphasis on resonance overlap and
resulting Arnol’d diffusion is given by Chirikov (1979), who introduced the concept
of chaotic diffusion in his work on magnetic traps (Chirikov, 1960).

The applicability of the method relies on the resonances to be well separated, so
we can treat each harmonic m in canonical angles individually similar to the case
of a linear system. Still, the result is a 1-dimensional non-linear system for each
harmonic. This way, some non-linear features of the overall system are captured,
which is the reason why the method can be classified as weakly non-linear. As we
will see, new orbit classes oscillating at a non-linear bounce frequency wyy around
each resonance will emerge.

First, we introduce the resonant phase by a Galilean transformation
0=m-0—wt+ 0, (1.58)
where 6 is defined to shift the complex phase of H,, such that
Hpnd™0=9% — _|H, | cosB. (1.59)

In the one-dimensional case with only one pair (6, J), where the canonical angle is
the normalised bounce time of the unperturbed system, Eq. (1.58) can be written as

0= mwpT — wt + 90, (1.60)

with a scalar harmonic index m. At the resonance condition (1.57) with w = muwy,
fulfiled only for a specific J = J,, the interpretation of § becomes clear from the
modified expression

0 =w(r —t)+ 0o (1.61)
The physical meaning of @ is the normalised shift 7 = §/w = 7 — t + 7 between
the orbit time 7 of the unperturbed trajectory and the actual time in the perturbed
system. Intuitively, this shift will develop faster with larger perturbation amplitudes.
As we will see, the dynamics of § close to the resonance condition can be modelled
by a “super”-pendulum Hamiltonian with a non-linear (super)bounce frequencies
wpn. To allow for a perturbative treatment in this way, the time-scale of this new
kind of motion should be much longer than the bounce time 7. The task of the
further derivation is to find quantitative expressions to describe this behaviour.

For the 1D case, a canonical transformation replacing 6 by 6 together with its reson-
ant action .J is produced by the type-2 generating function
Fy(0,J) = J0(0)
= J(mf — wt — bp). (1.62)
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The original action J is related to .J by
OF, -
wafml (1.63)

Specifically for non-zero w, the explicit time dependence in F; enters the unper-
turbed Kamiltonian (1.18) given by

Ho(J) = Ho + % = Hy—wJ. (1.64)
The new canonical frequency Q is
9 aJoH()
Q= —(H — = — —w=m —w. 1.65
GJ( o(J) —wJ) 57 9J w=m w (1.65)

This expression vanishes at the 1D resonance condition (1.57), which is the intended
result of our choice of the canonical transformation.

In the N-dimensional case the situation is similar. In contrast to the 1D case, we
now choose a specific action, e.g. Jn (without loss of generality), to be replaced by
the resonant action J = Jy. This approach is similar to the one of Bécoulet et al.
(1991), where a general description in the direction perpendicular to the resonance
is used. A canonical transformation replacing a single angular coordinate by 8 is
produced by the type-2 generating function

Fy(0,0) =Y Jp0* +.76(6)
k#£N
=Y JbF+J(m -0 —wt— ). (1.66)
k#£N

In this transformation, the new resonant phase # = " is defined as in Eq. 1.58, but
all other angles stay the same with

N =0=m 60— wt—0, (1.67)

_ OF: .
OFAN = 72 _ gk, 1.68
o, ( )

The action Jy is related to the resonant action .J as in Eq. (1.63) via

JN =mpnd, (1.69)

and the remaining original actions are modified via the components of their respect-
ive component in the mode-number vector,

oFy - -
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This yields the transformed actions in terms of the original actions as

= = 1
IJn=J=—IJn, (1.71)
my
Tein = Tk — —E 1. (1.72)
my
Since the perturbation
H1(0,J) = —|Hyp(J)| cosd (1.73)

depends only on the single angle 6 in addition to the actions, all actions with k # N
are constants of motion which can be treated as parameters and their dependency
dropped in the notation of the Hamiltonian. In this step, the problem becomes
formally equivalent to the one-dimensional case in Eq. (1.64), where we treat a
one-dimensional perturbed Kamiltonian system in (6, J) with

H(,

~

) = Ho(J) — |Hm(J)| cosf
= Ho(J) —wJ — [Hp(J)| cosf. (1.74)

For an originally N-dimensional system, the associated single canonical frequency
is
9J 0Ho(J)

r=g7Ho(D) —wl) = 57 =57

—w=m- -Q —w, (1.75)

which vanishes at the resonance condition in analogy to the one-dimensional case
of Eq. (1.65).
Keeping in mind that the main effect of the perturbation should be located around
the resonance, we now expand the system around Q = 0, with J = Jyes + AJ close
to the resonant action Jees for a specific set of remaining actions {jk#n}. In this
approximation, the unperturbed part of Eq. (1.74) is expanded up to the second
order as
_o 0Hy 1, -,0%Hy
H — H =AJ— + =A =
O(J) O(Jres) J By + 2 J .72
I B
=QAJ + 5Q’AJ?, (1.76)

where the first-order term vanishes in the resonance condition. The second derivat-
ive of the unperturbed Kamiltonian,

-, 0*Hy
Q = =
0J2’

(1.77)
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is also called the nonlinearity parameter of the system (Lichtenberg and Lieberman,
1983). In 1D,

- d 1Q a2
= maz (mQ—w) = m2S = m2Q

—m2o & 1.
a7~ " A, 1.78)

Subtracting the constant Ho(Jres) — |Hm (Jres)| and evaluating the perturbation for
J = Jres in Eq. (1.74), we obtain a simplified Hamiltonian in (6, A.J) close to the
resonance with

HE,AT) = %Q’AJQ + |yl (1 — cos 0), (1.79)

with ¥ and H,,, constant. This is the pendulum Hamiltonian (1.36) with position
#, momentum AJ, "mass" 1/Q and potential normalisation Uy = 2|H,|. Orbits can
be trapped in this resonance with turning points® from Eq. (1.38) if

H < 2|Hp). (1.80)

This kind of orbit arising via this weakly non-linear treatment of the perturbation
will be called supertrapped and their passing counterparts superpassing. The non-
linear bounce frequency wy,y of such orbits is given by complete elliptic integrals as
specified in section 1.3. The highest non-linear bounce frequency of supertrapped
orbits is achieved in the harmonic limit (1.49) with

won = \/ Y| Hol, (1.81)

which appears also as a common scaling factor in the anharmonic range. As long
as the relative perturbation amplitude |H,, |/ Hy is small enough, |w;x| will be much
smaller than |w;|. Clearly, if they approach the same order, this kind of perturbation
theory will break down and more complicated types of motion will set in.

For the applicability of the developed method, we should keep in mind that its un-
derlying principle in 1D is a resonance condition fulfiled only at specific energy levels
linked to a certain canonical frequency. Chirikov (1979) refers to the terminology of
isochronicity and steepness. On the one hand, it is impossible to apply the theory to
an originally harmonic oscillator, where the oscillation frequency does not depend
on energy (isochronicity). In such a system the resonance condition is fulfiled either
at all times, if w = wy, or otherwise never. Thus the unperturbed system has to be
non-isochronous, i.e. a non-linear oscillator. On the other hand, steepness is linked
to the convexity of H in action space. Problems can arise if H is not convex, such
that Q' (classifying convexity of H in action space) can change sign at some point.
In this case both Hamiltonians (1.79) with positive and negative “super”-mass can
influence the motion, which becomes more complicated as a result.

3In case of negative )’ they are shifted in 0 by 7, what will be recalled in section 2.3.
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Finally, we remark that the results described in this section are general within the
approximations made, and do not rely on the specific original system, as long as it is
integrable and can thus be written in terms of action-angle variables*. The described
method is limited to the collisionless case of perfectly Hamiltonian orbits up to now.
However, as soon as collisions enter the picture, decorrelation of orbits within the
non-linear bounce time can occur. The kinetic treatment of this problem will be a
topic of chapter 2.

1.5 Fourier harmonics in canonical angles

Here, the computation of Fourier harmonics in canonical angles from given functions
in real space is briefly pointed out. This process is necessary in particular to obtain
the form of Eq. (1.56) for the Hamiltonian perturbation.

In an N-dimensional system, harmonics in canonical angles of a function (0, J) are
given by the integral

27
() = / d¥0.a(0, J) MO, (1.82)

em™ Jo
For a one-dimensional system we consider a function originally dependent on = with
additional harmonic time dependence,

a(z,t) = a(x) e @ = Z am(J) 0= (1.83)

Harmonics (1.82) in the single angle # depending on the action J are
1 2T .
am(J) == [ dfa(x(8,J))e ™. (1.84)

T or 0

With the angle § = 7/7, taking the role of the normalised orbit time according to
Eq. (1.53) we can write this as

1 [ .
am = —/ dr a(z(r)) e~/
T Jo

_ . —im7/7
(ala(r)) e tm/m) (185)
where the bounce average
1 [™
(1)), = —/ dr b(7) (1.86)
T Jo

“or, as a theoretical physicist would put it: "Everything is a pendulum in sufficient approximation."
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Figure 1.3: Left: spectrum (fully real coefficients) for a perturbation o cos(kxz) with
k = 1 in harmonics m of the canonical angle from Eq. (1.87) for the pendulum
Hamiltonian. Right: non-linear super-bounce frequency wyy for harmonic m = 2
for w = 1.5wp: small-oscillation limit wy( of Eq. (1.81) (solid line) and numeric-
ally computed value close to the resonance (dashed) over perturbation amplitude
|Honl /Up.

has been introduced for an orbit evaluated at a specific J. In the 1D case, harmonics
in canonical angle are identical to harmonics in bounce time (bounce harmonics).
For f(x) = fre'*® of harmonic form in z, those are

2T

am = ag 46 ei(szm())
2 Jo
= ap <ei(k‘z(7>72ﬂ7‘717/7'h)>b . (1.87)

In conclusion, for one-dimensional systems, the computation of harmonics in ¢ has
been reformulated as a bounce average over the orbit. We will see later that this idea
remains valid in integrable systems of higher dimension. In practice, bounce aver-
ages can be performed alongside (usually numerical) orbit integration of Hamilton’s
equations of motion (1.8).

1.6 A numerical experiment for the pendulum

To illustrate the effect of small Hamiltonian perturbations at resonances and assess
the validity range of the discussed perturbation theory, we take a look at a numer-
ical solution of Hamilton’s equations of motion for an unperturbed and a perturbed
pendulum. A time-harmonic perturbation is introduced with

H = Hy + |Hy| cos(kx — wt), (1.88)

where the harmonic in the z-direction of real space has been chosen to be k = 1
and the perturbation frequency w = 1.5wy. The phase of the chosen perturbation
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at t = 0 is opposite to the z-dependency of the unperturbed system’s potential
U(x) < 1 — cos(z). This makes it easier to initialize a supertrapped orbit at t = 0
in practice. The spectrum of such a perturbation in canonical angle 6 is plotted in
Fig. 1.3. In our case, the first resonance m$) — w = 0 appears at m = 2 with energy
Hy = E = 1.4252 Uy, with resonances for higher m close to the separatrix Uy = 2.
If w had been chosen smaller than wy, also the first harmonic m = 1 could form a
resonance.

The right side of Fig. 1.3 shows a comparison between the analytically computed
value of wyo from Eq. (1.81) and the value for wyy computed from the large-scale
periodicity of the numerical solution. In this example the match between analytical
and numerical values is accurate below a relative perturbation amplitude of 1% and
reasonable as long as the qualitative behaviour of the system remains the same.
Slightly below a relative amplitude of 5% the method breaks down due to chaos
setting in. This behaviour is illustrated in Fig. 1.4, where orbits and development of
energy over time are plotted at selected perturbation amplitudes.

While this example is by far not exhaustive, it confirms the usual expectation of a
“small” perturbation being of the order of a few percent, leading to a separation of
scales between wy, and wyy. For the remaining developments, we will assume the
method to be generally applicable in such cases. However, problems can arise for
very high values of (' or where it changes sign, in particular close to the separatrix
of the unperturbed system.
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Figure 1.4: Motion close to the resonance for perturbation harmonic m = 2 and
frequency w = 1.5wp : orbits (left) and total energy over time (right) at amp-
litudes |H,,|/Up = 0.0028, 0.0052, 0.042, 0.046 (top to bottom). The non-linear
super-bounce frequency w,y decreases with |H,,|, while the covered energy range
increases. Here the transition to chaotic motion occurs between the last two cases.






Chapter 2

Kinetic description and resonant
interaction

In this chapter a weakly non-linear kinetic description for resonant interaction with
a Hamiltonian perturbation will be derived. The method is related to the treat-
ment of damping of plasma waves, where a quasilinear (Romanov and Filippov,
1961; Vedenov et al., 1961) and a non-linear regime (Zakharov and Karpman, 1963)
emerge as the limiting cases. The advantage of the present formulation is its uni-
versal applicability to weakly perturbed non-linear Hamiltonian systems with well-
separated resonances described in section 1.4 and a consistent description of the
transition region. For the latter, a numerical solution is provided, which will later
be useful for the transition between quasilinear and non-linear resonant transport
regimes in non-axisymmetrically perturbed tokamak plasmas.

2.1 Liouville’s theorem

For the treatment of systems with a large number of degrees of freedom it is conveni-
ent to introduce a distribution function, which does not describe the exact system
but rather an evolving probability density in phase space.

The classical approach is the definition of a distribution function f(q,p,t) in 2N-
dimensional phase space. In the statistical interpretation it describes the distribution
of states in an ensemble of identical systems at time ¢ with different initial conditions
at t = 0. The latter are described by an initial distribution function at f(q,p,0) =
fa(g,p). In a bounded region of phase space such a distribution is well-defined
down to an arbitrarily small length scale as long as the number of ensembles is
chosen sufficiently high. In the probabilistic point of view, f(q,p,t) describes the
probability density of where to find a single system in phase space at a specific time
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if initial conditions are only known in terms of a probability density and no further
statistical argument is necessary.

In any case, the evolution of a region in phase space subject to the flow generated by
the canonical equations is subject to Liouville’s theorem (see e.g. Arnold (1989)),
which states that its volume is conserved over time. For a heuristic proof involving
a time-independent Hamiltonian H with N = 1, we define an arbitrarily small rect-
angle with corners {(go, o), (¢1,P0), (¢1,p1), (g0, p1)} and volume (area)

V =(q1—q0)(p1 —po) - 2.1

After an infinitesimal time-step d¢, this rectangle has been deformed to a quadrangle
with corners {(go, 7o)’ (41,0)", (¢1, 1)’ (90, p1)'}, where

(QOJ)O), = (q07p0) +dt (‘j?p)'qo,z)l)
OH 0H
= (qo,po) + dt {%7 767(1} q0,p0> (2.2)
and so on. If the region is chosen small enough with ¢; — g0 = dg, p1 — po = dp
and only leading order terms are retained expanding around (g, po)’, we obtain an

infinitesimal parallelogram with

0 (om iy 29

. I , I — d 70 +dtd - 5
(q1,p0)" — (g0, p0)’ = (dq,0) 94 \ap’ " g

o (0H O0H o (0H O0H
(q1,p1)" = (q0,0)" = (dg, dp) +dtdq8fq <7 _7) + dt dp-- (* _7) ,

9p’ Oq op\dp’ 0Oq
2.9
0 (0H OH
(90, p1)" = (90, p0)" = (0, dp) + dt g (87., 787> : 2.5
The area of this parallelogram is given by the 2 x 2 determinant
0°H 0°H 0*H O*H
"=dg(1+dt dp(1—dt —dtdp—— | —dtdg—-
v q( " 8q8p> p( 6q0p> o ( q8q2>
PHOPH  (9PH\’

=dgdp [ 1+d? | 55 = — = dt?), 2.6
’ p( - (a‘q? w ~ (o) )) vroun. o

which is equal to S retaining only linear order terms in d¢ in the infinitesimal limit.
This result can be generalised to finite regions and time differences by integration
over phase space and time and to more degrees of freedom and time-dependent
Hamiltonians (Arnold, 1989).

Liouville’s theorem has an important consequence on the time evolution of the dis-
tribution function f(q, p, t). Since the phase space volume occupied by a number of
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system realisations in an ensemble does not change along the orbits, their density
remains constant with

< Fla(t).p(), 1) =0. @7

The phase space volume V' is moving along the orbits in time, so the described
picture is of Lagrangian nature. In the Eulerian picture, defining f(q,p, ) in a fixed
point of phase space and using Eq. (1.11), we obtain

6f((§tp7 D4ty =o, 2.8)
or
df(q,p,t) A OH 0f(q,p,t) OH 9f(q,p,t)
T Top oq o op O @2

Due to its origin, this equation is often called Liouville’s equation for Hamiltonian
systems.

2.2 Collisions and the kinetic equation

We now consider a modification to our original one-dimensional system by exposing
it to random collisions with a thermal background consisting of particles with small
mass as compared to m, and thermal momentum pr. This corresponds to a gen-
eralised of one-dimensional Brownian motion of a particle (see e.g. Van Kampen
(1983)) described by a Langevin equation (the analogy to collisional processes in
plasma will be pointed out in section 4.1). For a sufficiently small time-step At we
add a collisional contribution Ap, to the dynamical evolution of p from Eq. (1.31),

p(t + At) = p(t) — U'(2) At + Ape + O(AL?) . (2.10)

Collisions shall lead to a random distribution of Ap,. that is slowed down towards
p = 0 with the average rate v, so

<Apc>
= — 2.11
AL vp, (2.11)
and is randomised with a variance
Apz .
{ At ) = 2upk. (2.12)

This random process on p is known as the Ornstein-Uhlenbeck process. To imple-
ment it in a numerical time-stepping routine for the orbit, we can use rescaled
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samples from computer-generated random numbers to produce a distribution ©
with (©) = 0 and (©?) = 1 and compute

Ap. = —vpAt + 2Vp2T(~)v At. (2.13)
For our 1-dimensional model system, Liouville’s equation (2.9) for the distribution
function f(x,p,t) is given by

dr _or  » 0F
dt_8t+ma8.1: U'(z)

ﬁ =0. (2.14)
Op
The described effects of collisions along the particle trajectory are accounted for by

replacing the right-hand side of Eq. (2.14) by a linear collision operator acting on
P g g q y P g 5

A, 0 of
Lof =v— | p3=- , 2.15
cf Yo <m8p +pf> : (2.15)
which results in a kinetic equation known as Kramers’ equation (Kramers, 1940),
of pof ., 0f -
gn + o (x) o Lef, (2.16)

which is a generalisation of the original results on Brownian motion by Uhlenbeck
and Ornstein (1930). The constant v describes a collision frequency that quantifies
the collisional decorrelation in time, and the thermal momentum py is a momentum

scale corresponding to the width of the stationary distribution, i.e. its temperature
2
_ Pr

= o (2.17)

This stationary distribution for which L¢ f(, p) vanishes is given by the local Max-
wellian in energy E = p?/2m,, + U(x), which is a Gaussian in momentum p,

(2.18)

n 2 4+ 2maU(z
far(@,p) =———exp (—p 5 - ( )> ,
27Tp2T Pt

where ng is the average density n(z). Eq. (2.16) is fulfiled by f), since also the
left-hand-side is evaluated to zero, which is the reason why U(x) has to enter the
exponent. In the picture of randomized orbits, Eq. (2.18) describes the statistical
distribution generated by the process (2.13) after a sufficiently long time.

A generalisation of Eq. (2.16) in arbitrary dimension is given by the kinetic equation

of

E"‘{f,H} =Lof (2.19)
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for the distribution function f = f(x,p,t) in 2N-dimensional phase space plus one
time dimension. The general Fokker-Planck collision operator

icr :a% (Dik(w,p) 8% — F(a,p) f) , 2.20)

contains components D;;, of the momentum space diffusivity tensor D(p, t) and drag
coefficients F;. As we can see from Eq. 2.15, in our simplified one-dimensional
example those quantities are related to v, py and p by’

Dyy = vp2, Fi = —up. (2.21)

2.3 Weakly non-linear kinetic theory

For a sufficiently small perturbation H; as described in section 1.4 and sufficiently
low collisionality (small enough v in the 1D case), it is possible to construct a per-
turbation theory based on an unperturbed steady-state solution f of a kinetic equa-
tion (2.19) with Hamiltonian Hy. The unperturbed steady-state equation is

{fo, Ho} = Lc fo. (2.22)

The steady-state equation for the perturbed system with H = Hy+H; and f = fo+f1
is

{fi,Ho+ Hi} — Lofi = {fo, Hi} =m - %|Hm| sinf, (2.23)
where the right-hand side has been evaluated from the harmonic form of the per-
turbation in Eq. (1.59).

Looking at the 1D example, the result is a simplified collision operator
Ph

N (2.24)

I:Cfl =Dres

that describes scattering across the resonance zone around J = Jyes. The assumption
of a sufficiently small v leads to this process happening slowly in comparison to the
original canonical frequency 2 allows us to use a canonically averaged resonant

diffusivity,
) 2 b 2
Dres = <D11 (%) > = Vp%- < (ﬁpj> > . (2.25)
(4 b

In the N-dimensional case we approximate the collision operator L¢ by

- 2
S (J) 0 f
Lof =~ (D, —— 2.2

of < ik >0 BJjaJk7 (2.26)

1The notation Dy, here should not be confused with the one used later for transport coefficients
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with canonically averaged diffusion coefficient <D§,{)>g in action space, where the
relation
D(j) _ 8]2‘ 8Jk

yl=— 2.2
ik apl (9pm im ( 7)

to the momentum space diffusivity Dy, holds.

Following the approximation of closeness to the resonance in action space from
section 1.4 with the distance from the resonance A.J = J — Jres({Jrn } ), we consider
only scattering across the resonance .J = Jyes via AJ, as in the 1D case. Once more,
we emphasize that this is a variable change from J = Jy to AJ depending on a
specific set of non-resonant actions fk;é ~, which are treated as parametric constants.
This leads to the approximation

. 0% f
Lef = DresiaAjz-, (2.28)
with the diffusivity Dyes across the resonance given by
_ ) OANJT OAT
Dres = (D), 5T 5T (2.29)
The derivatives of
AT =T — Jres({Jkzn}) (2.30)

arising from the variable transformation in action space can be evaluated by using
the expansion of the frequency Q close to the resonance condition 2 = 0,

_ o0 _
QT = Jres) = a7, AJ (2.31)
R P )
A= =2 2.32
- |1, v @32

For the derivatives with respect to Jj, this means

OAT 1 09
=, 2.33
OJ, Y OJy (2.33)
In the resulting expression
_ -2 (pD)y 9202
Dres = () 2(D] >9 57 (2.34)
we can finally transform back to the original actions J. This yields
_on-2/p@\ 992 99
Dres = () <Dik >9 57 D7 (2.35)
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with diffusion coefficients DZ(,‘C]) in action space given by the transformation from
momentum diffusion coefficients Dy,,.

The kinetic equation around the resonance condition (2.23) becomes
0f1 4 ofi 9*fi f)fo
“O'AT — = =
o0 AT oA~ ™

where the right-hand-side is evaluated at the resonance with J = Jis and is inde-
pendent of AJ.

| Hpn| 8100 — Dyes == \H | sin 8, (2.36)

To reach a dimensionless form, we introduce the substitution

o 1/2
AJ =sgn () QT," Ys (2.37)
with expressions for derivatives
oh o | Hm |12 01
_ = Q _ == 2.
AT sgn () o a9y (2.38)
fi | Hm| ™" 9*N
L —=, 2.
OAJ? 94 Oy? (2.39)
The Hamiltonian of Eq. (1.79) in variables (9, y) is
H(B,y) = |Hp| <sgn (@) % (1 — cos é)) . (2.40)

with "negative mass" or rather inverted potential if (' < 0.

Substituting in Eq. (2.36) leads to a kinetic equation in # and y with

fly, sgn (@) 21 fl sind — D%Z—f—m gf;’ /QSiné, (2.41)
where we have introduced the dimensionless diffusivity
|Q’|1 /2
D = Dyes VNCE (2.42)

Shifting the resonant angle # by 7 if Q' < 0, the sign of sin @ is switched in that case,
and the sign-dependent part of Eq. (2.41) appears now in the right-hand side,
of _oh P h o [ Hm '

Y oy sinf — Dﬁ =sgn(?)m 37 sin 6. (2.43)

The source term on the right-hand side can be normalised by rescaling f; with

m

Q

I/Qm_af()

275 (2.44)

f1=sgn ()
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which leads to a universal dimensionless equation

v _sing <@ + 1) _p%9_ (2.45)
Oy?

This corresponds to a 1D kinetic equation (2.16) for a particle of mass normalised
to one with position # and momentum y, subject to a cosine-shaped potential as
in Eq. (1.36) with Uy = 1. In addition to a diffusive term with diffusivity D, a
source term sin f originating from the interaction of the unperturbed steady-state
solution fy with the Hamiltonian perturbation H; in Eq. (2.23) influences the result.
At § = 47, periodic boundary conditions should be used. At infinite momentum
y — +oo the solution should vanish sufficiently fast. Let us first consider the limiting
cases of this equation and then continue to the overall solution.

2.4 Quasilinear limit

On one end, there is the case of D >> 1, where scattering across the resonance dom-
inates the process. In this case, the first derivative of g with respect to y can be
neglected in Eq. (2.45), leading to the diffusion-dominated equation of the quasilin-
ear limit, ,

% - D%‘Z = sinf. (2.46)
An even more simplified version of this equation is obtained, if a Krook model is

Y

used, replacing the differential operator D% by the constant factor —7, so

y% + g = sin 6. (2.47)

The solution within this model is

= —iel?
9(0,y) = Re (iy n V) . (2.48)
For the actual solution of Eq. (2.46), a separation
9(0,y) = T(O)Y (y) (2.49)
yields
% = 53/7// =ik (2.50)

with complex separation parameter ik. The homogeneous ordinary differential
equation for 7',

T —ikT =0, (2.51)
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has solutions of the type

T(9) = ™, (2.52)

The constant & must be real, since periodic boundary conditions are required. We
take this solution as the ansatz for the inhomogeneous equation 2.46, which we
solve in its complex form

2 _
99 _ p99 _ pe(—iei), (2.53)

o0 ~ oy

considering only its real part in the end. Due to linearity and the form of the in-
homogeneity, we obtain only a non-zero contribution from k& = 1. More specifically,
we specify

9(8,y) = Z(y)sind = —Re(iZ(y)e"?). (2.54)
The inhomogeneous ordinary differential equation for Z is
yZ +iDZ" = —i. (2.55)
Choosing u = —iD~ /3y and Z(y) = U(u) we have

7' = —iD~\3y, (2.56)
7" = D~ 3y”, (2.57)

and the result is the inhomogeneous Airy equation
U" —ulU = D7V3. (2.58)
Substituting back in Eq. (2.55), we obtain the homogeneous solution
Zn(y) = C1AI(—1D™y) + CoBi(—iD~/3y)

involving Airy functions

1 [ w
Ai(z) = ;/ dw cos <? + mw) , (2.59)
0

1 oo a3 a3
Bi(z) = ;/0 dw {cxp (f% + acw) + sin <% + acw)} , (2.60)

and at least two possible particular solutions represented by the Scorer functions

Z(y) = nD~V3Gi(—iD~/3y), (2.61)
Zs(y) = #D~VPHi(—iD~/3y) (2.62)
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Figure 2.1: Airy functions Ai, Bi and Scorer functions Gi, Hi with imaginary argu-
ment iz: real (solid line) and imaginary part (dashed). Despite extra weighting with
e~1#1, the first three diverge, and only Hi(iz) converges for 2 — Foo.

where
o) 3
Gi(z) = l/ dw sin (w— —+ ww> , (2.63)
™ Jo 3
. 1 [ w3
Hi(z) = — dwexp | —— +zw ). (2.64)
T Jo 3

Since complex arguments are employed, special care needs to be taken with respect
to contour integration in the complex plane. This is described in detail in the book
of Gil et al. (2007), where also asymptotic properties of all four functions are given.
The only one decaying at x — +oc for purely imaginary argument is Hi(iz) , which
is illustrated in Fig. 2.1. The conclusion is that there are no contributions to Z(y)
from the homogeneous solution, C; = C3 = 0, and the solution is directly given
as Z(y) = Za(y) involving Scorer’s Hi from Eq. (2.61). The overall solution for
Eq. (2.46) fulfiling the correct boundary conditions at y — oo is

9(0,y) = Re [finD_l/:*eiéHi(fiD_1/3y)] . (2.65)

A comparison between this solution and the simplified Krook model from Eq. (2.47)
is plotted in Fig. 2.2 (y-dependent part) and Fig. 2.3 (contours of g) for D = 100.
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Figure 2.2: Real (solid line) and imaginary part (dashed) of the y-dependent part
Z(y) with D = 100 for full solution (left) from Eq. (2.65) and Krook model (2.48)
with 7 = 3.5 (right)
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Figure 2.3: Dimensionless distribution function g(0, y) for D = 100 for full quasilin-
ear solution (left, Eq. (2.65)) and Krook model (2.48) with v = 3.5 (right), separat-
rix of the non-linear oscillation (thin black line).

The results agree qualitatively, and due to the specific choice of 7 also quantitatively
up to a certain systematic error. This choice has been made manually to roughly
match the two models and demonstrate their behaviour. The significance of this
similarity will become clear later when applying the method to resonant transport
regimes in a tokamak plasma (section 4.9).

2.5 Non-linear limit

At the one end, there is the case of D « 1. Physically, this means a combination
of high-enough perturbation amplitude with low-enough collisionality. This can be
seen in Eq. (2.42), where D scales with \Hm|_3/ 2 and v'/2. The resulting equation
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in this non-linear limit is obtained by using a perturbative ansatz for g with
g=go+ Dg, (2.66)

where Dy, is of one order higher in D than gg. Separation of orders 0 and 1 in D,
truncating at D? and dividing the first-order equation by D yields

dg0 . (990 _
y 20 sin 0 < ay +1) =0, (2.67)
g1 . 2000 9go
y 20 sin @ oy o (2.68)

We substitute
y=o0VI+2cosh, (2.69)

where o = sgn(y), with the inverse transformation

I= y2 — 2cos#, (2.70)
and derivatives
alg;: Y _ging, 2.71)
al(;’ v) =920V I + 2cosé. (2.72)
Yy

This transformation is effectively a change from momentum y to two times the nor-
malised shifted total energy I, which is conserved in the particle picture. Thus,
contours of constant I are characteristics of the homogeneous variant of Eq. 2.68.
The partial differential operator in Egs. 2.67-2.68 is transformed by

0 . 20 . =( 0 . =0 -
<yﬁ - 51n96—y> a(0,y) =oVI+2cosd (ﬁ + QmeE) a(0,1)
- 20\/I+2cos§siné%a(§,l)
= U\/I+200S§%a(é, I). (2.73)

As expected, the transformed differential operator contains only a partial derivative
with respect to 0 in the new variables (6, I) on the right-hand-side. Using the shift

9o =290 —Y, (2.74)

the result for g is an arbitrary function in 7, so substituting back, the general solu-
tion for Eq. (2.67) is

90(0,1) = go(I) — o/ I +2cos¥. (2.75)
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For the second derivative of gy with respect to y in Eq. (2.68), only the g, part enters,
yielding

g1 o 0 o=/

50 _4081 <\/I+200S6g0(1)) (2.76)

in variables (, I). Since g, depends only on I, one partial derivative is denoted as a
total derivative g, (1) = dgo(I)/dI. The general solution for g; is

_ 0 _ —
g1(0,1) = 405 <§6(I) /(19\/ I+ 20050> +a1(1), (2.77)
with an indefinite integral over # and an arbitrary function g (I).

For the case of superpassing orbits with I > 2, the term /I + 2 cos # is defined over
the whole range —7 < # < 7. The case y = 0 is never reached following a contour.
Accordingly, periodic boundary conditions g; (7) = ¢g1(—n) are needed. This requires
the solubility condition

o <g6(1) /7r dé\/[—i—QCosé) =0, (2.78)

ol .
or rather
T —1
go(I) =Cyg (/ doV'T + 200s§)
&
= (2.79)
WWTH2E (327

with the complete elliptic integral F(x) according the convention given in sec-
tion 1.3, and

142

K 1 (2.80)
The constant CJ can depend on sign o. For I — oo the asymptotic limit
o
go(0) lrs1~ Wpﬁ (2.81)

follows from neglecting the dependence on f in Eq. (2.78). In this limit, we evaluate

the derivative of Eq. (2.75) with respect to I as
_ ce o
—q0(0,1 ~—2 7 2.82)
8Igo( ) 11 oI oVl (

In order to vanish in the limit I — oo, the constant needs to be fixed by Cf = 7o.
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For the supertrapped case —2 < I < 2, turning points where the contours of I meet
at y = 0 are given by

_ I
cos0F = 3 (2.83)

The expression /T + 2cosf is undefined outside the interval spanned by 6*. To
enforce continuity at y = 0 in Eq. (2.75), in contrast to the superpassing case, go
must not depend on the sign o. Again, we look at the solubility condition from the
first-order equation, that is

o+
9 <gé([)/ d0V/'T + 2 cos 9) =0, (2.84)

oI _
So
Ct
—
go(l) = : (2.85)
(50 - (1 BT) K (34)
Due to the divergence of this expression at the o-point with I = —2, we have to set

C to zero, so go is constant. Due to symmetry, we set it to zero, and it is in fact
possible to absorb it into the equilibrium solution. Thus, in the supertrapped region,

90(0,1)|1<2 = —oV/ T+ 2cos b, (2.86)

10, D)|1<2 = gi (1) (2.87)

At the separatrix, continuity of gy requires the integration constant for gy to be fixed
in the superpassing region with I > 2 and we obtain the zeroth order expression
there as

I T -1
90(0,D)|152 = 7r(7/ dr (/ dOV'I' + 2 cos é> — oV 1+ 2cosd. (2.88)
2 —7
As opposed to the quasilinear limit of the previous section, the distribution function
of the non-linear limit is symmetric with respect to angle #, which can be seen
in Fig. 2.4, where the evaluated formulas for the non-linear limit that have been
obtained in this section are plotted.

2.6 Numerical solution for weakly non-linear kinetics

To solve Eq. (2.45) numerically between the two limiting cases, we combine a har-
monic decomposition of ¢ in the angle § with a finite difference scheme in y for each
of the harmonics. The obtained results illustrate the transition and will be useful
later to compute non-linear attenuation in resonant transport regimes (section 4.9).
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Figure 2.4: Contours of the dimensionless distribution function go(0, y) in the non-
linear limit D < 1, separatrix of the non-linear oscillation (thin black line).

We first develop g as a Fourier series

M
9,0) = > gm(y)e™. (2.89)
m=—M
With this ansatz, Eq. (2.45) becomes
i, 5 7 M 0%g 5 10g 7 7
i0 —if . m im@ m o i(m+1)0 i(lm—1)0 _
5(61 —e )+m;M Klymgm -D 0 )e”” + ia—y(e‘(m"' )0 _ eitm=10y] — ¢
(2.90)
for each harmonic or rather
M ; 2 _
Z (i(ém,l = Om,—1) + iymgm — D8 g;“) emé
m=—M 2 ' Oy
;Mo dg oy M dg B
m—1 _imf m+1 _imf
: I = 2.91
+5 D By 5 3y ¢ =0, 2.91)
m=—M-—1 m=—M+1

where M is the highest harmonic that we consider. For a harmonic m # +M this
means

. i i

1ymgm + i(g;n—l - g;n+1) — Dgy, = 5(5%71 —0mya), (2.92)

where primes are derivatives with respect to the argument y. For the minimum
(—M) and the maximum (+M) harmonic (M > 1 in any case) follows

. i

iymg_n — §9LM+1 —Dg" =0, (2.93)
X i
iymgy + 591 — Dy = 0. (2.94)

2
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Figure 2.5: Dimensionless distribution function g(,y) for 6 = 0 (left) and 0 = =
plotted over y with D = 1.2- 1072, 107!, 1, 10, 10> and comparison to quasilinear

(D = 10, dotted) and non-linear limit (dashed).

We discretise g,,, on a regular grid with distance Ay using a central difference

scheme, so near y = y,, we have

Im(Y) X Gmn,
gm(y) (gm(n+l) - gm(nfl))/(QAy)a
(y) (gm(n+1) = 29mn + gm(nfl))/AyQ'

The finite difference form of Eq. (2.92) is

iymgmn + 4A (g(m 1)(n+1) = 9(m—1)(n—1) — 9(m+1)(n+1) + 9(m+1)(n— 1))
D i
A? (gm(n+1) = 2Gmn + Im(n— 1)) (67?1,—1 6m,1)7
and Egs. (2.93-2.94) are approximated by
iymg_nrm — 4A (q( M+1)(n+1) = 9(—M+1)(n—1))
D
*@(!LM(HD —29-Mn + 9-pMn-1)) = 0,

. i
iymgnm + m(g(M—l)(nJrl) — 9(M-1)(n—1))

D
_Tyg(gM(n-%—l) = 29mn + gl\/f(n—l)) =0

(2.95)
(2.96)
(2.97)

(2.98)

(2.99)

(2.100)

As boundary conditions we can either set g,,,(+yo) = 0 at a distant y = yo (homo-
geneous Dirichlet) or rather set the difference between g,, at the boundary to its
next neighbour to zero (homogeneous Neumann). To match our non-linear solution

we choose the latter condition. For the g; vector numbering we start from & = 0
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and use the usual k = M + (2M + 1)n + m. Our final discrete equations are

. i
iymgmn + m(g(mA)(nﬂ) = J(m-1)n — Im+1)n T Im+1)(n-1)) (2.10D)
D i
_Tyg(gm(n+1) = 2gmn + gm(n—l)) = 5(5m,—1 —Om,1), (2.102)

and

. i
iymg_nn — Ky(g(fﬂﬁrl)n — Y(—M11)(n-1))

D
_w(g—]\f(nﬁ»l) —29-Mn + 9-M(n-1)) = 0, (2.103)

. i
ymgnm + m(g(]ﬂ—l)n — G(M-1)(n—1))
D
*TyQ(gM(nH) = 29Mn + Gr(n-1)) = 0. (2.1049)

Results of numerical computations using maximum harmonic M = 10 and 300 steps
in y in the range between —50 and 50 with homogeneous Neumann conditions are
shown in Figs. 2.5-2.6 for different values of dimensionless diffusivity D across the
resonance. At D = 1.2-10~2 the solution visually matches the non-linear limit while
at D = 10 a match to the quasilinear case is achieved.
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Figure 2.6: Contours of the dimensionless distribution function g(f,y) with D =
1.2-1072,3-1072, 1071, 1, 10, 10% (left to right, top to bottom)



Chapter 3

Hamiltonian theory of
guiding-centre motion in a
tokamak

The goal in this chapter is to define action-angle variables for charged particle mo-
tion in an axisymmetric toroidal system such as an unperturbed electromagnetic
field of a tokamak. For this purpose, the guiding-centre Lagrangian in magnetic co-
ordinates is first transformed to a canonical form. Action variables are then found
by a canonical transformation as described in section 1.2. The principle of the deriv-
ation is identical to the one-dimensional example in section 1.3. However, in con-
trast to that simple example, the guiding-centre motion in arbitrary axisymmetric
geometry cannot be expressed analytically in general. An expansion in orbit width
allows for integral expressions for actions, canonical frequencies and angles to the
lowest order. Finally, the transformation of quantities given by a Fourier series over
angles of magnetic coordinates to a Fourier series in canonical angles is given. The
evaluation of the mentioned quantities can be performed via numerical orbit integ-
ration. With those ingredients the foundation is laid for the derivations of transport
arising from resonances between canonical frequencies, which is performed in the
following chapters.

3.1 Guiding-centre Lagrangian

For the purpose of our model, the motion of a charged plasma particle in a magnetic
field is described in terms of guiding-centre variables (R, ¢,J,, H) according to
Littlejohn (1983). Here, R is the guiding-centre position, ¢ the gyrophase, J, the
perpendicular adiabatic invariant and H the Hamiltonian equal to the total energy.
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The Lagrangian in these variables is
L = (mav (R, Jo, H)h(R) + %A(R)) R+J.6-H, (E.1)

where the parallel velocity v is given as a function of R, J, and H with

9 1/2
(R, J,H)=0 <F(H — e ®(R) — JJ_(UC(R))> . (3.2
The binary variable o is the sign of the parallel motion along the magnetic field lines
and the cyclotron or gyrofrequency is proportional to the magnetic field modulus
B(R) at the guiding-centre position with

eaB(R)
MaC

we(R) = 3.3)
Since the Lagrangian doesn’t depend on ¢ in this approximation, it is clear that J;
must be conserved and the two form a pair of action-angle variables already.
If v)| is used to replace H as a variable, the dependency of the latter from the re-
maining variables is
M V2 mavﬁ

H(R,Jyi,v)) = 5t ea®(R) = — +ea®(R) + Jiw:(R), 3.4
where v is the velocity module containing both, parallel motion and gyration.
For the construction of action-angle variables, we will rely on an originally unper-
turbed Hamiltonian in the axisymmetric geometry of a tokamak. In such a two-
dimensional equilibrium, flux surfaces are closed and straight field-line flux co-
ordinates (r,v, ) parametrising R = R(r,9,¢) as defined in appendix A can be
constructed (D’haeseleer et al., 1991). In those coordinates, the radial component
of the vector potential A vanishes and L can be written as

L = mavyhet + (mav)hy + %Aﬁ)’lé + (Mmavyhy + %Aw)gb +J ¢—H. (3.5)

If H is used as a variable, the dependencies of v on the coordinates is

9 1/2
v (r,9,J,H) =0 <m—(H —eq®(r,Y) — Jywe(r, 19))) . (3.6)
In the other case, according to Eq. (3.4), the dependency of H is
mavﬁ
H(r,9,J1,v)) = +eq®(r,9) + Jiwe(r, 9). 3.7

If cross-field drifts were neglected, » would appear as a parameter in addition to J, ,
and motion would occur purely along magnetic field lines. In this case, there is a
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perfect analogy of the system to the 1-dimensional model Hamiltonian discussed in
section 1.3. The dynamics are driven mainly by the mirroring force caused by the
increase of the magnetic field modulus B on the inboard side of the torus. Generally,
in tokamak plasmas, electric forces along the field lines caused by the potential ¢ are
much smaller than magnetic forces, which is ultimately caused by Debye shielding
(Wesson, 2011). The potential is however important for drift motion (E x B drift),
which contributes to toroidal precession.

If we assume variations of e, ® to be small or constant along field lines and consider
the limit of large aspect ratio in a tokamak with circular concentric flux surfaces,

B(r,9) ~ By(r) - (1 — e cos(9)), (3.8)

with the inverse aspect ratio ¢ = r/Ry describing the ratio between minor r and
major Ry radii of the flux surface, the system becomes equivalent to the pendulum
Hamiltonian of Eq. (1.36) with

2
pj Jieq
2my, maC

H,p|) = By(1 — ecos(¥)). 3.9
Here we have dropped the constant e, ® from H and defined the parallel kinematic
momentum p| = m4v). Those crude simplifications are not required for our task of
computing non-ambipolar radial particle fluxes in resonant transport regimes. Still,
this zeroth order picture tells us something about the features of guiding-centre
orbits that give us hope to be able to apply the concepts of the first two chapters:
first of all the description is essentially Hamiltonian. Furthermore, the system is
anharmonic, with the oscillation frequency depending on energy, making non-linear
resonances possible. Finally, there are trapped and passing orbits and a separatrix in-
between, where motion becomes infinitely slow. Keeping these properties in mind,
we can now proceed to treat the system in more detail.

3.2 Canonical form of the guiding-centre Lagrangian

For the treatment in the action-angle formalism, we require the system to be of
canonical Hamiltonian form. Although the expression for the guiding-centre Lag-
rangian in Eq. (3.5) seems to be of this form on first sight, it is not. The reason
is that four of the six dimensions of phase-space are used up by the coordinates
(r,9,p,¢). Different approximate and exact approaches to construct a canonical
form of the guiding-centre Lagrangian have been undertaken by (White et al., 1982;
White, 1990; Meiss and Hazeltine, 1990; Abdullaev and Finken, 2002), and lately
by Li et al. (2016), which offers an exact transformation closely related to the one
constructed here.
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Neglecting finite Larmor radius effects in the guiding-centre approximation, we can
immediately identify .J, as the canonical momentum for ¢, being already a canonical
action. This leaves only one remaining variable, which is conventionally chosen as
the (conserved) total energy H or the parallel velocity ) Nevertheless we identify
(non-canonical) momenta in Eq. (3.5),

Pr = mav”hh (3.10)
Py = mav”hﬂ + %Aﬁ, (3.11)
Py = Mma)hy + %Aw (3.12)

where all expressions are functions of phase-space variables. In a toroidally sym-
metric plasma in the guiding-centre approximation there are no dependencies on
¢ or ¢, so the momenta .J, and p, are conserved. Furthermore, the poloidal mo-
mentum py (3.11) depends only on ¥ and conserved quantities. If our coordinates
({¥ = r},9, %) had the additional property that the covariant magnetic field com-
ponent B; vanishes, we could represent L in canonical form,

L = (mavyhg + %Ag)é + (mavyhg + %“A@)@ +Jip— H, (3.13)

and clearly identify canonical momenta for 9 and @ being
Py = mavjhy + %Ag, (3.14)
Pg = mav)hg + %A¢. (3.15)

An exact way to switch to the canonical form is possible by a strategy similar to the
one recently pointed out by Li et al. (2016) via the general form of the transforma-
tion between straight field-line flux coordinates,

9,9, ) =9 — G(r,9, @), (3.16)

o(r,9,9) = ¢ — q(r) G(r, 9, ¢). (3.17)
In contrast to the reference, we use the inverse form,

9,9, ) =9+ G(r,9, @), (3.18)

o(r,0,8) = ¢ +4(r) G(r,0,9), (3.19)

with safety factor ¢(r) and a function G(r,, @) that is periodic in the angles. The
choice of this function is specified by the condition that the covariant radial magnetic
field component B; vanishes in new coordinates. This means that

= 5. (Bo+aBy) + G—sz 1B, (3.20)
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or

9 A 9 ) —
EGO:&?QD)*

_ Bi(r,9,9) + G(r,0,9) d'(r) By(r, 0, ¢)
By(r, 0, ) + qBy(r, 9, ¢)

. (3.21)

Since only a derivative over r occurs, this is an ordinary differential equation in
G. Tt is non-linear because G occurs implicitly in the coordinate dependencies of
the magnetic field components in the original coordinates, which are substituted by
their functional dependencies (3.18)-(3.19). For sufficiently smooth functions on
the right-hand side, standard theory of ordinary differential equations guarantees a
unique solution to this equation for each given pair (1, ¢) that can in principle be
found (if no closed analytical form exists, by numerical means).! For our purpose,
the existence and uniqueness of a solution in this form is sufficient, as we will use ¢
and ¢ only as intermediate quantities and finally transform back to ¥ and ¢.

In (3.21) for a tokamak field, all quantities are independent of toroidal angle ¢ so
also @ and G = G(r,?). This leads to an invariance of covariant toroidal vector
components, particularly the toroidal momentum (3.12) using the transformation
equations (3.18-3.19),

Oy o ar
6 = —Pop + —Py + —DPr = Po- 22
2] afpg) 87[)19 87[) Py (3.22)

Due to the independence of the Lagrangian on ¢, the toroidal momentum is con-
served along the orbit and because of the 27-periodicity of ¢ and ¢ we use it as a
canonical action with a yet unknown angle coordinate. With two symmetries in ¢
and ¢, separated out from the very beginning, the problem of tokamak orbits is now
quasi-one-dimensional in 9.

A final comment shall be made on the scaling of G, i.e. G, being roughly of the
order B,/(By + qBy,) = h,h” if r is normalised to 1 at the minor radius. As long
as h, is small, it can be regarded as a small phase shift compared to the range of 9
and 9 being 2. This is confirmed by Li et al. (2016) for symmetry flux coordinates,
where the module of G remains below 1.5 - 1072, In this work, we are going to use
Boozer magnetic coordinates, which we expect to be even more favourable in terms
of the smallness of h,.

3.3 Transformation of radial dependencies

In phase-space, switching from variables (r,9, ¢, ¢, J |, H) to z = (¢, 9, ¢, J 1, H, p,)
or canonical (4,9, @, J1, g, py) implies a radially non-local formulation, since r is
now a dependent function of coordinates and constants of motion v = (J, H, p,)

In usual tokamak plasmas the denominator never vanishes (Li et al., 2016).
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or momenta p = (J1,pg,p,), respectively. Instead of flux surfaces of fixed radius,
drift surfaces (Kaufman, 1972; Hazeltine et al., 1981) defined by fixed o swept
by the actual banana or transit orbit are now relevant for the formulation. On a
drift surface the radial guiding-centre position r = (9, ) is given implicitly from
relation (3.12) by

Py = %Aip(r(ﬁv a)) + mavH(T(ﬂv a>7 1-97 JL: H)hy?(r(lgv a)7 19) (3.23)

Here, constants of motion, except for p,, enter v both directly and via r, namely

9 1/2
v (r(¥, @),9,J,H) =0 <m—a(H — e ®(r(v, o), 9) — ,]Lwc(r(ﬂ,a),ﬁ))> .
(3.24)

The explicit variation of electric potential on a flux surface with ¥ is negligible due
to Debye shielding. In addition ® can contain an implicit dependency on ¥ via the
periodic radial drift away from the flux surface during the orbit. The gyrofrequency
w, also contains this implicit dependency. However, a much bigger variation comes
from the explicit ¥-dependency of B causing the magnetic mirror force, as long as
the orbit width is small compared to the radial scale of comparable changes in B.

While the explicit evaluation of r (v, &) usually requires numerical orbit integration,
its derivatives are directly known from the magnetic field as

(9[)(/, €q or 8(1}”]7,@) or a(UHh‘P)

i ) — a——=——, 3.25
Oz c YO0z Mo or Oz tm Oz ( )
where partial derivatives with respect to r are taken for coordinates (r,9,.J,, H).
In the case z,, = p,, the left hand side becomes one and partial derivative of v

vanishes,
ar@W,a) [ req U Op (9, J, H)\ !
| (24 B (e AR R AL R . 2
., [87" ( ¢ “’L‘*”“h“’)] < or (3.26)

For the remaining phase-space variables ¥, J; and H we obtain

or Avyhy) (Op,\ "
o~ " a0 ( or ) ’ ©.27)
or vy (9p,\"!
a1 = Mo (W) , (3.28)
d vy (p,\
o5 = ~Mmahy gt ( 8”:) . (3.29)

In those expressions, partial derivatives of  on the left-hand side are taken for drift-
surface variables (¢, &) and translated to radially local ones on the right-hand side
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taken with respect to variables (r, ¥, J, , H). First we note that we can invert partial
derivatives between p,, and r. The remaining partial derivatives of  taken on drift
surfaces follow a chain rule resulting in ratios between radially local derivatives of
p, with respect to (9, J , H) and radial derivatives of p,.

For later use, we introduce the approximate radius r, defined implicitly by
€ €a
Py = ?Aw(rv) = _?¢pol(Tﬁp)~ (3.30)

For trapped orbits, r = r,, is realised in the turning points (banana tip) where the
parallel velocity v vanishes. In contrast, v is always finite for passing orbits, so
by using the quantity r, defined by Eq. (3.30), a small radial shift is introduced in
comparison to the actual orbit.

The derivative of p,, with respect to r, is

d e €
B2 = =) = = VEBT = —ma (33D
©

It differs from Op,/Or by the term T”W%(/UH}W): being of first order in p| = v)/w,.
In contrast to r, the quantity r,, is a direct measure for toroidal momentum p,,, with
their ratio from Eq. (3.31) constant on the flux surface at ..

Finally, we consider the Hamiltonian in canonical coordinates (¢,9, 3, J1 ,pg, D3),

given by
7r~’ik7rk
= i + leu
2my,
with summation over kinematic momenta
e(¥
TG =Dj — 7A1§ = mav)hg, (3.32)
€
T =Tp =Pp — —Ap = Ma V| Mg, (3.33)

c
and components §** of the inverse metric in the space spanned by 9 and ¢. Hamilton’s
equations of motion are valid in canonical coordinates, but originally radial depend-

encies of A, h, and w, as well as g** have to be resolved with respect to the new
coordinates.

3.4 Action-angle variables in quasi-1D systems

Before we continue with the actual problem in the tokamak, we are now going to
consider the general case of a general quasi-one-dimensional (time-independent)
systems that allow a treatment similar to a one-dimensional system. We define a
quasi-one-dimensional system as a Hamiltonian system with N degrees of freedom,
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where spatial dependencies are only on one coordinate z". Since we could reduce
guiding-centre dynamics in an axisymmetric magnetic field to depend only on one
coordinate 9, all results will be immediately applicable to this case. A system defined
in this way is for sure integrable, as the Hamiltonian H and the remaining canon-
ical momenta p; with k # n form a set o of N constants of motion. From the
Hamiltonian H = H(z", p), equations of motion are

SN 8£ PO aH

T = 81)717 Pn = oz’ (3.34)

it = g—H, pe =0, fork#n. (3.35)
Pk

Momenta py1 in the first set of equations in (z', p;) can be treated as constants, so
the first two equations are separated and describe dynamics of a one-dimensional
system for each given set of {p;1}. We evaluate actions for k # 1 along the traject-
ory, where their momenta are constant, so

Jjp = N fdxkpk = Aikpk, fork # n. (3.36)
27 2T

Here, AzF is the total distance travelled in z* along the full trajectory. In the special

case Az¥ = 27 we can immediately identify p; with the action J,. There all but

of one coordinate are already “angle-like” with the correct periodicity but not yet

uniform temporal evolution. In any case we redefine constants of motion « at this

point by rescaling momenta to actions, o = (H, {Ji}).

For the n-th coordinate we have to compute the action

1

Jp = o dz" p, (2", ), (3.37)
from the actual problem as in the one-dimensional case. For passing orbits, this is

an integral over the full range of 2™, which we set to 27 without loss of generality,

27
Jn(a) = / dz"pp (2", o). (3.38)
0
In a trapped region we have
1 Znt 1 Zn—
Jn(ax) =5 /xni da™ pn(z"',a””:l + %/xw dz™ pp(z™, oz)}”:_1 , (339

For the representation of .J,, as an integral over the actual orbit with orbit time 7,

In = %/0 dr " (7) pa(z"(7)), (3.40)
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the upper integration limit is now the bounce time 73, after which a period of motion
in 2™ has been performed. For trapped orbits this is one turn between turning points
2™, and for passing orbits 2™ covers its full periodic range. The global sign is set
to o = 1 for trapped and co-passing particles moving from z" = 0...27 and to
o = —1 for counter-passing orbits moving from 2" = 2 ...0 during 7,, which is per
definition positive.

Canonical frequencies

The canonical frequencies € describing the time evolution of the angles 8 are given
from Eq. (1.21) as partial derivatives of H(J) written in terms of the actions. The
frequency associated to .J, is either computed as the derivative of the Hamiltonian,
or found via integrating the orbit over one full turn in 2" until the bounce time 7,
on(gy = 2AU) _ 2m
8Jn T
Due to the definition of canonical frequencies, we already know that this frequency

(3.41)

should be defined via the bounce time 7, being identical to the upper integration
limit in Eq. (3.40) for the poloidal action, and sign o positive for trapped and co-
passing and negative for counter-passing orbits. We can check this and obtain an
explicit expression of 73, via an integral over coordinates by noting that

W OH() (0L AP\ (0InH AT\
=5 :(aw,wf})) :< o ) - G4

This means that

T = 2#0% = oa% %(lx"pn(x", a)
= o§1§ da” w (3.43)

Here we could pull the derivative with respect to H inside the integral for passing
orbits, where the integration boundaries are constant, and for trapped orbits, since
the integral is split into two integrals between the turning points and the derivatives
of the turning points d2"*/OH cancel out. Additionally, we verify the consistency
of Eq. (3.43) with Eq. (3.40), which together with Hamilton’s equations of motion
indeed yields

™ . Opn (2", 0)
T = dr " ——"——=
"~ oH
_ /T” gy O (@",p) Opa(a™, H, {pr})
Opn OH

0
-

= dr = 7. (3.44)
0



60  CHAPTER 3. HAMILTONIAN THEORY OF GUIDING-CENTRE MOTION IN A TOKAMAK

For the remaining canonical frequencies we can exploit the fact that we have trans-
formed from invariants a = (H,{Jy}) to J = (Jy, {J}) with & # n by changing
only one variable H to J,. For a specific frequency QF we can use the rule of Jac-
obians with another formal index ¢ taking neither the value £ nor n,

Qk _ BH(J) _ 8(H7 Jn~{Jz}) _ 8(H7 Jm{Ji}) (B(kaJ‘flv{Jf}))_l
O O(J, Jn, {Ji})  O(Ji, H,{Ji}) \ 0(Jy, H,{Ji})
_ 0Jn(H, Iy, {Ji}) 0H(J) 0Jn(cx)

= 9\ ik £n. (3.45
o o, o ork#n. (345

As we can see, the canonical frequencies Q¥ are proportional to Q" with a factor
equal to the negative partial derivatives of .J,, as a function of invariants « with
respect to the corresponding action J. This expression can be further simplified
by transforming the action integral to an integral over orbit time 7 and using the
equation of motion (3.34) for z",

?gd n Opn (2" a)
BJk “or 0Jy

,7/dln )y Onla” )

0Jy
d‘l‘ aH( 2 Py Ik {J }) 8[)7;( " H, Jy, {Jl})
271' Jpn 0J

_ i _ 0" H, T 1i}) O(a", Hpn, {:})
2 @™, p, Ik, {Ji}) Oz, H, Ji, {Ji})
)
)

o d (™, H,pn, {Ji}

“or o(z™, pn, ]k {Ji}
o [T OH(z" o 2T

- _ - = f . (@3
o J, dr ———=~ 8Jk o lk/ drx ), fork #n. (3.46)

As in the one-dimensional example of the first chapter, we could pull the derivative
inside the integral because boundary terms cancel out due to periodicity. Together
with Q" from Eq. (3.41) the final result for is

2 1 [T 2w
k_ k() k
QF = e Tb/o dr &"(7) e <v >b’ for k # n. (3.47)
This expression is a normalised bounce-averaged velocity v* = 4* in the specific

coordinate k during one bounce period in z™, where the bounce—average is defined
as in the 1D case. Such a velocity average can immediately be translated to an
expression depending only on the end-points,>

ok — A%Tib (*(n) ~a*(0)), fork#n, (3.48)

2This is related to a popular example of school-math: if starting and arrival time are fixed, the av-
erage velocity is computable from the total distance and doesn’t depend on details during the journey.
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which is the ratio of the distance travelled in z*-direction during one bounce in z"
divided by its full range during a period of motion of z*. From our earlier obser-
vation with regard to the actions in Eq. (3.36) this makes sense, as the canonical
frequency “smoothes out” the velocity of the coordinates that are not yet canonical
angles.

Canonical transformation and generating function

The actions Jj; which are rescaled conserved momenta appear only as a sum over
linear terms z*Jj, in the generating function (1.26),

2
W(g, @)= Wy(z" a)+ Y T;mk. (3.49)
A
For passing particles, W, is given by

n

T
Wh(z", o) = / dz"pn (2", ). (3.50)
0

For trapped particles, the sign of " changes during the motion. Heading towards
the first turning point 2"*, ¢ = 1 and 2" > a2} , W,, is given by

"
Whl(z", a) = /,, dz™ pn(;r"’,oz)‘a:1 , (3.51)
flJO'
for negative parallel velocity (¢ = —1) returning from 2™" by
. " zn+
Wh2 (2" o) = / dz™ p(z™, a)‘(,:,l + / dz™ pp(z™, oz)‘(?:1 ,  (3.52)
znt+ z{

and for particles returning again from 2"~ with ¢ = 1 and 2" < zf} by

n

Wh3(2", a) :/ dz" pa(a™, )|, _, + 27 (), (3.53)

n
0

with turning points at 2™ and z"~.

Canonical angles

For the calculation of the canonical angles, the generating function W must be
defined in terms of (2", J). The canonical angles are then computed by derivatives
over the generating function for the canonical transformation defined in Eq. (3.49).
We start with

oW, (an, )

671
0Jy,

(3.54)
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The derivative is evaluated similar to canonical frequencies by transforming betwe-
en actions J = (Jy, {Ji}) and the original invariants o = (H, {J} }) using Jacobians,

OWn (2", J) _ 0", W, {Ji}) _ 0", Wn, {Ji}) O(z", H,{Jx})

6Jn B a(ivnv']na{*]kt}) 8(In7H{']k}) O(Inw]ny{*]k})
_ OH(J) OWala™,a) _ (), OWa(a", )
o 0H - OH
T Opala™ )
— n n/ v i
=0 /Jm dx oH . (3.55)

0

The last integral is the orbit parameter 7, i.e. the time spent in the bounce orbit,
normalised to reach #" = 2 after a full turn. While formally written in the range
from z{} to =", we should carefully set the integration boundaries as in the case of the
general function also here. The correct sign convention is based on the pendulum:
for trapped orbits, initially o = 1, and for passing orbits, the direction of positive 4™
shall be independent of o, as in Fig. 1.2. This means that since 7 given differentially
by Eq. 3.110 increases during the motion, 6™ should decrease for passing orbits with
o = —1, as mentioned before. In summary, we have the same case as for the 1D
example in Eq. (1.53), with

0" = Q'r = 2m0—, (3.56)
Ty
with a minus sign only for counter-passing orbits with ¢ = —1 throughout the orbit.

The 27-periodicity of 6" is the same as the one of 2" for passing orbits. For trapped
orbits, a turn back and forth between the turning points 2"+ leads to an increase of
0" by 2.

The remaining canonical angles with index k¥ # n include a linear term of the ori-
ginal coordinate 2* normalised to 27 from the generating function,

k:3W(CET"7J) o 4 OWy(zF, J)

o ol Adk” YA

3.57)

The remaining term depends only on z" and the actions J and is given by

oWy, (2™, J)  O(a™, Wy, Jn, {Ji})  0(c™, Wi, Jn, {Ji}) O(a™, Ji, H,{J;})

O O Ty Ju {Ji})  Oan, Tk, H {Ji}) O(a™, T, Jn, {Ji})
_ OW,, (2, a) 0J,(a) B W, (2", o) 8T () on
B 0Jy, O0H O0H 0Jy,
B W, (2%, @) L OWL(2F, )
= o YT om

" o n n/
PN / g Opnla™ o) (3.58)
zg

0Jy
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Here, the first term is the normalised time spent in the orbit period of z*. The second
term can be evaluated similar to the one for canonical frequencies,

™ n/ T n (-
/ dxn/8pn€‘1:] $a) — dT’i‘n(T/)apn(I (T)7a)
z{ n

3} 0 9Jn
_ o /T gy OH("(T'), p) Opn (2" (1), H, pr, {pi})
Al’k 0 8pn 8pk

_ 27 /T dT/a(wanvpkv {pt}) a(.’[",H,pn, {pt})
Azk Jo 7 0@, pn, pro {pi}) (2", H, i, {pi})

_ 2i /T T/a(I7lvvan7 {pl}) _2771— /T ,aH(In,p)
Axk o Oz, pn,y Pk, {Di}) Jo Opi

2 (T e 2m .
- 7@/0 dr'ik(r) = —AF (x’“(f) fzk((])). (3.59)

Axk

This means on the one hand, that the linear term in Eq. (3.57) can be cancelled out
and we can represent 6% (1) during the orbit as

27

() = xor

af + QFr. (3.60)
As expected this is the phase linear in time for the periodic motion in x* which
can be shifted by z§ = 2*(0) - the point in time where the bounce motion in 2" is
initiated. To reach a full period, 7 can run shorter or longer than 7;,, depending on
QF.

On the other hand, we can keep the linear term and express the canonical angle via

k_ 2T k k 7/T 1kt
[ = ALk T +<7J >bT : dr'v®(1") ) . (3.61)

In addition to the constant shift by =%, the last two terms measure the deviation of
the velocity v* from its bounce-averaged value during the orbit. If this difference is
small, the canonical angle is approximately given by the normalised distance in the
original coordinate,
27
ko kE__k

0"~ (x - y;O) . (3.62)
As we will see for the construction of Fourier series in canonical angles, either of
these expressions for 6* can be useful.

3.5 Action-angle variables in a tokamak

We are now going to introduce action-angle variables for guiding-centre orbits in an
axisymmetric magnetic field, starting from phase-space coordinates (¢, 9, ¢, &) with
constants of motion o = (J, H, p,,), where we have used the conserved energy H to
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replace py. Since H = H(Y, @), this is a quasi-1D system with 2" = ¥, as described
in section 3.4. Since the range of ¢ and ¢ is 2m, their two invariant momenta can
be immediately used as actions — perpendicular invariant J;, = J; and toroidal
momentum p, = Js;. The last remaining (poloidal) action is Jo = Jy, where we
drop the bar in the notation since a full period in ¥ means also a full period in
9. The bounce time 7, measures the time taken for such a period of motion in the
poloidal plane. For passing particles the action is computed by an integral over the
full range of motion of ¥, and trapped particles, .Jy is composed of two integrals
between the turning points at vanishing parallel velocity

v (9%, @) =0, (3.63)

and is positive per definition. It is also possible to represent .Jy in terms of integrals
of original guiding-centre coordinates r, 9 instead. The difference of Egs. (3.5) and
(3.13) identifies

- . . d B
pa? = pr +pgd + o (Pop — 7)) (3.64)

up to a total time derivative of p, (¢ — @) = pq(r)G(r,9) = p,q(r)G(r,9) of a
function periodic in 9 as well as ¢J. During integration in Eq. (3.40) it is cancelled at
the boundaries, and we can identify

o [T . ea ;
Jy=— dr (thrr + (mavjhy + —Ag)ﬂ)
21 Jo c

1 Car
= §5£ (dr ma o) hy + dv (mavulm + TA'S)) , (3.65)

where the first integral is evaluated along the orbit, and the second one for constant
a. This is the same expression as given by Kolesnichenko et al. (1998; 2003), who
also perform a second order expansion of this expression with respect to radial orbit
width. Using Eq. (3.27) with constant «, we can switch back to an integration
purely over 9 with

Jy = %yg dv (]m(r(ﬁ, a),d,a) + %&o‘)pr(r(ﬁ, a), v, a)>

1 Avphe) (ap,\ 7"\ | e
=5 do <ma'u| (hg — hyMma 50 ( 07:/> + %Ao . (3.66)

The second term in the last line describes a correction that we estimate using Eq. 3.31,

8(U\|hiﬂ) <%> -1 ~ hr B(v”hw)

“heme =55 \or ) ¥ Yahtee 09

(3.67)
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being of order pjh,. Another influence from the deviation of the orbit’s drift surface
from the flux surface at 7, appears via the non-local evaluation of terms mquv)hyg
and = Ay at 7(0, ). For trapped orbits moving inside and outside of r,, we expect
those effects to average out during a full bounce in good approximation. However,
passing orbits, never reaching r = r,, will maintain a shift in respective opposite
radial direction for co- and counter-passing particles if treated exactly.

Canonical frequencies

By the general results for quasi-1D systems, we have already confirmed that the
poloidal canonical frequency is per definition equal to the bounce frequency,
0F = o2 = wp (3.68)
Ty
which can take positive or negative values.
According to the general result in Eq. (3.45), the remaining two canonical frequen-
cies are equal to bounce-averaged velocities

s OH(T) 7 4\ _ ¢(n)
V== <vm>b T (.69
g = QHU) _ e _ #(0) _ p() (3.70)
0p, Th T

Here we have, without loss of generality, started the bounce integral at phase ¢(0) =
¢(0) = 0 and used the periodicity in 9 of the transformation function G in Eq. (3.19).
Consequently, there is no difference whether we use ¢ of ¢ for the toroidal canonical
frequency.

The generalised velocity v? associated with the gyrophase is not exactly the gyrofre-
quency w., which can be seen from the equation of motion,

o = OHW.p5, J1ipp) _ OH(r,9, J1,py)  OH(r, 9, J1,py) Or(d, H, J1,py)

0J1 0J1 or 0J1
— aH(n@?Jvatp) 87'(197 H7 JJJp(p)
=we + o 5 : (3.71)

Due to the ordering with large gyrofrequency w,. and furthermore the insignificance
of the gyrophase ¢ for later computations, this correction can safely be neglected.
For v¥ we similarily obtain
o = OHW.p5 Jispp) _ OH(r 0, Jisp,) | OH(r, 0, J1,pp) Or(9, H, J1,py)
0p, 0p, or Op,

(3.72)

In the previous two equations, we could also have chosen ¥ instead of ©J for poloidal
dependencies, as they influence neither derivatives over radius nor actions.
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Canonical transformation and angles

As above, the two conserved momenta .J; and p, appear as linear terms ¢.J, and
@p, in the generating function (1.26),

W(g,a) = ¢J1L + W50, @) + @p,. (3.73)
Generally, Wy is given by an incomplete integral, where the dependency via the
transformation back to original coordinates r, 1, ¢ does not cancel out in the integ-
ral,

9
Wy (9, a):/ dd'ps (¥, )
)

0

(r9)
- /( o (d’ﬂ’(pﬂ 0000+ v+, 0 )) e
As in the computation for the action, there is an influence of the orbit moving away
from r = r, via the radial dependencies inside py and also the remaining terms.
With the convention A > 0, the sign of ¥ is also given by o. We follow the trajectory
of a trapped particle starting from 9 = 9J at a global maximum of v with respect
to 9. Due to symmetry, we consider only trapped orbits with positive v on the
outboard side of the banana —7/2 < ¥ < 7/2, where we also choose J.

For canonical angles, we can again use the general expressions from the quasi-1D
case. The first canonical angle is essentially the gyrophase with

_OW@T) W0, )

o' = 6,
P =57 oI,

(3.75)

where the difference depends only on 9 and actions. The second canonical angle
associated to poloidal motion is the bounce phase

0 = Q7 = 210 . (3.76)
Th

For the remaining toroidal canonical angle, we have

OWy(9,J)

aVVﬁ ('L§ J)
+ 8}74’9

G =P G ¢

03 = Pc 5 (377)

with the last term again independent from ¢ or @.

As described in section (1.5) we now proceed to compute Fourier harmonics in
canonical angles of a quantity given on a flux surface at radius r by a Fourier series
in ¢ and ¢,

a(¢,0,0) =Y ay(9)e ), (3.78)

Ln



3.6. THIN ORBIT APPROXIMATION 67

where the poloidal dependency on ¥ remains in the Fourier coefficients. In principle,
finite Larmor radius effects can be considered by the harmonic of index /, but for our
application involving quasi-static perturbation fields, only I = 0 will allow to fulfil
a resonance condition (1.57), since w, is much larger than w, and Q¥ by modulus.
Non-zero harmonics [ would be required to consider, in particular, radiofrequency
heating by resonant wave-particle interaction (Bécoulet et al., 1991; Kasilov et al.,
1997). Our goal is to obtain a Fourier series in canonical angles,

a(f) = Z e M0 (3.79)

mi,ma,ma3

We notice that due to the guiding-centre approximation and toroidal symmetry,
neither ¢ nor ¢ appear in the transformation equations to canonical angles. Since 7
can be expressed by #2 = 1. via the inverse relation of Eq. (3.54), we can formally
write 01 = ¢ — Ap(02,J), 03 = ¢ — Ap(62,J). Fourier coefficients in canonical 8
are

1 3 i(lp+np—m ok
am:ZW/d 6’aln(19)e( p=mid")

Ln

_ Z (21)3 /d?)e aln(ﬁ)ei((lfm)ﬂl+(n7mg)83+lA(/>(92.,J)+n,A<p(92,J)—m292)_ (3.80)
s
Ln

The differences A¢ and Ay introduce only a phase-shift in ¢ and ¢ that keeps in-
tegrals over the full range of the angle invariant. As a consequence, only harmonics
m1 = [ and ms = n contribute to the result with a factor of 472 at evaluation. Still, a
single poloidal mode m in ¥ contributes to several canonical modes ms in #2, similar
to the 1D case illustrated in Fig. 1.3. This dependency with [ = 0 is

P — % /d92 aln(ﬂ)ei(nAcp(W,J)meGZ).

3.6 Thin orbit approximation

To be able to perform more steps in an analytical way, we rely on a thin orbit ap-
proximation: We assume variations of unperturbed fields across the whole range of
r during an orbit to be small enough so that second order contributions have negli-
gible influence on canonical actions, angles and frequencies. This approximation is
not necessary for the formalism, which could in principle be performed even for the
full particle orbit taking into account the scale of the Larmor radius. However, the
resulting expressions would be much more complicated and less efficiently comput-
able. Since zero orbit width means dr = 0 in integrals such as Eq. (3.65), we can
formally replace 9 by © in the following computations.



68  CHAPTER 3. HAMILTONIAN THEORY OF GUIDING-CENTRE MOTION IN A TOKAMAK

It is also important to note that this approximation made for canonical variables is
independent from the later choice of integration along the full or rather the lowest
order orbit for bounce averages. The latter can be used to take into account small-
scale effects of perturbation fields if unperturbed fields vary slowly in space.

Using the approximate (banana-tip) radius r, implicitly defined in Eq. 3.30, we
perform a first-order expansion of Eq. (3.12) around r = r, with

e
Py — Ma ) hy(r) = —?ad)pol(T)

= =22 (Wpa(re) + (1 = 1) tpa(r) + O((r = 1) U (r,).
(3.81)

Replacing p,, by Eq. (3.30) and with mqu)jh, of first order in p; compared to %4,
allows us to express r to the first order in p) by

cma) hy

0, 3.82
cathy ) ©52

r=r,

2

where we assumed both (r — rq,)Qz/)gol(r@) and pﬁ to be of the order . Here and

in the remaining expansions in this section, all quantities on the right-hand side are
evaluated at r = r,. Noting that in magnetic coordinates

Yol = VIBhY = W we/gema/ea, (3.83)

we can also write Eq. (3.82) as

r=ry,+ o
? 7 wey/gh?

To this order, the poloidal momentum is approximated by

+O(£%). (3.849)

mav)hy
i
Al

py + O(?) Al

e
LAy + mavjhy —
c

€
= %A,g + mavu(h,g + qhk’g)
ma'UH
ho

This results in an approximate expression for the poloidal action from Eq. (3.65),

(3.85)

(&
= iAﬁ +
C

now taken locally in radius with dr = 0,
1 o
Jy = 556 A0py = Agbiy + J) + O(), (3.86)

where the first term exists only for passing orbits and vanishes for trapped orbits
while integrating back and forth between the turning points. This is formally written
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by the expression

. 0 for trapped orbits
Oip = . (3.87)
1 for passing orbits
The second term is the parallel adiabatic invariant given by
_ i M| MaTp 9
I= g 7§dq9 o = Do (uf) (3.88)
with bounce time 7, and bounce average (a), of a function a(r, ¥) respectively given
by
dv dv
Tb:a¢<1r:07§.7:a?§—ﬂ, (3.89)
Dorb (7) v
g g a
<a)b— E%d’?’a— be do W (3.90)

In those definitions, the sign o of the parallel velocity has been included for passing
particles to yield 7, > 0 and o is set to 1 per convention for the trapped case. Note
that in contrast to the simpler case of the pendulum in Eq. (1.41), the velocity sign o
appears only in a the second part of Jy. Close to the trapped-passing boundary with
IS cady the sign of v and Jy can for example be equal for co-passing (o = 1)

MaC

and different for counter-passing particles (o = —1).

Canonical frequencies

In the thin orbit approximation we note that in Eq. (3.86) the only dependence of
Jy9(J1, H,py) on H is inside J, the second (poloidal) canonical frequency can be
expressed as

q _ OH _ (0L Do)\ _ (0a(JL Hopp) |
0Jy O(J1, H,py) 0H

ATy (JL, H,opp)\

=(——— . 3.91
(240520 s

Accordingly, the sign of QY is o for passing particles and 1 for trapped particles,

independent from Ay. Using the parallel velocity defined in Eq. 3.2 written in terms

of invariants,

0)(g. @) = 0\/2/ma(H — ca®(p,) — 1w, p,)). (3.92)
we take the derivative
oy iyﬁ mo Oy (9,J1, H,py)
0H 27 h? (39, py) 0H
1 mg 1 Th
= — — =0—.
o2 h? ma) 2

(3.93)
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The relative magnitudes of the remaining canonical frequencies,

_OH _ OQ(L.Hpy)

¢ — 2
=G aJ. ’
e = O _ 01U Hope) (3.94)
Op, Opy,

can now be computed explicitly. Here we have used again a vanishing derivative of
Ay with respect to J, but its dependency on p,, remains via the radial dependency
evaluated at r,,. The factor for Q¢ is

95 1 g Ma (9, J 1, H,py)
oJ, T or hﬂ(ﬁ,[hp) aJ L
1 We T
=3 dv oy h? =05 (we)p (3.95)

so the first canonical frequency is exactly the bounce-averaged gyrofrequency here,
0% — (weby - (3.96)

The third (toroidal) canonical frequency Q¥ differs between passing and trapped
orbits due to the dependence on p,, of the vector potential component Ay in Eq.
(3.86). In our approximation, following (3.31), this is equivalent to a radial de-
pendency evaluated at r = 7,

0Ay (ZJ(/;)

dr ¢ Yior(ry) c
ZEOO) A () —P = & rorVe) & . 3.97
8[)¢ U(’@) dp(p o w;ol(np) €a (I(T&p) ( )

Thus, the extra term in Q¥ entering for passing particles is the safety factor ¢ defined
for straight field-line magnetic flux coordinates in Eq. (A.14), and Eq. (3.94) be-
comes
00 (J1, Hpp) o

Ipy
=qwpdep + 2 . (3.98)

QF =¢Q76, —

The parallel velocity sign o relevant for passing particles remains in the first, but is
cancelled out in the second term. We write the remaining term as a bounce average

by

aJ, 9,J,,H,
0= —Dgo gﬁygdﬂdﬁﬁ(””( L ”)
Ipy T dp, Or W (9,r)

o 1 9 (v
T %dﬂ Vgweh? or (hﬂ)

_/ 0 N
- <\/§%E <F>>b = (uf)y- (3.99)
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This is the bounce average of the toroidal precession frequency vy generated by
E x B and magnetic drift on the flux surface. Evaluation of the radial derivative
inside the brackets with r = ., results in

a vy _ 1 o0 e J, OB g [1
ar (ﬁ) T mahfy) ( o T Mac (?r) gy (hﬂ) ' (3.100)

Together with the relation in straight field-line flux coordinates

1 B c
Mar/gweh? — eatdl )’

(3.101)

this yields

2
1 d J 0B vB ,8 (1
& =7 < “or me Or + We h or \ h? .

pol

We can now decompose €, in its electric and magnetic part,
Q= (UE), + (uB)y (3.102)

with E x B drift frequency €,z and its bounce average

c [}
(Qur)y = —— <8f> , (3.103)
b

ol or

and magnetic drift frequency ;5 containing the remaining terms related to VB
and curvature drift. A transformation to covariant components is advantageous,
especially for the case of Boozer magnetic coordinates, where the former are flux
functions. With B2 = B?(By + ¢B,) it follows that h? = (hy — gh,) ! and

9 (1\_09 (By—dBy
or \h?)  or B

— 7L87B + ig (
~ BY9r  Bor
The bounce averaged magnetic drift frequency is given by

1 Jiwe+mavt 9B V2 /9By OB, d
<QtB>b—<—+|hU< N —£3w> -
b

MaWe or  we ar or dr

By —qBy,) . (3.104)

(3.105)

The last term containing the radial derivative of the safety factor in this form is
absent in standard local neoclassical theory and has only recently been considered
for the case of the superbanana resonance by Shaing (2015), where it appears as a
secular term resolved by bounce averaging.
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For actual computations, we will use a parametrization of velocity space by velocity
modulus v and and normalized perpendicular invariant 7 related to J, and v by
Mav? mac

JL = 7, (3.106)
2 €a

v =ovy/1 - nB. (3.107)

From the conserved Hamiltonian (3.4) it follows that also v and subsequently 7 are
exactly conserved if the electric potential is assumed to be constant on a flux surface
and the orbit integration is performed in the lowest order in orbit width. As long as
the thermal energy mgvz is much higher than the change in the electric energy e, ®
during the orbit, this still holds in very good approximation. The absolute value of

the bounce frequency in those variables is

1 —1
= 27 dY ——F— 3.108
‘wb‘ ™ <¢ hlg 1= T/B> ) ( )

and the bounce-averaged magnetic drift frequency becomes

v? 2—-nBOB 1—-nB 4 (0By 0B dg
)y = - (2B 08 LB (e (O _tip ) 09
57 ! or or dar %)/,

pol
We notice that the involved bounce integrals do not depend on velocity v. This
means that we can efficiently pre-compute the dependency of those integrals on 7
and just use v and v? as the respective scaling when needed. In practice, a numerical
integration based on ordinary differential equations of orbits can be used to perform
bounce averages. The differential of the orbit parameter 7 equal to time for the
unperturbed orbits is related to the differential d¢ by

2w, Or We

) (3.110)

hPy

where d¥ is evaluated as it increases or decreases during the motion in the orbit.

Canonical angles and Fourier harmonics

Explicit expressions for canonical angles from section 3.5 can be computed close to
7 = r,, where setting dr = 0 in integrals allows us to replace 9 by the original ¥.
The canonical gyrophase becomes

9

01:¢C:¢+Q%—/ dy’'

y J
9o vk

We

=+ (we), T — /T dr’ we (3.111)
0
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The last two terms measure the deviation of the current gyrofrequency from its
average value during the orbit.

The canonical poloidal angle, i.e. the bounce phase, is given by

0] dy
6% =9, = w, / d'——. (3.112)
9 Yk
For the toroidal canonical angle we evaluate
oWy (9, J) Is] 9 , [ea ma)| oG
— =0+ — | dY |—Ay Pod——
Op, T Oy J9, ¢ + po Py
v 9y

= (Q + quidip) T — ¢ (F — G(r, ) — Jo + G(r, Yo)) — A dr! JGwe Or h?

= 27ral(5tp —q(¥ —G(r,9) — Yo+ G(r,%)) + 7 <v;">b - / dr'vf.
o s 0 .
(3.113)

The first term in this expression is only present for passing particles and the last two
terms measure the deviation of the toroidal drift velocity vy from its bounce aver-
aged value (vf), = €1;. Compared to the other terms of order one, this difference is
of the order of the Larmor radius and can be neglected.

Finally, terms involving the transformation function G at the upper boundary cancel
out and we obtain

0% = e = — q(9 — 9o + G(r,90)) + ¢3¢,
= ¢ — q(Wory(Po, 7) + G(r, %) — QWTlatp), (3.114)
b

where
Yorb(Po, T) = (1) — ¥o (3.115)

is the angle as evaluated in the integration of unperturbed orbits with initial position
Jp and time parameter 7.

Up to the additional last term for passing orbits, Eq. (3.114) and the constant shift
involving G, the toroidal canonical angle ¢ is identical to the definition of the tor-
oidal angle @9 = ¢ — ¢¥ used in the works of Shaing et al. (2009b; 2009a; 2010;
2015) and Park et al. (2009), where the orientation of ¢ is switched in addition, as
well as Kasilov et al. (2014). This choice is usually made for geometrical reasons,
namely because ¢ is constant on magnetic field lines on a flux surface. As we have
demonstrated here, its generalisation for passing orbits via the canonical angle con-
tains an additional contribution from the canonical poloidal angle §% = . = 277/7,
i.e. the time spent in the transit orbit.
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Fourier harmonics in canonical angles become
- L/Uw? i (9) 1A ) =mat?)
27

_ <(10n (?9)ein,(1190,b—17(mg +nqz§bp)wb7>b ) (3.116)

The evaluation of this expression, ¥, (9, 7) is integrated along the orbit from initial
¥ ignoring the constant phase shift via G. The sign of the bounce frequency wy is
o = —1 for the case of counter-passing particles, and ¢ = 1 for trapped and co-
passing particles, while the integration over 7 always runs in the positive direction.
This means that ¢ decreases during the integration for counter-passing particles and
increases for the other cases.

3.7 Approximate transformation to canonical coordinates

An alternative approach to reach a canonical form for the guiding-centre Lagrangian
lies in a transformation of only the toroidal angle coordinate @. A similar step is
taken by White (1984; 1990) where the poloidal angle ¢ is transformed instead.
Noticing that

.od d
mav|hpt = n (thrr) — TE(UHh’T)’ (3.117)

we define the new toroidal angle by

- emavhy
=p—-—. 3.118
= ca A, ( )
Subtracting the total time derivative
d ( m(,thr> d thr dA, UHh,
— A, =maAy— + Mo ——"—
dt A[p dt A’,¢ dt Afp
€, . - .
= ?QAQG(@ —-@)+ mav| et (3.119)
from the Lagrangian (3.5) results in
L= pqylé +p¢<,5 + JLq.ﬁ - H+ mavuhw(gb - 9)
. . . em2uihy, d [vih
=pod +pop+Jid—H+ ﬂ—( ”,’), (3.120)
eq dt A(p
with the canonical momenta
€q
Py = Mavjhy + ?Aﬂ, (3.121)

Py = mavjhg + %‘*A?. (3.122)
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The last term in Eq. (3.120) is of second order in p = v}|/w. compared to the other
terms and can be neglected. Since the correction term in Eq. (3.118) does not de-
pend on ¢, we can retain the exact expression for the original canonical momentum
p, here. The important point of this approximate transformation is that the correc-
tion ¢ — ¢ is of first order in p)h,. This means that in the thin orbit approximation,
where we have neglected other terms of this order, this alternatively justifies just
setting @ = ¢ and = ¥ in the derivation of action-angle coordinates and canonical
frequencies, which confirms the more general procedure performed above.






Chapter 4

Resonant transport regimes

4.1 Basic kinetic theory

Particularly in the context of fusion plasmas, a large number of particles (10! — 10!
per m?3) interacting via long-range Coulomb forces and exposed to an externally
imposed electromagnetic field has to be described. This means that Eq. (2.9) is
of little practical use, as long as it is defined for such a high-dimensional system.
The reduction to an effective low-dimensional equation is possible via the BBGKY
hierarchy (named after Bogolyubov, Bom, Green, Kirkwood and Yvon), which is e.g.
described in the books of and Nicholson (1983)1.

For this purpose, velocity coordinates are usually employed instead of momenta.
Neglecting three-particle interactions, a one-particle distribution function f(r,v)
defined for a particle subject to two-particle collisions with the remaining particles
follows the plasma kinetic equation

of (r,v,t) of ea (= 1 _\ of _
o T Var T, BT B) g, =

—ng / d3’r‘2d3’U2(112‘vv912(7‘, 72,0, V2, t) . 4.1)

Here ng is the average mass density, a;2 describes the accelerations due to inter-
action forces, and g;9 is the two-particle correlation function. Except for the right
hand side, this equation is formally similar to the Liouville equation (2.9) with an
electromagnetic Hamiltonian. However, Eq. (4.1) is defined for positions » and ve-
locities v of a single particle in 6-dimensional phase space, with the fields E and
B containing only ensemble-averaged terms from a smoothed density function and
external forces. Making use of the long-range Coulomb forces leading to small-angle

!The mentioned book also contains an instructive derivation of the Liouville equation based on
individual particles represented by ¢ distribution terms inside f.
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collisions and assuming g;2 to decay on a much faster timescale than the one-particle
distribution function f (Bogoliubov’s hypothesis), the right-hand side of 4.1 can be
modelled by a Fokker-Planck operator € acting on f. Taking into account possibly
different particle species a and b and omitting the bar in the notation of Eq. (4.1),
we can write the plasma kinetic equation for the one-particle distribution function
fa for a species a as

Ofa 0fa €a 1 0fa _ A
e +wv- or +ma E+EUXB . v —Cafa: (42)
where collision operator
CA‘afa = Z CA‘abfa 4.3)
b

includes collisions with all species b given by

0

A 0
C(Lbfa = w (@

(DB 1) = FE 0 ) ) = Calfn S 4

Despite various approximative assumptions, the collision operator (4.3) retains im-
portant physical features such as convergence towards a Maxwellian distribution
as time approaches infinity as well as momentum and energy conservation. As an
alternative to the derivation of this result without employing the BBGKY hierarchy,
the book of Helander and Sigmar (2005) provides an instructive derivation based
on more heuristic arguments of two-particle Coulomb collisions.

While formally of Fokker-Planck type, the complexity of the problem in Eq. (4.2) is
now hidden inside the velocity-dependent drag coefficients F® and diffusion coef-
ficients D{?, that are defined via integral operators acting on f;, written in terms
of Rosenbluth or Trubnikov potentials (see e.g. the book of Helander and Sigmar
(2005)). In the coefficients with b = a, f, itself appears inside the integrals, which
is even the case for a single-species model, so further measures are necessary for the
analytical or numerical treatment of Eq. (4.2). For plasmas close to thermodynamic
equilibrium f, & fu0 + fa1, with f,0 given by a Maxwellian for all species, in partic-
ular for neoclassical theory of toroidal plasma confinement (Hinton and Hazeltine
(1976), Hirshman and Sigmar (1981)), the collision operator is often used in its
linearised form

Cab[fa: fb} ~ éab[fa()v be] + éab[falv fb[)] + éab[fa()v fbl] . (4.5)

The first term describes temperature equilibration which is usually neglected either
by the assumption of already equal temperatures of different species or by the
process happening on the slower transport timescale due to the smallness of the
electron-ion mass ratio. The second term is a differential operator acting on f,;
describing the linear order approximation of f, subject to a Maxwellian background
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fvo- The third term is an integral operator acting on fj;, which is required, in par-
ticular, to retain the property of momentum and energy conservation.

For our purpose at the low collisionality limit, we are going to use a linearised colli-
sion operator on a single species plasma, given by

Lefi = Culfi, fol - (4.6)

Since it is of the form of a differential Fokker-Planck operator defined in Eq. (2.20),
we can immediately use all the universal results obtained in chapter 2. To justify all
approximations for the intended application on resonant transport regimes in the
low-collisionality limit, some further investigations will be necessary, described in
the subsequent sections.

4.2 Kinetic equation and conservation laws

In canonically conjugate variables, in particular for Cartesian coordinates and their
respective momenta (r, p) or action-angle variables (6, J) of the unperturbed sys-
tem, the plasma kinetic equation for the distribution function f = f(t,r,p) =
f(t,r(6,J),p(0,J)) can be written employing the Poisson brackets (1.10),

df of . A
S H} = L.f, .

= g T AHY = Lef, @7
where L. is the collision operator. With help of Eq. (4.7) we are going to formulate
a flux-surface averaged conservation law for a quantity a(r,p) defined in phase
space. We first define the reduced (Eulerian) quantity A(¢,r) by integration over

momentum space,

Alt,7) = / dBpaf. (4.8)
The time derivative of A is
A [ 4 Of
ot /d Pa gy
= / &pa(Lef —{f, HY). 4.9)

The first term is a source term arising from collisions, which we denote by

s = / Bpalef, (4.10)
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whereas the second term involving the Poisson brackets can be written as

OH 7] OH
[ @atsay = [ dpa ( 2 (f 3]%) - o (f 8))
aJ OH J OH
/d b (01"7 (afc‘?pi> O <af 87”))
_/ <f8a(')H_f8a(')H)
. ori Op;  * Op; Or'

0 3
=5 & paf— 7/d p{a, H}f, (4.11)

where we have used the condition of f vanishing sufficiently fast at |p| — oo and
swapped integration over p and the derivative over r.

Since OH/9p; = {r, H} (1.14), the first term in (4.11) can be interpreted as the
divergence of a flux density defined by

Tu(t,r) = /d“gpvaf

= /di‘p{r, Hlaf. (4.12)
The remaining term is identified with a collision-independent source
sA= /di‘p{a, HYf. (4.13)
Finally, we can write down the local conservation law
O 4V Ta=sat s, 414)

If a is not affected by collisions, which is particularly the case for the toroidal mo-

(©)

mentum p,, in a single-species model, the collisional source term s’ vanishes.

For the formulation of flux surfaced averaged conservation laws we use curvilinear
magnetic flux coordinates (see D’haeseleer et al. (1991)) & = (r, ¥, ¢) with Jacobian
/g and define the flux average (a(r)) of a quantity a(r) as the limit of a volume
integral with vanishing radial width around a flux surface,

o) =5 [ " o 7 " dgygalr). 4.15)

The radial variable r is chosen as the effective radius r.g (see Nemov et al., 1999)
fixed by the condition

(IVregl) = 1, (4.16)
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so the normalisation constant S is equal to the geometrical area of a flux surface
given by
E"

7\' 7\' 61 61 C T 4 - N ET
e — = = E E ——
/—7r a0 /—7r dvﬁaﬁ x ()LP \VT\ /7 dd dip\/i v X \/gT

-

:/ d19/ dp+/g|Vr|

—qvry [ dﬂ/” doyG=S (417

This definition of r will be assumed in the following derivation.

From the definition of the Poisson brackets (1.14), we notice that

{r,H}-Va* %-%{—{x H}. (4.18)

This can be used to write the flux-averaged radial component of T'4 as

I%) = (Ta-Vr)

= </d3paf{r,H}~VT>
_ </ &p{r, H) a,f> . (4.19)

The flux surface average of the divergence of I' 4 can be expressed by

-1 = (S5 (vaTh))

1 us ™ a b
= g/ dﬁ/ d@ﬂ(\/!}FA)

/ dﬂ/ de(v/gT7)

= ga—s rm) . (4.20)

Due to the periodicity of the integral, only a radial derivative remained in this ex-
pression. Finally, we obtain the flux-surface averaged conservation law

d 10 . ()

a0 () + 53-8 (Th) = {sa) + <sA > . (4.21)
In this one-dimensional law, the radial derivative describes the divergence where the
flux surface area S has taken the role of the Jacobian, which could be anticipated

from its definition as the flux-averaged Jacobian in Eq. (4.17).

We can also write integrals over momentum of a local quantities as defined in
Eq. (4.8) by an integral over action-angle variables parametrising phase space. The
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correct integration submanifold at constant spatial location r is chosen by a Dirac
delta fixing it to the orbital position r.(0, J) depending on actions J and angles 6,

Alt,r) = /d3paf (4.22)
= /d39/d3J6(rC(G,J) —raf. (4.23)

The flux surface average of A is then given by

(A) = </d36’/d3.16(rc(0,J) f'r)af>

- <\%/d$e/d3Ja(rC(0,J) —r)af>
- é/dﬁe/d%M(rC(e,J) —af, (4.24)

where the § has been transformed to coordinates « and resolved for the two angular
variables ¢ and ¢ by the flux surface integral in (4.15). The particle radial position
has been denoted by r. = r(r.(0,J)) = r.(0,J). Similarly, by taking averages of
expressions (4.10) and (4.13) for the source terms, we obtain

(s = é / 30 / A3 T 6(re(0,J) — r)alf, (4.25)

(54) = é/d30/d3j6(rc(6,J) —r){a,H}f. (4.26)

4.3 Toroidal torque density and flux-force relation

In particular by setting a = 1 in (4.21), we obtain a vanishing source term (s4) = 0
and the radial particle flux

T, = %/d%/d?’m(rc(o, J)—r){r,H}f, (4.27)

where we have dropped the index r by using the notation I';, = (I'},).

For the toroidal momentum conservation law we choose a = p,, as defined in Eq.
(3.12). In this case, the source term (s4) in Eq. (4.15) is the torque density

T, = </d3p{pwH}f>
Yo
OH

1 3 3 . —
fg/d 9/d T 8(re0,9) =) 5. (4.28)
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From this equation, it is immediately clear that radial torque appears only if there
are non-axisymmetric contributions to the Hamiltonian H. In contrast to this, the
radial particle flux in Eq. (4.27) does not necessarily vanish in the axisymmetric
case, where it is given by

S /d3 /d“]d (re(0,J) )8”((9‘: ) af. (4.29)

To the lowest order in orbit width with r.(6, J) = r,(p,) defined in Eq. (3.30), it is
possible to immediately resolve the § via an integration over p,, as

[ anedtento) =gt = [[arg |2 660, <) 00,0,
= gt @30
;

In this approximation, the axisymmetric flux in Eq. 4.29 vanishes and the total radial
flux is determined by the perturbation with

d, ar OH
Pw/ 59/dJL/dJ0 ]Lﬁp) a—ef
) ©

Tp=——

dry
— _ Zgion [ 2Pe 3
= Sblgn<d’r¢>_/d 9./dJL. (4.31)

The torque density is proportional to the radial particle flux with
T, = - |9 /de/du/dL9
S |dr,
_ ey (4.32)
dry,

This is the flux-force relation introduced by Hirshman (1978) in the context of
axisymmetric plasmas and described in Shaing and Callen (1983) for non-axisymmetric
perturbations. The sign of dp,/dr, is dependent on the sign of the charge in
Eq. (4.31), which means that the transport produced by the non-axisymmetric per-
turbation separates charges, it is non-ambipolar.

4.4 Hamiltonian perturbation

Let us consider a perturbed Hamiltonian of the form H = Hy + H. Actions J and
angles 6 shall be defined for the unperturbed axisymmetric case with Hy which
then depends only on actions J. The Hamiltonian perturbation A and the perturb-
ation of the distribution function, shall be time-harmonic with frequency w (which
can also be zero) and written as a Fourier series in the canonical angles 6 without
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constant part (it can be absorbed in Hj to define a new unperturbed axisymmetric
equilibrium),

H(t,J,0) = Hy(t,J)+ Re Y Hpn(t,0,J), (4.33)
m#0
where
Hypy = Hpn(J) el 0—91) (4.34)

In the kinetic equation for f = f(¢, 0, J) in the perturbed system,

a _of

=g T HY=Lef, (4.35)

we split f into an averaged part f and an oscillating part f ,

f=F+f, (4.36)

. B 1 to 2 3

f={he= m/o dt/o 30 f(t,J,0), (4.37)
<f >t,9 =0, (4.38)

where (), o denotes the average over canonical angles and over a sufficiently long
timescale ¢, if H depends on time explicitly. The latter average is not required
for a time-independent perturbation. At this point we make the assumption that
L. = L(J) depends only on actions and not on angles. The operator L. acts in
velocity space v independently from position . However, this distinction breaks
down in action-angle coordinates, where velocities are functions of both, actions
and angles. Thus we expect the assumption to be justified if the collision frequency
v, is of lower order than all canonical frequencies. A quantitative description for
the collisionality dependency will be offered in section (4.9) based on the universal
kinetic equation of resonant regimes.

In our specific case this means the following: since we are working on scales where
the gyrophase 6! = ¢ has been averaged out from the very beginning, there are
no dependencies on it. Furthermore our problem is nearly axisymmetric, so the de-
pendency on 62 = ¢, will enter only at higher order. However, 62 = 9. = o71/7,
which describes the phase of the bounce motion affects collisions. Especially or-
bits near the trapped-passing boundary will spend significantly more time near the
turning points of marginally trapped orbits with v} (9, J) = 0, where collisions are
most likely to occur in the particle picture. This means that the limiting timescale is
the bounce frequency w;,, which should be much larger by module than the effect-
ive collision frequency v.. In tokamaks, this limits the range of applicability of this
approach to the low-collisional banana regime. As will become clear later, there is
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also a lower limit on v, for the applicability of quasilinear theory — a transition to a
non-linear regime analogous to the one from banana plateau to banana regime will
occur below this collisionality. At this point, collisionality will enter the results again
and special care needs to be taken regarding L. and its averaging.

To continue the construction of the perturbation theory, we split Eq. 4.35 written as

df _of  of .
O S F H) + o) + (P ) + (L) =Lof + Lo, (439)

into an averaged part

%{ + <{f, H}>t’9 =L.f, (4.40)

and an oscillating part with zero (¢, 0) average,
of (5 H f, H, f, H f,H =L.f 4.41
o Ty U Hoy + ({7 ) = ({7, 21y) ) =Lef 4.41)

Here, the Poisson bracket {f(J), Ho(J)} of two angle-independent quantities is
identically zero and oscillating terms average out to zero.

4.5 Quasilinear approximation

Let us now construct a perturbation expansion from Egs. (4.40) and (4.41), which
are still exact up to the assumption of a canonically averaged L.. The order of the
perturbation is set to be the amplitude of the Hamiltonian perturbation A /H, from
(4.33). We start with the first-order equation constructed from Eq. (4.41),

on

o+ o HY + {1, Ho} =Lefr, (4.42)

and collect the remaining terms in

G~ ) = fo Y = Aty + (£ ) = (£ 1Y), ) =Ll = ).
(4.43)

The zeroth order term f, shall be sufficiently close to f without dependency on
angles 0 and will be specified later. In terms of action-angle variables with canonical
frequencies 2, Eq. (4.42) becomes

0fi 0fo0H1  0fi i
S-SR Q=L (4.44)
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Expanding f; in Fourier harmonics in 6 as in Egs. (4.33-4.34), we obtain an equation
for each individual set of harmonic indices m,

—iwfm — im - %Hm +im - Qfpm =Lefm - (4.45)
At the low collisionality limit Le fm — 0, we use a Krook term Le fm = —vfm with

infinitesimal scalar v > 0. This approximation is justified from the results of section
2.3, where this approximation resulted in similar perturbed distribution functions,
as long as collisionality is not too low. A more detailed derivation based on the exact
solution will be performed later. The solution for f,,, with a Krook term follows as

T Hp, afO
fmiulgam-ﬂfwfiym.ﬁ' (4.46)
At the resonance condition

m-Q-—w=0, (4.47)

the expression for f,, will diverge if v is set exactly to zero. The term iv retains
causality, i.e. the direction of time, and approaches the resonance from the correct
direction in the complex plane, as in the derivation of Landau damping. Still, we
have to keep this localized divergence in action space in mind when constructing
the zeroth order fj.

In Eq. (4.40), we assume fy — f and the collision term of second or higher order.
Retaining the locally divergent linear order term in the averaged Poisson bracket
term inside the zeroth order time evolution leads to the quasilinear time evolution
equation

% =- <{f1,FI}>w : (4.48)

and a second-order equation for the averaged part

ST o)+ (= fu 1Y), =Ll (4.49)

The source term <{f17 H }> 0 obtained from the linear order solution causes f; to
t,

change in time even if collisions have no direct influence on it. Namely, Eq. (4.48)
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is evaluated to

dfo 0H ofi 9H of
o= (), <ae o1 "o ae>9

H
Z<Re iH)m - %—m gJRe(lfl)>t6

_ 1 e Ofm oH,
T <2Re<lH g i >>,,o
% Z{ fm} = —*RCZlm fm) (4.50)

Inserting the result from Eq. (4.48) yields

ofo _ 1 . 0 S Hp, dfo
ot QRE;Im oJ <Hmul£})l+m-ﬂfwfil/m oJ
_ 1 0 ‘Hm‘Z 8f0
T2 e ™ g @3
Using the relation
Im— = Frs(z) (4.52)
rxtol Fmolr), ’
for the ¢ distribution, the solution for the time evolution of f; follows as
afo J
Tt =™ gy Gm “-53)
with the quasilinear resonant term
= T\l P5(m - 9 — wym - 21
Qm = 2\Hm\ o(m-Q—w)m o (4.54)

We have thus reached the main result of this section in Eq. (4.53) and (4.54), where
resonant diffusion occurs in action space around m - Q — w for fy, which should
remain close to the averaged f.

In order to construct a higher orders perturbation theory, one would consider the
sum of the second and higher order Egs. (4.43) and (4.49) given by

SF = fo— P+ {F~ fo fi, HY + ({fl,ﬁ} (. H}>t’9) =Le(f = h),
(4.55)

where the extraction of Eq. (4.49) is possible by averaging.
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4.6 Non-axisymmetric magnetic perturbation

For the intended application of NTV torque, we will introduce a non-axisymmetric
quasistatic magnetic perturbation with w = 0 to the originally axisymmetric field.
We take into account only the magnetically non-resonant part of the perturbation
field, that does not change topology. In Boozer magnetic coordinates (see e.g. the
book of D’haeseleer et al. (1991)) such a perturbation can be fully described by
a change of the magnetic module B = |B| (see e.g. (Kasilov et al., 2014)). In
addition, Boozer coordinates have the specific property that covariant components
By and B,, are constant on each flux surface.

For the computation of the perturbation amplitude it is necessary to evaluate this
magnetic field modulus on the slightly distorted flux surfaces of the perturbed equi-
librium, which has been pointed out by Boozer (2006). We construct our perturba-
tion theory with orbits and canonical frequencies left unchanged from the axisym-
metric equilibrium but formally on those distorted flux surfaces. The magnetic per-
turbation enters the guiding-centre Hamiltonian (3.7) via the parallel velocity v and
the gyrofrequency w.. The former is defined implicitly via Egs. (3.11-3.12) together
with radius r,

B0 e

Py = Mav) Blr.0.5) + . Ay(r), (4.56)
_ By(r) €a

Dy = Mo 73(7«7&@) + p Ay(r). (4.57)

Expanding up to first order via B = By + By and v = v + v|; yields
€a By 1 By By Py
— Sy — bl bt el =2 + O((B1/Bo)?), (4.58
by P ma?)o Bo maUHoBO Bo + Mav|y Bo + O((B1/Bo)?) ( )

with a similar equation for p,,. To balance the left-hand side, we require

Bl (T'/ ¥, 7’9)
YL = @HOW. (4.59)
Up to linear order in the perturbation field, our Hamiltonian is thus given by H =

Ho+ Hy + O((Bl/Bo)Q), with

mavﬁo
Hy = 5 + J1weo,
2\ B1
Hy = (1w +marfy) 2 (4.60)
By

It can be shown that in Hamada coordinates a similar choice is possible setting
v = ’UHOBo/Bl to the inverse value.
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With the non-axisymmetric magnetic perturbation given as a series in the toroidal
angle
Bi(9,9) = Y Bu(¥)e™?, (4.61)
n

Fourier modes of H; in canonical 6 follow via bounce averages along unperturbed
orbits from Eq. (3.116),

_ €a 2 Bn(ﬂ) ingd—i(ma+ngdip)wpT
Hp = <<7naCJLBQ(T9) + mavH0> Bo0) e S (4.62)

where m = (0, m2,n) and &, = 0 for trapped orbits and &, = 1 for passing orbits.
Resonances m - = maow;, + n)¥ = 0 according to Eq. (4.47) will occur for

(ma 4+ ngdep)wp +n (e + (up),) =0, (4.63)

where Oz = (), due to the approximation of a constant electric potential on a
flux surface and with negative value of w;, for counter-passing particles. The reson-
ance with my = 0 for trapped particles is the superbanana resonance

Qe+ (QB), =0, (4.64)
whereas for passing particles, my = 0 corresponds to the transit resonance
qwy + QtE + <QtB>b = 0, (465)

which is the only remaining resonance in the inifinite aspect ratio limit, where
it is reduced to a Cherenkov (TTMP) resonance. We need not consider the case
n = 0, since the axisymmetric part of the perturbation can be absorbed in the un-
perturbed field. Mixed resonances with mg, n # 0 require a combination of poloidal
bounce/transit motion and toroidal precession drift. Shaing et al. (2009a) has la-
belled this case as the bounce-transit and drift resonance and we will also refer to it
as drift-orbit resonance.

4.7 Quasilinear resonant transport regimes and NTV
torque

With the Hamiltonian perturbation as a Fourier series in 8, we can evaluate

OH

9o, = Re(inHpy,) = —nIm(H,y), (4.66)

where we recall that partial derivatives of H and harmonic number n with respect
to ¢ and . are the same, since those angles differ only by a term independent from

Pe-
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The toroidal torque density in Eq. 4.28, with r. only dependent on canonical 62 = ¥,
for guiding-centre orbits in the axisymmetric equilibrium, becomes

Z / d®0 / AT 8(re(e, J) — r)Im(Hyp) Re (fm). (4.67)
We evaluate the term

/ dp dm(Hp) Re (fm) = / dp Im(Hm) Re (fm)

. H ; dfo
L‘m-Q m im-0 )
/ doJdm(H, )Re (Vhrél+ - ) m- >

= /(Lp lim Mm 9%
T2 Cohotm- Q42 A
dfo

BT (4.68)

_ _g/dgoc\Hm\zé(m‘Q)m

This expression is the integral over the quasilinear resonant term Q,, from Eq. 4.54
for w = 0, which we use in the notation for the torque density written in its final
form for the quasilinear limit,

T, = —ézn/dSa/di‘Jé(nwc,J) —7) Qun. (4.69)

In the thin orbit approximation from Eq. (3.30), that allows trivial integration over
all three angles, the torque becomes

(27)* | dp,
T,=— s dr: / dJy / dJy Qm (4.70)
_ _Jealal 1 “4.71)

c

with the linked radial particle flux from the flux-force relation (4.32) given by

(271_)3 dp
Tp=— g sen <d7:> ;n/dh/dlg Qm. (4.72)

Switching to velocity space variables (v,7) defined in Egs. (3.106-3.107), we com-
pute the Jacobian

‘8(JL='L9) :'0(=7L7H0) ‘a(h,Ho) -
A(v,m) A(v,m) ||0(J1,Jp)
_ L [OUL Ho)| 1| e e
wp | 9(v,m) Wp muv 0
~mvic

ey (4.73)
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After trivial integration over angles, the integral for the particle flux is given by

9n2md ¢ d o . [1/Buin
r=-" m"psgn (ﬁ> Zn/ dv U“/ dn 7,Qm 4.74)
eaS dry, poo 0 0

in those variables.

4.8 Transport coefficients

One of the main differences of the action-angle approach to the standard local neo-
classical ansatz is the inherent non-locality of quantities, which we limited by assum-
ing a small orbit width with respect to unperturbed profiles. This means evaluating
the unperturbed distribution function with profiles given in r, with

(4.75)

fol) = ——relrelpe) o, (—H“(”Mw J) - e@(w(zam) .

(2mmaT (ro(py)))3/? T(re(pe))

Consequently, the perpendicular and poloidal actions appear only in the Hamilto-
nian Hy, so separating the dependency of f, on Hy we obtain

0fo(J) _ 0fo(Ho,pp) OHo(J) _ Q°

aJ.  0H, EXA :*Tfo-, (4.76)
dfo(J) _ Ofo(Ho,py) OHo(J) 79779
ol oHy,  0dy T (4.77)

For the remaining terms, derivatives over p,, can be replaced by radial derivatives,

0fo(J) _ 0fo(Ho,py) N 0 fo(Ho,py) OHo(J L, J9,py)

dpe dp, 0H, Op,
_dry fo(Ho,v) Q¥
- — o (4.78)

The radial derivative of the local Maxwellian fj,

fo(Ho,7)

oy = (At Au) o, 4.79)

with normalised thermal velocity u = v/vp, and vr, = /274 /m,, is written in
terms of thermodynamic forces

1 on eq 0D 3 JT,

A = 20 €08 IS Ola ]

17 e or + T, 0r 2T, Or’ (4.80)
1 0T,

Ay =, (4.81)
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The expression containing the gradient of fj in action space appearing in the quasi-
linear term @,,, becomes

% o d7'g; fo(Ho,T‘) m -

™97 T dp,  or T

Jo. (4.82)

For our quasi-static perturbation, the last term vanishes due to the resonance con-
dition, and we can directly identify the expressions for radial transport coefficients
D17 and Ds5 for the flux defined via

I' = —nqo(D11A1 + Di2As), (4.83)

from Eq. (4.74). Eliminating integration over n in (4.74) by the Dirac ¢ of the
resonance condition inside @Q,,, we obtain

il ™ n2tur, [ 4 e
Dy = sgn(dpgea) —5o—— | u’e

e2s
XN | Hp?

m2 Res

W, (4.84)

where w; = 1 and ws = u2.

Since we have directly derived the flux-force relation Eq. (4.32) in terms of radial
particle flux in Eq. (4.27), this result for thin orbits does not depend on details of
the collision operator, which we have chosen as a Krook operator here. In particular,
momentum conservation should plays no role in resonant transport. For the super-
banana plateau and bounce resonance regimes, only trapped particles contribute,
so the reason is the cancellation of parallel momentum generated by the perturba-
tion during a single bounce period. For transit-drift resonances of passing particles
a different explanation is required: since the total energy Hj is not changed by a
quasi-static perturbation and resonances with the gyrophase play no role for bulk
particles, the perpendicular invariant ./, is conserved in addition. This makes a
change in parallel velocity v (z, Ho, J1) and of bounce frequency wy(ry, Ho, J1)
proportional to the bounce-averaged parallel momentum of passing particles only
possible through the spatial coordinates « of the guiding-centre, where r, repres-
ents the radius. For not too large radial electric fields the variation of the potential
energy along the guiding centre orbit with finite radial width is small (of the order
of Larmor radius) compared to the thermal energy. In this case of sub-sonic rota-
tions (small toroidal Mach number M; = RQg /v with major radius R and thermal
velocity vr), the contribution of the change in kinematic momentum to the overall
change of the canonical momentum is small of the same order. Therefore, the mo-
mentum restoring term in the collision operator provides a correction proportional
to the toroidal Mach number assumed to be small here.
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4.9 Transition to non-linear transport regimes

Despite the frequently used terminology of the low-collisionality limit, the picture
becomes more complicated due to the combination of the smallness of the perturba-
tion and collisionality. As we have seen in section 2.3 a Krook collision model is only
justified if collisionality is not too low. The quasilinear limit described in section 2.4
relies on sufficient decorrelation of the orbit during the non-linear super-bounce
time in Eq. (1.81). In this case, which is valid for an infinitesimal perturbation
amplitude, collisionality does not appear in the final expressions, as we have seen
in the previous section. In contrast to that, if the perturbation amplitude is kept
small but finite and the limit of collisionality is taken to zero, the non-linear limit of
section 2.5 is relevant instead. In a more realistic model, both, perturbation amp-
litude and collisionality are kept small but finite. For this purpose we will rely on a
numerical solution of the perturbed distribution function, as described in (2.6).

An important limitation of the approach is the separate treatment of each harmonic
of the perturbed Hamiltonian in Eq. (4.34). In the quasilinear limit, this is simply
possible because canonical harmonics are naturally decoupled. Moving towards the
non-linear case, we need to assume the resonances with the dominant contributions
to be well-separated in phase-space. This is a reasonable assumption as long as the
resonances are not too close to the trapped passing boundary, but the latter case
should be checked more carefully, possibly depending on the specific problem.

We first introduce our collision model, which we choose as a linearised Fokker-
Planck operator in velocity space describing collisions with a Maxwellian back-
ground plasma. Coefficients of the collision operator are evaluated in the unper-
turbed system, where violation of axial symmetry in the background field particle
distribution fyo is neglected. This approximation may not be valid in the narrow
phase space region around the resonance. However, diffusion coefficients are the
velocity space integrals, the integral effect of this local violation is negligible small.

The differential operator specified in Eq. (4.4) is then applied with coefficients eval-
uated for fyo, with

;.0 9 Kl %

Lof =50 (g (D)) = Fhw) 7). (485)

This expression has the form of a divergence, so in arbitrary coordinates paramet-
rising velocity space by v = v(z), it becomes

S _ 1 (9 (9 ij . i

Lof= 55 {JZ (@ (D(z) f) - F(Z))] , (4.86)
with Jacobian J, of the transformation and implicit dependence of the coefficients
by y. If canonically conjugated variables (x,p), (8,J), or z = (0,J) are used,
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the Jacobian becomes one. Since action-angle-variables mix velocity and spatial
components in phase-space, the sum for ¢ and j runs over 6 dimensions instead of
just 3 for variables purely in velocity space.

To justify the canonical averaging of diffusion coefficients, we first transform to
action-angle variables (0, J). Since all quantities are evaluated in the unperturbed
axisymmetric field, there are no dependencies on the canonical toroidal angle 6% =
.. A transformation to variables (8, J) adapted to the resonance condition replaces
this angle by

0=0>=m-0+6, (4.87)

and leaves the two remaining angles §! = 6! = ¢. and §% = 6 = 9, unchanged. Ca-
nonical averaging of Eq. (4.86) over the non-resonant angles §2 can be immediately
performed, since it will not influence transport across the resonance. The originally
axisymmetric diffusion coefficients will not depend on @ after the transformation,
so this means that the diffusion coefficients are already in full canonically averaged
form. However, derivatives over § will stay in the collision operator for now, which
can be expanded to

. .0 0 ij ;
Lol =5z Km ((Pl), £) ~ (Fi), ! )}
0 0 3 3
T o0 K@ (<D(2)>9 f> a <F<2)>9f ’
with ¢ and j only running over action indexes 4 — 6. To justify that we can neglect
derivatives of f with respect to the resonant phase 6, we make use of the fast phase
decorrelation as compared to the collision time (Kasilov et al., 1997), which allows
for an estimate of second derivatives over actions being of higher order than the

remaining terms. Finally, we obtain a collision operator with canonically averaged
diffusion coefficients acting purely in action space,

s, 0 0 0B . ‘
Lof = aJe KW (<D<J)>9 f) - <F(J)>9f>} . (4.88)
Neglecting the drag term and retaining only the diffusive part responsible for scat-

tering across the resonance, we finally obtain the form of Eq. (2.26) required for the
application of the weakly non-linear kinetic theory with

Lof ~ ajfigﬁ (<D§f];3)>e f) . (4.89)

Substituting back the original actions according to Eq. (2.35), we use common ve-
locity space variables (v,7,p,) and their transformation to J = (J, Jy,p,) given
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via Egs. (3.106-3.107). Furthermore, we notice that we can neglect derivatives with
respect to p,, which enter only in the next order in Larmor radius as compared to
the remaining variables due to

Op, O mec Or 0 qRpp 1 1

D ap, T eayaBl Opdr, T 12 v (4.50)

The resulting resonant diffusion coefficient from Eq. (2.35) is thus given by
10N, 100\°
Dyes = (ﬁ%) (D)o + <ﬁ0—n> (D"™) g, (4.91)
since off-diagonal components are zero and (D"?), = D" for constant electric po-

tential on a flux surface. Transforming 7 to the pitch-angle y by

sin? x

B (4.92)

we can use the standard expressions D" and DXX (see e.g. the books of Dnestrovskii
and Kostomarov (2012) or Helander and Sigmar (2005)) in the collision operator
for a Maxwellian background,

7 _ 10 2 ryvv ﬂ mav
Lef = 2o D) (81} + T. f) +

9 sin y DXX ﬁ

sin y Oy Ox (4-93)

The canonically averaged D" follows from the bounce average

oo ((8)) o))
b

Thus, the final form of the diffusion coefficient describing scattering across the res-

1 90\? 1 1 00\?
— pvv ( 220 nn - _ Bl
De=0(g,) v ((5), ) (@) - @9

To obtain the solution for the perturbed distribution function, coefficient is trans-

onance is

formed to the dimensionless D via Eq. 2.42 appearing in the dimensionless kinetic
equation (2.45).

As it turns out, for our purpose, this equation only needs to be solved once for
various values of D, and the tabulated results can be re-used. This is possible be-
cause quantity of interest is the toroidal torque density, where the distribution func-
tion appears inside an integral in Eq. 4.28. Using the form of the single-harmonic
Hamiltonian perturbation defined in angle # from Eq. (1.59) we obtain the torque
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density

ngO (re(01,2,J) — )| Hpm| sinf f;

/ /di](s rc(912, )77")\Hm\sin07f1
=T /(12612 @7 5(re =) Hl [ de sind fy. (4.96)

Since contributions come only from the resonant zone, we can insert a Dirac § term
for the resonant action .J,

/ &~ / BTS(T — Jres(12)) / T ang 4.97)
/dSJ\Q’|5 / dAJ. (4.98)

The term has been scaled with the total contribution of the integral over A.J close
to the resonance. In this term we substitute via the dimensionless variable y from
Eq. (2.37) and distribution function g from Eq. (2.44) to obtain

o H,, V2 oo
/ dAJﬁ:’Q, [ aus
3f0
Lo / dy 4.99)

It is clear that contributions to this integral can come only from the symmetric part
of g in y. According to Figs. 2.5 and 2.6, we suspect that this part will reach its
maximum in the quasiliniear limit. The nonlinearity parameter (' cancels out in
the integral but remains in the diffusion coefficient D determining the solution for
g. Adding an integral over § normalised by 1/27 to restore the complete form in
phase-space of the initial part of the integral, we can transform back to original

actions and angles with

afo [ T s
o7 7ocdy df sinf g.

-

__ My 3 3 . _ 2
T, = 97 G ./d 6’/d Jé(m - Q)o(re — 7)|Hm|*m
(4.100)

This expression differs to the quasiliniear limit obtained in Eq. (4.69) only via a
factor defined via the integral over g on the right end of the expression,

T, = —%/dsé‘/(l3J5(7'c—7') Qm ©. (4.101)

Since resonant action and angle are integrated, the only parameter that enters in
O is the dimensionless D from Eq. (2.42) with Dy given from Eq. (4.95) in the



4.9. TRANSITION TO NON-LINEAR TRANSPORT REGIMES 97

plasma. This non-linear attenuation factor (the reason for the name will become
clear immediately) is defined as

0 =06(D / dy/ dé meg (4.102)

using the appropriate normalisation.

Quasilinear limit

In the quasilinear limit D > 1, we obtain the value © = 1, which can be checked by
inserting the limiting solution for g from Eq. (2.65) into the integral. Namely in this
case,

D—1/3 =S} ™ -
OD>1)=— / dyRe {/ dé sin Hie‘gHi(fiD’IBy)}
™ —00

-

—D*“/ dﬂehﬁquNQ
—0Q

—1/3

= / dyRe {/ dwexp<?—1D 1/3Jw>}
0

_2/ dw 6(w

in the limit of D — oc. Alternatlvely, inserting the approximate solution for g from

Eq. 2.48, where the resonant diffusivity parameter D has been replaced by a Krook
term —7 leads to the same result as above,

= / dy/ df sinfRe < )
_r y+v

1
:,/ dy :7/ dy— 2 =1. (4.103)
T J y—iv  wJ_o Y2+

Those collisionality-independent results confirm the ones of section 4.7 with torque

density in Eq. (4.69) obtained via the classical quasilinear method of Kaufman
(1972) and Hazeltine et al. (1981) employing an infinitesimal Krook collision term
for the actual collision operator.

Non-linear limit

In the non-linear limit D < 1, direct evaluation of Eq. (4.102) via the first-order
term g; leads to difficulties with singularities near the separatrix I = 2. In this case,
we make use of the original dimensionless kinetic equation (2.45). First, we switch
to integration variables (I, ) with

(4.104)

/, dy*Z/ gm
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leading to distinct terms for superpassing and supertrapped region,

Z / d[/ LU g+ 2d[ T U g
272 VI +2cosf - - VI +2cosh

dg
272Z</ d[/_wde I+2cosf /d[/ I+2€0&,980>.

(4.105)

where we have used partial integration together with periodicity/continuity condi-
tions. The partial derivative of g is taken with I held fixed and from Eq. (2.73) we
identify

oV I+ 2cosf 89 L = <yg — sm92> q(8,y)

6'_ a6 oy
99(0,y)
= D=5 5"
4D\/1+2cose (\/I+2cowq(9 z)) (4.106)

where we have used the original equation (2.45). Inserting this in the integrals (4.105)
and performing one more partial integration yields

D a2 [ dg
o ! ar I o7 1
° ”ZUZLU</2 ¢ /,ﬂdeaﬁ/ﬂd o d"az (4.107)

This expression allows us to insert the zeroth order solution from Egs. (2.75) and
(2.86). Note that this works despite gy cancelling out in the original integral (4.102)
because by the replacement via the kinetic equation we are actually also integrating

over g, containing derivatives %, while avoiding singularities. Those are

6g0 _ g
g

= =go(I) = ——, (4.108)
oI o) 2/ I+ 2cosf
with g{(I) = 0 for supertrapped and
x -1
go(I) = om </ d(;\/]+2c089_>
S E— (4.109)
WT+2E (3)

for the superpassing region.
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The term for the supertrapped region can be immediately computed by adding up
o+ and a change of the integration order,

2
720/ dI/ deag /d9/ ;
o=t J-2 0 wae VI +2cosd
:/ d0vV2 +2cosf = 16. (4.110)

In the superpassing region, we need to evaluate
00 -

20 / dr d& . / dl / do
2 —m

_ 1 ™
dI/ de
/ - I+ 2cosf 2WE(2+I>

o[z |

I+200@9

(4.111)
where both terms formally diverge at I — oo. Swapping again the integration order

in the first term, we obtain

= lim

o L 1 T ol 1
d[/ df—— d@/ Al ———
/2 - \/I+42cosf 7o) _rn 2 VI'+2cosf

hm 2/ dé(\/1+2coséf \/2+2cos§)

I—00

=47 lim VI — 16.
I—o0
T
—dr — 16. (4.112)
([ si+)

The finite part of this integral cancels out with the supertrapped contribution and
we move the divergent term to the last remaining integral arising from g{(I) in the
superpassing region to obtain

42 1 [ 7r 1
O(D < 1) =D == 177/ ar [ —= ————|]. @13
2v2 )2 WI+2E (34) VI

The last term in the bracket that is subtracted from 1 can be evaluated numerically
as =~ 0.0250500 to yield

O(D < 1) ~ 1.7555267 - D. (4.114)

Transition region

For the remaining transition region with D of order one, we can store sampled values
of the smooth function ©(D) based on the numerical solution described in section
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Figure 4.1: Attenuation factor © (O) depending on diffusion parameter D. Quasi-
linear (solid line) and non-linear limit (dashed) © ~ 1.7555267 - D.

(2.6), and interpolate them according to the actual value for D during bounce integ-
rals. The dependency is shown in Fig. 4.1. For a given perturbation amplitude | H,, |,
in the non-linear low-collisionality limit D < 1, the asymptotic dependency O (D) is
linear. For D >> 1, the quasilinear case © = 1 without attenuation is reached.



Chapter 5

Results and discussion

5.1 Quasilinear resonant transport regimes

This section can also be found in Albert et al. (2016a), V. Numerical implementation
and results, and Conclusion formulated by the author and including some minor
modifications.

In the scope of the quasilinear ansatz of section 4.5, analytical expressions for trans-
port coefficients obtained within the Hamiltonian formalism agree with the cor-
responding expressions obtained earlier for particular resonant regimes within the
validity domains of those results (see appendix B for details). In particular, the
agreement with formulas for the superbanana plateau regime, which have been up-
dated recently for a general tokamak geometry by Shaing (2015), is exact. One in-
consistency in the treatment of passing particles has been found (see appendix B.5)
in comparison to the analytical formulas for bounce-transit resonances of Shaing
et al. (2009a). In addition, it has been demonstrated that momentum conservation
of the collision operator plays a minor role in resonant regimes in general as long
as the toroidal rotation is sub-sonic, which can be seen from the comparison with
runs from the code NEO-2, where a full momentum-conserving collision operator is
employed.

In addition to the analytical assessment, transport coefficients from Eq. (4.84) have
been computed numerically in the code NEO-RT (Albert and Kasilov, 2017) for the
general case of a perturbed tokamak magnetic field specified in Boozer coordin-
ates. Bounce averages are performed via numerical time integration of zero order
guiding-centre orbits along the field lines as specified in Eq. (3.116). An efficient
numerical procedure for finding the roots in Eq. (4.63) is realized using the scalings

wp = uwp(n), 5.1
(uB)y = u? <Qt5’>b . (5.2)
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Normalized frequencies @, and Q;p (relatively smooth functions) are precomputed
on an adaptive 7-grid and interpolated via cubic splines in later calculations.

For testing and benchmarking, a tokamak configuration with circular concentric flux
surfaces and safety factor shown in Fig. 5.1 is used (the same as in Kasilov et al.
(2014)) and results are compared to calculations from the NEO-2 code. The per-
turbation field amplitude in Eq. (4.60) is taken in the form of Boozer harmonics

B, = emBo (19)(3”’“9.

Two kinds of perturbations are considered here: a large scale perturbation with
(m,n) = (0, 3) referred below as “RMP-like case” because of the toroidal wavenum-
ber typical for perturbations produced by ELM mitigation coils, and a short scale
perturbation with (m,n) = (0, 18) typical for the toroidal field (TF) ripple. The
remaining parameters are chosen to be representative for a realistic medium-sized
tokamak configuration. In the plots, transport coefficients Dy, are normalized by
(formally infinitesimal) 3, times the mono-energetic plateau value
ﬂqv%
P 16 Rw2’

(5.3)

where R is the major radius, and the reference gyrofrequency &, is given by the
(0,0) harmonic of w.. Radial dependencies are represented by the flux surface aspect
ratio A = (Y&, /'l/)tor)l/ 2 R/a of the current flux surface where « is the minor radius
of the outermost flux surface and ¢, the toroidal magnetic flux at this surface.
The radial electric field magnitude is given in terms of the toroidal Mach number
M; = RQp/vr. In all plots there are at least 4 data points between subsequent
markers.

Fig. 5.1 shows the radial dependence of the transport coefficient Dq; in the super-
banana plateau regime for the RMP-like perturbation for both positive and neg-
ative radial electric field. For this benchmarking case the relation between tor-
oidal precession frequencies due to the E x B drift, Q:g, and due to the magnetic
drift ;5, has been fixed by setting the reference toroidal magnetic drift frequency
Q{“Bf = cTo/(eatV,) (not the actual Q) equal to Q. Additional curves are shown
for calculations where the magnetic shear term (dg/dr) in Eq. (3.109) has been
neglected. The results are compared to the analytical formula for the large aspect
ratio limit by Shaing et al. (2009b). Resonance lines in velocity space are plotted
below the radial profiles for a flux surface relatively close to the axis (A = 10) and
one further outwards (4 = 5). Here A7 = (1 —np)/(1ar — Nep) is the distance to the
trapped passing boundary 7, normalized to the trapped region between trapped-
passing boundary 7, and deeply trapped 7q4;. For flux surfaces with A > 10 magnetic
shear plays a small role due to the flat safety factor profile in the present field config-
uration: The diffusion coefficient D;; is nearly identical to the result without shear
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Figure 5.1: Radial dependence of superbanana plateau D;; (upper plots) in the
RMP case for Mach number M; = 0.036 (left) and —0.036 (right). Comparison
of Hamiltonian approach (NEO-RT) to analytical formula by Shaing et al. (2009b)
(solid line). Results with (¢) and without magnetic shear (OJ) in the magnetic drift
frequency (3.109). A safety factor profile (dash-dotted) is shown on the second axis
of the upper right plot. The lower plots show resonance lines ranging from deeply
trapped (A7 = 0) to trapped passing boundary (A7 = 1) at flux surfaces of aspect
ratio A = 5 (solid) and A = 10 (dashed).

and stays close to the analytical result for the large aspect ratio limit. For aspect ra-
tio A = 10, the agreement between NEO-2 calculations and large aspect ratio limit
of Shaing et al. (2009b) has been demonstrated earlier by Kasilov et al. (2014). At
larger radii, where the q profile becomes steep, a significant deviation between the
cases with and without magnetic shear term is visible. This can be explained by the
strong shift of the resonance lines due to the shear term in the rotation frequency
Qg that is visible in lower plots. For both signs of the electric field, the resonant
Tres 1S closer to the trapped passing boundary when shear is included.

In Figs. 5.2-5.3 the radial electric field dependence of non-ambipolar transport in-

duced by drift-orbit resonances with magnetic drift neglected ({5 set to zero) is
pictured. Here, several canonical modes ms contribute for both, trapped and passing



104 CHAPTER 5. RESULTS AND DISCUSSION

1000 35
3.0 -
800
251+ -
g 60F =20t 1
ax Q
L =
= S
= L5 -
S 400 _
1.0 - N
200
05| .
0 1 1 1 0.0 L L L L
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
M, M,

Figure 5.2: Drift-orbit resonances with neglected magnetic drift: Mach number de-
pendence of Dy; (left) and the ratio D12/ Dy, (right) for an RMP-like perturbation at
A = 10. Comparison of Hamiltonian approach (¢), sum of Hamiltonian results and
v — /v regime by Shaing et al. (2010) (OJ), and results from NEO-2 at collisionality
v* =3-10~* (solid line).

particles.

In Fig. 5.2 the Mach number dependence of transport coefficient Dq; and the ratio
D12/ Dy is plotted for this regime for an RMP-like perturbation (n = 3). NEO-2
calculations shown for the comparison have been performed at rather low collision-
ality (see the caption) characterized by the parameter v* = 2vqR/vr where v is the
collision frequency. In addition, also the curves with the sum of diffusion coefficients
in the collisional v — /v regime from the joint formula of Shaing et al. (2010) and
resonant contributions from the Hamiltonian approach are shown.

For M; < 0.02, in contrast to the superbanana plateau regime, collisionless transport
is small compared to collisional effects. Between M; = 0.02 and 0.04 the sum of
Hamiltonian and v — /v results for Dy; is clearly below NEO-2 values. The reason
for this are contributions near the trapped passing boundary, which are illustrated in
Fig. 5.3 at M; = 0.028. There the integrand in Eq. (4.84) for the mode my with the
strongest contribution is shown together with the resonance line in velocity space.
For M; > 0.04 there is a close match between the results with slightly lower D
values from NEO-2 due to remaining collisionality effects.

It should be noted that validity of the “collisionless” Hamiltonian model cannot be
accessed with the help of a simple Krook model although this model is fully adequate
for the present derivations. The details of the collision model are not important as
long as the collisional width of the resonant line in velocity space is smaller than the
distance from that line to the trapped-passing boundary where the topology of the
orbits changes abruptly. This criterion is much more restrictive than the smallness of
the collision frequency compared to the bounce frequency suggested by the Krook
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Figure 5.3: Drift-orbit resonances, RMP at A = 10 with M; = 0.028. Dependency of
the subintegrands in Eq. (4.84) on the normalized velocity « for the dominant mode
(solid black line) of passing (left, ms = —3) and trapped particles (right, ms = —1)
and resonance lines for these modes (0J, right axis). Significant contributions are
visible where the resonance is close to the trapped passing boundary 7, = 4.6-107°.

model. At small Mach numbers where the resonant line approaches the trapped-
passing boundary rather closely (see Fig. 5.3), the applicability of the “collisionless”
approach is violated at much lower collisionality than one could expect from the
Krook model, and in that case a collisional boundary layer analysis including the
resonant interaction is needed. As one can see from Fig. 5.2, for such transitional
Mach numbers where both, v — /v regime and resonant regime are important,
a simple summation of the separate contributions from these regimes obtained in
asymptotical limits cannot reproduce the numerical result, similarly to the observa-
tion of Sun et al. (2010). With increasing Mach numbers, the resonant curve gets
more separated from the trapped-passing boundary, and the collisionless analysis
becomes sufficient, as visible for higher Mach numbers in Fig. 5.2.

Fig. 5.4 shows the Mach number dependence of Dy; as well as D12/ D1, for a toroidal
field ripple (n = 18) together with the analytical ripple plateau value Boozer (1980)
and results for finite collisionality from NEO-2. At low Mach numbers M; < 0.01
collisional effects are again dominant. A resonance peak of passing particles is vis-
ible for D15/ Dy at M; = 2.8 - 1073, In the intermediate region between M; = 0.01
and 0.05 oscillations due to trapped particle resonances are shifted and reduced in
the collisional case. For M; > 0.05 Hamiltonian results converge towards the ripple
plateau. A small deviation of NEO-2 values for Dy, which is of the order of Mach
number is most likely caused by the low Mach number approximation used in NEO-
2.

Finally, in Fig. 5.5 the Mach number dependence of D;; for the RMP case is plot-
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Figure 5.4: Mach number dependence of transport coefficients of drift-orbit reson-
ances for a toroidal field ripple at A = 10. Comparison between Hamiltonian ap-
proach (), ripple plateau (red) and NEO-2 at collisionality v* = 1073 (solid line).
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Figure 5.5: Mach number dependence of D;; for RMP at A = 5 with shear term
included (left) and neglected (right) in Eq. (3.109). Total resonant transport (o)
and contributions by drift-orbit resonances with finite magnetic drift and excluding
superbanana plateau ((J). Comparison to drift-orbit resonances with €25 set to zero
(solid line).



5.1. QUASILINEAR RESONANT TRANSPORT REGIMES 107

ted for both, positive and negative Mach numbers for finite toroidal precession fre-
quency due to the magnetic drift ;5. To set the scaling with respect to Q;p, the
reference magnetic drift frequency defined above is fixed by RQIY /vy = 3.6 - 1072
In this case all resonance types contribute to transport coefficients. Due to the finite
magnetic drift, the Mach number dependence is not symmetric anymore. If shear is
neglected in Eq. (3.109) the superbanana plateau is centred around slightly negat-
ive values of the electric field, and magnetic drift induces some deviation from the
idealized case without magnetic drift. In the case with included shear superbanana
plateau, contributions for positive Mach numbers vanish and a large deviation from
the case without magnetic drift is visible also for drift-orbit resonances.

To sum up, numerical results from NEO-RT based on the Hamiltonian approach
agree well with results from the NEO-2 code at relatively high Mach numbers where
finite collisionality effects are small (M; > 0.04 in the examples here). At these
Mach numbers, both approaches also reproduce the analytical result for the ripple
plateau regime (Boozer, 1980). At intermediate Mach numbers 0.02 < M; < 0.04
which correspond to the transition between the v— /v regime and resonant diffusion
regime, the combined torque of v — /v regime and resonant diffusion regime does
not reach the numerical values calculated by NEO-2 even at very low collisionality.
The reason for this are contributions of the resonant phase space region very close
to the trapped-passing boundary. To obtain more accurate results in these regions,
an analysis of the collisional boundary layer would be required in the Hamiltonian
formalism.

The Hamiltonian approach is of non-local nature, i.e. it does not use truncated
“local” orbits bound to a specific magnetic flux surface. Already in the present lead-
ing order approximation, an additional term describing the influence of magnetic
shear that is absent in the standard local neoclassical ansatz naturally arises in the
resonance condition. This term significantly increases the asymmetry of the super-
banana plateau resonance with respect to the toroidal Mach numbers of E x B
rotation and may even eliminate this resonance for a given Mach number sign (at
positive Mach numbers in the examples here). This shear term has been included
into analytical treatment recently Shaing (2015) but was absent in earlier approx-
imate formulas (Shaing et al., 2009b, 2010). This could be one possible reason for
the discrepancy with the non-local 6 f Monte Carlo approach observed by Satake
et al. (2011).

It should be noted that term “non-local transport ansatz” is used here with respect to
the orbits employed in the computation of the perturbation of the distribution func-
tion, and it should not be confused with the non-local transport in the case where
the orbit width is comparable to the radial scale of the parameter profiles and where
the transport equations cannot be reduced to partial differential equations. In the
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sense used here, the shear term appears due to a radial displacement of the guiding-
centre, which is a non-local effect. Namely, due to variation of the safety factor
with radius, the toroidal connection length between the banana tips of the trapped
particle is different at the outer and the inner sides of the flux surface containing
these tips. Since particles with positive and negative parallel (and, respectively, tor-
oidal) velocity signs are displaced from this surface in different directions, the sum
of the toroidal displacements over the full banana orbit is not balanced to zero. The
result is an overall toroidal drift proportional to the shear parameter. This effect can-
not be described by the local ansatz in an arbitrary coordinate system but still can
be retained within the local ansatz in the field aligned coordinates as the ones used
by Shaing (2015). This ambiguity in the description of the magnetic drift within the
local ansatz (Smith) results from the fact that setting to zero one of the velocity vec-
tor components which are not invariant under a coordinate transformation destroys
the covariance of equations of motion during such transformations.

According to the presented results, magnetic shear can also have a strong influ-
ence on drift-orbit (bounce-transit and drift) resonances. A comparison between
the results in the related resonant diffusion regime with neglected magnetic drift
and results including magnetic drift shows a strong discrepancy, especially if mag-
netic shear is considered. Therefore, for an accurate evaluation of NTV torque in
low-collisional resonant transport regimes it is necessary to consider magnetic drift
including magnetic shear in the resonance condition. This is especially important
for modern tokamaks with poloidal divertors causing high magnetic shear at the
plasma edge where the main part of the NTV torque is produced.

An application to the tokamak ASDEX Upgrade with resonant magnetic perturba-
tions published in Martitsch et al. (2016) compares results for NTV torque from
different approaches. For deuterium ions, typical values of bounce and toroidal drift
frequencies are within a similar order of magnitude in that case. Thich makes it
possible for superbanana resonance and drift-orbit resonances to make substantial
contributions to non-ambipolar transport and NTV torque.

Results from the computation of ion NTV torque caused by the RMP field in several
models are compared in Figs. 5.6 and 5.7. First of all, this includes the quasilinear
version of NEO-2 (Kasilov et al., 2014) that is able to numerically compute neo-
classical transport over a wide range of collisionalities (Kernbichler et al., 2016).
Neglecting magnetic drift, a comparison to the code SFINCS by Landreman et al.
(2014) is possible, that additionally includes yet another class of non-linear effects
from local particle trapping, which are shown to be insignificant in the RMP case
shown here. Analytical results come from the universal formula of Shaing et al.
(2010) connecting 1/v, v — /v and superbanana-plateau transport regimes, which
is formulated for the large-aspect-ratio limit and does not include drift-orbit reson-
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ances. Finally, results from NEO-RT that implements the semi-analytical Hamilto-
nian approach from the present text are plotted for the quasilinear case without

non-linear attenuation.
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Figure 5.6: Ion contribution to the NTV torque density produced by the RMP coils
as a function of the normalized poloidal radius. Left: The NEO-2 (solid) result in-
cluding both, E x B drift and magnetic drift (without magnetic shear), is compared
to the Hamiltonian model (NEO-RT, dashed), as well as to the universal formula by
Shaing et al. (2010) (dotted line). Right: Neglecting magnetic drift, the NEO-2 res-
ult is compared to SFINCS (dashed), to the Hamiltonian model (dash—dotted) and
to the bounce-averaged model by Shaing. Vertical lines mark resonant surfaces with
q(ppol) = m/n, where m and n are poloidal and toroidal mode number, respectively.

While Fig. 5.6 shows results from the standard local neoclassical ansatz, where mag-
netic shear is not present, and intentionally switched off also in NEO-RT, Fig. 5.7
displays data from a modified version of NEO-2 taking into account non-local ef-
fects that lead to the shear term in the magnetic drift frequency compared to the full
Hamiltonian solution. Results from NEO-2, NEO-RT and SFINCS are matching over
the whole radial range despite three fundamentally different approach to the prob-
lem. Differences between NEO-2 and NEO-RT are mainly due to collisional effects
not considered in NEO-RT. Differences to SFINCS can arise due to the mentioned
non-linearity, which is different to the one considered here. Analytical results show
a match of the same order of magnitude near the electric zero, where the super-
banana plateau resonance is relevant, however, due to the large-aspect-ratio limit
there is no quantitative match. Apart from that radial range, analytical collisional
regimes are masked by resonant transport from drift-orbit resonances.

It should be noted, that formulas for the superbanana plateau regime without re-



110 CHAPTER 5. RESULTS AND DISCUSSION

Figure 5.7: Ion contribution to the NTV 10! -
torque density produced by the ELM
mitigation coils with a phase of 90
degrees as a function of the normal-
ized poloidal radius. The non-local
NEO-2 result including both, E x B
drift and magnetic drift (with magnetic
shear), is compared to the NEO-2 res-
ult using a local approximation and to
the semi- analytical Hamiltonian model F
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quiring the large-aspect-ratio limit have recently been published by Shaing (2015),
which can be shown to match the present results for bounce harmonic my = 0
analytically (see appendix B).

5.2 Non-linear resonant transport regimes

This section can also be found in (Albert et al., 2016b), Numerical implementation,
results and discussion, and Conclusion and Outlook formulated by the author and in-
cluding some minor modifications. Quasilinear calculations of NTV torque provide
an upper limit for contributions from resonant transport regimes. The weak non-
linear Hamiltonian treatment that goes beyond the quasilinear limit has been im-
plemented in the code NEO-RT, enabling the prediction of NTV torque in transition
regimes between quasilinear and non-linear limit. Results including non-linear at-
tenuation were obtained for the circular tokamak as in the quasilinear case. The
modifications include the non-linear attenuation factor ©(D) inside the integrals for
the diffusion coefficients and the calculation of D from plasma parameters. ©(D)
has been pre-tabulated from a numerical calculation for the solution of the dimen-
sionless kinetic equation (2.45) described in section 2.6. Plasma parameters and
perturbation amplitudes were chosen representative for a medium sized tokamak
(deuterium plasma, density n ~ 2 - 10! cm™!, ion temperature 7} ~ 1.5 keV) with
RMPs. The figures show results for computations with a perturbed magnetic field
module B = By - (1 + ey cos(mb +ny)) by a single harmonic in Boozer angles (6, ¢)
with m = 0 and n = 3, evaluated at a flux surface of aspect ratio A = 10.

In Fig. 4.1 the non-ambipolar radial diffusion coefficient D;; normalized by the
plateau coefficient D, = mqu3./(16R®%,) and the squared relative magnetic per-
turbation amplitude 51%,1 is plotted over the Mach number M; = ;gR/vr, which
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Figure 5.8: Normalized transport coefficient D;; depending on Mach number M; at
quasilinear limit (solid black) and for finite relative perturbation amplitudes ey =
10~3 (dashed) and 10~2 (dash-dotted). Left: All resonances including superbanana
resonance (mg = 0) with peak near M; = 0. Right: Results omitting superbanana
resonance (mgy # 0) with peak at M; = 0.07.
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Figure 5.9: Normalized D;; (¢) over perturbation strength at M; = —0.036 (super-
banana resonance). Quasilinear (solid black line), non-linear limit (dashed).

is proportional to the radial electric field E,. Here, vy is the thermal velocity and
R the major radius. To demonstrate the importance of non-linear attenuation for
drift-orbit resonance regimes, the superbanana resonance mg = 0, which is dom-
inating around the electric zero with M; = 0, has been excluded in the right plot.
Non-linear effects are clearly visible at ey = 10~2 — 10~2 and are more pronounced
at higher perturbation amplitudes and higher absolute Mach number values.

Fig. 5.9 shows the transition between quasilinear (superbanana plateau) and non-
linear (superbanana) resonant transport regimes at M; = —0.036, where most con-
tributions are caused by the superbanana resonance. Similar to the attenuation
parameter, the normalized diffusion coefficient reaches the quasilinear limit at small
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em < 1072 and a non-linear behaviour at large ey > 1073, As visible in Fig. 5.8 at
M, = 0.07, for drift-orbit resonances the non-linear onset is reached already at smal-
ler perturbation amplitudes in this case.

Considering the present results for perturbation amplitudes from RMPs of a few
tenths of a percent, analysis of non-linear attenuation is necessary in order not to
overestimate toroidal torque in resonant transport regimes. At the chosen paramet-
ers for a typical medium sized tokamak, the overall attenuation can be in the order of
tens of percents, depending on Mach number and perturbation strength. The central
assumption made is the sufficient distance of resonances in phase-space. While this
is fulfiled per definition for the superbanana resonance, further investigations are
necessary to validate the assumption for bounce-transit and drift resonances.

5.3 Treatment of finite orbit width

The extension to orbits of finite width is possible within the Hamiltonian approach
firstly for computation of canonical actions, angles and frequencies, secondly for
canonical (bounce) averages of the magnetic perturbation, and thirdly for conser-
vation laws involving integration over canonical angles used to compute particle
transport and torque. For equilibrium fields of characteristic length scale much lar-
ger than the orbit width the first modification would lead to relatively small changes
while requiring pre-computation and interpolation of frequencies in two instead of
one dimension in phase-space, since scaling laws cannot be used anymore. The
latter two modifications can however be done without a substantial degradation of
computational efficiency and lead to more accurate results for perturbations with
significant radial variations on the scale of the orbit width. Here, we are going to
introduce the required new concepts to treat orbits of finite width within this ap-
proximation. While the present approach is in principle also applicable at any point
of the transition between quasilinear and non-linear limit in Eq. (4.101), special
care needs to be taken with regard to the radial width of super-orbits, which can
be larger than the usual orbits width. This is why we are going to focus on the
quasilinear limit here. Analytical treatments with emphasis on stochastic motion
of orbits of finite width have been published by Eriksson and Helander (1993) and
Kolesnichenko et al. (1998). Recently, an approach to treat neoclassical toroidal vis-
cous torque taking effects from finite orbit width into account has been published
by Shaing and Sabbagh (2016). More details and results in the present Hamiltonian
approach can be found in (Albert et al., 2017).
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Figure 5.10: Example for poloidal projection of thermal deuteron orbits in a repres-
entative tokamak with circular flux surfaces and typical parameters of ASDEX Up-
grade. Dashed lines show the banana tip radius r, from Eq. (3.30) and solid lines
the actual orbits (left: trapped, right: passing). In the right figure the co-passing
orbit lies entirely outside r, and the counter-passing orbit inside.

Full orbits and bounce averages

An example for orbits of finite width computed for a tokamak with circular flux
surfaces and parameters similar to ASDEX Upgrade shots at reactor-relevant colli-
sionality is shown in Figure 5.10. For those orbits covering roughly one tenth of
the radial range it is evident that finite orbit width effects can play a role, especially
with respect to the small radial length scale of perturbations near resonant surfaces.

Let us consider the harmonics in canonical angles 6 of a quantity a given as a func-
tion of straight field line flux coordinates x = (r, 4, ¢) in the guiding-centre approx-
imation inside an axisymmetric magnetic field,

1 [ i : 1100
U, = g/ d(92 ao"(,ﬁ)et(nAap{@Z,J)*VVLQHZ). (5.4)

For equilibrium fields with sufficiently small radial gradients as defined above, and
with a small enough correction to the angles ¥, ¢ from Eq. (3.16) we use the same
expression as in Eq. (3.116) with

m, = <a0n(r(19), 19)8mqq9mb_i(m2+nq§tf’)“"’T>b . (5.5)
In contrast to the case of thin orbits, changes of the quantity ag, on the radial
scale similar to the orbit width are taken into account here by evaluation of r(¢#)
during integration along the orbit. This is particularly relevant to the evaluation
of a Hamiltonian perturbation H,, for radially small-scale magnetic perturbations.
During the bounce integral the initial point ¥y where 7 = 0 should be correctly
specified for Vo, = (1) — 9(0).
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Figure 5.11: Examples of differences of the approximate and exact Ay to toroidal
canonical angle over ¥, for parameters as in Figure 5.10 (left: trapped, right:
passing). In the right plot the solid line shows the co-passing and the dashed line
the counter-passing orbit. Here the evaluation of ¢(Jom, — widtp7) is performed for
the zero-order orbit at r, and the exact Ay is evaluated for the full orbit.

To illustrate the error that is introduced in the phase of the exponent in Eq. (5.5),
Figure (5.11) shows the approximate deviation of the approximation Ay ~ ¢(¥o, —
wydtpT) from the exact quantity Ay = ¢ — 02 = ¢ — Q37. We can see that for typical
toroidal mode-numbers n = 2 or n = 3 used for RMPs this error is sufficiently
small to justify the use of Eq. (5.5) here. Problems with this approximation can
potentially arise very close to the trapped-passing boundary and for high toroidal
mode-numbers n. In such cases the exact expression for Ay should be used instead
in Eq. (5.4).

Volume averaged conservation laws

Starting from a flux surface averaged conservation law, instead of setting r.(0, J) ~
T5(Py) in expressions of the form of Eq. (4.24), we perform integrals along the full
orbit including radial drift away from the flux surface of » = r,. Physically this
means that one orbit contributes to sources on all flux surfaces that it passes during
its bounce or transit period. To resolve the term 6(r.(0,J) — r) inside the flux
surface average, we introduce another average over a finite radial region between
flux surfaces at radius r, and 7y,

W= 5 | " ar () 5.6

Argp Ta

1 o 1 3 3
= 0 (0, J) —1)a(r(, t,0,J). (5.
Aroy /Tu drS(r)/d /d Jo(re(0,J) —r)a(r.(0,J)) f( J). (5.7)
Here the integral describing volumetric contributions between r, and r;, is normal-
ised by the radial distance Ar,, = 1, — 7, This makes expressions directly com-

parable to their radially local counterparts in the limiting case of zero orbit width
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together with Ar,, — 0, where all contributions come from a single flux surface with
r =7, =1 = Ty,. In particular, for the toroidal torque density given in Eq. (4.69),
we have

(T, = —ﬁabZn /'Tb drﬁ/di”a/d%a(rcw,]) ) QD). (5.8)

An exact computation with flux surface area S from Eq. (4.17) is possible, but a fur-
ther simplification can be made if Ar,, is smaller than the characteristic length scale
of the equilibrium field. Since we will choose it to be of similar or smaller order than
the orbit width Ar** < 2. max|r. — r,| at thermal velocity, this condition is well
fulfiled within the approximation defined earlier and we set S(r) =~ S((ro +73)/2) =
Sap- A next order approximation would be a correction due to the geometric scaling
S o 72 from Eq. 4.17, which is not considered here. Consequently, the constant
term 1/S,, can be extracted as a common factor in Eq. (5.7). Keeping the angular
dependency only for the canonical bounce phase 6 relevant for guiding-centre mo-
tion in the unperturbed axisymmetric field and changing one integration variable
from J; = p,, to r, with first derivative p,(r,) from Eq. (3.31) yields

(2m)?
<T90>ab = SabATap ; " /dt]l /dJﬂ
/ d6? / " ar / dry [p(rp)| 8(re(6?,7) = 1) Qm(J).  (5.9)

The integral over r is resolved via the general relation

g if ¢ € (Ta,
/d62/ dr/drw (62,7,) — r)g(rp) = (62 — 62) /dm 9(rg) ifre € (ra,m)
otherwise

(5.10)

Here we have formally omitted the notation of dependencies on .J; and Jy. Regard-
ing the canonical bounce phase 62, no explicit dependency remains from Eq. (5.9),
making integration trivial. We notice that the term

AT,
(02 — 62) = 27— (5.11)

Ty
measures the fraction of the bounce time 7, of the full orbit spent between radius r,
and ;. The evaluation of integrals over r,, is possible to second-order accuracy via

the midpoint rule

/drwg Ty) ZAT (5.12)
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with g¢ = g((rl, + r57!)/2) evaluated at the midpoint of each interval (ri™!, ri).
Though not strictly necessary, we choose an equidistant grid with N, steps, which
we use also to define a set of intervals (r,, ) for the evaluation of locally volume-
1 This simplifies expressions such as Eq. (5.9) by the

cancellation of Ary, = AT’fa = Ar. In addition, for the special case Ar > Arpax

averaged torque densities.

it leads to orbits that are respectively contained in single intervals (r,, r) with r,
centred in-between and Ar,, = 7,, which represents a natural connection to the
limiting case of thin orbits. To sum up, the volume-averaged quasilinear toroidal
torque density between two sufficiently close flux surfaces a and b of Eq. (5.9) can
be represented by

3 Nr

2w A ;
(T, = - (Sz S S Y [arn [anQn  ©19)
@ i=1 m

The result is the analogue to Eq. (4.70) for orbit widths that are comparable to the
radial perturbation scale. Because of the assumption of sufficiently large-scale equi-
librium field it is still possible to formally define radially local transport coefficients
as defined in section 4.8 for computations. However, due to the radially non-local
nature of the toroidal momentum source in Eq. (5.13), the direct presentation of
(T,),, appears more suited for a straightforward physical interpretation.

5.4 Summary and Outlook

Within this text, a unified description of low-collisional quasilinear and non-linear
resonant transport regimes leading to neoclassical viscous torque in tokamak plas-
mas with non-axisymmetric magnetic perturbations has been developed. The method
takes into account the full device geometry and follows from Hamiltonian perturb-
ation theory in action-angle coordinates in combination with kinetic theory. This
allows for a physically justifiable transition between quasilinear and non-linear re-
gimes.

The general form of the method has been described independently from the specific
problem. Here, the transition of a dimensionless perturbation of the distribution
function between quasilinear and non-linear limit has been illustrated. From this
general result, a non-linear attenuation factor for the actual problem of toroidal
torque has been derived. This factor can be tabulated as a function of a parameter
depending on collisionality and perturbation amplitude from a numerical solution
of the general form of the dimensionless perturbed kinetic equation.

To allow the application of the method, exact expressions for action-angle variables
in a tokamak have been constructed based on the guiding-centre Lagrangian in

! Actual computations are performed on an equidistant grid in 1o, rather than r.g from Eq. (4.16).
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straight field line magnetic flux coordinates. For efficient numerical computation
of canonical (bounce and drift) frequencies, a first-order expansion in orbit width
is employed later. In this formalism, a magnetic shear term, that is absent in the
standard local neoclassical ansatz, appears naturally.

The obtained expressions for canonical frequencies and transport coefficients have
been validated against existing works analytically and numerically and have been
shown to match in the common range of applicability. Based on the Hamiltonian ap-
proach, the code NEO-RT has been developed and applied on a model tokamak and
ASDEX Upgrade with resonant magnetic perturbations. The features included in the
Hamiltonian approach, namely full geometry, magnetic drift, magnetic shear, and
non-linear attenuation have been demonstrated to be relevant in those cases. The
close match with results from the quasilinear version of the code NEO-2 possessing
a full (energy- and momentum-conserving) collision operator verify the theoretical
result of the negligible role of momentum conservation in the collision model for
resonant transport regimes at sub-sonic toroidal rotation.

A major limitation for the applicability of the method to compute non-linear atten-
uation are well-separated resonances in phase-space. Close to the zero-crossing of
the radial electric field with main contributions from the superbanana resonance,
this is the case. Otherwise, for drift-orbit resonances, this can be safely assumed in
analogy to the pendulum Hamiltonian as long as the dominant resonances are far
from the trapped-passing boundary. If this is not the case, further analysis of the
Chirikov criterion on the width and distance of resonances is necessary.

Besides the possible consideration of the effect of finite orbit width on canonical
frequencies and angles, further analysis of the radial width of super-orbits is re-
quired when approaching the non-linear limit. The used concepts permit also an
extension to consider effects from a non-negligible Larmor radius compared to char-
acteristic length scales of the perturbation. In the latter case, the largeness of the
gyrofrequency would allow for simplifications while spatial finite-Larmor-radius ef-
fects could be fully taken into account. Also, the extension to faster toroidal rotation
is possible, where the radial electric field has a non-negligible influence on the par-
allel motion of the full orbit. Those are possible points to be treated in the future to
better judge the range of applicability of the Hamiltonian approach and to balance
accuracy against computation time.






Appendix A

Construction of magnetic flux
coordinates

Magnetic flux coordinates D’haeseleer et al. (1991) where field lines become straight
in coordinate space are required for the formulation of the described methodology
formulated on curved magnetic geometries. In this appendix the general form of
flux coordinates and their most important properties will be outlined.

A.1 Clebsch Form

The zero-divergence condition for magnetic fields is implicitly given by writing the
field in Clebsch form,

B =Vr x Vu. (A1)

Here, r is an arbitrary radial coordinate with B = const. and v(r, ¢, ) can be written
as a function of r and two angle coordinates ¢ and 9.
The divergence of the magnetic field is then given by
V-B=V-(VrxVv)=(V-(Vr)) xVv+Vrx (V- (Vr)) =0.
=0 =0

Contravariant coordinates are given by first derivatives of the function v,

1 ..
— ik (5.9, .
B \/gs (0rov) ey, (A.2)
B" =0 (A.3)
1
Y = —Og
B \@OUV (A4
1

BY = —78,,91/. (A.5)
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The periodicity condition
B(rg, p,¥) = B(ro, ¢ + 27,9) = B(rg, , ¥ + 2m) (A.6)

can be fulfiled if v is a sum of linear terms in the angle variables and a periodic
function 7,

v(r,p, ) = a(r)e + b(r)d + v(r, ¢, 9) (A.7)
For a linear function in ¢ and 9,
v(r, 0, 9) = c(r) + a(r)e + b(r)d,
the gradient is given by
Vv = (d(r)+d(r)p+b@)9)Vr +a(r)Ve + b(r) VY.

The magnetic field (A.1) is still periodic, since

Vr x Vv = (d(r)+d(r)e+b(r)9)(Vr x Vr) +a(r)Vr x Ve + b(r)Vr x VI
=0
=a(r)Vr x Vo 4+ b(r)Vr x V9.

Adding higher terms to v, e.g. ? results in a non-periodic field in the angle vari-
ables,

Vr x V(d(r)g®) = (d(r)¢*)(Vr x Vr) + d(r)gw.

A.2 Magnetic flux

Introducing toroidal and poloidal fluxes by integration over toroidal and poloidal
surfaces,

1 1

wtor(r) = %/;‘mr B-dS = W/“/ B - ngd‘/, (AS)
1 1

Ypol(1) = %/SMB-CIS = W/v B-vydV. (A.9)

The equivalence of these volume and surface integrals may be illustrated for a tor-
oidal surface: We cut the torus at a given toroidal surface with ¢ = 0 and evaluate
the integral

55 pB-dS:/ V(¢3)<1V:/ B-VypdV (A.10)
torus v v
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along a closed toroidal surface, ending at the cut with ¢ = 27 and use Stokes’
theorem and V - B = 0. The left side can be split into

—/ <pB-dS+/ ¢B.ds+/ ¢B -dS.
=0 Storus p=2m

The first term vanishes because of ¢ = 0, the second term because of the field lines
of B going along the toroidal surface. The remaining term

/ pB-dS =27 B-dS
=27 Stor

for the toroidal surface Si,, at p = 27 can thus be expressed by the volume integral
(A.10).

The fluxes (A.8) and (A.9) correspond to the functions a(r) and b(r): The first
derivative of the toroidal flux with respect to r is

d or 1 d T 2T 2m
Yhorlr) = f; - o e / dr/ ae [ any5B-ve
27
dd\/gB -V
271- 27r
d(,o dv./gB*
0
2T 271'
d(p d¥oyv

_ 2/0 a | " 40 (6(r) + 005, 9, 9)).

Since the integral over the second term vanishes, we can identify
Pror(r) = b(r).

Similarly, it can be shown that
Ypot = —a(r)

and finally, 120 can be written as

V(T7 P 19) :d){or(r)ﬁ - w’pol(r)tp + 17(7”7 ®s 19) (A1D)
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A.3 Transformation to flux coordinates

If » vanishes, the coordinates (r, ¢, ) are called flux coordinates and the magnetic
field can be written in the simple form

B = Vo X Vippol(r) + Vihor(r) x VI
= —w;ml(’r)V’r X Vo + o, (r)Vr x VI
= Vr X V(@iop (1) — o1 (7))
_ ;01(7‘) wéor(r)
Vi v

In flux coordinates, magnetic field lines are straight lines due to

E,. (A.12)

B¥ = ¢BY, (A.13)

where ¢ is known as the the safety factor, given by the ratio

/ .
g = Yarl?) (A.14)
wpol(/")
A corresponding vector potential is given by
A(r) =thior (1) VO — pol (1) V. (A.15)

Although it would be straightforward to use a vector potential
A= —v(r)Vr,

this form has the problem of non-uniqueness with respect to the angular coordinates.

Transformation from non-flux coordinates to flux coordinates is possible by a change
of one of the two angle coordinates that cancel out the periodic part in (A.11), either

_ 7(p, ¢, 9)
¥ =+ 71/};“(7‘) (A.16)
or
U k) 7/19
892300*7”([) #,9) (A.17)

7/};01(T) .



Appendix B

Analytical comparison to existing
results

Results for quasilinear diffusion in the superbanana plateau regime have been pub-
lished by Shaing et al. (2009b) for the large-aspect-ratio approximation with circular
flux surfaces and in Shaing (2015) for arbitrary tokamak geometries. The resonant
plateau regime by bounce-transit and drift resonances has been analysed in Sha-
ing et al. (2009a) for the large-aspect-ratio limit with circular flux surfaces. In those
works, Hamada coordinates are used with the normalized enclosed volume r = V =
V/4r? as the radial variable, metric determinant /g = 1 and contravariant com-
ponents of the magnetic field constant on a flux surface with B? = Yporr B = Piore
This leads to a specific form of a number of formulas, including the bounce average
3.90 omitting the sign o with

do B
7= 7§ i fdﬂ—, ®.1)
oh? U)o
a B
_ _ B B.2
h 56 o 55 RCTT ®2

B.1 Toroidal drift frequencies

First, we compare the present toroidal drift frequencies to the ones given by Shaing
(2015). Formula (10) of this reference contains the bounce averaged toroidal drift
frequency as defined in (3.102), which, in our notation, is written as

cd’
wpol
P} 2 22
(Qp)y = — ! 7JMJC Yy ez Ullga(Bz) ﬂLg“lB (B.4)
addd ’@9]’301 mwe or w.B Or We ‘/’;ol b'
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The pressure P has been set to zero here, since we consider orbits directly in the
actual equilibrium where finite 3 effects are implicitly included. Shaing defines
the magnetic moment p without mass, which leads to the additional factor when
changing to the notation using the perpendicular invariant J; = J,. In addition,
the signs are swapped due to the definition of the toroidal angle ¢ in the opposite
direction. Using B2 = BY (By + ¢B,,) we can write

o= dB’ d B?
POl T g T ar By + B,

B2 0 1 o(B?
=———————(By+qBy) + ()

(Bg + qu)Q or By +qB, Or
B 1 0 0 d(B?)
" By+4qB, (B or (By + aB) + or )’ (B.5)
Also,
" N/ 2
pol B 9 0 a(B ))
B=——">—___ (_B B B,)+ ——2~
» Bﬁ(BﬂJrqua)( ar BotaBe)+ =5,
1 9 0 d(B?)
_ B( BBy +4B,) + O (B.6)

The last term cancels out with the middle term in Eq. (B.4), so we obtain

1 Jiwe +mu? B vl /9By 9B, d
(up)y, = — <— 2 ( L ﬁBw) B.7)
b

PYhol mwe 87" We or ar dr

which is identical to the bounce-averaged magnetic drift frequency in Eq. (3.105).
In particular, the radial derivative of the safety factor (magnetic shear) is present as
it appears in the second derivative in the poloidal flux ¢; ) in Eq. (B.4).

B.2 Bounce integrals in the large-aspect-ratio limit

For a circular concentric flux surface, the unperturbed magnetic field modulus is
written as

B = B,(1 —¢€cos?), (B.8)

with magnetic field modulus B, on axis and aspect ratio ¢ relating flux surface minor
radius to the device major radius. With x = k2 from Shaing et al. (2009a), bounce
integrals are given by

dv scosz?)
/ Wa(ﬂ) 4MB . / dv 2129 ——a(9). (B.9)

pol K — sin
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In the large aspect ratio limit the ¢ term is neglected and the bounce time in Eq.
(B.1) for trapped particles becomes

ma By dv
TN By Y]
HEa€ Wpol H*SiHZg

ma Ba
= 4K (k). (B.10)
uBae 7/};)01 (%)

Here the integral is performed over the full orbit, so twice between the turning
points defined by

+
sin? % =k (B.11)
= 9F = £2arcsin vk . (B.12)

(0 < k < 1 for trapped particles). In the notation of Shaing, a bounce integral is
performed just once between ¥+ and 9. Finally we obtain an expression for bounce
averaging in the large aspect ratio as

17 Ada()
(a), = K00 /7 (B.13)

a2 ?
K 51112

This means that we have to replace K (x) in the formulas of Shaing et al. (2009a)
by

Th 1Bge 11’;,01
4 Mo Ba

K(k) = (B.14)

to translate to the notation of the present work.

The bounce integration for passing particles is formally identical to trapped particles
but performed over the full range in ¥ where v doesn’t change sign (x > 1) .

Using the same approximation as in Eq. (B.10), the bounce (transit) time for passing
particles is

_AK(kTh) Mo B
K 411Bye 1/1;, ol
Ma B, 2K (k™1
=< M) (B.15)
1Bag Py VE
in the large-aspect-ratio limit. Due to the mathematical equivalence of the guiding-
centre motion in the large-aspect-ratio limit with circular, concentric flux surfaces to
the particle in a cosine potential (pendulum), those bounce times represent an exact
analogy to the ones in section 1.3, differing only by a normalisation factor.

o
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For integrations we use the transformations

o=, (B.16)
dz = 2udu, (B.17)
Bye . o0
yﬁ = 4% </€ — sin? 5) = (1 — nBy)u*v?, (B.18)
Hy — eq® — ;ABG,(I - 6)
= B.1
r 2uBge ®19)
with
mu? , me o
b= = ", (B.20)
We get
1 —nB,(1—
o Lo nBu(l—¢) (B.21)
2nBue
1/n— Ba(l —¢)
_1n=B.(1—-¢) B.22
2B.e ( )
The derivative is
dr 1
Pk — B.23
dn 2% Bye ( )

From this section it is clear that we can use expressions (8) and (33) of Shaing et al.
(2009a) as the equivalent to the poloidal canonical angle of Eq. (3.76) here. Using
the variable transformation for integrals in velocity space allows us to translate from
viscous coefficients j.;; in the reference to our expressions for transport coefficients
D;; of Eq. (4.84), what will be done in the following section.

B.3 Eulerian approach to drift-orbit resonances

Shaing et al. (2009a) constructs the Eulerian approach for drift-orbit resonances
neglecting magnetic drifts. We write the drift-kinetic equation with mass flow as in
Shaing and Spong (1990); Shaing (1990) referring to Hazeltine and Ware (1978)
as
. of
('v” +v4+V)-Vf+ w% =C(f), (B.24)
where the velocity space coordinates are w = v?/2 and y = v2 /(2B). The parallel

velocity is given by v = vb = /(1/2 — uB)wb. (In the review paper Shaing et al.



B.3. EULERIAN APPROACH TO DRIFT-ORBIT RESONANCES 127

(2015) this is Eq. (6.4.1) where the w is a typo in the partial derivative denomin-
ator). The drift velocity is Hazeltine and Ware (1978)

Fxb uBb (J H) b
—t— |+

Vg =
Wea MaWea \ B

X
Wea

(wB + (v - V)V + (V- V)oy + i (b- V)b) (B.25)

with the normalised external force F as the third term in the momentum equation
in addition to Lorentz force and fluid inertia m, DV /Dt given by

Ca 1

Fo®iivep-Y _v.vv (B.26)
Me c ot

F consists of the pressure gradient and collisional forces R with

Ve R
Fo e 2 (B.27)
NaMa  NaMg
The change in time of the normalised kinetic energy w up to first order in gyroradius
is

W =F- v —puBV-V — (vf —uB)(b-(b-V)V)

+vg-F = (uB/wea)b- V x F. (B.28)
The total distribution function is written as
4w  q
= fu (1= 2u)/v%)(1 — =——— B.2
£t (1= o)1= 5500 ) 4 (8.29)

with parallel heat flow q) thermal velocity vp, = /2T,/m, and pressure p, =
nqT. For the Maxwellian

far = (WZ:y)g exp(—2w/v2,) (B.30)
we have the derivatives
Viu =0, (B.31)
% = ?a I, (B.32)
Vf= fu ( (20)/02,)(1 — g%)v (i—(‘i)) + Vg
be =
+ i) = )
— senit) g+ 5500 L5
+ 20k = 33050 () fur (8:33)
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Of course, for the Maxwellian C(f)s) = 0. For now, we ignore the terms related to
the heat flux and write

.0
(v + 24+ V) - Vg + 090~ Clg) =~ 2 fur

Via

(F-v —puBV -V — (v} = uB)(b- (b-V)V)
+v4-F — (B /wee)b -V x F) = C(fa). (B.34)
C(fam) is not zero for finite V.. The first term arising from in w<2- df Mg

QUH b-R

’u%a NaMg

fu= *”H f M

and should cancel C(fys). The remaining assumptions are Vp, - b = 0, Vp, X
VT, =0,V -V =0, Vg = 0 and neglecting viscous forces. The remaining term is
(U\QI —pB)(b- (b-V)V). We write

2
1 3v
S (2 - 2#) . (B.35)

Finally

g 2? (1 3v] ‘
(v +va+V)-Vg +w% - Cl(g) = 2 3792 (b-(b-V)V)fy. (B.36)
Ta
We note thatfor V-V =0and V- B =0
b-(b-V)V = éV«VB. (B.37)

Including heat fluxes, the final expression is

9
(vH+vd+V).Vg+w£—C(g):

22 (1 3\ /V.vB " 4w q-VB
—— |- - — (20 /1 1—= B.
vZ,, <2 202 ( B (2v)/vza)( 51;% ) B Bpq, )fM (B.38)

In Shaing et al. (2009a), Eq. (3), the flow velocity is split into parallel and perpen-
dicular part from E x B drift and vg - Vg is neglected, with

(’U” +’Ud+V) -Vg =~ ((UH +VH)b+VE) - Vg. (B.39)
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Derivations by Shaing are done in Hamada coordinates. We translate the normalised
volume coordinate V = V/4x?2 (used by Shaing to get ,/gz = 1 and called V there)
to the normalised flux s as the radial coordinate with

/ P d , d
Y(V) = %(s)ﬁ = q(swml(s)ﬁ (B.40)
, , ds
X'(V) = wpol(s)ﬁ' (B.41)

Primes on ¢ and x are defined w.r.t. V, otherwise to s. In Kasilov et al. (2014)
velocity components are listed as
v ckB, 0T,
ear/g (B?) 9s
ckB,T,

= Tela y B.42
cos (B 2 ( )

p__ ¢ (9% 1 Opa 9
v VIB? < 0s  eqng Os +av
o To(wi Lo 10y

T VGB” ea \ Ty 0s +na ds +Ta ds
c T 5 ckB,T,

= _ “ (A A . _ckB,To N '
s ( 1+ 5 2) /(IVs]) +qeu\/§(32) 2/ (| Vsl (B.43)

Here, thermodynamic forces are defined as

10na  eqd® 3107, 109pa e 0® 5101,

AV = o Y T 0s  3Ta b5 pa ds T Tads 2T, 05 T4Y
Ao/ 9sl) = 75 (B.45)
Notice that

10 10y 100 10T, (B.46)

Do Os naTy 05 ng Os | T, 0s

The validity of (B.42) and (B.43) arises from the divergence-free plasma flow velo-
city V which is given by Shaing et al. (2010)

V=Vh+V, (B.47)
bx Vo Cb X Vpa
B2 NeoB? '

Vi=c (B.48)

Its components are related to the gradients and thus to thermodynamic forces with

€a

cTy,

1 Opa  €q 0P
- T~ + T~ B.49
Pa OV To 0V ( )

(vanve —w@v?) =
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so in our notation

Ca 1 8poz €a 0P
<1/pol( ) Ve - wéor(s)vq?) = ;K + ?E
1 0 eq OP
=T Os(nT w) + ?E
10n, 10T, e,0P
= o T Ta. . B.
neg 08 + T, Os + " Os (B.50)
we obtain
Lo —ve) (|Vs)) = 5
oI, /pol< vi-v )(\Véb A+ 54, (B.51)

which is in accordance with the above results. Shaing et al. (2009a) define coeffi-
cients u for the neoclassical toroidal plasma viscosity by

(B.52)

2 ¢-Vd 2 q-V
<bt-v.7r>:u,,1V~vq9+uﬂV‘w+gupquJrgmqp L

The task is, to relate u coefficients to Dy; and Di2. We use the flux-force relation
Shaing et al. (2009b)

r=_—— w' (b -V - ) (B.53)

and neglect the smaller last two terms containing heat fluxes in (B.52) to write

N\ 2
’ dV
hpl vV Ntlv<p) <d5) = —ny(D1141 + D1243). (B.54)

Ca q¢pol (

(& 2
= W (;4,,1V'9 + ;4t1V¢> (B.SS)
@

We insert expressions (B.42) and (B.43) to obtain

~ 2
av 1 1 kBT,
D11 Ay + DipAy = | — — LA
1141 + D12A42 <d5> Ivs)) #mqw,dnae \/§<BQ> 2
2

A T, 1 2 kBT,
g <A1 + A2> Mtl e Ao
q pol Na 62 pol nae&f <BZ>

(B.56)
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So for the coefficients we have

A\ 2
av 1 AT,
Dy = <> — 1 = A, (B.57)

ds <‘V5‘> Na€ ql/}pol

Do — av ‘g 1 kBT,
2T \ds ) Vsh | e, WA
5 2T, 1 kBT,
L B.58
+ <2 Na€ a(ﬂ/ﬂpol )pol naeaf<32>> Mtl:l ( )
t’
= C/lpl + (514 — qC) 1 (B.59)
5 C
= Cppr + (% - qz> D1y (B.60)
with
a\® 1 2T,
l Iy
A== L (B.61)
( ds ) (IVs]) naed v,
N 2
av 1 1 kBT,
c=—(% e (B.62)
( ds > (IVs]) gy nacd /g (B?)

In the following section, we will explicitly compare Eq. (4.84) to Eq. (27) of Shaing
et al. (2009b).

B.4 Transport coefficients for bounce-drift resonances

Using the large-aspect ratio expressions for bounce resonances, we can transform
transport coefficients from the quasilinear Hamiltonian formalism to

§/2 ds e
Dy = y nccor 9/ du (B.63)
€2 (|Vs))2 4l (s) AV
-1
> o
N="res

*-“zz(

ma  res

8wb 8523
on

1 UTB(L /oo
T AT (s)? 0

po]

[Ta, owy, 003!
/LBaE B’ %;%S: <4K )| H, mz—b-s—nafn )n_nm Wi
1 n2ctvr B, ds ©
T A (Vs <W> [ e
b 003

e H 2,
N W (TN
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The derivative in the resonance condition is

ok 8 a<1> Bae Yol d
(nQup + mowy) = ul ( ¢ l 1Bac Yool ds

n Ok 1// ol O + 2 2K(k) V' ma Ba dV

B 1 g £8<I> m s uBa&‘L’
T 292B,e 0k X' oV 22K(,‘€)\/ ma Bg

0
o > (B.64)

o omy g NBaSLI moc [mg &87@ T
T22Bae 0k |V ma Ba \ma X'\ uBae X' 9V 2K (k)

! [iE 0
T2 2 Ok

where we assumed for trapped particles in the large aspect ratio limit that

ma VoexX' X' oV 2K(k) 2e Ok

n \/EBa (787@ - ™ :| _ 7”2/UtX/ EaGnmz
V 2

uB, ~ mng? (B.65)
=B, ~1 (B.66)
=4/ 1B ~ /Evt (B.67)
Mg 2
2 B,
=7~ 4K (k) — S (B.68)
V ze upy

We can write Dy, as
1 n2c?B, <d5>2/°°
Diyjy=—47——"——|— dx
" avmez (vs v \av) Jo
_ movex  [we OGpm,
T H AT -
N O LML e

ma res

2 ‘2Ba ! 2 roo
= \/E"ciz (iﬁ) / dx
€2 (|Vsl) x’2'ut av) Jo

-1
Wi
N=Mres

G !
Y i : > wi (B.69)
my res ( 7T/2 Or N="res
The perturbation defined by Shaing is
1 0B .
555 = m— = bum, e, (B.70)
n,ma n,ma
B B B Becosd .
- - = O(e?
Bo Batccosd B, 2Bz - T OE)
B - x B
=5 O(eB/B,) + O} ~ 5 (B.71)
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We compare this to the Hamiltonian perturbation
H = (mav?(0) + —2J, Bo(9) ] (B.72)
I MmaC By
Marv? B
~ B.73
> B, (B.73)
MLV bym, (B.74)
mn ’
(B.75)
(B.76)
(B.77)

= H7n2n =
—&mn exp(md — n()

T2
Note, that one has to be careful with the sign convention because Shaing defines
B= ,
Go=¢q9—¢,
c®’
wg = +7/‘
X
If one uses ( = —p we get the usual expansion and canonical angle (to the lowest
(B.78)
(B.79)

—Emn exp(md + nep)

order in Larmor radius) with
B=
0 =G =qd+0

The minus sign for the perturbation does not cause any troubles, because we include
(B.80)

it in B. Inserting this in the transport coefficient expression yields
2
. d
-1
W
N="Nres

( ds ) /°°
= X
dv 0

,0Gnm,

fm |n|c? B, ”t
RO
2 e T 2
ZZ < /2 [Brm| Ok
85/ de
. (B.81)

mo res
1

0Gnm,
Ok

T//
g <|VS‘|) ov

For 411 we obtain
M1 = NaMa Ut —5—
|n\ Z 2 B
nmso ‘
N=1res
(B.82)

2 e
Z |ma]
There is a difference in the definition of fluxes by Shaing as he uses a total flux

I'shaing With normalisation to the Volume V = 4 rather than our flux density T'ys as

(B.83)

thamg = Srub

in Eq. (4.83). The relation is
thamg =T VV

Shaing uses
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whereas we take

I'ys=T-Vr (B.84)
with the effective radius r defined by

VV =8Vr (B.85)
or

VV =S5Vr (B.86)
If we take s as the radial variable, we get

v or v 1
[Shaing = —Tys = Tus-
Shaing = "5 s ds (|Vs])

Thus, the results are matching. In the large aspect ratio limit, we have

V &~ 4n’Ryr, (B.87)
A (B.88)
dr &

For the effective radius » we use the translation

ds ds dV ds
(IVsl) = —= ~ R

=g SR (B.89)

To sum up, we have proven the consistency of viscous coefficient y;; for trapped
particles in Eq. (27) Shaing et al. (2009b) with our expression for transport coeffi-
cients of Eq. (4.84).

B.5 Expressions for the transit-drift resonance

In the same matter as in the previous sections, terms for transport coefficients can
be compared for the transit-drift resonance of passing particles. As we will see, the
article of Shaing et al. (2009a) contains an inconsistency with regard to Fourier
integrals, which will become clear below.

The bounce integration for passing orbits is formally similar to trapped orbits but

performed over the full range in ¥ where v doesn’t change sign (x > 1). We start
from the resonance condition

0
o (nQup + (m2 + ng) wp) =
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1 0 c 0P uBee X' m/E
2212 Bz 0(1/k) < ngy F2me ) A R

B 1 3] c 0% | exv}/2 X w/R
212k2Bae O(1/k) < X ov ~2(mz+nq) 2ek + (e — 1) B4 2K (1/k)

_ mayzve X' 0 ( n c B,0® B (1 n ) ek T )

T 22R2Bae B, 0(1/k) \ ma vavd X' OV my )\ 22k + (= — 1) 2K (1/k)

(B.90)
Our term with nq is not present in Shaing’s paper in (45). The reason for this lies in
his Fourier expansion of a non-periodic function.

For circulating particles in (35) and (39) one should obtain
o(l — ng)w + nwg (B.91)

instead of
olwi + nwg (B.92)
in the perturbed solution g,,;. The reason for that is the following:

To have the correct periodicity for the orbit of circulating particles, it must be pos-
sible to express the angle ¢ defined in Eq. (33) as a function of 6 by

£(0) = 0+ a(0), (B.93)
where «() is a periodic function. This is indeed the case for

a(0) = F(0/2,1/K) — 0 (B.94)

K(1/k)

with elliptic integrals for 1/x < 1. Since £(6) is invertible we can write the inverse
transformation

(&) =&+ B(E), (B.95)
where a(0) = —3(£(0)). B(€) is periodic in £ but (&) is not.
The issue appears in the Fourier expansion in (37) and (38). Consider a function

6 CO Zq 7,((m ngq 9+n§q)

m,n

9(E,C0) = 3 granei (n= D EXO) £1)

m,n
= Z G €l (MEFN0) im—n)B(E) o—ingg

m,n
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Since 3(€) is periodic, all terms are periodic in ¢ except for the last one, e =%, Since
the whole function is not periodic in ¢ it is not possible to write it as a Fourier series

3 guelletna),

n,l

Instead, the non-periodic term has to be separated, leading to

g(&,¢) = Zgnzei<l‘5+"gn)e’i"q£ — Zgnlei((lﬂw)&r%n) (B.96)

n,l n,l

with Fourier coefficients

=3 / dE gy i(mEFnG+Hm=n)B(E) I —néo) (B.97)
- g: / dE gy (=100 ~(1=10)8) (8.98)

We write
’UHZ% = Un%%ﬁ = owy Y i(l = ng)gme (V). (B.99)

n,l

For trapped particles, the situation is different, since the motion in 6 is limited by
the turning points. In this case, 6(n) is a periodic function in 7 and we can write

900,G0) = 3 gl r04n0),

m,n

g(n,¢) = Z:gmnei((*”—nq)e(n)Jrnco)7

m,n

which is a periodic function in 7, so

9(0,G0) = Y g’ (B.100)
n,l

with coefficients calculated as described in the appendix of the article by Shaing
et al. (2009a). We have thus shown that in order to match the expressions for
Fourier series in canonical angles given in Eq. (3.116) here, an additional factor
e~ could be added in expressions (34), resulting in a matching Fourier series of
Eq. (37) and (38) for passing orbits.



Useful formulas

Magnetic flux coordinates:

1 c

m./qwch? Pl

Velocities and actions:

v =ovy/1—-nB
v =v\/nB
Ji = mep/e =mv? /(2we) = T%n
mv?  mo?
Jiwe=puB = QL = TnB
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a(v,m) | 2me
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[ o —
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B0 +1
Plateau diffusion coefficient:
_ mquapl,

P 16R,
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Ripple plateau diffusion coefficient:

Do — VImea? A2vmp?

o 0 e (B.112)
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