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Abstract

The present thesis is devoted to the spectral analysis of transmission and boundary value
problems for Dirac operators. Dirac operators are one of the main mathematical tools
in relativistic quantum mechanics to describe the propagation of spin % particles taking
relativistic effects into account. In the first part of the thesis Dirac operators with singular
O-shell interactions which are combinations of electrostatic and Lorentz scalar potentials
are studied. Such operators are associated to transmission problems for the Dirac equation.
The second part of the thesis is then devoted to self-adjoint Dirac operators in domains.
With the aid of boundary triples the self-adjointness of the corresponding operators is
shown and some of the spectral data are computed. An interesting property is the existence
of critical interaction strengths and boundary values, respectively, for which the associated
operators have significantly different spectral properties. Eventually, for Dirac operators
with singular interactions also the nonrelativistic limit is computed.

Zusammenfassung

In der vorliegenden Dissertation werden Transmissions- und Randwertprobleme fiir Dirac-
Operatoren behandelt. Dirac-Operatoren sind eines der wichtigsten mathematischen Werk-
zeuge in der relativistischen Quantenmechanik zur Beschreibung von Teilchen mit Spin %
sodass auch Effekte der Relativititstheorie eingebunden werden. Im ersten Teil der Dok-
torarbeit geht es um Dirac-Operatoren mit singulédren &-Interaktionen, welche Kombina-
tionen von elektrostatischen und Lorentz-skalaren Potentialen sind. Solche Operatoren
konnen zur Behandlung von bestimmten Transmissionsproblemen verwendet werden. Im
zweiten Teil der Arbeit werden selbstadjungierte Dirac-Operatoren in Gebieten studiert.
Mithilfe von Randtripeln wird die Selbstadjungiertheit der Operatoren gezeigt und es wer-
den einige spektrale Kenngrof3en berechnet. Ein interessanter Aspekt ist die Existenz von
kritischen Interaktionsstirken und Randwerten, fiir welche die spektralen Eigenschaften
der zugehorigen Operatoren signifikant unterschiedlich sind. SchlieBlich wird fiir Dirac-
Operatoren mit singuldren Interaktionen der nichtrelativistische Grenzwert berechnet.
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1 INTRODUCTION

The Dirac equation is one of the main mathematical tools in relativistic quantum mechan-
ics. While nonrelativistic quantum mechanics, which is based on the Schrédinger equation,
led some new light into fundamental physics, it is not compatible with Einstein’s theory
of relativity. In order to find a theory that combines these two ideas in a more compatible
way Paul Dirac suggested to replace Schrodinger’s equation by another partial differential
equation, that shall be discussed now. Assume that 77 = 1 and denote the speed of light by
c. Then the Dirac equation whose solution describes the propagation of a spin—% particle
with mass m in R? under the influence of an external electrostatic potential V. and a scalar
potential Vg, which are both functions V, V; : R3S R, is

0¥ (t,x) = |—ic

3
00y, + Vels + (mc* + Vo) B | W(t,x), W(0,x) = wo(x). (1.1)

j=1

In the above equation the wave function W is required to fulfill ¥(z,-) € L*(R3;C*) for
almost every ¢ > 0, that means W is a vector valued function with four components, I; is
the d x d identity matrix, and the Dirac matrices o, B € C**4 satisfy the anti-commutation
relations

ooy +oga; =28y, P =1L, and «f+Ba;=0, jke{l1,2,3}; (1.2

see (3.1) for their definition. The Dirac equation describes the same physical problems
as the Schrodinger equation and there is also a similar interpretation, see [70] and the
explanations below.

Following [70] there were several motivations for Paul Dirac to introduce the equation (1.1)
in 1928 in his famous paper [41]:

(i) It is a first order equation in time, which is required to have a meaningful quantum
mechanical evolution equation.

(i1) The spin of the particle is modelled automatically in a natural way.
(iii)) Employing the replacement relations

E — id;, p— —iVy,
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where E denotes the energy of a particle and p its momentum, then we see that the
free Dirac equation (for vanishing external potentials V. = Vi = 0) formally fulfills,
in contrast to Schrodinger’s equation, the energy-momentum relation

E2 = m2c* 4 2p?
predicted in Einstein’s special theory of relativity.

Although Dirac designed the equation (1.1) only by theoretical arguments, it turned out
that with its help the hydrogen atom could be described with an impressive exactness.

To get a quantum mechanical observable one associates to the right hand side of the Dirac
equation (1.1) a self-adjoint partial differential operator in L?(R3; C*)

3
A=—ic Z 0oy f + Vels + (mc2 +Vs)B,
=1

which is the Dirac operator. An important special case is V. = Vi = 0, which yields the
free Dirac operator. It is the relativistic counterpart of the free Laplacian and it often has
the role of a reference operator. As the Dirac operator describes the same physics as the
Schrddinger operator, one would expect similar (spectral) properties. Nevertheless, there
are several unexpected features of A. The most important one is that A is not bounded from
below. For the interpretation of this interesting property the existence of anti-particles was
postulated. From the mathematical point of view the lack of semi-boundedness makes the
analysis more complicated and it is one of the reasons why several problems which are
solved for Schrodinger operators are still open for Dirac operators. It is one of the main
goals in this thesis to make a contribution to this field. In particular, we want to study
transmission problems for the Dirac equation which can be reformulated to the spectral
study of Dirac operators in L?(R3;C*) with singular interactions that are formally given
by

AL, = —ic(0- V) +mc*B + (Nely + 03 B) S, (1.3)

where T is a compact and sufficiently smooth surface in R? and 1, 1, : £ — R are Lipschitz
continuous functions. The second main topic of this thesis are Dirac operators acting in a
domain Q C R? that are related to boundary value problems for the Dirac equation with
boundary conditions of the form

t(la+iB(a-v))flag = (la+iB(-v))Bflaa, (L4

where 7 is a Lipschitz continuous function on dQ and v is the unit normal vector field
on Q. In the above equations (1.3) and (1.4) we used for vectors x = ()cl,)c27X3)T eR?

the notation
3

o-x:=Y oyx;. (1.5)
j=1



Our main mathematical instrument to study the operators associated to the above prob-
lems are quasi and ordinary boundary triples. Boundary triples are a powerful tool in
the extension and spectral theory of symmetric and self-adjoint operators. They will al-
low us to study the operators with non trivial transmission and boundary conditions as
self-adjoint extensions of operators with zero transmission and boundary conditions, re-
spectively. While quasi boundary triples were introduced in [17] in particular to investi-
gate boundary value problems for partial differential operators, the application of ordinary
boundary triples for partial differential operators is more complicated, but they have the
advantage that with their help one can describe all self-adjoint extensions of a given sym-
metry. For our purposes a combination of quasi and ordinary boundary triple techniques
will be convenient. Note that these tools were successfully applied in similar problems for
the Laplace and Schrodinger operator [12, 13, 17-19,23]. Let us describe our problems
and results now in a more detailed way and let us have a look on the existing literature:

The first main part of this thesis is devoted to Dirac operators with §-shell potentials.
Singular J-type potentials are often used in mathematical physics as idealized models for
strongly located electric potentials, as the spectral and scattering data as well as the location
of eigenfunctions of the corresponding differential operators are then approximately the
same. For Schrodinger operators such ideas are well established, see the monographs
[3,28,45], the review article [44], and the references therein. In the relativistic setting first
the Dirac operator in 1D with point interactions was investigated, compare [47] and [3,
Appendix J]. Using some standard techniques the resolvents and the complete spectral data
could be computed explicitly. Moreover, in [68] Seba showed that these Hamiltonians can
be approximated in the norm resolvent sense by Dirac operators with squeezed potentials.
In this procedure the interaction strength of the limit operator depends in a nonlinear way
on the approximating potentials — this corresponds to a phenomenon known in the physical
literature as Klein’s paradox. Eventually, based on [47] and a decomposition to spherical
harmonics Dittrich, Exner, and Seba investigated in [42] Dirac operators with singular
interactions supported on a sphere in R3. With this technique the self-adjointness for a
wide class of parameters was shown and the resolvent and some spectral data could be
computed, but due to this decomposition to spherical harmonics many of the interesting
properties of A%e,ns were still hidden.

After a longer period without much progress a breakthrough was then the seminal pa-
per [5] from 2014, where Arrizabalaga, Mas and Vega studied the operator A%e,o in 3D
for constant 7, and ¥ being the boundary of a bounded C2-domain using a modern ap-
proach from extension theory for symmetric operators. There, the d-shell potential was
modelled via a jump condition for functions in the domain of A%E_O along X. Such ideas
are well known from the study of Schrodinger operators with singular interactions, see
for instance [3, 19,44]. Using some integral operators related to the resolvent of the free
Dirac operator the authors managed to prove the self-adjointness of A%e o for ne # +2c; the
case 7. = +2¢ remained open and it seemed that the corresponding operator has different
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properties. The study was then continued in [6,7,56], where among other things a Birman-
Schwinger principle and an isoperimetric inequality for A%e,o were shown. Furthermore,
in [6] an interesting confinement phenomenon for Alee,ns was obtained: if nZ —n2 = —4c?,
then the operator An 1, decouples to two independent operators acting in the interior and
the exterior domain with boundary X; such effects are not known for the corresponding
Schrodinger operators. Other recent papers related to the approach in [S5] are [58] and [59],
where it is shown that A%e.o and Ag-ns can be approximated in the strong resolvent sense by
Dirac operators with squeezed electrostatic and scalar potentials, respectively, supposed
that the interaction strengths 1. and 7 fulfill a certain smallness condition, and where
similar as in 1D Klein’s paradox appears.

Then in [11] the approach from [5] was translated to the framework of quasi boundary
triples. Since boundary triple techniques do not require semi-boundedness of the operators
they are suitable for the application to Dirac operators with singular interactions, as it
was done in 1D for instance in [31, 34, 60]. In [11] again A%&o with constant 1. # +2¢
was considered and with the aid of the above mentioned quasi boundary triple a Krein
type resolvent formula for A%e,o was derived. It turned out that the spectral properties of
AZ .0 are encoded in a family of boundary integral operators appearing also in [5]. With
the help of these operators some spectral properties and the nonrelativistic limit of AX )
were studied in [11]. The analysis was continued in [14], where the quasi boundary trlple
from [11] was transformed to an ordinary boundary triple, which allowed to prove the self-
adjointness and to deduce some spectral properties of AE .0 also in the critical case 1. =
+2¢. Other notable publications in this direction are [57] where the self-adjointness of
A)::t2c.0 was shown via some Calderon projectors, and [49], where the discrete eigenvalues
of Ag.m were studied for fixed constant 75 and large masses m.

Let us turn the discussion to the main results of this thesis on Dirac operators with sin-
gular interactions. These are generalizations of results in [11, 14,49] to combinations of
electrostatic and scalar shell-potentials with non-constant strengths. Let £ C R? be the
boundary of a sufficiently smooth bounded domain ., let v be the unit normal vector
field on X pointing outwards Q. , and let ¢, N : £ — R be Lipschitz continuous. We set
Q_ :=R3*\ Q. and use for f € L>(R3;C*) the notation f. := f [ Q.. Then the (formal)
operator A%c"m from (1.3) is rigorously defined by

Aze,nsf = (—ico.-V —}—mczﬁ)ﬁr @ (—ica-V —|—m(:2/3)f,7

domA} = {f fref eH' (Qu:CHaH' (Q ;CYH: (16)

@b ) =~ (s )£ 1) .

Here H! (Qu; (C4) denotes the Sobolev space of once weakly differentiable functions in Q..
As for d-shell potentials with constant coupling it turns out that interaction strengths



with
Ne(x)? —ns(x)? =4¢* forsome xe€X (1.7)

are in some sense critical. For the non-critical case we obtain in Section 4.2 the following
basic properties of A%

Theorem 1. Assume that (1.7) does not hold. Then A,Zk_ns is self-adjoint and the following
is true:

(1) The essential spectrum ofA,ZMs is (—oo, —mc?] U [mc?, o).
(ii) The discrete spectrum of A%e,m is finite.

(iii) (A%e.nb — l) S (A()i0 - 7L) 3 is a trace class operator for any A € C\R.

The proof of Theorem 1 is based on a Krein type resolvent formula that relates the re-
solvent of A,Zh‘m to the resolvent of the free Dirac operator and some perturbation term
that contains the spectral properties of A%e,ns' Item (ii) can be shown by a standard trick
using that functions in domA%ms have some Sobolev regularity and that the interaction
is compactly supported. Eventually, assertion (iii) in Theorem 1 is interesting, because it
provides a basis to do scattering theory for the operators A%e«,ns and the free Dirac operator

£
Ajo-

The spectral properties of A%e,ns change significantly, if the interaction strength is critical,
that means if (1.7) is fulfilled. It turns out in Proposition 4.3.1 that A%mnb defined as
in (1.6) is symmetric, but not self-adjoint. Following the strategy of [14] we compute
then the self-adjoint realization of A%c,ns for constant interaction strengths 1. and 1y with
n2 —n2 = 4c%. The crucial point is to consider the jump condition in the definition of
A%hns not in L2(Z;C*), but in the larger Sobolev space of negative order H~'/2(Z;C*).
Using this we show in Section 4.3 the following results:

Theorem 2. Assume that e, s € R such that 02 —n2 = 4c2. Then A%e“ns defined by (1.6)
is essentially self-adjoint, the domain of its self-adjoint closure is not contained in the
space H' (R3\ Z;C*), the set (—oo, —mc?| U [mc?,o0) is contained in the essential spectrum

of A%c,m and there can be essential spectrum in (—mc? mc?).

We would like to point out that in the critical case A%e,ns can have essential spectrum in
(—mc?,mc?); this is shown in Theorem 4.3.6 for 1. = +2¢ and 1s = 0 under the assump-
tion that there is a flat part contained in X. This is closely related to a similar effect known
for indefinite Laplacians, compare [16,32]. In particular it seems that this phenomenon is
related to the geometry of ¥, that means we do not expect that it appears for all .

Eventually, we compute in Section 4.4 the nonrelativistic limit of A,Zk_ns in the purely elec-
trostatic and purely scalar case, that means that g = 0 and 1. = 0, respectively. For this,
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one subtracts/adds the energy of the resting particle mc? to the total energy and computes
the limit of the resolvent in the operator norm for ¢ — co. The expected result is (the
resolvent of) a Schrodinger operator describing the same physics times a projection onto
the upper/lower component of the Dirac wave function. The two different considerations
correspond to the limit of the positive and the negative part of the Dirac operators. In our
case it turns out that the nonrelativistic limit is a Schrédinger operator with an electric 8-
potential of the same strength. This yields then finally a justification to call A%@ns a Dirac
operator with a §-shell potential. Note that the critical interaction strength is no limitation
here, as for any fixed Lipschitz continuous 1. we have 1. < 4¢? on X for all sufficiently
large c¢. Moreover, since the spectral properties of Schrodinger operators with §-potentials
are well studied, see for instance [3,44,45] and the references therein, one can deduce from
this approximation analysis some of the spectral properties of A): .0 and Azn for large val-
ues of ¢, as it is shown in one model example in Proposition 4 4.5. The theorem on the
nonrelativistic limit reads (in a simplified form) as follows:

Theorem 3. Let 1 : ¥ — R be a Lipschitz continuous function. Then it holds for any
Ae€C\R

-1
lim (A%~ (A +mc?)) "' = lim (A3, — (A+mc2))*':<—ﬁA+n62—x> (IS 8)

c—o0 c—$oo

and .
. —1 1 /0 0
by s = (i as3) (0 ).

where all limits are in the operator norm.

Let us discuss now the second main topic of this thesis. The motivation for studying Dirac
operators in domains Q C R? with some boundary conditions that make them self-adjoint
arise from several aspects: from the mathematical point of view they can be seen as the
counterpart of Laplacians with Robin type boundary conditions. Hence, one can expect
interesting spectral properties of these operators. From the physical point of view Dirac
operators with special boundary conditions are used to describe in relativistic quantum
mechanics particles (like gluons) that are confined to a predefined area or box. The most
important model in this context is the MIT bag model suggested in the 1970s by physicists
at the MIT to study the quark-gluon confinement, see [35-38, 50]; the MIT bag model
corresponds to the boundary condition (1.4) with 7 = 0. Moreover, in 2D Dirac operators
with special boundary conditions similar to the MIT bag boundary conditions are used in
the description of graphene, compare [26,27].

The mathematical literature on Dirac operators in domains contains different approaches.
In differential geometry there are several articles dealing with self-adjoint Dirac operators
on smooth manifolds, see for instance [8,9,61]. In dimension two the paper [66] from 1995
is remarkable, where Schmidt studied the Dirac operator with so-called zigzag boundary



conditions and showed, that (in the massless case) these operators are self-adjoint and
that zero is an eigenvalue of infinite multiplicity. This indicates that similar as for Dirac
operators with singular interactions there are some critical boundary values, for which
the associated operators have different spectral properties. Other publications in this field
are [26, 27] where the self-adjointness of Dirac operators for a wide class of boundary
conditions is shown. Note that the papers [26,27,66] have in common that a transformation
of R? to C and some methods from complex analysis are used. A recent paper on the
MIT bag operator in R3 is [4], where the self-adjointness of the corresponding operator is
shown via operator theoretic arguments and the asymptotics of the discrete eigenvalues are
computed for large masses.

Our motivation is to study the self-adjointness and the spectral properties of Dirac oper-
ators on domains in R3 with boundary conditions of the form (1.4) using boundary triple
techniques. The strategy used here is very similar as for Dirac operators with singular inter-
actions in Chapter 4 and we get comparable results. Assume that Q C R3 is a bounded and
sufficiently smooth domain or the complement of such a set, let 7 : dQ — R be Lipschitz
continuous, and define

AL f = (—ica-V+mc?B)f,

domA? = {f € H(QCY) : t(L+if(a-V)) flaa = (L +iB(a-V))BSloa}-
There are two reasons why we are interested in boundary conditions of the form (1.4): on
the one hand the orthogonal sum A‘T2 @A?‘ is of the form A%Sns with 1 and 7, depending
on 7 in a suitable form, compare Section 5.3.1. Hence A% can be seen as a Dirac operator
describing a particle actually living in R3, but which is confined to Q, which is of interest
in particle physics. On the other hand, the boundary condition (1.4) is a translation of the
boundary condition used in [26] to a boundary triple framework. In fact, in [26] similar
operators in R? with boundary conditions

(1.8)

[L+io3(0-v)cosn —sinnos|ulyq =0

for a Lipschitz continuous function 7 : dQ — R are studied. Here 0 = (07, 03) and o3 are
the Pauli spin matrices, see (3.2), and the notation o - v is the 2D analogue of (1.5). Using
a splitting

1 . 1 .
ulpo = 5(12 +i03(0 - V))ulga + 5(12 —i03(0 - V))ulyq =: Prulyg + P-ulyq,

i03(0 - V)Py = £Py, and P = 03P, 03 we see that these boundary conditions are the 2D

analogue of (1.4) for 7 = —%, if cosn(x) ¢ {0,1} for all x € IQ.

As already mentioned above, in a similar manner as for Dirac operators with singular
interactions there exist critical boundary values for which the spectral properties of the
corresponding operators A? are significantly different, namely

7(x)2=1 forsome xe Q. (1.9)
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In the case of non-critical boundary values the basic spectral properties of A? are inves-
tigated in Section 5.3. Clearly, they are significantly different whether Q is bounded or
unbounded and hence, we discuss them separately. In the following we will denote the
Dirac operator in Q with MIT bag boundary conditions by TI\%T, compare Section 5.1 for
its properties. If Q is the complement of a bounded domain then the basic properties of A?
are the following:

Theorem 4. Let Q C R? be the complement of a bounded and sufficiently smooth domain
and assume that (1.9) does not hold. Then A? is self-adjoint and the following is true:

(i) The essential spectrum of A is (—oo, —mc?] U [mc?, o).
(ii) The discrete spectrum of AL is finite.

(iii) (Ai2 — l) - (TI\%T — l) 3 is a trace class operator for any A € C\R.

The strategy for the proof of Theorem 4 is very similar as for Theorem 1: we prove a Krein
type resolvent formula that relates, in this case, the resolvent of A to the resolvent of T3 .
Then, the claims follow from perturbation arguments and of the regularity of functions in
domA$. Moreover, it is worth to mention that we can characterize the eigenvalues of A$

in (—mc?,mc?) with an abstract version of the Birman Schwinger principle.

If Q is a bounded domain, then domA$ C H'(Q;C*) is compactly embedded in L*(Q;C*)
and hence, the spectrum of A? is purely discrete:

Theorem 5. Ler Q C R3 be a bounded and sufficiently smooth domain and assume that
the condition (1.9) does not hold. Then A? is self-adjoint and G(A?) is purely discrete.

If we are in the situation of Theorem 5 then one can compute all eigenvalues of A2 with
the help of a modified Birman-Schwinger principle described in Proposition 5.3.5.

In the investigation of A? in the case of critical boundary values (1.9) we use similar ideas
as in the study of A%SYnS for critical interaction strengths described above. First, it turns out

that A? is symmetric, but not self-adjoint. Then we conclude, if T € {£1} is constant, that
the operator AS given as in (1.8) is essentially self-adjoint and we obtain some of the basic
spectral properties of the self-adjoint realization:

Theorem 6. Assume that T € {£1}. Then Agl defined by (1.8) is essentially self-adjoint,
the domain ﬂts self-adjoint closure is not contained in H 1(Q;(C4), and the essential
spectrum of Afﬁl is non-empty.

We would like to draw the attention of the reader to the last claim of Theorem 6. It turns
out for bounded domains Q that £mc? is an eigenvalue of infinite multiplicity of A%A
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At a first glance this result, which shows that the spectral properties of A2 can be com-
pletely different as in the case of non-critical boundary values, seems to be comparable
to Theorem 2, but a deeper look does not confirm this: in fact a super-symmetry in AL is
responsible for the appearance of the eigenvalue with infinite multiplicity and in contrast

to what we had for A%e:ns it appears for any geometry. Thus it seems that the reason for
these effects is different.

Let us shortly describe the structure of the present thesis. In Chapter 2 we provide some
preliminary material which is needed to formulate and prove our main results. We sum-
marize some basic notions of the spectral theory for linear operators in Hilbert spaces,
discuss quasi and ordinary boundary triples, introduce some function spaces, in particular
Sobolev spaces on the boundary of a bounded and sufficiently smooth domain, and collect
results on integral operators and mappings that are associated to the multiplication with a
Lipschitz continuous function. Then, in Chapter 3 we introduce the free Dirac operator in
R? and a minimal and a maximal Dirac operator on a domain Q C R3. In particular, we
will discuss several families of integral operators that are associated to Green’s function

for the free Dirac operator that will play a crucial role in the study of A%e,ns and A2,

In Chapters 4 and 5 we prove then the main results of this thesis. Chapter 4 is devoted
to A,Ek_’ns. After introducing boundary triples that are convenient to study Dirac opera-
tors with singular interactions, we define in Section 4.2 the operator A%m,,’S rigorously and
prove for non-critical interaction strengths the basic properties, that means Theorem 1.
Next, in Section 4.3 we study A%e«,ns for critical interaction strengths and show Theorem 2.
Eventually, Section 4.4 is devoted to the proof of Theorem 3.

The topic of Chapter 5 is then the operator A2, where we use a similar approach as in
Chapter 4. After collecting some properties of the MIT bag operator in Section 5.1 we
introduce in Section 5.2 boundary triples that we use later to define and study self-adjoint
Dirac operators on domains with boundary conditions. Next, in Section 5.3 we investigate
the operator A? in the case of non-critical boundary values and prove Theorems 4 and 5.
Finally, in Section 5.4 we verify Theorem 6 on Dirac operators on domains with critical
boundary values.






2 PRELIMINARIES AND NOTATIONS

In this chapter we provide some preliminary material that is needed to formulate and prove
the main results of this thesis. On the one hand we introduce some basic notions on the
spectral theory for linear operators in Hilbert spaces, quasi and ordinary boundary triples
and Schatten-von Neumann ideals. On the other hand, we discuss several function spaces
and results on the boundedness of special integral operators and mappings that are associ-
ated to the multiplication with Lipschitz continuous functions.

2.1 Linear operators and their spectra

In this section we collect several notations and properties of bounded and unbounded linear
operators in Banach and Hilbert spaces that will be used in this thesis. In particular, we
introduce the adjoint of an unbounded operator and fix notations concerning the spectral
properties of self-adjoint operators in Hilbert spaces. Most of the results presented in this
section are standard knowledge and can be found, for instance, in [51,62,67,71].

Throughout this section let X and Y be separable Banach spaces over the complex num-
bers. If 7 : domT — Y, where domT is a linear subspace of X, is a linear operator then
domT is its domain of definition and we denote the range and kernel by ran7" and ker 7T,
respectively. The set of all bounded linear operators 7 : X — Y is denoted by B(X,Y). If
X =Y, then we simply write B(X) := B(X,X).

If T is a closed operator in X, then the resolvent set and the spectrum of 7' are defined by
p(T):={A €C:T —Ais injective and (T-A)"'e B(X)}

and 6(T) :=C\ p(T). If T — A is not injective, then A is called eigenvalue of T and the
set of all eigenvalues is denoted by o, (7).

Let 90t be an open subset of C and let F : 9t — X. We say that F is holomorphic in A € 9t
if the limit
d F(A)—F
4 P4y = tim FAZFW)
di p—A A—u
exists in X. In the case that X = B(Y,Z) for some Banach spaces Y and Z, then many
well-known rules from complex analysis can be translated in a suitable way. In particular,

13
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if A(-),B(-) and C(-) are holomorphic operator-valued functions defined in a neighborhood
of A € C, then it holds by [20, equation (2.7)] for any k € N

d* kK dp d? d

W(A(A)B(/I)C(M): h PR ( )WB(/I)@

prarr—k P c(x). @1

Furthermore, if A(-) is boundedly invertible in a neighborhood of A, then it holds by [20,
equation (2.8)]

%(A(x)—l) = —A(A)“%A(A)A(l)‘l. (2.2)

Next, let (H,(-,-)s) and (X, (-,)x) be separable Hilbert spaces. Then the adjoint of a
densely defined operator A from H to X is defined on the set

domA* := {x € K:Ix" € H: (x,Ay)x = (x*,y)5 for all y € domA }

and acts as A*x = x*. Note that A* is well defined, as domA is dense in f];f It is well-known
that if A* is densely defined, then (A*)* = A and if A € B(H,XK) or A € B(H,X), then
A* € B(K,H).

A densely defined operator A in a Hilbert space H is called symmetric, if A C A*, and
self-adjoint, if A = A*. If A is self-adjoint, then 0(A) C R, for a symmetric symmetric
operator S the same holds true only for c,(S). Moreover, a symmetric operator is self-
adjoint if and only if

ran(A—A)=%H forall AeC\R. (2.3)

The last statement remains valid, if (2.3) holds for one A € R. For a self-adjoint operator
A the spectrum can be split into the discrete spectrum

Ggisc(A) := {4 € 6p(A) : A is isolated in 6(A) and dimker(A — 1) < oo}
and the essential spectrum
Oess(A) 1= 0(A) \ Cisc(A).

An important result from perturbation theory of linear operators says that the essential
spectrum is stable under (weak) compact perturbations, that means if A and B are self-
adjoint operators such that

A-2)"'=(B-2)"
is compact for some A € p(A) N p(B), then Cgss(A) = OCess(B)-
Finally, we introduce a special class of symmetric operators, the so called simple or com-
pletely non self-adjoint operators. Let S be a symmetric operator in a Hilbert space J{ and

let 3} be a closed subspace of H. Then J; is called invariant under S, if S(H;) C H;.
We say that S is simple, if for any orthogonal decomposition JH{ = I & H; such that I,
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and 3{; are invariant under S and Sy := S | H; is self-adjoint in 3{; it follows 3(; = {0}. It
is clear by this definition that a simple operator can not have eigenvalues, as S [ ker(S— 1)
is self-adjoint in ker(S — A) for any A € R. A useful criteria to check whether a given
symmetry is simple is the following: a symmetric operator S is simple if and only if

span{ f € domS*: (S*—A)f =0forad € C\R} =K, 2.4)

see for instance [53] or [24].

2.2 Quasi and ordinary boundary triples

In this section we give a short introduction to the theory of quasi and ordinary boundary
triples and their associated Weyl functions. Boundary triples are an important concept
in the extension and spectral theory of symmetric and self-adjoint operators in Hilbert
spaces. The presentation of the results in this chapter is chosen in a way such that they
can be applied directly in the main part of this thesis to define and study Dirac operators
with singular interactions and Dirac operators with boundary conditions on domains. For
a more general and detailed survey and proofs we refer the reader for instance to [17, 18,
30,39,40,48,67].

Throughout this section J is always a complex Hilbert space with inner product (-, -)q; if
no confusion arises, we skip the index in the inner product. We start with the definition of
quasi and ordinary boundary triples.

Definition 2.2.1. Let S be a densely defined closed symmetric operator in H and assume
that T is a linear operator in H such that T = S*. Moreover, let G be another complex
Hilbert space and let Ty, I'; : domT — G be linear mappings. Then {G,To,I'1} is called a
quasi boundary triple for S* if the following conditions are fulfilled:

(i) Forall f,g € domT there holds the abstract Green’s identity

(Tf,8)3c— (f,Tg)sc = (T'1f,Tog)s — (Lof,T18)s. (2.5)

(ii) I':= (Lp,I'1) :domT — G x G has dense range.
(iii) The operator Ag :=T | kerD'y is self-adjoint in H.

If additionally the mapping T = (I'y,T') is surjective in G x G, then {G,T0,I'1} is called
ordinary boundary triple for S*.
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If {G,Ty,T } is a quasi boundary triple for T = S*, then the symmetry S can be recovered
by
S=T | (kerTyNkerI'y),

see [17, Proposition 2.2], and the mappings ['p,I'; : dom7 — G are closable; if {G,o,I"; }
is an ordinary boundary triple, then I'g and I'; are even continuous. Note that the above
non-standard definition of ordinary boundary triples is equivalent to the usual one given
for instance in [30,48,67], see [17, Corollary 3.2]. Moreover, if {G,I,I'; } is an ordinary
boundary triple, then the operator T in Definition 2.2.1 coincides with S*. In contrast to
that, the operator 7 is in general not unique, if the dimension of G is infinite. Eventually
we remark that a quasi or ordinary boundary triple exists, if and only if dimker(S* —i) =
dimker(S* + i), that means if and only if S admits self-adjoint extensions.

The main idea of boundary triples is to define self-adjoint extensions of the underlying
symmetry S with suitable boundary/interface conditions in terms of the boundary mappings
I'p and I'y and to study the spectral properties of these self-adjoint extensions. As we will
see the spectrum of an extension of S is encoded in the so-called Weyl function associated
to the boundary triple. This family of operators shall be introduced next.

Let {G,T,I'1} be a quasi boundary triple for T = $* and let Ay := T | kerIy. The defini-
tion of the y-field and the Weyl function is based on the direct sum decomposition

domT = domAg+ker(T — L) =ker[y+ker(T — 1), A€ p(Ao), (2.6)

and it follows the definition of these objects for ordinary boundary triples from [39]. Note
that (2.6) implies, in particular, that T'g [ ker(7 — 1) is injective for A € p(Ap).

Definition 2.2.2. Let S be a densely defined, closed, and symmetric operator in H, let T
be a linear operator such that T = S* and let {G,T,T| } be a quasi boundary triple for S*.

(i) The vy-field associated to the triple {G,To,I'1 } is the mapping
p(A0) 3 A > () i= (T [ Ker(T— ).

(ii) The Weyl function associated to the triple {G,10,T'1 } is the mapping
P(Ag) 3 A M(A) :=T(Ty [ ker(T — 1)) ' =T1y(4).

The y-field is a densely defined operator in § and it maps boundary values ¢ € ranI’y C §
onto a solution f3 = y(4)@ of the boundary value problem

(T—-A1)f, =0, Tofy=0. 2.7

In this sense ¥(A) is a potential operator as it is often seen in applications, compare for
instance in [55]. In a similar flavour the Weyl function is a densely defined operator in §
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and it maps boundary values ¢ € ranI’y onto the second boundary value I'| f; , where f; is
again the solution of the boundary value problem (2.7). In this sense M(A) can be seen as
a generalized Dirichlet to Neumann map.

Some basic properties of the y-field which will be used later in the main part of this thesis
are summarized in the following proposition. The proofs of these statements can be found
in [17, Proposition 2.6] and [20, Lemma 2.4].

Proposition 2.2.3. Let S be a densely defined, closed, and symmetric operator in I, let T
be a linear operator such that T = S*, let {G,T0,T'1 } be a quasi boundary triple for S*, set
Ao :=T [kerD'g and let y be the associated y-field. Then the following assertions are true:

(i) For any A € p(Ao) the mapping Y(A) is densely defined on ranl'y and bounded
from G into .

(i) Let A,u € p(Ap) and @ € ranTy. Then

YA)e = (I+A—p)(A—2)")7(1)p.
In particular, the mapping p(Ao) > A — Y(A)@ is holomorphic and

d* _
Y Re =K (4 -2)"Y(R)g, keN.

(iii) The adjoint y(A)* : H — G is given by y(A)* =T (Ag— L)™', In particular y(A)* €

B(H,G), the mapping p(Ao) > A — Y(A)* is holomorphic and

o ke
diym =kl (Ag—A) %! keN
In the next proposition we state some useful properties of the Weyl function. For the proof
see for instance [17, Proposition 2.6] and [20, Lemma 2.4].

Proposition 2.2.4. Let S be a densely defined, closed, and symmetric operator in H, let T
be a linear operator such that T = S*, let {G,T0,T'1 } be a quasi boundary triple for S*, set
Ao :=T [ kerD'y, and let M be the associated Weyl function. Then the following assertions
are true:

(i) For any A € p(Ao) the mapping M(A) is densely defined on ranT'y and ranM(A) C
ranl’}.

(i) For A € p(Ap) and fj € ker(T —A) it holds M(A)Tof), =T f.
(iii) Let A,u € p(Ag) and ¢ € ranT. Then
M) =M(u)" ¢+ (A —m)y(u) v(A)e.

In particular, the operator M(A) is closable, M(A) C M(A)* and M(A) is symmetric
for A € p(Ag)NR.
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(iv) Let A,u € p(Ag) and ¢ € ranTy. Then

MA)p =M(I)e+ A - y() (1+ A - @) (Ao —2)"")r(u)e.

In particular, the mapping p(Ag) 3 A — M (L)@ is holomorphic and

dk
M (R)9 =KT1(A—2) “Y(A)e, keN.
Moreover, the mapping p(Ag) NR > A — (M(L)@, @)g is monotonously increasing.

In the main part of this thesis we will use boundary triples to introduce special extensions
of a symmetric operator S. For that let {G,Ty,I';} be a quasi boundary triple for T = S*
and let ¥ be a symmetric operator in §. Then we define the operator Ay acting in H by

Ay =T [ker(I'} — 9I). 2.8)

In other words, a vector f € domT belongs to domAy if it satisfies the abstract boundary
condition I'j f = ®Igf. It follows immediately from Green’s identity (2.5) that Ay is
symmetric, as it holds for f,g € domAy

(A f,8)3 — (f,As8)s = (T1f,Tog)g — (Tof,T18)g
= (8T0f,Tog)g — (Tof, ¥Tog)g =0

due to the symmetry of ¥ in §. Of course, one would be mostly interested in the self-
adjointness of Ay. But for general quasi boundary triples it does not hold that Ay is self-
adjoint, if ¥ is self-adjoint in G; such a statement is just true for ordinary boundary triples,
see Proposition 2.2.7 below. But it holds the very efficient theorem below which induces
a sufficient condition to show the self-adjointness of Ay and which gives us an explicit
Krein-type resolvent formula; for a proof of this result see for instance [17, Theorem 2.8]
or [18, Theorem 6.16].

(2.9)

Theorem 2.2.5. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T1} be a quasi boundary triple for T = S*, set Ag := T | kerDy, and let Yy and M
be the associated y-field and Weyl function, respectively. Moreover, let U be a symmetric
operator in G and let the associated operator Ay be defined by (2.8). Then the following
assertions are true for A € p(Ag):

(i) A € 0,(Ay) if and only if 0 € 6p(¥ —M(A)). Furthermore, it holds

ker(Ay —A) = {y(A)p: @ e ker(d —M(A))}.

(i) If A ¢ 0p(Ap), then f € ran(Ay — A) if and only if Y(A)* f € ran (& — M(A)).
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(iii) If A & op(Ay), then

Ay =)' f = (A= 2) " f+ () (0 —M(A) "' v(A) f
is true for all f € ran(Ay — A).

We would like to point out that assertion (ii) in Theorem 2.2.5 gives an efficient tool to
check the self-adjointness of Ay. Since Ay is symmetric by (2.9) it suffices to check
that ran(Ay —A) = H for A € C\R. According to Theorem 2.2.5 (ii) this is true, if
rany(A)* C ran (9 —M(A)).

In some applications it is more convenient to introduce self-adjoint extensions of S via
Ag =T [ker(I'o + BI'1), where B is a symmetric operator in §. Formally, one can write
A=Ay with ¥ = —B~!. In the same way as in (2.9) one sees that also A[p) is symmetric.
Moreover, one can show the following counterpart to Theorem 2.2.5, see for instance [19,
Theorem 2.8].

Theorem 2.2.6. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T'1} be a quasi boundary triple for T = S*, set Ag :=T | ker['y, and let y and M be
the associated y-field and Weyl function, respectively. Moreover, let B= B* € B(S) and
set A :=T [ ker(T'o+ BT'1). Then the following assertions are true for 1 € p(Ao):

(i) A € op(Ajp)) if and only if O € op(I+BM(A)). Furthermore, it holds
ker(Ajg—A) ={y(A)¢: ¢ € ker(I+BM(1))}.

(i) If A & op(Ajg)), then f € ran (A — ) if and only if By(A)* f € ran (I +BM(1)).
(iii) Ifk §é Gp(A[B]), then

(A —A) "' f = (A=) F=v(A)(I+BM(2)) " 'BY(A) f
is true for all f € ran (Ajg — A).

Eventually, if {G,T,I'1 } is an ordinary boundary triple, then proving self-adjointness of
extensions Ay is simpler as in the case of quasi boundary triples, as self-adjointness of Ay
corresponds then one to one to self-adjointness of ©¥. Some important statements, that are
used later in this thesis, are summarized in the following proposition; for a proof of this
result see for instance [39,40] and [30, Theorem 1.29 and Theorem 3.3].

Proposition 2.2.7. Let S be a densely defined, closed, and symmetric operator in J, let
{G.T0,I'1} be an ordinary boundary triple for S*, set Ag :==T | kerL'o, and let v and M
be the associated y-field and Weyl function, respectively. Moreover, let U be a symmetric
operator in G and let the associated operator Ay be defined by (2.8). Then ¥ is (essen-
tially) self-adjoint in G, if and only if Ay is (essentially) self-adjoint in H. Moreover, if ¥
is self-adjoint, then the following items are true:
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(i) A € 6(Ap) ifand only if0 € o(¥ —M(A)).
(il) A € 0p(Ayp) ifand only if 0 € op(S —M(A)). Furthermore, it holds

ker(Ay —A) = {y(A)p : ¢ € ker(d —M(A))}.
(iii) Ae O-disc(Aﬂ) ifand only lfO S Gdisc(ﬁ —M(l))

If {G,T,['1} is a quasi boundary triple for S*, then Theorem 2.2.5, Theorem 2.2.6, and
Proposition 2.2.7 show how the eigenvalues A ¢ p(Ap) of self-adjoint extensions of S
can be characterized by the Weyl function M. If the symmetry S is simple, then one can
do something similar for all eigenvalues, that means also for those that are embedded
in 6(Ap), compare [24, Corollary 3.4]. Note that there are also similar characterizations
for the other types of the spectrum available in [24], but in our applications we restrict
ourselves to find the eigenvalues.

Proposition 2.2.8. Let S be a densely defined, closed, and simple symmetric operator in H,
let {G,To,T'1} be a quasi boundary triple for T = S*, set Ay := T | kerD'y, and let y and M
be the associated y-field and Weyl function, respectively. Moreover, let ¥ be a bounded and
self-adjoint operator in G and assume that the associated operator Ay defined by (2.8) is
self-adjoint. Then A is an eigenvalue of Ay if and only if there exists @ € ran (M (1) — 0)
satisfying
. . -1
limie(M(A +ie)— 0 0.
Jlim 7 (M(A+ie)—9) @#
Proof. Define the boundary mappings 1"19,1"}9 :domT — G by

[Jf:=01f-0Tof and TVf=-Tyf, fe&domT.

We claim that {9,1"69 ,F?} is a quasi boundary triple for $* with the additional property
T [kerrg = Ay. In fact, using that ¥ is bounded and self-adjoint we deduce from the
Green’s identity for {G,I,I'; } and for f,g € domT

(Tf7g)g’f - (fa Tg)g( = (F1f7r0g)J - (r0f7rlg)9 - (6F0f7 rog)S + (ro.fa ﬁrog)g
= (=Tof,(T1 = 9T9)g) g — ((T1 — ¥T0)f,~Tog)g
= (7 f.T8)g— (T8 £.T78)s,
2.10)
that means Green’s identity holds also for the triple {G,Ty,I'?}.

Next, the definition of Fg , F? can be written equivalently as

()=s) =)
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Since ¥ is bounded, we deduce that B is boundedly invertible with

1. (0 -1
et ).
Since ran (g, Ty ) is dense in G x § this implies that also ran (I'y,I'?) is dense. Finally, 7 |

ker(Iy) =T | ker(I'y — 9T) = Ay is self-adjoint by assumption. Therefore {G,I'3,I'V}
is a quasi boundary triple for S*.

Next, we compute on C \ R the Weyl function M? corresponding to the triple {3, Fg , 1"}9}.
For a fixed A € C\R this is the mapping which is determined uniquely by the relation
M’S(l)l"gfk = F?f;t for f; € ker(T — A). We compute for such an f; € ker(T — 1)

LY fo = (D1 —0L0) fo = (M(A) — 9)Lofy = —(M(A) — 9)IT £ 2.11)

Note that M(A) — ¥ is invertible by Theorem 2.2.5, as otherwise the self-adjoint operator
A would have the non-real eigenvalue A. Thus, we conclude

MP(A) = —(M(A)—v) .

After all these preparations the claim of this proposition follows from [24, Corollary 3.4]
applied to the quasi boundary triple {G, Ty, T}, as S is simple. O

In the next proposition we state a similar result as in Proposition 2.2.8 for ordinary bound-
ary triples and unbounded parameters ¥:

Proposition 2.2.9. Let S be a densely defined, closed, and simple symmetric operator in H,
let {G,T0,T'1} be an ordinary boundary triple for S*, set Ao := S* | ker@y, and let v and M
be the associated 7y-field and Weyl function, respectively. Moreover, let ¥ be a self-adjoint
operator in G. Then A is an eigenvalue of Ay if and only if there exists @ € ran (M (1) — ¥)
satisfying
- . -1
él{%ze(M(l +ig)—0) @ #0.

Proof. The proof of this result is very similar as the one of Proposition 2.2.8, hence, we
only indicate the differences in the verification. We set 7% := §* | (domAg +domAy) and
define the mappings F”,F? :domT? — G by

[Yf:=T1f—0Tof and TVf=-Tof, fe&domT?.

We claim that {&Fg ,F?} is a quasi boundary triple for $* with the additional property
T? [ker[§ = Ay.
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It is simple to see that § = §* [ (domAgNdomAy). Hence, it follows from [22, Proposi-
tion 2.9] that T? = S$*. Next, Green’s identity for {G, Fg , 1"}9} can be shown in exactly the
same way as in (2.10). Furthermore, T'? | ker Fg = Ay is self-adjoint by Proposition 2.2.7.

So it remains to show that ran (I'y,I'?) is dense in G x . Assume that (@, y) € §x G
fulfills for all f € domT?

0= (@,T8f)g+ (¥.TT f)g = (@, (Tt = 8T0) f)g — (¥, Tof)s- 2.12)

This implies, in particular, (¢,T';f)g = 0 for all f € kerI['y. Since {G,I,I';} is an ordi-
nary boundary triple it holds I'j (kerI'y) = G and therefore ¢ = 0. Thus (2.12) reduces to
(v,Iof)g=0forall f €dom T?. Using now that dom T'? is dense in dom S* with respect
to the graph norm induced by $* and I'y is continuous, it follows from the surjectivity of
I’y that also y = 0. Therefore ran (F (’)9 ,F?) is dense in § x G and we have shown that
{G,I'y,T'?} is indeed a quasi boundary triple for S*.

Finally, in the same way as in (2.11) one shows that the value of the Weyl function associ-
ated to the triple {G,I'J,I'?} for L € C\Ris

MP(A) = —(M(A)—v) .
Hence, since S is simple by assumption, we deduce the claim of this proposition again
from [24, Corollary 3.4] applied to {G, T3,V }. O

In the rest of this section we describe a construction introduced in [23] which allows under
some assumptions to transform and extend a given quasi boundary triple to an ordinary
boundary triple. This procedure will be very useful to study Dirac operators with critical
interaction strengths or boundary values. Assume that S is a densely defined, closed and
symmetric operator in H and that {G,T,T'1} is a quasi boundary triple for T = S*. We
define the sets

% :=ran (o [ ker['}) and ¢ :=ran(I | kerD). (2.13)

The main idea from [23] is the following: under the assumption that ¢; (or %) is dense in
G one endows this space with a suitable topology and extends then the boundary mapping
Iy (or I'}) to a mapping having values in the anti-dual space ¢, (or ¥, respectively).
The first important step in this construction is to find a suitable topology on ¥, see [23,
Proposition 2.9 and Proposition 2.10]. We set

A= Tm M) = 2 (M(E) —~ M(=0)) = 7(0) ¥(0), (2.14)
where the last equality follows from Proposition 2.2.4 (iii); note that the operator on the
right hand side is non-negative.
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Proposition 2.2.10. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T'1} be a quasi boundary triple for T = S* with Weyl function M and let A be given
by (2.14). Assume additionally that 9, given by (2.13) is dense in G. Then AV/?: G — 4
is an isometry and 9, endowed with the inner product

(@, W)g = (Ao A Py), oy e, 2.15)

is a Hilbert space. Moreover, all norms || - || such that (41,]| - ) is a reflexive Banach space
continuously embedded into G are equivalent to the norm induced by (2.15).

In the following we assume that ¢ is dense in G. Then {¥}, 9,%1’ } forms a Gelfand triple
and making use of the operator A we can find suitable expressions also for the duality
product in ¢ x 4;. We set

L=A"29 0. (2.16)

Via some standard constructions for Gelfand triples the operator A2 can be extended to

an isometry
L9 =G, 1 1G=AY2 (2.17)

Eventually, the duality product in %, X ¢ can be expressed by
(@ W)gixg, = (-0, 1Y), @EG Y EG. (2.18)

This choice of the duality product has for ¢ € § C ¢/ and v € ¢, the useful property
(0. V)gix, = (A2, A7 2y)5 = (9,9)s, (2.19)

as A'/2 is a bounded and self-adjoint operator in G.

After these preliminary considerations about the space ¢; and its topology we extend now
the boundary mappings I'y and I'y to bounded mappings from domS$* onto ¢/ and ¥,
respectively. This result is proven in [23, Proposition 2.10 and Corollary 2.11].

Proposition 2.2.11. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T1} be a quasi boundary triple for T = S*, and let %y and %, be given by (2.13).
Then the following assertions are true:

(1) If 49 is dense in G, then Ty has a unique surjective and bounded extension
Lo : (domS% |- [ls+) = 4.
(i) If % is dense in G and the operator Aw :=T | kerD'} is self-adjoint in H, then T’
has a unique surjective and bounded extension

Ty : (domsS™,||-[|s-) — %
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Under the assumptions of the previous proposition also the y-field and the Weyl function
associated to the quasi boundary triple {G,I'o,I'; } have natural extensions, see [23, Defi-
nition 2.14] and the following discussion.

Proposition 2.2.12. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T'1} be a quasi boundary triple for T = S* with y-field y and Weyl function M, set
Ag:=T [ kerDy, and let Gy and 4 be given by (2.13). Then the following is true:

(i) Assume that 4 is dense in G and let A € p(Ag). Then yY(A) has a bounded extension

F(A) = (To T ker(S* = 1)) " - 9 — 3.

(ii) Assume that 9y and 4, are dense in G, that A := T | kerI'y is self-adjoint in H, and
let A € p(Ag). Then M(A) has a bounded extension

M) :=T17(A) =T (To [ ker(S* = 2)) 14 = 4.

Finally, making use of the extended boundary mapping I one can transform the originally
given quasi boundary triple to an ordinary boundary triple, compare [23, Theorem 2.12].
Recall that for Ag = T | kerI'p and u € p(Ap) there holds the direct sum decomposition

domS* = domAy+ker(S* — ).

Theorem 2.2.13. Let S be a densely defined, closed, and symmetric operator in H, let
{G,T0,T1} be a quasi boundary triple for T = S* such that 4, given by (2.13) is dense
in G, and set Ao :=T | kerT'g. Moreover, let 1, and 1- be defined by (2.16) and (2.17),
respectively, and assume that there exists some |1 € p(Ag) NR. Let Iy be the extension
of Ty from Proposition 2.2.11 and define the mappings Yo, Y : domS* — G by

Yof :=1_Tof, Yif:=10.Tifo, f=fo+g€ domAp+ker(S* — 1) = domS*.

Then {G,Y0,Y1} is an ordinary boundary triple for S* with the additional property that
S* TkerT'g =T [ ker['g = Ap.

Let {G,I0,I'1} be a quasi boundary triple for $*, assume that %) and ¢, are dense in §
and that A. := T [ kerI'j is self-adjoint in H. Then the y-field B and the Weyl function
M associated to the ordinary boundary triple {G,Yo,Y;} from Theorem 2.2.13 are given
by

BA)=7(A)n=! and M(A)=1, (M(l) —1\7[(,u))l:1 (2.20)

for A € p(Ao) and 1 € p(Ap) NIR chosen as in Theorem 2.2.13, where 7 and M are given
as in Proposition 2.2.12, compare [23, equation (2.17)].
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Eventually, assume that S is a densely defined, closed, and symmetric operator in J{, that
{G,T,T’1} is a quasi boundary triple for 7 = S* and that all assumptions of Theorem 2.2.13
are fulfilled. Choose i € p(Ap) NR as in Theorem 2.2.13, let ¥ be a symmetric operator
in G, and define

O)¢: =1.(0—M(u))"'p,

4 . (2.21)
dom®(¥) ={@ e G:1"'¢ €dom(d—M(u)) and (9 —M(u))1"'p € % }.
Then by [23, Corollary 3.5] it holds
ker(I'y — 9T) = ker(Y| — O(9)Y). (2.22)

In view of Proposition 2.2.7 this yields that Ay := T [ ker(I'} — 917) is (essentially) self-
adjoint, if and only if ®(9) is (essentially) self-adjoint.

In a similar flavour, if additionally to the assumptions of Theorem 2.2.13 also % is dense
in §, M denotes the extension of the Weyl function M from Proposition 2.2.12 and ¥ is a
linear operator from & to &, then

ker(I'y — 9T) = ker(Y] — O(9)Yo), (2.23)
where

O(9)g:=1,(0—M(u) e, 220

dom®(¥) ={peG: 1='o e dom (% —M(p)) and (O —M(p))i"'p e 4},
compare [23, Corollary 3.8]. The last two formulae are an extension of (2.21) and (2.22)
and they will be particularly useful in the study of Dirac operators with singular interac-
tions of critical interaction strength and of Dirac operators with critical boundary values
in the main part of this thesis. Again, it will be used that Ay := S* | ker(I'j — 0I) =
S* [ ker(Y] — ©(19)Yp) is (essentially) self-adjoint if and only if @(13) is (essentially) self-
adjoint in G.

2.3 Sobolev spaces

In this section we introduce the function spaces which are used to formulate and prove
the main results of the present thesis. First, we state the notations for classical function
spaces how they are used here. Then, we introduce Sobolev spaces of weakly differentiable
functions on domains. Finally, we also discuss spaces for functions acting on the boundary
of bounded and sufficiently regular domains. The presentation in this section follows [55];
more details can be found for instance also in [1,54].
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Let Q c RY, d € N, be an open set and k € NU {e}. Moreover, assume that K is either
R",C", n € N, or any space which is isomorphic to one of these sets. Then we denote the
space of k times continuously differentiable functions f : Q@ — K by C¥(Q:K). The sym-
bol Cy’(€;K) stands for the space of infinitely many times differentiable and compactly
supported functions. Moreover, we define

C*(QK):={fQ: f € CF(R:K)}.

For a multi index o = (@, ...,07)" € N¢ we write || := Y'{_, o4 and for f € CK(Q;K)
and o € N¢ with o] < k we set

As usual L2(Q;K) is the Hilbert space (of equivalence classes) of square integrable func-
tions defined on Q with values in K endowed with the inner product

(f.90a:= [ ) g0

the corresponding norm is denoted by || - || .

We say that a function f € L?(Q;K) is weakly differentiable of order o € Ng or differen-
tiable in the distributional sense if there exists some g € L>(Q;K) such that

fr%par= (=0 [ ¢-par

holds for all ¢ € Ci(;K). In this case we write D* f = g. The Sobolev space of order
k € N is then defined as

HY(QK) = {f € X(QK): D*f € A(Q:K) Va e N¢ : o] < k} . (2.25)
If one endows H*(Q;K) with the inner product

(f-Qmar) = Y, (D*f.D%)q,  f.g€H QK), (2.26)

Jot| <k

then H*(Q;K) is a Hilbert space; the corresponding norm is denoted by || - || Hk(QK)- An
important subspace of H*(Q;K) is given by

HY(@:K) = G (@) i,

Roughly speaking H(€;K) consists of functions in H*(€;K) with vanishing boundary
values (a justification for this is given in Proposition 2.3.3 below).
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In order to introduce Sobolev spaces of real order recall that the Fourier transform is the
unitary operator F : L2(R%;K) — L2(R%;K) which acts on f € C7(R%;K) as

1 —iry
W/]Rde WY f(y)dy, xeRY,

W=

Then we define for areal s > 0
HY(R%K) = {f e X(RGK) : (14 2)2Ff e LZ(R";K)} . 2.27)
If we endow H*(R?;KK) with the inner product
8oy = [ (I IPITS0)- Tedv,  fge HREK),  @28)

then H*(R%;K) is a Hilbert space. We point out that for s € N the definitions of H*(R%;K)
in (2.25) and (2.27) are the same and the associated norms induced by (2.26) and (2.28)
are equivalent.

In the rest of this section we discuss suitable function spaces on the boundary dQ of a
domain  C R?. This is only possible, if the domain satisfies some further smoothness
condition. For k € N we say that a set Q@ C RY, d > 2, is a Ck-hypograph, if there exists a
function A € CF(R?~1;R) such that

Q={x=,x) eR: ¥ eRI"! x; < A(X)}.

In a similar way we say that Q is a Lipschitz hypograph, if A is Lipschitz continuous. With
the help of this notion we are prepared to introduce Lipschitz and C*-domains.

Definition 2.3.1. Let d,k € N with d > 2. Then Q C R? is called a C*-domain or a C*-
smooth domain, if dQ is compact and if there exist an | € N and open sets 1, ...,Q; and
Wi, ..., W, with the following properties:

() oQc Ui, w,
(ii) Q; can be transformed by a rotation to a C*-hypograph, j € {1,...,1}.
(iii) WjﬂQj :meQ., JjE {1,,[}

In a similar way as in Definition 2.3.1 one defines Lipschitz domains by replacing C*-
hypographs by Lipschitz hypographs.

The boundary of a C¥-domain € can be parametrized in the following sense: by point (ii)
in Definition 2.3.1 there exists for any j € {1 1} ack- mapping Aj ‘R 5 RY such
that A;(R9™") = 9Q;. We define U; := A (aQ) and A;:= A; | U;. Then A;(U;) C W;
by Definition 2.3.1 (iii). We say that {A;, UJ,WJ }j:] is a parametrization of dQ.
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An important quantity describing the geometry of a hypersurface dQ is its associated first
fundamental form. If {A;,U;, Wj}l/-:1 is a parametrization of dQ, then the first fundamental
form is a family of matrix valued functions given by

1

G Uy = RN Giu) = (D Aj(u), du A ) g Ly G € {1,000}, (2.29)

where (-,-) denotes the inner product in R?. The matrix G j is always symmetric and
positive definite.

In the following assume that Q C R is a Lipschitz domain in the sense of Definition 2.3.1
with parametrization {A;,Uj, Wj}lj:1 as it is described above. The next goal is to introduce

a suitable notion of an integral on dQ. Let { xj}é-:l be a partition of unity subordinate to
{Wj}ljzl, that means that {x1,..., %} is a subset of C5(R%;K) such that 0 < x; < I,

suppy; C W; for j e {1,...,1} and 23:1 xj(x) =1 for all x € dQ. Now we can define the
Hausdorff measure ¢ on dQ via

o(B):= Zl/ detG;(u)du

for any Borel set B. One can show that ¢ is a finite Borel measure, compare [54, Ap-
pendix C.8]. We say that a function ¢ : dQ — C is integrable with respect to o if
(xj-®)oAj/detG| is integrable for all j € {1,...,/}. In this case, the integral of such a
function is defined as

!
/m pdo ::E1 '/R{H(xj-(p)(Aj(u))g/deth(u)du, (2.30)

where (- @)oA; is extended onto R¢~! by zero. We would like to point out that the
above definitions of the integral and of the measure ¢ are independent of the choice of the
parametrization of dQ.

With the Hausdorff measure on dQ it is natural to define L?>(9Q;K) := L?(dQ;K,do).
Eventually, if Q is a Ck-domain for some k € N, then we define for 0 < s < k the Sobolev
space H*(dQ;K) on the boundary by

H(0Q;K) := {(p € L*(IQK) : (x;9) o/~\j € H*(RLK) for j € {1,...,1}}.

If we endow this space with the inner product

l
(@, ¥)ms@amx) = L ((69) o A; (W) o A)) yoga 1), 9 W € H(OQK), (231)
j=1
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then H*(9Q;K) becomes a Hilbert space. Note that different parametrizations of d<Q lead
to different inner products in (2.31), but the induced norms are equivalent. If s € (0,1)
then another equivalent norm is given by the Sobolev-Slobodeckii norm

2 , 2 o) —e)? 590,
9120k -=||<p\bg+/m/wmd“(x)d0(ﬁ7 ¢ € H'(IQK). (2.32)

For ¢ € H'(Z;K) we will denote sometimes by V¢ the surface gradient or tangential
derivative of ¢ which is given in local coordinates by

2
(Vs)n(P: Zgnkauk(p7 ne {172}7
k=1

where g"* denote the entries of (G j)‘l and G; is the first fundamental form defined
by (2.29).

Finally, for —k < s < 0 we define
H*(0Q;K) := (H*(0Q:K))',
that means H*(9Q;K) is the dual space of H5(dQ;K).

Clearly, by definition we have H*(dQ;K) C H'(dQ;K), if t < s. In the following propo-
sition we state the important fact that the associated embedding is even compact:

Proposition 2.3.2. Let Q C RY, d > 2, be a C*-domain in the sense of Definition 2.3.1
for some k € N and let —k <t < s < k. Then, the embedding H*(dQ;K) — H'(dQ;K) is
compact.

The importance of the Sobolev spaces H*(9€;K) on the boundary of a set Q C R? comes
from the fact that, roughly speaking, the boundary values of functions in H*t1/2(Q;K)
belong to this space. This result is formulated precisely in the form that we need in the
following theorem:

Proposition 2.3.3. Assume that Q C R4 d > 2, is a C'-domain. Then there exists a
bounded and surjective operator Tp : HY(Q;K) — HY2(0Q;K) such that tpf = fq for
all f € CY(Q;K)NH' (Q;K). Moreover, it holds ker tp = H} (Q; K).

Usually, we will write f|;q 1= tpf for f € H'(Q;K).

Using the fact that C*(Q;K) is dense in H'(Q;K), see for instance [55, Theorem 3.25],
it is not difficult to show the following extension of Green’s first formula: if Q is a C'-
domain with normal vector field v = (vy,..., vd)T pointing outwards of Q, j € {1,...,d},
and f,g € H'(;K), then

/Qf‘(ajg)dx= /ag ij|ag'g\aszd0*/g(9jf) -gdx. (2.33)
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2.4 Abstract results for integral operators

In this section we provide a short overview over basic results on integral operators. As
we will see in the main part of this thesis, the y-fields and the Weyl functions associated
to boundary triples suitable to define and study Dirac operators with singular interactions
and Dirac operators on domains are some special integral operators. Hence, in order to
apply the abstract results summarized in the previous Section 2.2 some basic knowledge on
integral operators is required. The presentation in this section follows [11, Appendix A],
but there is also some additional knowledge on singular integral operators added. The
results are formulated such that they can be applied directly in the main part of the thesis.

Let (X,u) and (Y, V) be o-finite measure spaces and let n € N. We say that a bounded
operator T : L?(Y,v;C") — L*(X, u;C") is an integral operator, if there exists a measurable
function 7 : X x ¥ — C"*" such that

Tf(x) :/t(x7y)f(y)dv(y)7 xeX, fel}(Y,viC).
Y
First, we formulate the Schur test. This is an important result to show the boundedness of

integral operators acting between L2-spaces. Its proof can be found, for instance, in [51,
Example III 2.4] or [71, Satz 6.9].

Proposition 2.4.1. Ler (X,1) and (Y,v) be G-finite measure spaces, let n € N and let
t: X XY — C"™" be u x v-measurable. Assume that there exist measurable functions
t1,t: X XY — [0,00) such that |t|* < tity almost everywhere and constants ki, K, > 0 with

[ n(endue <, ye¥, ad [ n@yave) <. cex.
b'e Y
Then the operator T : L*(Y,v;C") — L*(X, u;C") acting as

TS = [ 1) avD). veX, f eI viT),

is well-defined and bounded with ||T||> < k1%. In particular, if (X,p) = (Y,v) and
t1(x,y) = t2(y,x) for almost all x,y € X, then ||T|| < k.

In the following we apply the Schur test in the situations that X and Y are either a subset Q
of R?, d € {2,3}, with compact C2-smooth boundary equipped with the Lebesgue measure
or a C?-smooth compact surface ¥ equipped with the Hausdorff measure ¢. For that we
need an auxiliary result on the integrals of special functions. To prove these estimates,
recall that for any ro > O there exists a constant K > 0 such that

G(ZNB(x,r)) < kri™! (2.34)

forall0 < r<rgpandall x € R4, see for instance [10, Lemma A.3].
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Lemma 2.4.2. Let d € {2,3} and let © C R? be the boundary of a compact C*-domain.
Then the following assertions hold:

(i) Define for k,R > 0 and s € (0,d) the function

X[ X <R, d
= R\ {0}.
T(x) {ek‘x7 ‘X| >R, xe \{ }

Then there exists a constant K = K (s, k) > 0 such that
[ ete-nay <k
Rd

forall x € R4

(ii) Let s € (0,d — 1) and ry > 0 be fixed. Then there exists a constant K = K(s,X) > 0
such that

/ (14 x—y[*)do(y) <kr '™
TNB(x,r)

forall x e RY and all r € (0, rp).

Proof. (i) Let x € RY be fixed. Using the translation invariance of the Lebesgue measure
we obtain

rfd:/rfdz/ ’sd+/ —kllgy,
/R L Tlr—y)dy i (=y)dy o) [y|~*dy e sion) y

Since the integrals on the right hand side of the last formula are independent of x and finite
for s € (0,d), the claim of assertion (i) follows.

(ii) First, in view of (2.34) it is clear that

/ 1do(y) = 6(SNB(x,R)) < Kré=! < k=15,

JENB(x,r)
Hence, it remains to find an estimate for [y, [x —y|*do(y). Letx € R9 be arbitrary,
but fixed. Define for n € N the sets

Api={yeX:r27"<|x—y| < r27"+1}.
Then XN B(x,r) = U, A, and it holds for any y € A,
‘xiyrs < s,

From this we obtain

' — | da(y) = / L ydo(y) < Y / do(y).
Jorg 70001 = B [ el o) < B2 [ dot)
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Employing (2.34) we have 6(A,) < (XN B(x,r27"t1)) < k412 D=1 This im-
plies finally

/ |x—y\7s < Krdflfs i 2(sfd+1)n.
JENB(x,r) - n=1

Since s € (0,d — 1), the last sum is finite and we have the claimed result. O

Using the Schur test and the results from Lemma 2.4.2 we show now the boundedness of
several families of integral operators with special integral kernels belonging to O(|x—y| ™)
and we obtain estimates for their operator norms.

Proposition 2.4.3. Lerd € {2,3}, let Q C R? be open, let n € N and let t : RY — C"™ " e
a measurable function. Assume that there exist constants K),k>,R > 0 such that

W' x <R,

d
,Kz\x\7 |x| >R, x€eR \{0}

e

t(x)| < K {
Then the operator T : L? (Q;,C") — L2(Q;(C”),

T = [ =i xeQf eL(@:C),

is bounded and everywhere defined with ||T|| < k1K for some K = K(x3) > 0.

Proof. Define for x € R\ {0}

1 {|x1d, <R

T(x) = K
() e Rl |x| >R,

and 11 (x,y) = f2(y,x) = T(x —y). Then by Lemma 2.4.2 (i) there exists a constant K such
that

./Qtl(x,y)dx < ./]RJII(X,y)dx = ./Rd T(x—y)dx < K K

for all y € Q. Hence, all claimed statements follow from the Schur test (Proposition 2.4.1).
O

Proposition 2.4.4. Let Q C R3 be a domain with compact C*-smooth boundary 09, let
n € Nand let t : R® — C™" be a measurable function. Assume that there exist constants
K1, K2,R > 0 such that

X2, Xl <R,
[t(x)| < x {e"”' x| > R X € ]R3\{0}.
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Then the operators Ty : L*(9Q;C") — L*(Q;C"),
Tipl)i= [ 1x-)p()doy), xeQpeXO2:C"),
and Ty : L2(Q;C") — L*(9Q;C"),
Tof()i= [ ey sl xe0.r e L(@:C7),
are bounded and everywhere defined with | Ti ||, || T2|| < 1K for some K = K(k,dQ) > 0.

Proof. We are going to prove the claim for 77, the statement for 7, follows then by taking
adjoints. Define for s € (0,1) and x € R3\ {0} the functions

W72, x <R,
T1(X) := K
1) ]{eK2|x|7 x| >R,

and
Tz(x) =K K3‘X|72+s

where &3 > 1 is chosen such that e 2l < ig;|x| 72 for x| > R. Set 1;(x,y) := 7j(x —
y), j€{1,2}, for x € Q and y € Q. Then |¢(x,y)|* < #1(x,y)t2(x,y). Moreover, by
Lemma 2.4.2 (i) there is a constant K| = K; (kz,s) such that for all y € dQ

/tl(x,y)dxg/ tl(x,y)dxg K'1K1.
Q R4

Similarly, by Lemma 2.4.2 (ii) there exists K» = K»(dQ, k»,s) such that for all x € Q

/ H(x,y)do(y) < kK.
Jag

Therefore, the Schur test (Proposition 2.4.1) implies the boundedness of 77 and the esti-
mate for its operator norm. O

Proposition 2.4.5. Let ¥ C R3 be a compact and closed C*-smooth surface, let n € N and
let t : R3 — C™" be a measurable function. Assume that there exists a constant K > 0
such that

t(x)] < k(1+]x7"), xeR¥\{0}.

Then the operator T : L*(;C") — L*(X;C"),

Tow):= [1e=)p()do0), ve.geHEmO,

is bounded and everywhere defined with ||T|| < kK for some K = K(X) > 0.
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Proof. Define for x € R3\ {0}
t(x) =k (1+[x[)

and #1(x,y) = ,(y,x) = T(x —y). Then by Lemma 2.4.2 (ii) there exists a constant K such
that

/ 11 (x,y)do(x) = / (x—y)do(x) < KK
Xz X

for all y € X. Hence, all claimed statements follow from the Schur test (Proposition 2.4.1).
O

Eventually, we discuss in the next proposition a special singular integral operator. With
the help of Proposition 2.4.5 it will allow us to understand a boundary integral operator
in Section 3.2 below that plays a crucial role in the study of Dirac operators with singular
interactions and Dirac operators on domains. The result can be found for instance in [S5,
Lemma 3.3].

Proposition 2.4.6. Let j € {1,2,3} and let L C R3 be a compact and closed C?-smooth
surface. Then the operator T : L*(X;C) — L*(Z;C),

. -y
T = hm/ J 2
.l(p(x) N0 J3\B(xe) |x—y\3

is well-defined and bounded.

o()do(y), xeX,@el*(%C),

2.5 Multiplication operators in Sobolev spaces

In this section we state two results on operators that are associated to the multiplication
with a Lipschitz continuous function. First, we have the following standard mapping prop-
erty.

Lemma 2.5.1. Let £ be the boundary of a bounded Lipschitz domain and let 1 : £ — C
be Lipschitz continuous. Then for any s € [—1,1] the associated multiplication operator in
H*(X;C) is well-defined and bounded.

Proof. We show the claim for s = 1, from this the statement for s = —1 follows by duality.
Eventually, the result for intermediate values s € (—1,1) can be shown then by a standard
interpolation argument.

Since 1 is Lipschitz continuous, it is weakly differentiable and the weak derivatives belong
to L*(X;C). Then, for ¢ € H'(Z;C) the surface gradient of ¢ is

Vi) = (Vsm)e+n(Vso).
Since 17, V1 € L*(X;C) the claim of this lemma follows. O
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Next, we discuss how one can approximate the multiplication operator with a Lipschitz
continuous function 7 in H'/2(X;C*). We are going to apply this result if 17 admits the
value zero, in this case the zero sets of the functions 7 defined in the proposition below
are non-trivial.

Proposition 2.5.2. Let L C R> be the boundary of a bounded Lipschitz domain, let 1 :
Y — R be Lipschitz continuous and define for € > 0

Ne :=(N—¢€)+ — (=N +&)- =max{n —¢,0} +min{n +¢,0}.
Then the multiplication with M gives rise to a bounded operator in H'/2(£;C*) and for
anyt € (0,3) there exists a constant k = k(t) > 0 such that

(M =e) @l 125,00y < KE Nl g1/2(5,08) (2.35)

holds for all @ € H'/2(Z;C*).

Proof. In this proof x will denote a generic constant that will have different values at
different places. Let s € (0,1) be fixed. In order to prove this proposition we use the
equivalent Sobolev-Slobodeckii norm from (2.32), that means we show that there exists a
constant K > 0 such that

[(n —=7e)9)(x) — (N —ne)@) )I?
In=neold+ [ [ o doWdat) 26
< ke'” SH‘P“WI/Z(y_;U)

for all ¢ € H'/2(Z;C*), which yields then the claim.
First, since | — 1n¢| < € on £ we have
(0 —ne)ollz < ell@]s (2.37)
The estimate of the double integral in (2.36) is more delicate. We define the sets
ii={xeX:n(k) > e}, Yo ={xeX:n(kx) < —¢},
L= {xeZ:n(x) €[0,¢]}, Ly ={xeX:n(x) €[-¢0]},

sothat L=XIUX, U Za' UZX,. We are going to estimate the integrals over T xxt
for - € {0,¢&} separately. First, for x € £ we have 1(x) — N¢(x) = € and hence

2
‘/ZJr Z+| Tl n&‘) )(‘))C )()\(3” Tls)(P)()’)| dG(X)dO'(y)

| ) o (2.38)
Q(x ‘P 20 12
e [ T oo ) < 0l o
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Similarly, it holds

/ (= 7e)@) (x) — (0 —e) @) W)
-

2 2
‘X y‘:‘j dG(X)dO'(y) S € ”(pHWI/Z(z;(CAL)' (239)

Next, if (x,y) € Lo X Xy with Xg := Zg UX,, then ne(x) = ne(y) =0, [n(x)|,|n(y)| < &,
and using the Lipschitz continuity of 1 we find for s € (0, 1)

(N = 1)) (x) — (M = ne)e)M)]” <2|(n(x) =10 eE)[* +2[n () (9(x) — )|
< k[ =y lo)[*+ €% o(x) — ()]

and thus, employing Lemma 2.4.2 (ii) or [52, Lemma 3.2 (b)] we deduce

x —MNe §
/20 (1 =Me)@)(x) = (1 = 1) @) V)] do (x)do(y)

[x—yP?

/20 /zo {\rp(;lz - ()\C))c:f\gy”? dolx)doly) (2.40)
( / () Pdo(x) + / s %dc(x)dc(y))

<e'™ ||‘PHW1/2<2;<C4>'

In order to estimate the integral over X x £~ with £_ := X, UX; we note that it holds
for (x,y) € £F x L~ similarly as above

[(n=7e)@)(x) = (N =) @) )| < gl@()| + (N —ne)9) ¥)] < e(lo)] + @)
Moreover, using the Lipschitz continuity of 7 we have
e <nx)—ny) <xlx—yl,

which yields |[x—y|~' < x&~!. Using again Lemma 2.4.2 (ii) or [52, Lemma 3.2 (b)] we
obtain eventually

/ +| n—1Ne)@)(x) — ((;7 Ne)P)(y )I do(x)do ()
Jxi e =yl

/ /)E+ {pr x)|2+<p(y)\2} d6(x)do () (2.41)

be—y[>s
2 2 1—s 2
<xet ([ loPaot) + [ 100)Pao0) ) < e 1olRunsien,

By symmetry a similar estimate can also be shown for the integrals over £~ x L}, £ x X,
and £; x £t with obvious notations.
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Eventually, we have to estimate the integral over Zg x F. For (x,y) € Z(J)r x X7 it holds

[(n—7e)@)(x) — (N —ne)@)(y)| = | (n@) (x) — 0 (y)]
<elo(x) - o)+ (e—n(x)) - oX)]
< el@(x) — ()| + () — n(x)|/5E/ 2o (x)].

The last inequality is true as 17(y) > € for y € £J. Using the Lipschitz continuity of ) we
conclude from this in a similar way as in (2.40)

2
/2+/Z+ 77 Tle ( ) ((71 778)‘P)(Y)| dO'(X)dG(y)

e —y[3
)2 lo(x) — () (2.42)
< ( Z+|(p do(x +/z+ /):+ o > do(x)do(y)
||(PHW1/2<Z;C4)~

By symmetry it is easy to see that a similar estimate is also true for the integrals over L} x
)Zg , Xy XXz and £ x X;. Combining now the estimates (2.37)—(2.42) we deduce finally
that (2.36) is true and thus, the claim of this proposition is shown for r = %(1 —s). O

2.6 Schatten-von Neumann ideals

In this section we summarize several notions and results on Schatten-von Neumann ideals
which are necessary to prove Theorem 1 (iii), Theorem 4 (iii) and some deeper results
in this direction in Sections 4.2 and 5.3. The presentation of the results follows the one
in [20], there one can find also further references.

Let H and KX be separable Hilbert spaces. Recall that we denote the set of all bounded
operators A : H — X by B(H,XK). If there is no danger of confusion, we skip the spaces
and simply write 8. In a similar manner, we use the symbol S..(H,X) for the space of
all compact operators from H to K and Se(H) := Su(H,H). It is well known (see for
instance [51,62]) that for K € G..(3,X) the operator |K| := (K*K)'/? is a self-adjoint
and non-negative compact operator in H{. The eigenvalues of this operator s;(K), k €
N, ordered in a non-increasing way and taking multiplicities into account are called the
singular values of K. Note that s;(K) = s;(K*). Making use of the singular values one can
make the following further classification of G (H,X):

Definition 2.6.1. Let H and K be separable Hilbert spaces and let p > 0. Then the
Schatten-von Neumann ideal of order p is defined by

s

Sp(H,X) = {K € Gu(H,X): ) si(K)P < 00}.

k=1
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Moreover, the weak Schatten-von Neumann ideal of order p is

6=(3,50) = { K € 6(96,K) 1 51(K) = Ok~ }.

Assume that 0 < p < g. Then the (weak) Schatten-von Neumann ideals are ordered as
Sp(H,XK) C Gy(H,XK) and & oo (H,K) C G40 (3, K). Moreover, we have

6,(H,K) C6,u(H,KX) and &pe(H,K) C S, (3,K). (2.43)

The Schatten-von Neumann ideals are ideals in the sense that for A € B and K € G, it
holds AK € &, and KA € &,. Similarly, it holds for A € B and K € G . that AK € &,
and KA € G .. Eventually, if p,g > 0 and r is chosen such that % = %—0— é, then for
K, € ) and K> € & the product of these operators satisfies

K\K; € Gr,m~ (2.44)

We would like to point out that in applications the Schatten-von Neumann ideal of order
one, which is also known as trace class ideal, is of special importance. For K € G the
trace of K is defined by

w(K) = ¥ M(K),
k=1

where A (K) are the eigenvalues of the compact operator K. Moreover, for Ki,K, € B
with K1 K> € G and K>K; € & it holds the important cyclicity property

tI'(Kle) = tr(KzKl). (2.45)

Finally, let £ C R? be the boundary of a compact domain with sufficiently smooth bound-
ary. Using a result from [2] we deduce that operators with range in the Sobolev space
H*(X;C) belong to certain weak Schatten-von Neumann ideals. This is the main ingredi-
ent to prove Theorem 4.2.7 and Theorem 5.3.6 later. The author thanks V. Lotoreichik for
showing him a proof for this proposition.

Proposition 2.6.2. Let k € N, let ¥ C R3 be the boundary of a compact C*-smooth domain
andletl € {1,...,2k —1}. Let H be a separable Hilbert space and assume that A : H —
L*(X;C) is continuous with ranA C H'/?(Z;C). Then A € G410 (H,L*(£:C)).

Proof. For the sake of readability we split the proof into three steps:

Step 1: We show that A; : H{ — HI/Z(Z;(C), A;f =Af, is continuous. For this purpose we
verify that A; is closed. Assume that (f,) C J such that

fu— finH and A f, — gin H/2(Z;C), asn— oo
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Then, f € 3 = domA; and as A € B(F(,L2(X;C)) we have A, f, = Af, — Af in L*(Z;C)
for n — co. On the other hand, since H'/?(Z;C) is embedded continuously in L(Z;C) we
have also Af, = A;f, — g in L*(Z;C). Thus, we deduce A;f = Af = g and therefore, A, is
closed.

Step 2: Define the function

K(x):= . xeR3\{0},

1
47|x]|
and the operator My : L>(Z;C) — L?(Z;C) acting as

Mop():= [ K(x=1)9()do(y), xeX.peF(E0).

Since K is a positive homogeneous function of order —1 it follows from [2, Proposition 2.3
and Proposition 2.5] that My € &, (L*(Z; C)). Thus, by the spectral theorem we have also

1/2
My € 4 (L2(Z:0)).
Next, we claim that
Mo H7V2(2,C) — HIFV2(2,0), Mo 0 = Moo,

is bounded and bijective for j € {0,...,k— 1}. First, in view of [55, Theorem 7.2] the
operator My ; is well-defined. Moreover, by [55, Corollary 8.13] it holds kerMp ; = {0},
that means My ; is injective. So it remains to show that My ; is surjective. For that pur-
pose let y € Hj“/z():; C). Then, because of [55, Corollary 8.13] and the lemma of Lax-
Milgram there exists a unique ¢ € H~/2(Z;C) such that My = . Eventually, it follows
from [55, Theorem 7.16] that ¢ € ijl/z(Z). Hence, My ; is indeed bijective.

Next, using interpolation one finds that for any s € [0, k — 1] the restriction My | Hs‘l/z():; C)
gives rise to a bijective and bounded operator

Mo : H 7 V2(2:C) — HSH2(5;0).

Eventually, mimicking the argument in [21, Proposition 3.2 (iii)] one gets that the square
root Mé/ ? of the non negative operator My is an isomorphism from L2(X; C) onto H'/2(Z;C).

Hence, we conclude that
M{*: 12(x;C) — H'2(%;C) (2.46)

is a bijective mapping.
Step 3: We write A = M(I)/ ZM(; i 2A1. Then using the result of Step I and (2.46) we have that

My '"A; € B(H,L2(E:C)). Since My> € &4),...(L2(E;C)) by Step 2 we deduce finally
Ae 64/,YN(U{,L2 (£;C)), which was the claimed result. O






3 THE MINIMAL, FREE, AND MAXIMAL DIRAC OPERATOR
AND ASSOCIATED INTEGRAL OPERATORS

In this chapter we introduce the free Dirac operator in R? and we discuss the minimal
and the maximal Dirac operator acting in a bounded or unbounded domain © C R3. Fur-
thermore, we investigate several families of integral operators which are associated to the
fundamental solutions of the corresponding Dirac equation. These objects will play a
crucial role in Chapters 4 and 5 below to define and study the spectral properties of Dirac
operators with singular interactions supported on compact surfaces £ C R? and self-adjoint
Dirac operators on domains Q C R3.

3.1 The free, the minimal, and the maximal Dirac operator

Choose units such that = 1 and let m, ¢ be positive constants denoting the mass of the
particle and the speed of light. Throughout this thesis we work with the following choice
of the Dirac matrices «; and f8

/(0 o (b 0
o= (Gj 0’) and f:= <0 712>, 3.1)

where o; are the Pauli spin matrices

1 —i 1
O] = ((1) 0) s O) = ((l) Ol) s 03 = (0 701> . (3.2)

A simple computation shows that these matrices fulfill (1.2), but we would like to note that
also other choices for a; and B satisfying (1.2) are possible, compare [70, Appendix 1.A].
Then the free Dirac operator is defined by

3
Aof i=—ic Y, oo f +mc*Bf,  domAg=H'(R*CY), (3.3)
k=1

where ay, 8 are the Dirac matrices given by (3.1). As in (1.5) we will often use the nota-
tion
Aof = —ico.-Vf+mc?Bf.

41
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Let us first summarize some of the basic properties of Ag; they can be found, for instance,
in [70, Chapter 1] or [72, Chapter 20]. First, the free Dirac operator is self-adjoint. Next,
using (1.2) it follows that

lA0f I = IV F s +m>c | f - (34

In particular, the graph norm associated to Ag is equivalent to the norm in H'(R3;C*). It
is well known that the square of Ag coincides with a shifted free Laplace operator in R,
that means

A= (=AA+mPch L,  domA3 = HA (R CY), 3.5)

where the operator on the right hand side is understood as 4 x 4 diagonal operator, where
each non trivial entry acts as —c?A +m?c*. Eventually, the spectrum of Ay is

G (Ag) = (—o0, —mc?| U [mc?, ).

In the following proposition we compute the resolvent of Ag. The particular form of its
integral kernel will be of great importance for our considerations in the following sections.
One can find this result for instance in [70, Section 1.E], but for completeness we add a
direct proof based on (3.5) here. Note that below we use the convention Im /gt > 0 for
1€ C\[0,00).

Proposition 3.1.1. Let Ay be the free Dirac operator from (3.3) and let A € p(Ag) =
C\ ((—oo, —mc*]U[mc?,0)). Then, the resolvent of Ag acts as

(o=2)"' () = [ Gr—3)f)d. e, fe2®:CY),

where the C***-valued integral kernel G, is given by

G A’] L [)2 5 i ei\/lz/czf(mc‘)z\x\ 36
l(x)_ C74+mﬁ+ —1 ?_(mc) |x‘ W(XW TM ( . )

Proof. The identity (Ag—A)(Ag+A) = (—c?A-+m?c* — A?)I, which follows from (3.5),
implies

2N\ 1
(Ag— M) =c2(Ag+A) <7A+ (mc)? — %) Iy. (3.7

Let f € L*(R3;C*) be fixed. It is well known that

o\ —1 o i/ A2 [c2—(mc)?|x—y|
vt 2) iy [ AT

2 pr P FO)dy, (3.8)
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see for instance [63, Example 1 in Section IX.7]. Since (—A 4 (mc)? —A%/c?) "\ f €
dom (—A - Iy) = H?(R3;C*) this function is weakly differentiable. We are going to show
that its first order weak derivatives are

2\ —1
d; (—A—}—(mc)z—%) f=7Tf, je{1,2,3}, 3.9)
where
1) = [ t-0f0)d e R,
with

VA A=(me)l |
tj(x) = aj TH X '14

N RN/
=11 c—z—(mc) ‘X|—1 W}C}Lt

Then it follows from (3.7), (3.8), and a straightforward computation that

-1
(Aofl)flf(x)chz(AoJrl) 7A+(mc)2fc—2) fx)

i N ETEeF o
) /3—

P f(y)dy) (x)

where G, has the form (3.6). It remains to verify (3.9). For this purpose, we note first that
there exists an R > 0 such that for any j € {1,2,3} the function ¢; satisfies

=2, b <R,

”“”<K{em¢vm<mvﬂ R,

for some positive constant k. Hence, the operator 7} is bounded and everywhere defined in
L2(R3;C*); see Proposition 2.4.3. In particular, the function on the right hand side of (3.9)
belongs to L*(R3;C*). For i € C3(R*;C*) we obtain with the help of Fubini’s theorem
(whose application is allowed due to our previous considerations) and integration by parts
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that
(58 )y = fp fots =0T
= f(y)/ l‘j(xfy)h(x)dxdy
R3 R3
ei\/m\xfy‘ S
= [0 [ gy
\/m\x ¥l 5
/R3 /]11{3 4xt|x—y| ———————f(y)dyd;h(x)dx
, A? -
:—(<7A+(mc) *?) f,ajh>]R3,
This shows (3.9) and completes the proof. .

Let Q be a C>-domain in R with compact boundary, that means Q is either a bounded
C2-domain or the complement of such a set. In what follows we study the following two
operators acting in L?(€; C*): The maximal Dirac operator

T8 f = —ico.-Vf+mc*Bf, domTL, = {fel*(@CY:a VfeL*(Ch},
(3.10)
where the derivatives are understood in the distributional sense, and the minimal Dirac
operator Tn?m =T Hol (Q;C*), which is represented more explicitly by

TS f = —ica-Vf+mc?Bf, domT2 =HI(QRY). (3.11)
The basic properties of TQ and T, are collected in the following lemma.
Lemma 3.1.2. Ler Q C R? be a C2-smooth domain with compact boundary and let T,

and TS be defined by (3.10) and (3.11), respectively. Then T

min
metric operator in L*(Q;C*) and (T )* = TS,

de

mm is a closed, simple sym-

<, 1s closed. For that, let f, C dom T4

min

Proof. First, we verify that T
that

= H}(Q;C*) such

m

fu—f and Tmmf,, —g in L*(Q;CY, asn— oo
We show f € dom TQ1 and T f = g. Denote the extensions of f, f, and g onto R? by

min

zero by f,ﬁ, and g, respectively, that is

s [r ne i [# e Lo fs e
= n = an =
0 inR\Q, 0 nR\Q, £7 0 nRrM\Q
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Then f, € H' (R3;C*) = domA,, fu— fand Agf, — g in L*(R3;C*), as n — oo. Since Ag
is self-adjoint and thus closed, it follows f € domAg and Agf = g. Moreover, as the set

{he H'(R*CY :h | Q € HY(Q:CH)
is a closed subspace of H'(R3;C*) and the graph norm corresponding to Ag is equivalent
to the norm in H'(R3;C*), compare (3.4), we deduce f = f | Q € H} (Q;C*) and
Tanf = (Aof) Q=81 Q=2¢.
Hence T is closed.

min

C T2 . For this

)*
min max-*

be arbitrary, but fixed. Then it holds

Next, we show that (T )* = T, . First, we prove the inclusion (72

min
let f € dom ( and let g € C3(Q;C*) C dom T

mm) min

(1) f.8) g = (f. Tin8) o = (f, (—ica-V+mc*B)g)

which is equivalent to

(f7 o- Vg)Q - é((Tn%n)*f_mczﬁf7g)Q7

that means by definition - Vf = 77(( TL ) f—mc*Bf) € L*(Q;C*) in the distributional
sense. Therefore f € dom T, and T, f = ( mm) f.

To show T2, C (T2)*, let f € dom T2, and let g € C3(Q;C*) be arbitrary, but fixed.

min
Then we have by the definition of the distributional derivative

(Tmaxf-8)a = (f. (—ica-V+mc®B)g) o = (f, Tn8)a- (3.12)

Now, let g € dom TS = HJ(Q;C*). Then, there exists a sequence (gn) C Co (€Q;C*) such
that g, — g in H'(Q;C*), as n — co. Clearly, this implies T2 g, — T2 ¢ in L*(Q;C*)
for n — oo, Hence the continuity of the scalar product implies that (3.12) holds for all
g € domT< . Therefore f € dom (T2 )* and (T )*f = TS, f, which shows the second
inclusion as well.

It remains to prove that T[f}m is simple. Assume that TQO =T ® Iz, there T; acts in an
invariant subspace H{; C L*(Q;C*) of T | j € {1 2}, and that 7 = T}*. We prove that Ty
must be zero. For that note (T2 )2 = T2 @ T} and T2 = (T2)* in }; by the spectral

theorem. Since T} 2 is closed, we have (T )2 = T2 @ T2 We want to show using (2.4) that

min

Q
(T33,)? is simple. For that consider the operator

AR f = (—ica-V4+mc?B)*f = (—AA+m*c*)f, domA® = H*(Q;CY).
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Integration by parts shows A2 C ((Tn%n)z)*, as it holds for arbitrary f € domA® and g €
dom (T% )2

min
(AQf,g)Q = ((—ic(x-V—}—mczﬁ)zf.,g) = ((—icoc-V—}—mczﬁ)f,(—icoc-V—i—mczﬂ)g)Q
(f7(fica~V+mczﬁ)2g) (f (thlzm) )Q7

as g, (—ica-V+mc*B)g € H} (Q;C*). It is known from [65, Proposition 4.3] (see also [25,
Proposition 2.2] for unbounded €2) that the set

U ker(A® — 1)
AeC\R

is dense in Lz(Q;(C4). Hence, also

U ker( o) > U ker< in ) 7)L)

AeC\R AeC\R

is dense in L?(€;C*). This means that (T2 )2 is simple, compare (2.4). From this we
obtain le = 0 and hence also 77 = 0. Thus 7,5 is simple. O

Eventually, we prove that smooth functions are a core of T,5,. The proof of this result
follows ideas from [26, Lemma 2.1], see also [57, Proposition 2.12] for a similar result.

Lemma 3.1.3. Let Q C R3 be a C2-smooth domain with compact boundary and let TS,
be defined by (3.10). Then C*(Q; (C4) is dense in dom Tmax equipped with its graph norm.

Proof. We verify the claimed result when  is the complement of a bounded C2-domain;
the case that Q is a bounded C2-domain can be shown in the same way. Assume that
f €domT2 fulfills

0= (fvg)Q'i'( maxf7 maxg)
= (f,8)a+ ((—ica-V+mcB)f, (~ica-V+mc*B)g),

forall g € C*(Q;C*). As C(Q;C*) € C(Q;C*) we deduce from this that the distribution
(—ica-V4+mc?B)?f exists in L2(Q;C*) and is equal to — f.

(3.13)

Next, we show
(—icot-V+mc*B)f € HY (Q:CH). (3.14)

To see this let 1 € C5(R*; C*), choose a cutoff function y € C(R*; C*) which satisfies

)1, xeB(0,1),
x(x)—{()’ xR\ B(0,2),
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and recall the definition of the free Dirac operator Ag from (3.3). Define for n € N the
functions ), := x(-/n) and u,, := (analh) I Q. Then u, € C*(Q; C*) and u,, — (Aalh) !
Qin H'(Q;C*), as n — oo. Employing (3.13) we obtain
(451 (—f ©0),h)ga = —(f.(A7 " h) [ Q)a = — lim (f.un)a
. . 2 . 2
—’}g&((ﬂca-v+mc B)f,(—ico-V +mc*Buy)
= ((~ica-V +mc*B)f,(—icot-V+mec*B)(Ay ' h) 1Q),
= ((fica-V+mc2ﬁ)feB0,h)R3.

Since this is true for any € Cg(R*; C*) we deduce
(—ica-V+mc*B)f®0=A;"(—f®0) € domAy = H'(R};CH).

As the trace of (—icot-V +mc?B)f ©0 at dQ is zero, we get finally (3.14).

By (3.14) there exists a sequence (h,) C C3(Q;C*) with hy, — (—icot -V +mc?B)f in
H! (Q;(C4) for n — eo. Therefore, using the definition of the distributional derivative and
(—ica-V+mc?B)?f = —f we conclude

0< ((—ica-V+me*B)f,(—ica-V+mc*B)f), = lim (hy, (—ica-V+mc*B)f),,

n—yo0
= lim ((—ica -V +me*B)hn, f) o = ((—ica-V+me*B)*f,f)q
that means f = 0. Therefore C*(Q;C*) is dense in dom 7,32, O

Finally, we construct in the case that Q C R? is the complement of a bounded C2-domain
for A € (—oo, —mc?| U [mc?,0) a sequence (y}) C domT2 which satisfies all proper-
ties of a singular Weyl-sequence. This will allow us to show that (—co, —mc?] U [mc?, o)
belongs to the essential spectrum of Dirac operators with singular interactions and of
self-adjoint Dirac operators in £ with suitable boundary conditions. Let R > 0 such that
R3\ B(0,R) C Q. Moreover, choose for A € (—oo, —mc?] U [mc?, ) a vector { € C* such
that (\/12 —m2ctay +mp +7LI4) { # 0, a cutoff-function ¥ € Cy'(R) with x(r) =1 for
| < 1 and x(r) =0 for r > 1 and set x, := (R+n?,0,0)", n € N. Then we define the
function l,lf,fL by

1 1 i 122 e
v (x) =3k (;|x—xn|) VA mmicre <\/ A2 —m2ctoy +mc*B +7LI4> £. (3.15)

Some useful properties of lll,fL are stated in the following lemma:
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Lemma 3.1.4. Let @ C R3 be the complement of a bounded C*-domain, let Tr?in be given

by (3.11) and let A € (—oo,—mc*|U[mc?,o0). Then the functions l[/,’,1 defined by (3.15) have
the following properties:

(a) l;/,i1 € dom Tn%n.
®) |y} = const. > 0.

©) l//,;1 converges weakly to zero, as n — oo.

@ (T3,

— Ayt =0, asn— o,

Proof. First, by definition l;/,fL is smooth and supp l;/,fL NJdQ = 0 and thus l//,fL € dom Tn%n,
that means item (a) is true. Moreover, it holds

1/2

which is assertion (b). Furthermore, since the supports of the l//,’} are pairwise disjoint, the
sequence (!//,%) converges weakly to zero as n — oo. This is statement (c). Eventually, to
verify (d) a straightforward computation shows
(Toin = M)W () = (—icat-V+-mc*B = M)yt (x)
. 1 _
=LV (D o (/A2 — oy +mPB AL ) C
nd/2 n |x — x|

1 1 . 3
+ ,137% (ﬁ'x—XrJ) VA mmicixe
. (\/ A2 —m2ctoy +mc?B — 114) (\/ A2 —m2ctay +mc?PB +)LI4) ¢.

The anti-commutation relation (1.2) implies
<\/ A2 —m2ctay +mc?B — },14) <\/ A2 —m2ctay +mc?PB +},I4) =0.

Hence, we have

c 1/2
18- 2wila =S ([ (D)
B(0,1)

n

and therefore, (T2 — 1)y} — 0, as n — co. O
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3.2 Integral operators — Part I: Basic properties

In this section we introduce several families of integral operators associated to the Green’s
function G, for the resolvent of Ay that will play an important role in the analysis of
Dirac operators with singular potentials and of Dirac operators on bounded domains. In
this section, we will introduce all operators as bounded operators in the corresponding L2-
spaces. Later, in Chapter 4, it will turn out that these operators are the y-field and the Weyl
function associated to a special quasi boundary triple. With this knowledge we will prove
in Section 4.1.3 additional properties of these integral operators using the abstract theory
of quasi boundary triples.

Throughout this section, let £ C R be a compact and closed C2-smooth surface that
splits R3 into a bounded part @, and an unbounded part Q_. The unit normal vector
field at ¥ pointing inside Q_ is denoted by v. Recall for A € p(Ag) = C\ ((—o0,—mc?|U
[mcz,oo)) the definition of the function G, from (3.6). Then we define the operators
@y [2(X;CH — LA(R3;CH),

0(x) = /Z Gr(x—y)o(y)do(y), xeR’ e L*(Z;CY), (3.16)
and @ : L2(X;C4) — L2(X;CH)

Co():=lim [ Gyx—y)e()do(y), xeT.pelX(5CH). (3.17)
e\0 J¥\B(x,¢)

The basic properties of @, and €, are summarized in the following proposition. The proof
of this result follows ideas from [5, Lemma 2.1 and Lemma 3.3].

Proposition 3.2.1. Let for A € p(Ao) the operators ®) and C; be defined as in (3.16)
and (3.17), respectively. Then, the following assertions are true:

(1) The operator @), is bounded and everywhere defined. Its adjoint is explicitly given
by @} : L*(R%;C*) — L*(X;CY),
@} £(x) = /R3 Grlx—y)f()dy, xeXfelX(®R:CY.  (3.18)

(ii) The operator C), is bounded and everywhere defined.
(iii) Let @ € L*(X;C*) and set f := ®, @. Then, the non-tangential limits

Ve (x) = lim _f(y)

Q4 3y—xeX
exist and are given by

i
vy = GWJF;(O«VW-
C
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(iv) —4c*(Cua-v)* = —4c*(a-vCy)* =14 for all A € C\ ((—o0, —mc?] U [mc?,0)).

Before we prove the preceding proposition, we note that, using the same notations as there,
assertion (iii) and (1.2) imply

1
5(1//++1/L) =Cuo and ica-v(yy—vy.)=0. (3.19)

Proof of Proposition 3.2.1. (i) First, we note that there exist constants k,R > 0 such that
for x € R*\ {0}

=2, | <R,

G SK T (>
Hence @, is bounded by Proposition 2.4.4. Next, we compute the adjoint operator @} :
L2(R3;C*) — L2(Z;CH). Let ¢ € L2(X;C*) and f € L?(R3;C*) be fixed. Then, by using

Gz (y—x) = Gy (x—y) and Fubini’s theorem we see

(0% /)x = (@20.0)z = [, [ G2x=1)p(3)d0 () )ax
= o) [, Gh=n70dxdo ().
Since this is true for all ¢ € L*(X;C*) the claimed representation of @) follows.
(ii) To show the boundedness of €, consider the splitting
Cp =Tt +7%4 7% (3.20)
with T7 : L2(Z;C*) — LA(%;CY), j € {1,2,3}, acting as

T4 =1 Alx— d Y e l}(z,C 3.21
7o(x) elir(l),z\[;(x,g)t/(x )e()do(y), x€X,¢elLl(%C), (321

Iy 2 22 L0 x ei\/lz/czf(mc)z\x\
tl (X)— §I4+mﬁ+ ij(m(,) m .T‘x"

i (x)= i{o-x) (gi\/m\x\ _ ])7 l% (x) = i(o-x)

25 4k T Ame|x

and

First, there exists &1 > 0 such that |¢{ (x)| < ki (14 [x|7!) for all x € R3\ {0}. Hence T7
is bounded by Proposition 2.4.5. Furthermore, since

VAR mePlx| _ | _ /'1 dﬂen\/m/eL(mc)Z\x\dt
t

0

2 1
- %_(mc)2|x‘/0 elt\/lz/cz—(nlc)z\x\dt7



3.2 Integral operators — Part I: Basic properties 51

there is a k» such that | (x)| < & (14 |x|7!) for all x € R\ {0}. Proposition 2.4.5 shows

that also ‘J’% is bounded. Finally, it follows easily from Proposition 2.4.6 that also U’él is
bounded. Therefore (3.20) shows that C; is bounded.

The proof of assertion (iii) can be found in [5, Lemma 3.3] for A = 0. The general state-
ment can be shown in exactly the same way. Item (iv) is shown for A € (—mc?, mc?)

in [6, Lemma 2.2], the proof for A € C\ R can be done with the same arguments. O

If one considers the proof of the boundedness of C; in a more detailed way, then it turns
out that this family of operators is uniformly bounded for A € (—mc?,mc?) in the operator

norm. The proof of this result follows the one of [6, Lemma 3.2].

Proposition 3.2.2. Let for A € p(Ag) the operators C), be defined as in (3.17). Then the
operators C), are uniformly bounded in (—mc? mc?), that means there exists a constant
K > 0 such that

sup [|C3]| <K.
A€(—mc?,mc?)

Proof. As in the proof of Proposition 3.2.1 (ii) we write for A € (—mc?, mc?)

€ =Th+T4+7%,

where Tj‘, j€{1,2,3}, is given by (3.21). To show the claim it suffices to verify that T#,
‘J’% and ‘J’% are uniformly bounded by a constant independent of A. First, there exists a
constant k7 > 0 such that

i () <2

1A] M 3
2 tmt (mc) T\ xe R\ {0},

and since A € (—mc?,mc?) is uniformly bounded, we find

K
)] < =

l”

with some x» independent of A. Therefore, Proposition 2.4.5 implies that ‘I{l is uniformly
bounded with respect to A.

xeR*\ {0},

Next, we note that

oV PR3N _ | _ ! 4 e 2220y,

o dt

2 1
=—4/(mc)?— %M/ eIV e A2/l gy
& 0

(3.22)
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Thus, there exists a constant k3 independent of A such that

loc- x| (me)? — A K
47e|x|?

3 (x)] < xe R\ {0}. (3.23)

P
Hence, it follows from Proposition 2.4.5 that also ‘J’% is bounded by a constant independent
of A.

Eventually, we note that ‘T% is actually independent of A and bounded by Proposition 2.4.6.
This finishes the proof of this proposition. O

In the following proposition we discuss the commutator of the singular integral operator
C,, and a Lipschitz continuous function and show that this operator increases the smooth-
ness. This has important consequences for the analysis of self-adjoint Dirac operators on
domains and with singular interactions and it will be used in the proofs of many of the
main results of this thesis. The proof of the following proposition is based on a classical
result of Calderén [33], but we trace our commutator back to another one treated in [57]
and use a result shown there.

Proposition 3.2.3. Let for A € p(Ag) = C\ ((—c0, —mc?| U [mc?, o)) the operator C; be
defined by (3.17) and let T : £ — R be Lipschitz continuous. Then for any s € [0,1] the
commutator of C) and T gives rise to a bounded operator

CuT—1Cy  H (X CY — HY (Z;CY).

Proof. We are going to show the claim for s = 1, the statement for s = 0 follows then by a
duality argument. Finally, for s € (0,1) the claimed assertion can be shown by interpola-
tion.

We split Cy, as
Cr =T} +7%,
AL p2(y. 4 2y .4y i ‘<o
where T : L*(£;C*) — L*(%;C7), j € {1,2}, is given by

T4 (x) := lim tHx—y)p()do(y), xeX,pel}(Ch),

e\0 J¥\B(x,¢)

AI A L0 X eIV A2 =(me)?x]
2 4+m[3+\/c—2—(mc) e e

i(o-x) (ei\/m\x\ - 1) ,

47e|x]?
_i(o-x)
 dmelx

with

it (x) =

1 (x):
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We show that the commutator of 7 with both operators ‘J‘f“ and ‘J’%, respectively, is bounded
from LZ(Z;C4) to H! (Z;(C“).

First, we show that X := T%T — T‘J’f“ : [2(X;C*) — H'(Z;C*) is bounded. By the closed
graph theorem it is sufficient to show that ran XX € H'(£;C*). Let ¢ € L*(Z;C*) be fixed.
Let {A;,U;, Wj}i':l be a parametrization of X, let {} 1}5'21 be a partition of unity subordi-
nate to {W;} and define the functions @;(v) := @(A;(v)), v € U}, and

kij(u,v) o= (A1) 2 (A (01 (Aiu) = A () (2(A;(v) = T(Ai(w))),  u € Up,v € U;.
Moreover, we introduce for indices i,j € {1,...,/} the corresponding operators X;; :
LU}, /detG;dv) — L*(U;,/detG;du) acting as
Kijf (u) :=/ kij(u,v) f(v)y/detG;(v)dv, u€ Uy, f € L*(Uj,+/detG dv).
Uj

Let x € ¥ and choose for u; € U; with x = A;(u;), if x € V;. Then in view of (2.30) it holds

Z/ 1, (0= A )2 (A () (2(A; () = 7(x)) @ (A (v)) 1/ det G (v)dv

l
,ZZ/ kij(ui,v)@;(v)y/detGj(v)dv = Z Kij@;(u;).

i=1j=1 i,j=1

Thus, it suffices to prove X;;@; € H 1(U;). Using that 7 is Lipschitz continuous and per-
forming a similar calculation as in (3.22) and (3.23) we see that there exists a constant k|
such that for any x,y € ¥

|3 (x =) (2(y) = T(x))| < K1,
which yields that k;; is also bounded. Moreover, k;; is (weakly) differentiable in u almost
everywhere and it holds by the product rule

| ki (u,v)| < T
for a constant k,. Hence, by Proposition 2.4.3 the operator fo-‘]- (AU i, 4/detGjdv) —
L?(U;,/detG;du) acting as

W) :(/Uauk(k,‘j(u,v))f(v) detG;(v)dv, ue Ui f € I2(U},\/detGdv),

is bounded. Eventually, one can show in the same way as in the proof of Proposition 3.1.1
that for f € L?>(U,, /det G ;dv) the function X;; f is weakly differentiable and that its weak
derivative is

aukg{lj,f g<: f7
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compare (3.9). Hence, the claimed mapping properties of the commutator of ‘J’% and T
hold.

Finally, the fact that the commutator ‘T%’L’ — ’L"I% is bounded follows from [57, Proposi-
tion 2.8]. In fact, in the proof of this result it is shown that a very similar operator, which is
denoted there as K3 o (see also the definition of the operators with kernels ¢, 4 in [57]) and
which is an integral operator with the same kernel as 7%1‘ - T‘J'% up to the multiplication
with a constant matrix, is bounded as an operator from L?(X;C*) mapping to H'(Z;C?).
In [57] only the special case T = v was considered, but the argument using a classical re-
sult from [33] applies actually for any 7 which has weak derivatives in L*(X), in particular
for all Lipschitz continuous 7. O

Finally, we provide some useful anti-commutator properties of C, and the Dirac matrices.
These facts are also some of the main ingredients to prove later the self-adjointness of
Dirac operators with singular interactions and of Dirac operators on domains.

Proposition 3.2.4. Let for A € p(Ag) = C\ ((—co, —mc?| U [mc?,o0)) the operator C; be
defined by (3.17). Then the following statements hold:
(i) The anti-commutator A := Co( - V) + (a - Vv)Cy can be extended to a bounded op-

erator _
A:H2(5,CY — H2(z;CH).

(i) The anti-commutator B) := Cy B + BC, can be extended to a bounded operator
B, H'2(5,CY — H'2(z;CH).

Proof. The proof of item (i) can be found in [57, Proposition 2.8]. It remains to show
statement (ii). Using the anti-commutation relation (1.2) we see that B, is an integral
operator with kernel

A oV ITE ]
bl(x—y):zz =B+mly | —————F—

c? 47|x —y|
and thus, B, = 2(%2ﬁ + m14)SL,lz/sz(mc)z, where SL,; denotes the single layer boundary
integral operator for —A — u. It is well known that SLj2,2_ ;)2 gives rise to a bounded
operator from H*I/Z(E; (C4) to HI/Z(Z;C“), see for instance [55, Theorem 6.11]. This
implies the statement of item (ii). OJ



4 DIRAC OPERATORS WITH SINGULAR INTERACTIONS

In this chapter we investigate Dirac operators with singular interactions supported on a
closed and compact surface £ C R3. First, in Section 4.1.1 we introduce a quasi bound-
ary triple {L*(Z; (C4),l"%.,l")l:} which is suitable to define and study these Dirac operators
with singular interactions. It will turn out that the y-field and the Weyl function associated
to this quasi boundary triple coincide with the integral operators ®; and €, introduced
in Section 3.2. Moreover, we will see that the triple {L*(X;C*),I'5,I'T} satisfies the as-
sumptions from Theorem 2.2.13. Hence, we can transform this quasi boundary triple to
an ordinary boundary triple {L?(Z; (C4),Y§,Y)1:}; cf. Theorem 4.1.5. Eventually, with the
aid of the ordinary boundary triple and the abstract results from Section 2.2 we will derive
more involved results on the integral operators @, and €, including a detailed analysis of
their mapping properties in Section 4.1.3. These results will play then a crucial role in the
study of Dirac operators with singular interactions.

In Section 4.2 we introduce with the help of the quasi boundary triple {L?(X;C*),I'5,TT}
Dirac operators with singular interactions. In the case of non-critical interaction strengths
we will prove self-adjointness of the operators and provide the basic spectral properties of
them.

In contrast to the non-critical interaction strengths it will turn out in Section 4.3 that for
critical interaction strengths Dirac operators with singular interactions introduced in Sec-
tion 4.2 with the quasi boundary triple {L?(Z;C*),I'5,I'>} are not self-adjoint. But for
constant 7 and 15 with 2 — n2 = 4¢> we will be able to prove essential self-adjointness
and with the help of the ordinary boundary triple {L*(X;C* ),Tg,Y)l:} we can compute the
self-adjoint realization in this case as well. Furthermore, we will be able to state some of
the basic spectral properties also in the case of critical interaction strength.

Finally, in the situation of purely electrostatic and Lorentz scalar shell interactions we
investigate the nonrelativistic limit. It will turn out that these Hamiltonians are the rela-
tivistic counterparts of Schrodinger operators with 8-potentials. In particular, this yields a
justification for the usage of Dirac operators with singular interactions as idealized models
for Dirac operators with squeezed potentials.

The results in this chapter are generalizations of [11,14] and the presentation in this section
follows closely these papers.

55
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4.1 Boundary triples for Dirac operators with singular interactions

In this section we introduce first a quasi boundary triple which allows us to introduce Dirac
operators with singular interactions in a natural way via jump conditions at the surface X.
Then, in Section 4.1.2 we will transform this quasi boundary triple with the methods de-
scribed in Section 2.2 to an ordinary boundary triple, which enables us then to prove self-
adjointness also in the case of critical interaction strengths.

4.1.1 A quasi boundary triple for Dirac operators with §-shell interactions

Throughout this chapter let Q. always be a bounded domain in R3 with C?-smooth bound-
ary £ :=0dQ, and set Q_ := R3>\ Q.. We denote the normal vector field at X pointing
outwards Q. by v. We will often make use of the orthogonal decomposition L?(R3; cH=
L2(Q.:CHL*(Q_;C*) and we write for f € L>(R?;C*), in this sense, f = f, @ f_ with
fr =710
First, we define the operator T* in L?(R3;C*) by

TEf = (—icot-V+mc?B) fy & (—ica-V+mc?B)f-, @1
dom7* := H'(Q,;CH e H (Q_;CY), '

and the mappings I’ % , l"% :domT% — L*(X;C*) acting as
. 1
05/ =ic(e-v)(filz—f-|z) and Tif:= S Felz+f-lp), fedomT*.  (42)
Note that ran [y, ran I’y € H'/2(Z;C*), as domT* = H'(Q;C*) @ H'(Q_;C*) and X is

C2-smooth, compare Proposition 2.3.3 and Lemma 2.5.1.

In the following theorem we show that {L?(X;C*),T5,I'T} is a quasi boundary triple and
that T* coincides with the maximal Dirac operator Tmﬂa§ &) 7}%} from (3.10).

Theorem 4.1.1. Let Ag be the free Dirac operator from (3.3), let TZ.,I% and 1"1Z be given
by (4.1) and (4.2), respectively, and define the operator S* acting in LZ(R3; (C4) by

ST = Ag | H) (R3\ £:C*). 4.3)

Then S* is closed and symmetric, (S¥)* =TT = Tk & Ty and {L2(z;CH, 15T Y isa
quasi boundary triple for (ST)*. Moreover,

ran (05, IT) = H'/2(;C*) x H'/?(;C*) (4.4)

and T* [kerl% is the free Dirac operator Ay.
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Proof. First, we mention that S* = rﬁ; P Tmm, where T is the minimal Dirac operator
given by (3. 11) Hence it is clear by Lemma 3.1.2 that §' ISt is closed and symmetric and
that (S¥)* dex &) Tm‘,; Moreover, Lemma 3.1.3 implies that 7% is dense in dex ($3) Tn%;,

as C*(Q;CHaCc>(Q;CYH c H' (Q;CHPHN (Q_;C*) = domTE.

Let us prove now that the abstract Green’s identity is fulfilled. Assume that f = f & f_,

g=g.®g_cdomT* = H'(Q;C* @ H'(Q_;C*). Then, integration by parts shows

((7lca ) V+mC2B)fivgi)Qi - (fi? (71C(X v +mczﬁ)gi)9i = q:(ica : vfi‘27gi|2)zv

as v is pointing outwards Q. By adding the above formula for Q, and Q_ we obtain
(Tzf7g)]R3_(f7ng)R3 ( ferg)Z_(F f7rlg)27

which is Green’s identity.

Next, we verify the range property (4.4). Let ¢,y € H'/ 2(x;C*) and choose functions
fr € H'(Q.:C*) and g € H'(R3;C?) that satisfy

. 1
icot-vVfily=¢ and g\E:W—EfH):,
respectively. Then we have /1 := (f, ®0) +g € domT* and
) . x 1
Toh=ico-v(file+gils—g-[z) =¢ and Th==fils+glr=v
Therefore (4.4) is shown and, in particular, ran (1")(}7 I'T) is dense in L?(Z;C*) x L2(X;C*).
Finally kerI'y = H'(R3;C*). Hence T* | kerl"% coincides with the self-adjoint free Dirac

operator Ag. Therefore {L*(Z; (C4),F§,F?} is a quasi boundary triple for (S¥)* and all
claims have been shown. O

Next, we compute the y-field and the Weyl function associated to the quasi boundary triple
in Theorem 4.1.1. It turns out that these operators coincide with restrictions of the integral
operators @, and €, defined in Section 3.2.

Proposition 4.1.2. Let {L?*(X;C*),I'3,TT} be given as in Theorem 4.1.1, let A € p(Ag) =
C\ ((—oo7 —mc*| U [mc2,oo)), and let @, and C, be defined by (3.16) and (3.17), respec-
tively. Then the following holds:
(1) The value ofthe y-field Y~(A) : domy*(A) C L*(X;C*) — L*(R3;C*) is defined on
domy'z Hl/2 X (C4) and is explicitly given by

7(A) =@ [H'(E:CY).

Each y*(1) is a densely defined bounded operator from L*(Z;C*) to L?(R3;C*)
and a bounded and everywhere defined operator from H'/2(2;C*) to H' (Q4;C*) @
H'(Q_;C*%. The adjoint Y*(A)* : L*(R3;C*) — L*(X;C*) is bounded and every-
where defined and coincides with @} .
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(ii) The value of the Weyl function M*(A) : domMZ(A) C L*(X;C*) — L*(X;C*) is de-
fined on the set domM*(A) = H'/?(2;C*) and explicitly given by

ME(A) =@, | H'2(z,CY).

Each M*(A) is densely defined and bounded in L*(£;C*) and bounded and every-
where defined in H'/2(2;C*).

Proof. First we note that domy*(1) = domM¥(A) = ranTy = H'/2(£;C*), see (4.4).

To prove item (i) we recall first that ¥*(1)* =TT (A9 — ) ! and this operator acts as

FHo-1) (0 = [ Gre—n)f0)dy = Bif(), xefe 2@,

see (3.18), where G, is the Green’s function for the resolvent of Ay from (3.6). Hence, it
is clear that

7F(A) = @3 | domy™(2) = @3 | H'/2(5:CY),

which is a bounded and densely defined operator from L?(X;C*) to L?(R3;C*), com-
pare Proposition 3.2.1 (i). Eventually, to see that ¥*(1) regarded as an operator from
H'2(2;C*) to H'(Q4;C*) @ H' (Q_;C*) is bounded we show that it is closed. Then the
closed graph theorem implies the claim. Assume that ¢, C domy™(2) is a sequence such
that

Oop— @in H/2(Z:C* and Y (1)@, — fin H'(Q;CHaH (Q_:CY).

Then @ € H'/2(Z;C*) = domy*(1) and *(1)@, — f in L2(R3;C*), as H' (Q;CH &
H'(Q_;C* is continuously embedded in L?>(R3;C*). On the other hand, since y*(A) is
continuous from L2(X; C*) to L?(R3;C*), we have also ¥* (1)@, — ¥*(A)¢ in L*(R3;C*)
and hence

f=lm ¥ () en =7 (A)9.
Therefore Y=(A) : H/2(2;C*) — H{(Q,;CH @ H (Q_;C?) is closed.

To show assertion (ii) we note that it holds by Definition 2.2.2, item (i), and Proposi-
tion 3.2.1 (iii) for any ¢ € H'/2(Z;C*)

1
M*(2)9 =TT7"(A)g =T1®10 = 5 (®10) [z + (P19)-Is) = €10,
compare (3.19). Hence M*(1) = @, | H'/2(;C*). This is a densely defined and bounded
operator by Proposition 3.2.1 (ii). Finally, since Y*(1) is bounded from H'/2(£;C*) to
H' (Q;C*H @ H'(Q_;C*) by (i), we conclude by the mapping properties of the trace
operator that M* (1) is well-defined and bounded in H'/2(Z;C*). O
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4.1.2 An ordinary boundary triple for Dirac operators with -shell interactions

In this section we transform and extend the quasi boundary triple {L?(Z; (C4),F§.,F|E} to
an ordinary boundary triple using the techniques described in Section 2.2. Recall the
definition of the sets

G =ran(T5 [TT) and 9F:=ran(T [ T5).

Lemma 4.1.3. Let T~ be given by (4.1), let (S¥)* = Tk & Trx and let {L*(£;C*),TE, TT}
be the quasi boundary triple from Theorem 4.1.1. Then the operator AL := T* [kerl"% is
self-adjoint in L*(R3;C*) with 6(AL) C 6(Ag). Moreover

gy =9r =H'?(z,CY (4.5)
and the mappings l%, l"? :domTT — L2(X;C*) have surjective extensions
I3 :dom (S¥)* — H V2(Z;C* and TY:dom(S¥)" — H '/2(x;CH),
which are bounded with respect to the graph norm induced by (SZ)*.

Proof. First, we prove that AZ is self-adjoint. Via Green’s identity it is not difficult to
see that AZ is symmetric, compare (2.9). Thus, it suffices to show that AL is bijective.
Using the Birman-Schwinger principle from Theorem 2.2.5 (i) it follows that AZ is in-
jective, as M*(0) = €y | H'/2(L;C*) is injective by Proposition 3.2.1 (iv). To show that
AL is also surjective assume that f € L?(R3;C*) is arbitrary, but fixed. Then f € ranAZ
if ¥(0)*f € ranM*(0), compare Theorem 2.2.5 (ii). Because of (3.18) and the trace
theorem we have y*(0)* f = ®(0)*f = (Aalf)|z € H'/2(2;C*). Moreover, as X is C2-
smooth, it follows from Proposition 3.2.1 (iv) that M*(0) = Gy | H'/2(£;C*) is bijective
in H'/2(2;C*). Hence ¥*(0)* f € ranM>(0) for any f € L*(R3;C*), which implies that AZ
is self-adjoint. Furthermore, since M*(1) is bijective in H'/2(Z;C*) for any A € p(Ag),
see Proposition 4.1.2 and Proposition 3.2.1 (iv), it follows from Theorem 2.2.5 (i)-(ii) that
AL — ) is bijective for any A € p(Ap), that means p(Ag) C p(AL).

Next, we show that &) = H'/?(£;C*). For that let ¢9eH 1/2(£;C*) be arbitrary, but fixed,
and choose fi € H'(Q.4;C*) such that fy|y = Fr(a-v)p. Then f:=fL O f € ker[T
and T35 f = ¢.

To show ¥ = H'/2(Z;C*) take for ¢ € H'/?(Z;C*) a function f € H'(R>;C*) satis-
fying f|z = ¢. Then f € ker[y and [Tf = . Hence, also 4 = H'/?(;C*). Thus,

equation (4.5) is shown.

Finally, using (4.5), the self-adjointness of AZ, and Proposition 2.2.11 it follows immedi-
ately that [y and I} have surjective extensions Iy, Ty : dom (S¥)* — H~!/2(£;C*). This
finishes the proof of this lemma. O
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Next, similarly as in Section 2.2 we set

1
AF :=ImMZ() = 5

i

- - 1
(M=(i) —M(—i)) = Z(Gi —Cy).
Since ¥F = H'/2(2;C*) is dense in L?(;C*), compare Lemma 4.1.3, we deduce from
Proposition 2.2.10 that (A¥)!/2 : L2(£;C*) — H'/2(Z;C*) is a bijection and we define
2= (AY)72 B2 (50t - 12T ¢ (4.6)

and
E = (AN HT () - (). 4.7)

Recall that we can express the inner product in E?lz = H'/2(Z;C*) and the duality product
in HY/2(2;C*) x H-Y2(Z;C*) with the help of 1%, compare the useful formulae (2.15),
(2.18), and (2.19). Moreover, we note that the typical scaling properties for embedding
operators yield that 1* gives rise to a bounded operator

F L HY?(2,CY) - H (0. (4.8)

In the next proposition we extend with the aid of the extended boundary mappings IN% and
I'T the y-field y*(1) and the Weyl function M*(1) from Proposition 4.1.2.

Proposition 4.1.4. Let {L*(X;C*),T5,T5} be the quasi boundary triple for (S¥)* from
Theorem 4.1.1 with corresponding y-field v* and Weyl function M* given as in Proposi-
tion 4.1.2. Then it holds for all A € p(Ag) = C\ ((—o0, —mc?]U [mc?, o))

(i) The operator Y~(A.) has a continuous extension

T(A) = (T5 Tker(($%)" = 1)) ™'t HTV2(2:CH) — L2(R%:.CH).

(ii) The operator M*().) has a continuous extension
ME() =TF (T3 T ker((S¥) —4)) - H'2(x;0%) — HOV2(R; CH.
Moreover; it holds for all ¢ € H='/*(Z;C*) and w € H'/?(£;C*)

(MER)0. W) ot )p = (@MW) o010

(iii) The operator M*(A) is bijective in H~'/2(£;C*) and its inverse is given by
MEA) ! = 4P (a-vYM(M)(a- v,

where (o~ v) : H-V/2(Z;C*) — H~'/2(Z;C*) is the dual of the multiplication op-
erator with o - v in H'/2(Z;C*).
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@iv) The operator
Ay i=MEA) (o v) + (o - v)ME(A)
admits a bounded extension A, : H=V/2(£,C*) — H'/2(£;C*). In particular, the
mapping ﬁ - (1\7[2(1))2 cH™'2(2;C*) — HY2(Z;CY) is bounded.

Proof. Assertion (i) and the existence and the mapping properties of M=(A) follow im-
mediately from Proposition 2.2.12 and Lemma 4.1.3. Moreover, employing (2.19) and
Proposition 2.2.4 (iii) we observe for ¢ € H'/2(Z;C*) and y € H'/2(2;C*)

(M*()9.¥) _, 1o = (M¥(A)@,y)x = (9. ME(A)Y)x = (9. M*(A)Y) 1212
By density we obtain that the above formula can be extended for all ¢ € H -1/ 2(z;Ch).

Hence, the proof of item (ii) is complete.
To verify assertion (iii) we note first that it holds M*(A) = (MZ(I)),, when M*(2.) is
considered as a bounded operator in H'/2(Z;C*). Since M*(A) is bijective in H'/2(£;C*)
by Proposition 4.1.2 and Proposition 3.2.1 (iv) with

MEA) ' = 4 (a-vIMEA) (a - v), (4.9)

also M*(2) is bijective and the claimed formula for the inverse follows from (4.9) by
considering the dual.

It remains to show statement (iv). For A = 0 the claim is true by Proposition 3.2.4. Recall
that it holds
M*(2) = M*(0) + A7*(0)"¥*(A),

see Proposition 2.2.4 (iii). Hence, we obtain
Ap = Ao+ (- V)V (0) 7 (2) + A7 (0) P () (- v).

Note that rany*(0)* = ran (ITA, ') = H'/2(£;C*). Hence, as y*(0)* is bounded from
L2(R3;C*) to L>(X;C*), it follows from the closed graph theorem that y*(0)* acting be-
tween L2(R3;C*) and H'/2(£;C?) is also bounded. Therefore, the operator 7(0)*y=(1)
has the continuous extension

POy F(A) : HV2(Z;C4 — H2 (%),

Moreover, by duality we see that the multiplication operator ¢ - v has the bounded exten-
sion (or-v)' : H-V/2(2;C*) — H~V/2(Z;C*). Thus, we conclude finally that A, has the
bounded extension

Ay = Ao+ A(a- V)OO FA) + AP0 FA) (a-v) - H2(5,CY — B2 (z;¢h).
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Eventually, using Proposition 3.2.1 (iv) we find for ¢ € H'/2(X;C*)

MER) () (o vMER) M) V) o = [ () 1L .

This and a density argument imply

_ 5 - ~
M*(1))" — — =M*(A)(a- v)A
(5(2))” ~ 1oy = M) (0 V),
which is a continuous mapping from H~'/2(Z;C*) to H'/2(Z;C*). This finishes the proof
of this proposition. O

Finally, we transform the quasi boundary triple {L? (Z;C“),F(Z),F{‘} from Theorem 4.1.1
into an ordinary boundary triple which is suitable to investigate Dirac operators with sin-
gular interactions. Since the boundary conditions for these operators are stated in the form
I% + 19F)1: = 0 for some linear operator © acting in L?(X;C*), it is more convenient to trans-
form the triple {L2(X;C*), —F%., F%} instead (in the proof of Theorem 4.1.5 below we will
see that this is in fact a quasi boundary triple). Recall that the operator AZ := T~ | kerF)l:
is bijective, compare Lemma 4.1.3. This implies, in particular,

dom (§¥)* = domAEZ + ker(S%)*.

Theorem 4.1.5. Let S* be defined by (4.3) and let {L*(£;C*),I5, T} be the quasi bound-
ary triple from Theorem 4.1.1. Moreover, let li be defined by (4.6) and (4.7), respectively,
let T¥ be the extension of T’} from Lemma 4.1.3 and define Y5, YT : dom (S¥)* — L?(Z;C*)
by

Y5f:=—UTTf and YTf:=1I5f
for f = fo+g € domAZ+ker(S¥)* = dom (S¥)*. Then {L*(£;C*), Y3, Y}} is an ordinary
boundary triple for (S¥)*.

Proof. First, we note that AZ = TZ | F)l: is self-adjoint by Lemma 4.1.3. Hence the triple
{L*(z;C*), —T¥,T5} fulfills all points in Definition 2.2.1, that means it is a quasi boundary
triple for (S¥)*. Therefore, all claims follow from Theorem 2.2.13 as 4 = H 12(2,C%) is
dense in L2(Z;C*) by Lemma 4.1.3. O

Note that the ordinary boundary triple {L?(;C*), Y3, YT} from the above theorem is not a
transformation of the quasi boundary triple {L*(X;C*),I'5,TT} as in Theorem 2.2.13, but
of {L*(£;C*),I3.TF} with T = —I'T and I'T = T5. The Weyl function of this triple is
given by

ME(A) =T} (T3 I ker(T™ = 1))~ = —T5(TF Tker(TZ—2)) ' = —M=(2) !
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for A € p(AZ)Np(Ag).
In the following let B be a symmetric operator in L?(X;C*) and set
A%y =T* [ ker(Ty +BIT) = T* | ker(T} — BLY).
Then, in view of formulae (2.22) and (2.21) it holds
Aly = T* [ ker(IT = BLg) = ($)" [ ker(XT — ©'*(B)Y})
with
©'*(B )<P =1 (B+MY0) () e,
dom®'*(B) = {¢ € L*(£;C*): (1) '¢ € dom (B+M>(0) ') and (4.10)
(B+M7(0)")(5) g e B2 (z:Ch)}
In particular, if ®'*(B) is self-adjoint in L?(Z; C*), then A)[EB] is self-adjoint in L?(R3; C*).
Finally, we are interested in operators of a similar form as ®'*(B) as above. Define for a
symmetric operator B in L?(X;C*)
"X (B)g: = 1 (B+M*(0))(1X) "o,
dom®°F(B) = {pe L2(Z;CY: (15) o € dom (B+M*(0) ') and
(B+M*0) " (15) e e H'2(z;Ch)}.
Note that we have in general ®'*(B) C ®"*(B), as in the definition of ©°*(B) the exten-
sion M~(0) appears. If the parameter ®*(B) is self-adjoint, then also the corresponding
operator Agox(p) = = (S%)* | ker(YT — @%X(B)Y}) is self-adjoint. For such extensions the
Birman Schwinger principle from Theorem 2.2.5 reads, taking the special form of the Weyl
function for the triple {L?(X;C*), Y5, Y}, which is a transformation of the quasi triple
{L3(z;C*),T5,TT}, from (2.20) into account, that a point A € p(AZ) = p(Ap) fulfills
A€ op(Ap) ifandonlyif 0€ op(L(B+M=(A)")"). (4.11)

Furthermore, similar statements for the discrete spectrum and the resolvent set of Ap) are
true, compare Proposition 2.2.7.

4.1.3 Integral operators — Part II: mapping properties

In this section we collect some further knowledge on the integral operators ®; and Cj
introduced in Section 3.2. As we have seen in Proposition 4.1.4 these operators are,
roughly speaking, the y-field and the Weyl function associated to the quasi boundary triple
{L?(%;C*),T5,T%} from Theorem 4.1.1. Hence, we are able to deduce some further prop-
erties of these operators from the general theory of quasi boundary triples with little ef-
fort.
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Proposition 4.1.6. Let for A € p(Ag) = C\ ((—s0,—mc?] U [mc?,o0)) the operators @,
and Cj be defined as in (3.16) and (3.17), respectively, and let s € [— %, %} Then, the
Sfollowing holds:

(i) The operator ®,_gives rise to a bounded operator

@) HY(Z:C) —» B2 (QCh e BTV (Q ).

(ii) The adjoint @} : L*(R};C*) — H'/2(£;C*) is bounded.
(iii) The operator C), gives rise to a bounded operator

G4 HY(CY) — HY(Z;CY).

Proof. (i) According to Proposition 4.1.2 we have that CID;L/ 2o ¥*(A) and this operator is
bounded from H'/2(Z;C*) to H'(Q,;C*) @ H'(Q_;C*). Moreover, by Proposition 4.1.4
the operator ®; has the continuous extension

@, 7 =) H Pz CY) - LR CY).

Hence, assertion (i) holds for s = :i:%. The statement for s € (— %, %) follows by interpo-
lation.

In order to show statement (ii) we deduce first from Proposition 2.2.3 (iii) that
ran®; =ran (IT(Ag—A) ™) = TF(H'(R%;CY) = H'/2(z;C*)

and hence @ regarded as an operator from LA(R3;C*) to HY/2(2;C*) is well-defined.
We prove that this operator is closed; then the closed graph theorem implies that it is also
bounded. Let (f,) C L*(R*;C*) and ¢ € H'/2(Z;C*) such that

fo— fin AR*CY  and @ f, — @ in H'/2(Z;C).

Clearly f € L*(R*;C*) = dom®; and since ®} is bounded from L*(R3;C*) to L*(X; C*)
by Proposition 3.2.1 (i) we obtain that @3 f, — @3 f in L%(Z;C*). On the other hand, since
H'/2(2;C*) is continuously embedded in L2(Z; C*) we get that @3 fr — @ in L?(£;C*) as
well. Thus, we have ¢ = @, f which shows that @] : LA(R3;C*) — HY/2(2;C*) is closed
and which finishes the proof of assertion (ii).

Eventually, we know from Proposition 4.1.2 that C;/ 7= MX (L) is bounded in H'/?(Z;C*)
and from Proposition 4.1.4 that 6;1/2 := M*(A) is bounded in H~/2(L;C*). Hence,
statement (iii) is true for s = i%. Using an interpolation argument, the claim for s €

(— %, %) follows as well. O
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Next, we state a result on the invertibility of certain operators involving €3 . This result is
one of the main ingredients to prove the self-adjointness of Dirac operators with singular
interactions.

Proposition 4.1.7. Let {L*(X;C*), I3, TT} be given as in Theorem 4.1.1, let 1, 1"S =R
be Lipschitz continuous, let A ¢ o, (TZ [ ker (Fg + (Mels + nsﬂ)l")]:)) lets € [ 5 é] and
let C} be given as in Proposition 4.1.6. Assume that Ne(x)? — Ns(x)? # 4c? for all x € X.
Then the operator

Ly + (Mela +1sB) €3
admits a bounded and everywhere defined inverse in H*(Z;C*).

Proof. We are going to prove this statement for s = % the result for s = —% follows then
by duality. Finally, the claim for s € ( - %, %) can be deduced then by interpolation.
So let us verify the claimed assertion for s = 2 First, we note that Iy + (Nels + 15 B)C)/ el

is injective, as otherwise the operator 7™ | ker (FE (Nels + Ms B)FZ) has the elgenvalue
A by Theorem 2.2.6 (i). To show that Iy + (Nels + nsﬂ)(ﬁy 2 is also surjective we note first

ran (s + (Nels +158)€5/%) D ran [(Is + (Mels +1sB)CY %) (Ia — (nela +1sB)€} )]
Observe that n i
I —(Nela+ ﬂsﬁ)@l/ =L - e;L/ (Ne —nsPB) + K2
with
Ky 5= €2 (Me—noB) — (el +1B)CY 2
= (€)1 —ne€}%) — ny(€}*B + Bey*) + (ns€)> — €} ny)B.

Since M and 1 are Lipschitz continuous it follows from Proposition 3.2.3 and Proposi-
tion 3.2.4 (ii) that X , is a compact operator in H'/? (X;C*). Hence, also

Ky p = (I + (Mela+1uB)CY K, 4

is compact in H'/Z(Z; C*). Thus, we have

(I + (Mels +15B)CY*) (I — (nels +115B) €5 )
= (I + (Mela+1B) €} %) (I — €}/* (e — 1)) +52 1
— Iy — (el +1sB) (€Y (M — ns) + (neCy* — €1/ *ne)

+mw@” ey B) + (€2 ns—1s€)/*)B +%s

=14*@(77e —n3)+%K5,
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with

1
K= (s 1) (302 = (€47 ) (0= )+ (e~ €} n)
+mu(BeY+€l2B) + (€ n, — €Y )B+ %, ;.

Making again use of Proposition 3.2.3 and Proposition 3.2.4 (ii) and employing Propo-
sition 4.1.4 (iv) we deduce that X3 ; is compact in HY2(2;C*%). Since n2 —n2 # 4c?
by assumption, the multiplication operator Iy — -5 (n2 —n2) is bijective in H'/2(Z;C*).

4c2
Hence, we have found

(I + (el +1sB)CY ) (Is — (nels +sB)€; %)

402 — nez + 1152 42
= 1 X .
4c2 4t 4c2 — 1132 + 1752 34

The operator on the left hand side is injective, as Iy + (Nels + nsﬁ)ei/ 2 and Iy — (Mels +

nSB)G}l/ 2 are injective; otherwise, one of the operators T | ker (I'§ & (nels + 1s8)IT)
would have the eigenvalue A, compare Theorem 2.2.6 (i), which is not the case by as-
sumption. Hence, we obtain from Fredholm’s alternative that

(I + (Mels +15B) €Y *) (I — (nels +1sB) €5 )

is bijective in H'/2(;C*). Therefore, we deduce finally

ran (I + (Mels + 0sB)€5/ %) o ran [(I + (Nela + 1) €, ) (I — (mels +158) €} )]
=H'"?(z;CY),

that means Iy + (Nels + nsﬁ)ei/ % is also surjective. This finishes the proof of this proposi-
tion. O

In the following corollary we formulate a slightly better version of Proposition 4.1.7 in the
case that e = 0 and 75 € R is constant, namely that 7,8 + € is boundedly invertible if
only A ¢ o,(T* | ker (TY + ngBI5)). This result will be of importance in the study of
Dirac operators on domains.

Corollary 4.1.8. Let {L*(X;C*),T5, T} be given as in Theorem 4.1.1, let n €R, let A ¢
Op (TZ [ ker (1"% + nﬁl"%)), let s € [— %, %], and let €3 be given as in Proposition 4.1.6.
Then the operator 13 + C3 admits a bounded and everywhere defined inverse in H*(L; CcH.

Proof. The proof of this corollary is very similar as the one of Proposition 4.1.7. Again,

it suffices to show the claim for s = %, as for s = —% it follows then by duality and for
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s € ( 2, 2) by interpolation. In order to prove the claimed result for s = % we note

first that nf3 + C /1/ is injective by Theorem 2.2.5 (i) and the assumption that A is not an
eigenvalue of T | ker (F% +n ﬁl"%) Furthermore, it holds

ran(nf + G:l/z) Cran(nf+ Cf:l/z)2

1/2 1/2 1/2
—ran <n2+”(ex/ B+Bey?)+ ey )2) = H'2(z;C%);
the last equality is true by Fredholm’s alternative, as
1/2 1/2 1/2\2
n+0(€ 7B +BE;) + (€7 ="+ +J<,1,

where X, is compact in H 1/ 2(X;C*) by Proposition 3.2.4 (ii) and Proposition 4.1.4 (iv).
Hence, the bounded operator 13 + G;L/ % is also surjective and hence bijective, which fin-
ishes the proof. O

In the next proposition we state that @, and C; are holomorphic and that their derivatives
belong to certain (weak) Schatten-von Neumann classes. For the proof we make use of
Proposition 2.6.2, which allows us to extend a similar result in [11, Lemma 4.5] that was
only shown for C*-smooth surfaces. To make notations short, we use the shortcut &, .
for the weak Schatten-von Neumann ideals and omit the spaces; this will not cause any
confusion.

Proposition 4.1.9. Let n € N and let ¥ C R3 be the boundary of a compact C"-smooth
domain. Moreover, let for A € p(Ag) = C\ ((—s0,—mc?] U [mc?,o0)) the operators ®;,
and C), be defined as in (3.16) and (3.17), respectively. Then, the following statements are
true:

(1) The operator-valued functions A — ®; and A +— <I>*Z are holomorphic and it holds
forany ke {0,1,....n—1}
k dk
d/lkq)’l € 64/0k+1)0 and ar D7 € S4/(2k11).00

In particular, @) and P} are compact.

(ii) The operator-valued function A — C, is holomorphic and it holds for any number

ke{l,...,n}
k

d
dAk

,mc ) 35 A — €y, is monotonously increasing.

Cr € Go/peo

Moreover, the mapping (fmc2
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Proof. (i) We use that &> = y*(1)"* =T} (49— )~ which implies that @ is holomorphic
and

R —k-1

R = HIT (0 —A)
see Proposition 2.2.3 (iii). Since (—A)'(H*(R3;C)) = H**+$(R3;C) for s > 0 it follows
from (3.5) that domA% ™ = H**1(R3;C*) and hence

k

d
ran - @ = klran [T (A9 — 2)* 1] = H*1/2(x;¢%).

Therefore Proposition 2.6.2 yields

dc e
T KITT (Ao — ) ' € &40k 1) e

From this, the statements on @, and its differentiability follow from taking adjoint.

To show item (i) we recall that it holds by Proposition 2.2.4 (iv) for ¢ € H'/2(X;C*)
& o= S M) KT (A0 — ) () = KIS (g — 4) Ay
dARTAT T gpk o1 AT

Taking closure this yields

d)Lk

k—1
Gk_kl" (Ao—/l)kd%_k(dik 1c1>*><1>

Thus, item (i) and (2.44) show
dk
dAk
Finally, €, is monotonously increasing by Proposition 2.2.4 (iv) and a density argument.
O

€1 € Gy oo

4.2 Dirac operators with singular interactions — definition and basic
spectral properties for non-critical interaction strengths

In this section we define Dirac operators with electrostatic and Lorentz scalar §-shell in-
teractions supported on a compact C2-smooth surface £ C R3 via the quasi boundary triple
{LZ(Z;(C“),F%,F)IZ} from Theorem 4.1.1. These Dirac operators are formally given by

A%cans = —ica- V+mc2ﬁ + 7761452 + nsﬁ(SZn
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where 1, 15 : £ — R are Lipschitz continuous functions. First, we are going to show for
non-critical interaction strengths, that means if 1e (x)2 — 15 (x)? # 4¢? for all x € ¥, the self-
adjointness of these operators and provide their basic spectral properties. In particular, in
the physically interesting cases of purely electrostatic interactions, that means 1. is disjoint
from £2¢ and 1ns = 0, and of Dirac operators with purely scalar interactions, that means
75 is arbitrary and 1. = 0, we can give a more detailed picture in Corollary 4.2.5 and
Corollary 4.2.6, respectively, below. The critical case is then treated in Section 4.3.

z

Let us start with the rigorous mathematical definition of Ay, :

Definition 4.2.1. Ler {L*(X;C*),T5,TT} be the quasi boundary triple from Theorem 4.1.1

and let Ne,Ms : £ — R be Lipschitz continuous functions. Then we define the operator

A%M> :=TE | ker(T5 + (Nels +sB)TT). This operator is given in a more explicit way by
A%e,nsf = (—icat-V+mc?B)fy & (—ica-V+mc*B)f_,

domAL , = {f =fr@f eH' (QuCHaH (QCY: 4.12)

@k~ ) = (s )£ 1) .

Let us state an remark on the transmission condition which models the &-shell interac-
tion:

Remark 4.2.2. Another way to write (I + (nels +1s8)I) f = 0 is

(ic(a )+ %(Tleh + nsB)) frlz+ (—iC(a V) + %(nebf + nsﬁ)) f-l=0. (4.13)

If e (x)? — N5 (x)? # —4c? for all x € X, then the matrices =ic(a - V) + 5 (Nels + B are
invertible and

4

. 1 71
(ilc(a-v)+§(ne14+nsﬁ)) = 7Wg_ns2

(iic(oc V) — %(ne14 - ﬂsﬁ)) .

Setting

, 1 . 1
R =~ (ictecv) ) ) (icloe) 5+ ) ).
we see that in this case the transmission condition (4.13) can be rewritten as
fils =Ry n frlx-
On the other hand, if Ne(x)? — Ns(x)? = —4c? for all x € Z, then (4.13) is equivalent to

(2cly—i(ot- V)(Mels +1sB)) fle =0,  (2cky+i(a-V)(Mela+1sB)) f-|x =0, (4.14)
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that means that AZ .., is decoupled to Dirac operators in Q4 with the boundary condi-
tions (4.14). This phenomenon is known as confinement, as a particle, which is initially
located in Q4 will stay in Q, and it is investigated in a more detailed way for constant 1
and 1 in [6, Section 5].

It follows immediately from Green’s abstract identity that ATZ]e-,ns is symmetric for all real-
valued Lipschitz continuous interaction strengths 1,75, compare (2.9). For non-critical
interaction strengths, that means ng — nsz +# 4¢%, we prove in the following theorem self-
adjointness, a Krein type resolvent formula and some basic spectral properties. The main
tool to prove the self-adjointness is Proposition 4.1.7 which is only true, if nZ — n2 # 4¢>
everywhere on X. In fact, we will see in Proposition 4.3.1 that otherwise, for critical in-
teraction strengths, the operator A%e,ns is not self-adjoint. I would like to thank Konstantin
Pankrashkin for showing me an efficient way to prove item (iv) of the following theorem;
a similar argument is used for instance in [49, Proposition 3.6].

Theorem 4.2.3. Let 1e, 7 : £ — R be Lipschitz continuous such that Ne(x)? —s(x)? # 4¢>
forall x € ¥ and let A),:k‘ns be defined by (4.12). Moreover, let Ag be the free Dirac operator

defined by (3.3), let @) and C), be given by (3.16) and (3.17), respectively, and let YZ and
M? be as in Proposition 4.1.2. Then A%eﬁns is self-adjoint and the following assertions
hold:

(i) For A € C\R the resolvent OfA%e,ns is given by

( Ne,Ns ;L) (AO*A)717¢'7L(14+(ne14+nsﬁ)ek)71(nel4+nsﬁ)q)*
= (A0—A) " = ) (Ia+ (Mels +sBIME(R)) ™ (el + 1BV (R

(i) Oess(AZ ;) = (—o0, —mc?] U [mc?, o0).

Ne,Ns

(i) 4 € Gp(A%, ) i and only if ~1 € p((1els + 1B )IME(A))

(iv) GP(Anc n,) is finite.

(v) There exists a constant K > 0 such that GP(ATIc n) =0, if INe(x) s +ns(x)B| < K for

allx € X.

Proof. First, we prove the self-adjointness of A . Due to Green’s identity it is clear that
Anc 1, 18 symmetric, compare (2.9). Thus, it sufﬁces to prove ran (A —A)=L*R3%CY
for A € C\R.

Let f € L>(R%C*) and A € C\R be fixed. Then, by Theorem 2.2.6 (i) we have f €
ran&é&%eﬂS —A) if and only if (Nely +nsB) Y (A)* f € ran (Is + (Nely + NsB)ME(R)). Since
YE(A)* =TT (Ag— 1), see Proposition 2.2.3 (iii), and domA¢ = H'(R3;C*) we deduce
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from Lemma 2.5.1 that ran ((1els + nSB)yZ(I)*) C H'/2(2;C*). On the other hand by
Proposition 4.1.7 the operator

L+ (Nels + BIME(A) = I + (nels + nsB) €,

is bijective in H'/2(£;C*). Thus, we get that f € ran (A,Zk?ns —1). Since f € L>(R%C*
was arbitrary, it follows that A%MS — A is bijective and hence, that A%&ns is self-adjoint.

Next, the Krein-type resolvent formula follows directly from Theorem 2.2.6 and Proposi-
tion 4.1.2.

In order to show item (ii) we note that for A € C\ R all operators ®;, Nels + 1sf3, CID%,

and (14 +(Nelsa+nsB)C ,1) ! are bounded in the respective L>-spaces by Proposition 3.2.1,
Lemma 2.5.1 and Proposition 4.1.7. Moreover, ®; is compact by Proposition 4.1.9. This
and assertion (i) show now that

(A5, =) = (A= 24) " = — @3 (I + (Mels +1sB)CL) ' (Mela +nsB) P
is compact. Therefore GESS(ATZ]e.ns) = Gess(Ag) = (—o0, —mc?] U [mc?, ).
Assertion (iii) is just an application of Theorem 2.2.6 (i).

In order to verify statement (iv) we note first that the number of discrete eigenvalues of
A%e,n, in the gap (—mc?,mc?) is equal to the number of eigenvalues of (AEMS)2 below the
threshold of its essential spectrum (mc?)2. Let us denote the quadratic form associated to

(A),:,Ms)2 by a. Then it holds forany f = f, @ f_ € domA%Ms =doma
. 2 . 2
alf] = A5 S5 = || (—ica-V+mB) fi [l + || (—ica-V+-me*B)f-|[g
=lle(a-V)fillg, + le(a-V)F-la +me)?| £l
+ (—ica-Vfi,m*Bfi)a, + (m*Bfr,—ico-Vfi)a,
+(—ica-Vf ,mSBf )a_+(mPBf,—ica-Vi)a_.

Employing integration by parts we see that

(—icot-Vfs,mPBf)a, + (mc*Bfe,—ica- Vi), = Flica- V|, m*Bfilr)s,

which yields then

a[f] = lle(e- V) f &, ua + (mc)?(|f |

(4.15)
— (ica- Vfi|z.mc*Bfi|s)s + (ica- v |s,m*Bf-|v)s.
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Choose R > 0 such that ¥ C B(0,R). Then, we see that the quadratic form associated to
(A)T:k‘ns)2 is minorated in the sense of closed quadratic forms by b := bjy & bexi, where

bine[f] := [c(ax 'V)f||%z+u(g,mB(O,R)) + (mcz)ZHfH%?(QR)
— (icat- vy |z,mc®Bfils)s+ (ica- v |g,mc®Bf |s)x,

dom by := {f: frof e H(Q:;CHaH (Q_NB(O,R);CY :

@b £ ) = (s ) 1) .
and

bexi[f] := ||C(0"V)f||§§3\3(071a) + (m02)2||f”]12§3\3(071e)a
dombey := H'(R*\ B(0,R);C*),

that means it holds doma C domb and b[f] < a[f] for all f € doma. By the min max
principle this implies that, if the operator associated to b has finitely many eigenvalues

below (mc?)?, then (A),:k’m)2 has only finitely many eigenvalues below (mc?)2.

Clearly, the operator Bex; associated to bey; is a shifted Neumann Laplacian and hence
Bext > (mc?)?. Thus, the number of eigenvalues of (A%&m)2 below (mc?)? is equal to
the number of eigenvalues of the operator Bjy associated to the semibounded and closed
form by, compare for instance [64, Section XIII.15] for a similar argument. Moreover, as
dom by C H(Q;CH @ H'(B(0,R)NQ_;C*) is compactly embedded in L?(B(0,R); C*)
it follows that the resolvent of Bjy is compact. Therefore, the spectrum of Bjy is purely
discrete and consists of eigenvalues that accumulate only at co, as Bjy is bounded from
below. Thus Biy has only finitely many eigenvalues below (mc?)?. Hence, also the oper-
ator associated to b has only finitely many eigenvalues below (mc?)2. This shows finally
that (A),:,evns)2 has only finitely many eigenvalues below (mc?)? which finishes the proof of
assertion (iv).

Finally, item (v) is just a simple consequence of the Birman-Schwinger principle in (iii)
and Proposition 3.2.2. O

In the following corollary we state several consequences of the Birman-Schwinger princi-
ple from Theorem 4.2.3 (iii).

Corollary 4.2.4. Let Ne, N5 : £ — R be Lipschitz continuous such that 1e(x)> — ns(x)* ¢
{0,4¢?} for all x € T and let A%mng be defined by (4.12). Then the following is true:

(i) A eop(A ifand only if A € o, (A

X .
74czne/(n3fn3>f4c'2ns/(n37n3))’

(i) The;; exists some K > 4c* such that 0p(Ay, ) = 0, if Me(x) £ ns(x)| > K for all
RS

X
neans)
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Proof. According to Theorem 4.2.3 (iii) a number A is an eigenvalue of A,ZhﬁnS if and only if

—1is an eigenvalue of (1ely +nsB)M=(2), that means if and only if there exists a function
0+# @ € domM*(1) = H'/2(Z;C*) such that

0= (s + (Mela +nPIM*(2)) @ = (Is+ (1els +115B)C2) .
1

= n2— Tl‘(
operator in H 1/2 (X;C*) due to the assumptions of this corollary, yields

1
= ———Mels—B)+Cy | 0.
(ne ns(n4 nsB) x)(P

Multiplying this equation with (nels +nsf8)~ Nels — NsPB), which is a bounded

Using —4c?(a - vC;)? = Iy, see Proposition 3.2.1, and the anti-commutation relation (1.2)
we see that the last equation can be rewritten as

1
0= (*4C2ﬁ(ne14 —nsB) (e ve)* + (a- V)281> ¢
ne — 1
1
~ (4 - )@ v oy ) (@ vies
e S

:(oc~v)< 4¢? n

Because of the mapping properties of C; from Proposition 4.1.6 and the regularity of X we
see that 0 # (o~ v)C; @ € H'/2(L;C*). By the Birman-Schwinger principle this can only
be true if and only if A € o, (A*

1
B +14) ()€ 0.

€

4e2ne/(n¢—n2),~4c*ns/(nd-n)/"
Item (ii) follows now directly from assertion (i) and Theorem 4.2.3 (v). O

In the cases of purely electrostatic and purely scalar interactions one can give a more
detailed picture of the spectral properties of the associated Dirac operators and many of
the previously shown results simplify significantly. First we reformulate these statements
for Dirac operators with purely electrostatic d-shell interactions, that means we assume
Ns = 0. Then the corollary below follows immediately from Theorem 4.2.3 and Corol-
lary 4.2.4:

Corollary 4.2.5. Let 1. : £ — R be Lipschitz continuous such that ne(x) # £2c¢ for all
x € X and let the self-adjoint operator A% .0 be defined by (4.12). Moreover, let Ag be
the free Dirac operator defined by (3.3), let D, and C) be given by (3.16) and (3.17),
respectively, and let Y= and M* be given as in Proposition 4.1.2. Then the following
assertions hold:

(i) For A € C\R the resolvent OfA%e_0 is given by

(A2 o—2A) "= (Ag—2) " P () (L + neME(2)) ' meyF(R)*
= (Aofl)71 — &P, (I4+Tle€l)7l1’]eq)%
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(i) GeSS(Aer‘,O) = (=00, —mc* U [mc?, ).
(iii) A € ()'p(AZ o) ifand only if —1 € Gp(neM):(l)).

(i) If |ne(x)| > O for all x € ¥, then A € Gp( o) ifandonly if A € op (A% 4., 0)

(V) Gy(AZ. o) is finite.
(vi) There exists a constant K > 0 such that GP(Arzkﬂ) =0, if either |Ne(x)] < K or
Ne(x)| > 4 for all x € X.

Next, let us discuss Dirac operators with purely Lorentz scalar -shell interactions, that
means we assume 1 = 0. Note that in this case there is no critical interaction strength,
as N2 # —4c? always in this case. On the other hand we have for 71y = +2¢ confinement,
compare Remark 4.2.2. For purely scalar interactions many of the spectral properties of
A%c,ns from Theorem 4.2.3 simplify and we have some additional interesting symmetry
relations in the spectrum. Most of the results are also formulated in [49, Theorem 2.3].

Corollary 4.2.6. Let 15 : ¥ — R be Lipschitz continuous and let the self-adjoint operator
Ag e be defined by (4.12). Moreover, let Ay be the free Dirac operator defined by (3.3), let

@, and C), be given by (3.16) and (3.17), respectively, and let Y= and M* be given as in
Proposition 4.1.2. Then the following assertions hold:

(i) For A € C\R the resolvent ofA()ins is given by

(‘4024,11S 7/1)71 = (1407/1)71 772()')(14+n5BM2 l)) 1‘]5/372
= (A0 —A) 7" =@ (L +nsBCy) " B

(ii) aess(Agﬁm) = (—o0,—mc* U [mc?,);
(iii) Gp(Aans) is finite.
(iv) A € 6(AF,,) if and only if =4 € G(Af ).
(v) Discrete eigenvalues of AO ns have always even multiplicity.
(i) Ifns(x) > 0 for all x € X, then c,(AS on) =
(vii) A € 0p(Af ) if and only if —1 € op(nsﬁMZ( ).

(viii) If|ns(x)| > 0 for all x € £, then A € o,(A5 n.) ifand only if A € op(A 04c2/n-)'

(ix) There exists a constant K > 0 such that o, (A% ) =0, if [ns(x)| <K or [ns(x)| = %
forallx € L.



4.2 Dirac operators with 8-shell interactions of non-critical strength 75

Proof. The results in items (i)—(iii) and (vii)—(ix) are special cases of Theorem 4.2.3 and
Corollary 4.2.4 for 1. = 0. It remains to show assertion (iv)—(vi).

First, to prove statement (iv) it is sufficient to verify the symmetry of the discrete spectrum,
as Oess (Ag,m) = (—o0, —mc?] U [mc?, ) by (ii). Define the (nonlinear) charge conjugation
operator

Cf:=iBanf, feL*®RCH.
A simple calculation using 0 = —a, (where the complex conjugate is understood com-
ponent wise) shows C2f = f. Moreover, it is not difficult to see that f € domA)(inS if and
onlyif Cf € domA%vns. Eventually, employing (1.2) we get

(—ica-V+me*B)Cf = (—ica-V+mc*Bifonf

=iBar(—ica-V —mc*B)f = —C((~ica-V +mc*B)f). (¢-16)

Hence, we deduce AEJ.’SC = —CA%_,L. This yields then the claim of item (iv).

For the proof of statement (v) we employ a similar idea and define the (nonlinear) time
reversal operator

. — 0 I
Tfi=—iponf,  [feLX®RACY, ¥:= (,2 5).

Note that we have 85 = —y5 and (o -x)ys = 5(a - x) for any x € R3. Similarly as above
we have f € domAg , if and only if 7 f € dom A, and T f = — f. Furthermore, a similar
calculation as in (4.16) shows

(—ica-V+mc?B)Tf =T (—ica-V+mc*B)f,
which yields AgnST = TA%-ns‘ Another calculation gives (—iys0.f, fcs = (f,i¥s00. )¢
which implies -
(Tf. S = [ TS0 FR)ax =0,
b2

0,15
trivial eigenfunction of A% . Therefore, also assertion (v) is proven.

Hence, if f is an eigenfunction of A then also T f is a linearly independent and non-

Finally, to show item (vi) we note first that we have for any f = f. & f_ € domAg_n\
by (4.15)
4G fl17s = lle(a- V) £ellE, o + (me)? (1 £1%s
—(ica-vfyi|s,mc*Bfils)s + (ica- vI_|g,me*Bf-|s)x
= lle(a-V)filg,oa +m)?(IfllRs
— (ica-v(file = f-I2),mB(felz+ f-Ix))s

+ (ica- v fy|g,m*Bf-|s)s — (ico- v |s,m*Bfi]5)s.
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Using the transmission condition —icat- v(fy |z — f-|z) = BB (filx + f-|x) and (1.2), we
see

—(ica- v(filz— f-|z),m*B(felz+ f-I5))y = %(ﬂs(f+|z+f—|z)am02(f+|z+f7|z))y_-
In particular, due to the assumption 15 > O this is a non-negative real number. Moreover,
employing again (1.2) we get

(ica-vfylg,me*Bf-|x)s — (ica- VI |g,mBfi|s)s = 2ilm (ica- v fi |z, m*Bf-|s)s.
This leads to

AT . fNRs = e V) £ lld,va + (me®)?| £l

1
+ 5(’7s(f+|z + £ 18)me*B(fils+ f-1x))g +2ilm (ico- v £y |z, m*Bf-[5)s.

As all other terms in the last equation are real, we conclude iTm (icot- v fi |z, mc?Bf_|g)x =
0 and thus, using ns > 0

1AG n S 15 = lle(a- V) £eld, ua + (M) fl13s
1
+3 (Ns(fele + f-I2)mPB(fils + f-I5))y
> (mc)?||fI5s-

Therefore Ag,ns can not have eigenvalues in (—mc?, mc?). O

Next, we prove that the difference of the /-th power of the resolvent of the free Dirac
operator and of A ..n, belongs to a certain weak Schatten-von Neumann ideal. The proof
of the following theorem is based on Proposition 4.1.9. Hence, we have to assume some
additional smoothness of X.

Theorem 4.2.7. Let | € N be fixed and assume here additionally that ¥ is C'-smooth. Let
Nes ns ¥ — R be Lipschitz continuous such that Ne(x)> — Ns(x)? # 4¢2 for all x € X and
letA n, be defined by (4.12). Moreover, let Ay be the free Dirac operator given by (3.3).
Then it holdsfor any L € C\R

(45

Ne.Ms l)_l_(AO_A')_I € 62/[,00

Proof. Let A € C\ R be fixed. For convenience we set 1) := Nels + N5 3. Using the resol-
vent formula from Theorem 4.2.3 (i) and (2.1) we get

1 d171 .

(o =271 = (Bo= 2™ = g (A =4 = (o= 2)7)
1 d! Lo
=u-m )'d/lll(q>l(14+nel) nes) (4.17)
L

—1d"
= — — L C oL
pratr=i— IPCI’V'dU ld?tq(4+n ?) Lryraw:
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We know from Proposition 4.1.9 that

dr a .,
dqu)x €64/2p+1) and dTqu)T €64/02rt+1) 00 (4.18)

Furthermore, Proposition 4.1.7 yields (I3 + n(?,l)_l € B. Eventually, we claim for ¢ €
{1,...,1—1}
d?
i (L+1€:) " €6y (4.19)
This claim will be shown by induction.

Employing identity (2.2), Proposition 4.1.9 (ii), and (2.44) we get for g = 1

Li+nCy)™! *(14+71@/1)7177 Crla+nC;) " € Gre.

da ( da
So let us assume now that the statement is true for k = 1,...,q. With the aid of (2.1) we
get

dq+1 . 44 d
e =2 l(l4+71@/1) |

dq
=34 {(14+77€/1) ”da ala+nCy)” }
m+1 n

g dt
= LS (e ey (I + e
W;n:qk!m!n!dxk( 8 G Ca g (€)™

Since we have by Proposition 4.1.9 (ii) that -4 3 M +1 Le 2 € ©2/(m+1),- this and the assumption
of the induction imply eventually that

dat!
dqurl (1 +71@/1)
m+1 n

_ g d* -1 a -1
- k+n§ k' m 'dlk( +nel) ndlm+]€ldln(l+nel)

belongs t0 Sy /(41 1) co-
Making use of (4.17), (4.18), (4.19), and (2.44) we deduce finally that

(Afn—A) = (A0—-2)"
1 d? d4
Dl dir S ana

e Pl (a+nC2)” ”darq’*egz/’
pq+r=

This was the claimed result of this theorem. O
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In the following corollary we state that the difference of the third powers of the resolvents
of A%Ms and Ay is a trace class operator. This is an important result for mathematical
scattering theory, as it ensures the existence and completeness of the wave operators for the
scattering system {A%a.ngAO} and that the absolute continuous parts of A%Ms and Ap are
unitarily equivalent. Furthermore, we provide an explicit formula for the trace of (A%e,ns -
A)~3 — (A9 — A)~3 in terms of the singular integral operator €. Note that the trace in the
left-hand side of (4.20) is taken in L?(R3;C*), whereas the trace on the right-hand side is

taken in L2(X; C*).

Corollary 4.2.8. Let ¥ C R be the boundary of a C*-smooth compact domain and let all
assumptions of Theorem 4.2.7 be fulfilled. Then for any A € C\ R the operator

(Afn, =) = (0= 2) 7

belongs to the trace class ideal and

tr[(A . —2) 7 —(Ag—21)7]
1

d? _ d (4.20)
= _Etr {m ((14 + (Nels + TISB)G)L) 1(77614 + nsﬁ)ﬁe)L)] .

In particular, the wave operators for the scattering system {A%e,ns'/AO} exist and are com-
plete, and the absolute continuous parts of A%e,ns and Aq are unitarily equivalent.

Proof. The first statement follows immediately from Theorem 4.2.7 for the special choice
! =3 and the fact that G, 3 .. is contained in the trace class ideal, compare (2.43). More-
over, the last assertion is a standard result in scattering theory, see for instance [73, Chap-
ter 0, Theorem 8.2] and the standard definition of the existence and completeness of wave
operators.

So it remains to prove the trace formula (4.20). We use the abbreviation 1 := nels + 1.
Employing the resolvent formula from Theorem 4.2.3 (i), Proposition 2.2.4 (iv) and the
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cyclicity of the trace (2.45) we get

3 - 1 & z —1 -1
uw[(Ap g, —2) 7 = (40— 2) ]7*“{(1,12(("\%713 A) = (Ao—A) )}

1 d? .
- {dxz@’x(Mn@x) lnd);)}

1 d dr
= — P L+ne or
P+q;r , Plg!r! [d)u’ ldm(”" o i '1}

1

d d
= _ L ¢ n—o;—o
P+q;r 2P lq!r! Lﬂq“Jrn 2 Tarr“ranr }L]

1 [d . d

This is the claimed formula. O

4.3 Dirac operators with §-shell interactions of critical strength —
self-adjointness and basic spectral properties

In this section we study Dirac operators with a singular interaction of the form nely + 153
in the critical case, that means when 7. (x)% — 175 (x)? = 4¢? for some x € Z. We will see that
under these assumptions Alee-,ns defined by (4.12) is not self-adjoint. But using the ordinary
boundary triple {L?(Z;C*),Y5, YT} from Theorem 4.1.5 it turns out for constant 7). and
75 that these operators are essentially self-adjoint and we can characterize and study the
self-adjoint realizations. First, we have the following result:

Proposition 4.3.1. Assume that Ne,MNs : £ — R are Lipschitz continuous functions such
that Ne(x)? — Ns(x)? = 4¢? for some x € . Then A,Zk‘nS defined by (4.12) is symmetric, but
not self-adjoint.

Proof. The fact that A%&ns is symmetric follows immediately from Green’s identity, com-
pare (2.9). The claim that A%e,ns is not self-adjoint will be shown in an indirect way.

Assume that A%, is self-adjoint. Then ran (A% , —A) = L*(R*;C*) for all A € (C\R
Since AL := TZ [ kerl"): is self-adjoint by Lemma 4 1.3 it follows that {L2(Z; C4) FZ}
with I = I'T and FZ := —TI'5 is also a quasi boundary triple with Weyl function Mz(l) =
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—MZ(1)~!, compare the considerations after Theorem 4.1.5. Hence we deduce from The-
orem 2.2.5 that

ran (fl (AL —2)7") =ran (T} [ kerIT) C ran (nels +nsB + (M>(2)) 7).

By Lemma 4.1.3 it holds ran (I} | kerIT) = H'/2(£;C*) and thus the last condition is
equivalent to the fact that Nols + s + (MZ(1)) ! is bijective in H'/2(Z;C*).

Next, recall that M* (1) = G;L/z and (Ciﬂ)*l =4 (a- v)(?i/z(a - v), compare Proposi-
tion 4.1.2 and Proposition 3.2.1. Since X is C2-smooth and ¢ - v is pointwise unitary the
multiplication with o - v yields a bijective operator in H!/ 2(E; C*). Thus, using (1.2) we

see that
1/2

Nels — 1P —4c2€Y% = (o0 v) (nely + 5B + (€ D (- v)

is bijective. Moreover, since C’;L/ is bijective in H'/2 (X;C*) we obtain that also the oper-

ator Iy + (Mels + M ﬁ)@;/ % is bijective in H'/2(X;C*). Therefore, also the product
(Nels — 5B —4c*C}) (I + (nels + 1 B) €} %)
= Nela— 0B —4c2€} 2 (nels + B> + (12 — 2 —4c)e;?

is bijective. We set

C:= H (77614 - TISB - 4626;_/2(118[4 + nsﬁ)eyz + (nez - 7152 - 4C2)e;/2)7l || < oo, (4‘21)

Next, choose a function 1 such that
el/2
Yo:=X\suppn #0 and CH((ng—nf—%z) / H<1

where C is the same constant as in (4.21) and the norm is the one in B(H'/2(;C*)). Such
a choice is possible by Proposition 2.5.2; the fact that £y # @ follows from the assumption
that there exist some x € X such that ¢ (x)? — 15(x)? — 4c? = 0. Then

CH(neI4*rlsﬁ *46‘2@1/2(71e14+nsﬁ)el/2+(773*7132* '2)61/2>
— (Nela — 1B — 4c*C 2 (nels +1sB)CY* + €y
:CH((nefnsfé"c)fn 1/2H<1

gl

and thus [51, Theorem IV 1.16] yields that nely — N — 4026;/2(11614 + nsﬁ)e'f + 1‘[(3;/2
is bijective in H'/2(Z;C*).
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Next, denote by P : H'/2(£;C*) — H'/2(£0;C*) the restriction operator acting as Pg =
¢ | Xo. Then since suppn = X\ £y we obtain

H'2(3y;C*) C ranP (nel4 —nB - 4c2(€/11/2(nel4 + nsﬁ)(ii/z + n@i/z)

2,o1/2 1/2 4.22)
=ranP (17514*1’]5[}*46' el (nel4+nsﬁ)el )

Finally, we claim that nely — nsf8 — 4c26;/2(1]el4 + nsﬁ)eyz is compact in H'/2(Z;C*).
This gives then a contradiction to (4.22). To verify the last claim we write

e;»/z(nelét +1sB) = (Mels — Tlsﬁ)eyz +Xi4
with
K1z = (€5 ne—me€y?) + (€5 *ns — i€ B+ (€)% B + By ).

Using Propositions 3.2.3 and 3.2.4 we conclude that X, ; is compact in HI/Z(Z; ).

Moreover, recall that (61/2)2 = 4%.2 + X, 2, where IKU» is compact in H1/2(Z;(C4), com-

pare Proposition 4.1.4 (iv). Thus, we get eventually that

Nels — 1B —4¢2C)/ 2 (Mely +1sB) €Y% = (Mels — 1sB) (I — 4c2(C}/2)?) +%, 5 €4/
= —4c*(Mely — NsB) Ko 5 + K1 2 @;/2,

which is compact in H'/2(Z;C*). This finishes the proof of this proposition. O

In the following let 7e,ns € R with n2 — n2 = 4¢>. We are going to show that A%e,ns

is in this case essentially self-adjoint and compute the closure of this operator, which is
then the self-adjoint realization of the Dirac operator with a J-shell interaction of strength
Nels -+ NsB. For that purpose we use the ordinary boundary triple {L?(Z;C*),Y3,YF} from
Theorem 4.1.5. Recall that

A% o =TF Tker (5 + (Mels + nB)IT) = (S7)° | (YT — 047, 75),

where ©55, = X (1lely + 158 + (€5/*) 1) (15) 71, 1¥ s defined by (4.6) and (4.7), and

Gé/ 2 is the restriction of Co onto HY/ 2()Z; (C4) from Proposition 4.1.6, compare (4.10). The
operator 9}7‘:‘,15 is explicitly given by

010 = F (nels+ M+ (€)1 (15) L,

(4.23)
dom@:,’fnS =H\(Z;CY).
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Due to the mapping properties of (3(1)/ % from Proposition 4.1.6 we see that ®,'7‘f,75 is well-
defined. Moreover, using Propositions 4.1.6 and 4.1.2 it is not difficult to see that 9#5,15 is

symmetric in L?(X;C*). Our goal is to show that @1,’5,,5 is essentially self-adjoint and that
its closure coincides with the maximal parameter

O ¢ =1 (el + 1B+ (€5 %)) (5) o,
dom @y, 1= {‘P e LAY : (e + 0B+ (€ A (E) g e Hl/z(z;c“)} .
4.24)

Here €, 1/2 i the extension of Co onto H~1/ 2(x;C*). A density argument and Proposi-
tion 3.2.1 show that (651/2)*1 =43 (a- v)’@gl/z(a -v)/, where (ot -v)' is the dual of
the multiplication operator with o - v in H'/2(;C*).

2

Proposition 4.3.2. Let Ne,7s € R such that n2 — 12 = 4c%. Moreover; let ®y™, and

G%fns be given by (4.23) and (4.24), respectively. Then ®;7'3‘?m is essentially self-adjoint in
L*(Z;C*) and the closure of @i,"fns is ®%’fns, In particular @%‘fns is self-adjoint.

Proof. The proof of this proposition consists of three steps. First, we verify that @%fm
is closed, then in Step 2 we prove that (@,17‘5715)* C G)%fm. Finally, in Step 3 we show

@%’fm - @:,’fn’ which yields then together with the results from Step 1 and Step 2 the
claim of this proposition.

Step 1: We prove that @?,fns is closed. For that choose a sequence ¢, C dom @?,’fns such
that
¢, — ¢ and 9101’5175% — Y, n—oo,

in L?(X;C*) for some @,y € L*(Z;C*). Since 1T : H'/?(Z;C*) — L?(X;C*) is bijective,
compare (4.6), it follows that
(Mela +1B+ (€)™ )(E) g — (1) 'y inH'A(E:CY), n s oo,

On the other hand, since 1= : H~'/2(Z;C*) — L*(X;C*) is bijective and nely + 1sB +
(661/2),1 is continuous in H~1/2(£;C*) we see that also

(Mels+0B + (€5 A1) (12) o0 — (ela+ B+ (€)1 (15) g
in H=1/2(X;C*), as n — oo. Hence, we conclude
(Mela+nB+ (5 /)™ () o = (1) y e HA(z:CY).

This shows that ¢ € dom @%’fn’ and @%fn’(p =y, that means @%’fns is closed.
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Step 2: We verify that (@%Em)* C ®%Ens' For that fix some ¢ € dom(@,l,’fns)* and let
Yy € dom G),'fezm = H!(X;C*) be arbitrary, but fixed. Then using the definition of (5),115,75,
equation (2.18), Proposition 4.1.4 (ii) and ((31/2) = _4(a- v)CO/ (- v) we get

(@) @, ¥); = (o, ®ne W)y = (‘P~l£(nel4+nsﬁ+(€(1)/2)_1)(l§)_lllf)z
(eu+mﬁ+<”ﬂ*x£r*>1pﬂn

= (
(=
(%)@, (Nels + 1B — 4 (ax- V)el/z(a v)ty) 1/2x1/2
=
(=

(ne14+ns13 4 (o-v)' €y 2@ v)) (5) 0,5 W)
(Mela+ B —4c2(a-v)'€y P (- v) ) (15) 1o, (1F)2y),.

Since this is true for all y € H'(£;C*) = dom (12)? and as (15)? regarded as an unbounded
operator in L?(X;C*) is self-adjoint we conclude that

1 (Nels + s — 42 (- v)' € (- v)) (1F) "o € dom (1F)2 = H' (£;C*)
and

(O5.)7 0 = (15)21% (el + 0B — 4 (- v)' €y 2@ v) ) (12) !
=t (el + 1B — 4 (- v) €y (e v)) (1) .
Thus ¢ € dom G)?,’fn\ and (©® nung) Q= ®m 1, @» that means (G),lﬁ,fn\)* C G)%’fm.

Step 3: We show that ®?1L,ns C ®n"e,ns' Let ¢ € dom @n’e,ns be fixed and choose a sequence
(w,) € H'(Z;C*) such that y, — @ in L?(X;C*). We define

o= 0+ 31 (= (nels ~1B)E %) (22 (v~ ).
Note that
1 - 1 _
00 =31= (L= (Ml =nB)Cg %) (5)~ i 312 (I + (el —miB)E; ) (1) o
1 - - -
= 3% (1= (el = nB)ey*) (5) 7w — T (Bey ey ) (5 o
1 -
+ EIE (I4+(‘30 ]/2(n614+nsﬁ)> (lg)ilq)'

Since 1= gives rise to a bounded operator from H'/?(Z;C*) onto H'(Z;C*) by (4.8), we
deduce from the mapping properties of G(l)/ ? from Proposition 4.1.6 that

31 (1= (s = mp)ey”) () € B (i)
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Next, since ¢ € dom @%’fn’ we have that
2 (1 ey Pt np)) (5) o = ey (6" 4 nets + ) (15) o
belongs to H'(X;C*). Eventually, by Proposition 3.2.4 we deduce that
%IE (B, +¢5'*B)(1E) g € H'(Z:CH).

Therefore, we conclude @, € H'(Z;C*). Next, as Iy — (Nely — nsB)Cy 1/2 is continuous in
H~1/2(2;C*) by Proposition 4.1.6 we get that

o0 = 31% (1~ (= 1B)C, ) (12) "y — ) =0
in L2(X;C*), as n — oo, Finally, using n2 — n2 = 4¢? we obtain that
O (Pn— @)
= L (et mB (€5 Y) (1= (i~ i) ) (05) (v~ )
= e (el B+ (65" 7) (1€ — (et~ miB)) €52 (2) (v~ )
= (et (& (B(e D+ ()1 B) ) & ) (v - o)
Using (€5 "/%)~! = —4c(at-v)'€y"/* (et v)/ and Proposition 3.2.1 (iv) we deduce
(€, "?) 2 =16¢* (o vY' (€, ) (e v
= 16¢* (- v)ey (o) (o v)' (€5 3) + (€5 ) (o v) ] (- v
—16¢*((a-v)'€y ' ?)? = K + 4,
where K : H~1/2(2;C*%) — H'/2(£;C*) is bounded, see Proposition 4.1.4 (iv). Hence
O3 (90— 0) = 313 (11 1B, ) (€ ) 1B) )€, () (v o)

and as y, — @ in L*(X;C*), as n — o, we conclude with Proposition 3.2.4 (ii) finally

that G)%;E,ns(‘l’n —0)—0 ?n L2(X; ((.3‘.‘), as n — oo, This shows now @?ffns C ®}7§)-:ﬂs’ which
completes the proof of this proposition.

With the aid of Proposition 4.3.2 we are now able to show that the operator AZ defined
by (4.12) is essentially self-adjoint in the critical case and we can describe its self adjoint
closure explicitly. To formulate the corresponding theorem recall the definitions of the
maximal operator (SZ)* = max 3D Tn%; with T&ﬁ given by (3.10), the extended boundary
mappings Fo , Fl from Lemma 4.1.3, and the ordinary boundary triple {L*(X;C*), Y3, Y%}
from Theorem 4.1.5.
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Theorem 4.3.3. Let 1, 15 € R such that N2 —n2 = 4c* and let A%c n, be defined by (4.12).

Then A%e,ns is essentially self-adjoint in Lz(]R3; C*). Its self-adjoint closure is given by
A% po= (%) Tker (YT — @07, Y5) = (S5)" T ker (05 + (els +MsB)IT).  (4.25)
Moreover, A%@,ns - m and domm ¢ HY(Q ;CHBH (Q_;CH.
Proof. By Proposition 4.3.2 the operator @:.,’fnb is essentially self-adjoint. Thus Proposi-
tion 2.2.7 implies that
Afon, = T% ke (T5 + (els +nB)TT) = (8)7 1 (Y] — Oy, Y5)

is essentially self-adjoint. Furthermore, since {L?(X;C*),Y5,Y}} is an ordinary bound-
ary triple the closure A%&n of A Te,s COTTesponds to the closure of the parameter ®,]7fns;

by Proposition 4.3.2 this is G)n’e n.- Employing (2.23) we deduce then (4.25). The last
statement of this theorem is a direct consequence of Proposition 4.3.1. ([

Remark 4.3.4. According to [57, Proposition 2.1] functions f1 € dom Tnﬂzﬁ have traces in
H~1/2(2;C%). Hence, the boundary condition 1")5 + (Mels +MsB)IT = 0 is equivalent to

. 1 N
—ie(@- V) (fils = f-le) = 5 (Mels+ 1B) (fils + f-lp) i - /2(E:C).
This is in accordance to the jump condition in Definition 4.2.1.

In the next proposition we summarize some of the basic spectral properties of the self-
adjoint realization A%ens in the case of critical interaction strengths. These results comple-
ment those from Theorem 4.2.3.

Proposition 4.3.5. Let e, N5 € R such that n2 — n2 = 4c* and let AZ s be defined
by (4.25). Moreover, let Aq be the free Dirac operator given by (3.3) and letfor A eC\R

the operators @, Y2 and € 2 Y2 be as in Proposition 4.1.6. Then the following assertions
are true:

(i) (—o0, —me?|U [mc?,e0) C Gexs (AT, 1.)-
(ii) A € (—me?,me?) N\ 0p(AF, y,) if and only if 0 € Gy (nels + 1B + (€5 /%) 7).

(iii) The discrete and the essential spectra of the operators A):e n, and A coincide.

—MNes— s
(iv) For A € C\R it holds

A =2 = (A0— ) =@, P L+ (Mela+1B)€, ) T (Mels + 0B D
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Proof. (i) Let A € (—oo, —mc?] U [mc?,e0) and set ¢ := 0@ y*, n € N, with y* defined
by (3.15). Then it holds go,fL € domS* C domA%e'ns. Furthermore, by Lemma 3.1.4 we see
that (p,’l1 converges weakly to zero,

[0 |gs = lW*[lo_ = const. > 0, and (A%, . —A)@} = 0 (T — )y — 0, n— oo,

min

Thus (@) is a singular sequence for A% . and A which shows 4 € GSSS(A%e,ns)'
Assertions (ii) and (iv) are direct consequences of Proposition 2.2.7 and Theorem 2.2.5 (iii)
taking the special form of the y-field and the Weyl function for the ordinary boundary triple

{L*(Z;CY), Y@ YIZ} from (2.20) into account, compare also (4.11) and [23, Corollary 3.14].
Therefore, it remains to verify statement (iii). First, using that 1} are bijections, the for-
mula (G;l/z)*l = 4 (a- v)’@;l/z(a -v)’, and the Birman Schwinger principle for
the discrete spectrum, compare Proposition 2.2.7 and (4.11), the proof of the statement

Guisc (A% n,) = Ouise(AZp, _y,) follows word by word the proof of Corollary 4.2.4. Even-
tually, we prove

p(A%ems) N (—me?,mc?) = p(A§nef775) N (—mc?, mc?).

This and the previously shown facts imply then Oegg (A%e ns) = Oess (AT ) Due to sym-

—MNes—
metry reasons it suffices to verify p(A%c,n’) N (—mc?,me?) C p(Afnc s) N (—mc?,mc?).

Let A € p(A%, . AL )N (=mc%, mc?). Then, by Proposition 2.2.7 we have that 0 € p(@%’fnS —
ME(R)), where ME(R) is the Weyl function associated to {L?(;C*), Y5, YT }. Taking the
special form of MZ(Z) from (2.20) and ('D(,),’):nS into account this yields that the operator
Nels +1sB + (€, 1/2 ) is injective and that H'/2(£;C*) belongs to its range. Employing

Mels +1sB) ! = 4L2 (Nels — MsPB), equation (1.2), Proposition 3.2.1 (iv), and a density
argument we find

—Nels — 1B + (621/2)71

~(avY (s~ i) [mets + B+ (€)1 €12

(a-v).
Since (o - v)' and Mely — NP are invertible and G;l/z is bijective in H~'/2(Z;C%), also
—Nels —Nsf+(C 71/2)*1 is injective and H'/2(Z; C*) belongs to the range of this operator.

This yields, using again Proposition 2.2.7, that A € p(AZ, O

—Te *ns)

Finally, we prove that in the case of critical interaction strengths under certain assump-

tions there might be essential spectrum of A%e-rls also in the gap of 6(Ap). To be more
precise, we show that if there is some flat part contained in X and the interaction is purely
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electrostatic, then the point zero belongs to GESS(A:ZEZC‘O)' This result shows that in the
case of critical interaction strengths the spectral properties can be of a completely differ-
ent nature as in the non-critical case. The proof of this theorem follows closely the one
of [14, Theorem 5.9].

Theorem 4.3.6. Let ¥ C R? be a bounded C?-smooth surface such that there exists an
open set Xy C X that is contained in a plane. Moreover, let Ne € {£2c¢} and Ny = 0 be

constant and let Aimo be defined by (4.12). Then 0 € Gess(A%,, ()

Proof. The proof is indirect and for a simpler readability it is split into four steps. We
are going to show the claim for 1 = 2¢, the proof for 1. = —2c follows the same lines.
Assume that . .

Oe P(A)z:c,o) U GOdisc (Agc,o) (4.26)

In our considerations the operator 2 : L?(X;C*) — L?(Z;C*) acting on ¢ € L*(Z;C?) as
B = —1X(a-v)(2cly —4c2Cy ) (el + 47, ) (o vy (1F) e (427

will play an important role.

Step 1. We claim that % is bounded and self-adjoint in Lz()l; C*). First, we find for
¢ cL?(Z;CY

220 = —4c? (o v) (I —4c2(€ ) (@ v) (15) .

Since 1F : H¥'/2(£;C*) — L2(Z;C*) are bounded and bijective, it follows from Proposi-
tion 4.1.4 (iv) that also &= is well-defined and bounded. Next, using (1.2) we note that Z*
actson ¢ € H'(X;C*) as

2R = —4ctiE (- v) (I — 42 (1)) (@ v)(12) o

Since the operators @ - v, (‘3(1)/2, and 1* [ H'/2(Z;C%) = (1F)~" are symmetric this yields
for ¢ € H'(Z;CY)

(E%0,9)y = —4c*((I4 74c2((‘3(1)/2)2)(a VT, (a-v)ite)s R

By a density argument this extends to all ¢ € L?>(X;C*) and hence E* is self-adjoint
in L2(Z;CH).

Step 2. We show that the direct sum decomposition
ker % = ker @)+ ker®”}_ | (4.28)

holds. Together with a similar consideration for the discrete spectrum as in (4.11) for
A =0, Proposition 4.3.5 (iii) and assumption (4.26) this yields that dimker Z% < oo, Clearly
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ker(2cly + 462@_1/2) Nker(2cly — 402(3_1/2
@iz .o it follows that the sum in (4.28) is direct. Next, using (1.2) we see

) = {0}. Hence, in view of the definition of

- 0,2 T\—190X
EF =025 1- (l+) 050

=—iZ(a-v) (26‘14+4c2egl/2) (20[474c2@61/2) (a-v)(iZ)!

b) 20-1/2 20-1/2 -1 (4.29)
=—1X(a-v) <2c14—4c ey )(2c14+4c cy )(a.v)/(l,)—
0,2 0,
:®2¢‘0"Z( e —2¢,0
and get the inclusion
ker@ 0—|—ker® 0Cker (4.30)

To get the other inclusion let us denote by ker Z* Sker®” 2 .o the orthogonal complement
of ker@%i_o in the subspace ker 2> of L>(Z;C*). Then (4.29) yields

(2C14 +462@JI/2) (o v)'(1%) 7! (kerE* @ker@?i o) Cker <2014 - 4c2€al/z> .

Since
(2c14+4c2€61/2> (a-v)(®)7' (ker:z@kerG)O 260)

is injective and « - v and 1} are bijective we conclude

dimker =% < dimker (2514 +acrey 2) + dimker <2cl4 —ac2e," 2)
= dimker©”7, ; + dimker @),
which together with (4.30) implies finally (4.28).

Step 3. We define .77 := (kerZ%)' and claim that assumption (4.26) implies that =%, which
is clearly injective in the invariant subspace .77, is boundedly invertible in .#. In other
words, this means that Z | 7 is a bounded, self-adjoint and bijective operator in /7.

Let P¥ be the orthogonal projectors onto ker Q(igao. Making use of (4.26), Proposi-
tion 4.3.5 (iii) and a similar consideration as in (4.11) we see that the self-adjoint operators

093, I (1—PHLA(z:CY)

are boundedly invertible in (1 — P¥)L?(X;C*). Let us denote these restrictions by ©7.

Now, let ¢ € ranZ% C 57 and choose W € 57 with ¢ = ZXy. If we define

vy =1 (q:2c1474c2((x~ vye,*(a-v) ) (15)"'y € dom®%,
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then ¢ = Xy = @3[’;,70 w.. Hence, we get yo = (%)~ '¢ 4 PEyy and therefore

4B 1) o =dcy =y —y, =(0) 'o—(07) 'o+Piy_ —PLy..

Since PXy_ — PE W, € kerEY = 7 by (4.28) we deduce

l4c(@* 1.7) 95 < [[4e(= 1.72) "o lp + [Py — Py 5
= ||4c(E 1 ) Lo + PRy — PRy ) |2
S CART AR
Since (®%)~! are bounded we conclude that also (¥ | ##)~! is bounded in #. As
(X | 2)~ ! is self-adjoint in J# it is clear that it is everywhere defined on /7.

Step 4. Finally, we prove that the assumption that a flat part X is contained in X yields
that there are infinitely many linearly independent functions not belonging to ran Z%. This
is then a contradiction to the previous findings in this proof, which shows that the assump-
tion (4.26) can not be true.

We consider the linear operator
A=y (a-v) +(a-v)ey '

Then by Proposition 3.2.4 the operator A : H~'/2(£;C*) — H'/2(X;C*) is a well-defined
and bounded and by Proposition 3.2.1 (iv) and a density argument we obtain

EE = 16chE(a-v)e, PAGE)

Since if, («-v)’, and Cy 2 are isomorphisms, we see by comparing with (4.27) that in-
finitely many linearly independent functions do not belong to ran &% if and only if infinitely
many linearly independent functions do not belong to ran.A. We are going to verify the
last claim.

Employing the anti-commutation relation (1.2) one sees that A acts on ¢ € L2(Z;C*) as

A9 = [alxy)p()do() @31)

with integral kernel

je—mel—yl

“ 5 (1 me ) V() (=),

a(x,y) = Go(x—z)a- (v(y) — v(x)) + el —

where Gy is the Green’s function for the resolvent of the free Dirac operator Ay given
by (3.6). Note that the integral operator in (4.31) is not singular, as |a(x,y)| < Clx—y|~!,
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compare for instance [5, equation (22) and Lemma 3.5] and [46, Proposition 3.11]. Choose
a subset £; C X with Z; C Zy. Note that a(x,y) = 0 for x,y € Xy. Let U; C R? and
¢ : U; — R3 be a linear affine function which parametrizes Z;, that means ran¢ = X,
and let @ € L>(Z;C*) be arbitrary, but fixed. Since Vv is constant on £y and Z; C Xy, we
see that the mapping U; 3 u + a(¢(u),y) is C*-smooth for any y € ¥ and the function
T 3y Via(¢(u),y) is Cl-smooth for any u € U;. From this, it is easy to deduce that
(A@) o ¢ is differentiable on U; and

%, (49)(0)) = [ 3al0(0)Y)o)do0). e (1.2}

Let us denote the elements of the 4 x 4-matrix a(x,y) by a(x,y) and those of @(x) € C*
by @(x), [,k € {1,2,3,4}. Then the last observation implies, in particular, that

2
||3ujA(PH22<zl;tc4):Cl/ |90 A9 (6 (w))|” du

—c./ ‘/au]a Yo(y)da(y)

=C /U] k;;dl’(au,alk((b(u) ) (pk)l/2>< 1/2’ du

2
du

- 4
2
<G /U Y (|99 ), )12 g |0l g-1/2 500 A
1]=1
:C2H‘P||H71/2(z;c4)4

Continuity and density yield that Ay, € H'(Z;;C*) for all ¢ € H~'/?(£;C*). Thus, any
function y € H'/2(2;C*) with yly, ¢ H'(Z;;C*) is not contained in ranA. Hence, there
are infinitely many linearly independent functions in H 1/2 (X;C*) that are not contained in
ranA. This completes the proof of this theorem. O

Theorem 4.3.6 has also some interesting consequences for the domain of the operator

A%e,ns’ namely that it is not contained in any Sobolev space of positive order. This ex-
tends the finding from Proposition 4.3.1 and complements one of the main results from
Theorem 4.2.3, namely that functions in domA%ens have in the non-critical case H!-
smoothness.

Corollary 4.3.7. Let X C R3 be the boundary of a bounded C*-smooth domain such that
there exists an open set £y C ¥ which is contained in a plane. Moreover, let 1. € {£2c}

be constant. Then domA);;e o & H*(R*\ X;C*) for all s > 0.

Proof. We are going to show the claim for 1. = 2c, the proof for . = —2c¢ is similar.
This corollary will be shown in an indirect way. Namely, we prove that the difference
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(Agc,o —2)"' —(Ag— 1)~ is compact for A € C\R, if domAy. o C H*(R>\ X;C*) for

some s > 0. But this is not possible, as Gess (Ag) = (—o0, —mc?| U [mc?,00) # Gess (AL, 1) by
Theorem 4.3.6.

The proof of the claim requires some preliminaries. For s € [0, 1] define the Hilbert spaces
HS .= H (R?\ £;C*) Nndom (5)*
equipped with the norms
1B o= 11 gy + ISP Faqgongys S € €.

Then 1"3;71 = l"j); CH'(R3\Z;CH =K' — H'/2(2;C*) and FJZ»,O ::IN"jZ :dom (ST)* =K —

H~'/2(2;C*) are continuous for j € {0,1}. By interpolation we get that also
I =15 [ 30— H 2 (5:CY)
is continuous for any s € [0,1].
Let us assume now that domA¥ , = ker (Y)l: — G)gfng) C JH* for some s > 0. Then it
holds dom 935,‘0 C HY(Z;C%) as Y5 = —IEIN“%. Let B* and M” be the y-field and Weyl

function corresponding to the ordinary boundary triple {Lz(Z;C“),Yg,T)]:}, see (2.20).
For A € C\ R we have

ran (@97 — MZ(A)) " = dom (€7, — M¥(1)) € H¥(=:CH).

Moreover, by Proposition 2.2.7 the operator (@gfo —M(1)) ~!is continuous in L2(Z:CH).
It follows that .
(@97 —ME(L)) ™ LA(x;CH — B (5;C)

is closed and hence continuous. As the embedding from H*(Z;C*) to L?(Z; C*) is compact,

compare Proposition 2.3.2, we conclude that (®gfo —MZ(1))~! is a compact operator in

L2(%;C*). Finally, Krein’s resolvent formula from Theorem 2.2.5 shows that
(Ao =A)7" = (Ao—2) " = B(A) (03~ M*(2)) 'BE(A)", AEC\R,

is a compact operator in L>(R>;C*). This yields the desired contradiction. O

4.3.1 Dirac operators with 5-shell interactions of variable critical strength

Finally, we would like to state several remarks on the operator A,Zk_’ns, if the interaction

strengths 7., 7s : £ — R are Lipschitz continuous functions in the critical case, that means
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if there are some x € X such that 1 (x)? — 15(x)? = 4¢%. We have seen already in Propo-
sition 4.3.1 that A%e;”s is symmetric, but not self-adjoint. We will sketch here that, if 7
and n fulfill some suitable assumptions, then one can still show similarly as in Section 4.3
thatA%eﬂns is essentially self-adjoint, compute the self-adjoint realization and provide some

spectral properties of this operator like in Theorem 4.3.3 and Proposition 4.3.5.

The crucial result in Section 4.3 is Proposition 4.3.2 — the following main results are based
on this. Step I and Step 2 of its proof could be done for any Lipschitz continuous and
real valued functions 7 and 7 without any difference, the critical point is Step 3. But
with some assumptions on 1 and 15 one can modify this also for more general interaction
strengths. This consideration is based on the fact that any ¢ € dom ®%‘fns fulfills

(2 —n2—4H)(5) o e H'2(Z:CY). 4.32)

Hence, if we assume that 1. and 7 are such that for all ¢ € H -1/ 2(x;C*) which sat-
isfy (4.32) there is a sequence (,) C H'/2(Z;C*) with

¢, — @in H /2(Z;C* and

(4.33)
(2 —n2—4ch) @, — (nZ—n2 —4c%)@ in H'/3(2:C*),

as n — oo, then one could also adapt Step 3 in the proof of Proposition 4.3.2 with just
little modifications such that its claim is still true. One only must be careful that non-

constant functions 7. and 1s do not commute with C; /2 But due to Proposition 3.2.3 the
commutator of C; 2 with any Lipschitz continuous function is a bounded operator from

H~'/2(2;C*) to H'/2(;C*), which allows to prove the desired claim. Note that the above
assumptions are clearly fulfilled, if 1 (x)? — 15 (x)? = 4¢* everywhere on X.

Having Proposition 4.3.2 one can then proceed as for constant interaction strengths: in the
same way as in Theorem 4.3.3 it follows that A%e,ns is essentially self-adjoint and that the
self-adjoint closure is given by

A%e,nsf = (—icat-V+me*B) fr @ (—ico-V+mc?B)f_,
domAy == {f=fi ®f €dom(S")": (T + (Nels+nsf)TT)f =0}.

Moreover, if for all ¢ € H~!/2 (X;C*) satisfying (4.32) it holds (4.33), then the spectral
properties of A%e‘ns can be deduced in a similar way as in Proposition 4.3.5 and we get
that:

(i) (—co, fmcz] U [mcz,oo) C GeSS(A%evrIs)'

(i) A € (—mc?,mc?) N 6p(AS_, ) if and only if 0 € o (nela + 5B + (€ /%) 7).
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(iii) For A € C\R it holds

A~ = (A=) =@, P (I + (els +0B)€; ) T (Mely + 1B P

Moreover, if n2 # n2 on Z, then one can show with similar arguments as in the proof of
Proposition 4.3.5 (iii) that the discrete and the essential spectra and hence also the resolvent

sets of the operators A):e n, and A coincide.

—4c2ne/(n3—n2),—4c>ns/(n-n2)

4.4 Convergence in the nonrelativistic limit of Dirac operators with
electrostatic and Lorentz scalar 6-shell interactions

In this section we study the nonrelativistic limit of Dirac operators with purely electro-
static or purely Lorentz scalar d-shell interactions, that means we study this limit of A%e,ns
in the case that either 1y = 0 or 1. = 0 which are of particular physical interest. In the
nonrelativistic limit one subtracts/adds the energy of the mass of the particle mc? from the
total energy and computes the limit of the resolvent, as ¢ — oo. The expected result is the
resolvent a nonrelativistic Schrodinger operator which describes the same physical prob-
lem with the same parameters times a projection onto the upper/lower components of the
Dirac wave function. In our case we will see that the Dirac operator with an electrostatic
or a scalar J-shell interaction converges in the nonrelativistic limit to a Schrodinger oper-
ator with a §-potential of the same strength. This gives a justification for the usage of the
operator A .0 and Azn as a Dirac operator with a singular §-interaction supported on .
The pre%entatlon in this section follows closely [11, Section 5].

First, let us recall the definition of Schrodinger operators with §-potentials and some of
their properties that are needed for our purposes here. As usual let £ C R be the boundary
of a compact C?-domain and let 17 : £ — R be a Lipschitz continuous function. We define
the sesquilinear form

anlf.gl = (Vf,Vg)Ra +(nflz.gl)s, f.g €domay:=H'(R*C).  (4.34)

It is not difficult to show that a; is symmetric, semibounded from below and closed,
see for instance [29, Section 4] or [19]. The associated self-adjoint operator —Ay; is the
Schrodinger operator with a d-potential of strength 1) supported on X. In what follows we
want to find a suitable resolvent formula for —A;. For that we define for A € C\R the
function

el V2mAlx|

3
o YCR \ {0}, (4.35)

Kj (x) :==2m
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and recall that

-1 .
(—ﬁA - A) fx) = /RS Ky(x=y)f()dy,  x€R’.fe2(RC),  (4.36)

see for instance [69, Chapter 7.4]. Moreover, we introduce the bounded integral operators
¥, : [*(X;C) — L*(R3;C) acting as

¥y o(x /K,l x—y)e(y)do(y), xeR3 ¢@el*(X;CY, (4.37)
and D, : L*(X;C) — L*(Z;C),
Dpop(x) = /2 Ki(x=y)9()do(y),  xeZ,peLl’(L;Ch). (4.38)

It is not difficult to see that ¥, and D, are bounded, compare Propositions 2.4.4 and 2.4.5.
Moreover, a simple calculation shows that the adjoint ¥'; : L*(R3;C) — L*(Z:C) is

Visw = [ Ke—3)s00dy  xeX.feRNC).

With these notations in hand we can state now an explicit resolvent formula for —Ay; for
a proof of this result see for instance [19, Theorem 3.5] or [29, Lemma 2.3].

Proposition 4.4.1. Let 1 : ¥ — R be a Lipschitz continuous function and let —Ay be the
self-adjoint operator associated to the quadratic form (4.34). Then for all A € C\ R the
operator I} +nD, is boundedly invertible and

. 1 - -
(—Ap—2) 1:(—%A—1) —W(h+0Dy) '

In the rest of this section we are going to prove that the Dirac operators A%,o with a purely

electrostatic d-shell potential and AZ with a purely scalar interaction given by (4.12)
converge in the nonrelativistic limit to a Schrodinger operator —Ay with a §-potential of
strength 7. That means that we are going to show

lim (4% g — (A +me?) ™ = (g —2) ',

and
lim (4%, — (A £mc?) ™ = (£(=Ay) ~ 1)y,

L 0 00
P= (é 0) and P_:= (O Iz)'

where
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This shows then that A% o and A%.n are the relativistic counterparts of —Ay with electro-
static and scalar interactions, respectively.

Note that for a fixed parameter 7 there is no critical interaction strength for sufficiently
large ¢, as 4¢> > n(x)? for all x € £ in this case. Furthermore, the operators (A,),%‘0 —
(A +mc?))~! and (AE«TI — (2 £mc?))7! can be expressed by Theorem 4.2.3 in terms of
(Ao — (A £mc?)™L, @, 42y Cpime2 and @7 - The convergence of these operators is
analyzed in the following lemma:

Lemma 4.4.2. Let A € C\R, let A be the free Dirac operator defined by (3.3), and let ®;,
and C;, be given by (3.16) and (3.17), respectively. Moreover, let —A be the free Laplace
operator in L*(R3;C) and let ¥, and D, be given by (4.37) and (4.38), respectively. Then,
there exists a constant K > 0 independent of c¢ such that the following estimates are true
for all sufficiently large c:

1 -1 K
(Ag— (A £mc?)) ™' — (:F—A—A> Pl <= (4.39a)
2m c
K
”(I)limcz ¢\P:thiH < ?; (439b)
* * K
(D) s mez F YL < = (4.39¢)
K
€A me> F Daabell < (4.39d)

*
A+m
and €, _,,» can be studied

Proof. We only prove the claims on (Ag — (A +mc?)) 7!, @, .2, @ 2>and € 0

s

here, the convergence of (Ag— (A —mc?)) ™!, @, .2 D

in exactly the same way.

First, note that all differences that shall be estimated in (4.39) are integral operators with
the integral kernel G, ,,,.» — K; Py. Thus, we have first a closer look onto this function.
Recall the definition of K from (4.35) and note that

2 a2 i(or-x) oI V/A2 [+ 2mAlx|
Gy e ()= (6214+ 2mPy + (1 —iy/ = +2mlx|> ERE 2] .

We make the decomposition
G}Hrmcz (x) =Kr(x)P+ =1, (x) +12(x)» (4.40)

where the functions #; and ¢, are defined by

B 2 A2 i((X'x) el VA2 /2 +2mAlx| '
t1(x) = (C214+ (l — i1/ C2+2ml|x|> EPE ] ;

tz(x) _ (ei\/lz/(72+2ml\x\ _ei\/ZmMX\) 2m P

amlx| T

(4.41)
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It is easy to see that there exist positive constants k; = kj(m,A) and k» = Ky (m,A) de-
pending on A and m and independent of ¢ and an R > 0 such that

-2
Ki(m,A) | Ix[~%, [ <R,
t < ———= 4.42
@l < == emRmAil x| > R, (442)
In order to estimate 7, we compute first
ei\/12/02+2ml\x\ _V2mAL | iei\/IlZ/CZJerMx\dt
1A% /2 +2mA

2c+/t lz/cz-l-Zm ‘

Since A € C\ R there exist constants k3(m, A), k4(m,A) > 0 which are again independent
of the speed of light such that for all sufficiently large ¢
ir?

_ A d Re(iy/tA2/c2+2 )L)<— A
26\/m K3(m,A) an e< /c mA | < —x4(m,A)

hold for all ¢ € [0, 1]. This implies

r2(x)| =

( in/AZJr2mAl| 1\/2ml\x\)P+'

47'C|x\
K3 (m, 2) e N

(4.43)

IN

Eventually, by (4.40), (4.42) and (4.43) there exist constants Ks(m,A), ks(m,A) > 0 such
that

G ez (%) — Ky, (x) Py | < [11.(x)| + [12(x)]
Ks(m, A) {|x27 x| <R, (4.44)

¢ e mmA >R

Now, we are prepared to prove (4.39a)—(4.39¢). By Proposition 3.1.1 and (4.36) we have

_ 1 -1
((Ao —(A+me?) " - (—%A—/l> P+)f(x)
= /R} (Garsme(x—y) =K (x=y)Py ) f(y)dy
for x € R3 and f € L*>(R3;C*). With (4.44) and Proposition 2.4.3 we get

< Ja(m2)

c

(Ao— (A +mc?) " = (—2;1A—7L)_1P+
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for some constant k7(m, A1) and hence (4.39a) holds. Next we prove (4.39b). By Proposi-
tion 4.1.2 (i) and (4.37) we have

(Prime2 —YaPr)o(x) = /Z (G ime2(x—y) = Kp (x=y)Py ) @(y)do (y)

for x € R and ¢ € L*(X;C*). Here, the asymptotics in (4.44) and Proposition 2.4.4 yield

KS(mvz')
||(D)L+mcz_‘{’lp+” < c )

which is already the claimed estimate. Moreover, the relation (4.39¢) follows by taking
adjoints.

Finally, we verify C; , .2 — D P, For that, we use the decomposition
(el-%—mcz - DAP+) (P()C)
= lim (Gaime (x =) = Ky (x=y)P1) @(y)do (y)
ENOJx—y|>e

= (81+82+83+84)9(x), x€X, ¢ e LX(XCY),

where for j € {1,2,3,4} the integral operators 8 : L*>(X;C*) — L*(X;C*) are given by

8;p(x) := lim six=y)e(v)do(y), x€X, ¢ €L} (x:CY),
’ ENOJ|x—y|>¢
with
A a-x A2 ei\/lz/¢'2+2ml\x\

= SL+—1/ 5 +2 —_ =
s1(x) (cz 4+ oh] Vazt ml) prp ; 52(x) :=12(x),

_iax) (] _ i(a-x)
$3%) = dem|xf? (e 1)7 $4(¥) = dem|x|3’

with 7, as in (4.41). We remark that s| + s3 + s4 = #; with #; given by (4.41). It is easy to
see that |s; (x)| < % for some constant kg(m,A) depending only on m and A and all
x € R3\ {0}. Furthermore, |s2(x)| < K3(m,1)52 for all x € R? by (4.43). Next, because

2rmc
of

VA2 2mAlx| _ 1‘ _

ld . 3
/ $e1h/lz/c-+2ml\x\dt’
0

1 2
< ‘X|/ eit\/lz/cz+2ml\x\ . /% +2mA
0 C

dr,
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we deduce that there exists kjo(m,A) such that |s3(x)| < % for all x € R3\ {0}.

Therefore, we can apply Proposition 2.4.5 and obtain

ki1 (m, A .
gl < S Ge 123y,

for some constant ki1 (m, A) depending only on m and A. Eventually, we note that 84 = 17,

(o)) y
Ax|x—yP *
is independent of ¢, everywhere defined and bounded, see Proposition 2.4.6. Therefore,
[|84]] < £12. This yields finally that

where T is the integral operator with integral kernel cs4(x —y) =

this operator

K13(m, A
€me —DaPi| < 1511+ 2l + 1] + s < K222

and completes the proof of (4.39d). O

Now we are prepared to compute the nonrelativistic limit of Dirac operators with electro-
static and scalar J-shell interactions. The proofs of these results are based on the resolvent
formulae from Theorem 4.2.3 and Proposition 4.4.1 and on Lemma 4.4.2.

Theorem 4.4.3. Assume that 1 : £ — R is a Lipschitz continuous function and let the
operators A%,O and —Ay be defined by (4.12) and (4.34), respectively. Then for any A €
C\ R there exists a constant K > 0 such that for all sufficiently large c

~1 _ K
H(A%O—(?L—l—mcz)) —(—Ap—1) 1P+H <
Proof. According to Theorem 4.2.3 the resolvent of A%,o is given by

(A g~ (A+me)) ' = (Ag— A +mc?) ' — @ e (ls +ne“mcz)*'n<1>*mmcz.

From Lemma 4.4.2 we know that there exists a constant k7 > 0 such that it holds for all
sufficiently large ¢

- 1 B Ki K1
Ao~ A+me)) ' —(——a-21) P <2 Dy 0 WP <L
( 0— (A +me )) ( m ) = (1D 4 e AP < =
K1 * * K]
HG)LerCQ 7D1P+” < o’ and H e *‘PIP+H < -

Using that I4 +1C, 2 and Iy + nD; Py are boundedly invertible for A € C\ R, see
Proposition 4.1.7 and Proposition 4.4.1, we conclude from [51, Theorem IV 1.16] that
also

_ — K
H(I4+n€}.+mcz) - (14+7ID/1P+) 1H < ?2
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for some x, > 0. This implies

lim (A% o— (A +mc?) ™" = lim [(Ag— (X +mc?))

Cc—roo n,0 c—o0

- CI)7L+mc2 (14 +n e/l+mcz) - n‘b%ﬂm.z]

I B Ly

= (~ag-A)'Py,

compare Proposition 4.4.1, and that the order of convergence is % This is the claimed
result. =

Eventually, we prove that the Dirac operator with a Lorentz scalar §-shell interaction con-
verges in the nonrelativistic limit also to a Schrédinger operator —A, with a §-potential
supported on X. This theorem is very similar as Theorem 4.4.3, but we would like to point
out that we have a slightly stronger statement for scalar as for electrostatic interactions: for
scalar §-shell interactions we also have convergence of the negative part of the operator
(that means of Ag_n +me?) to —(—Ap).

Theorem 4.4.4. Assume that n : £ — R is a Lipschitz continuous function and let the
operators A%n and —Ay be defined by (4.12) and (4.34), respectively. Then for any A €
C\R there exists a constant K > 0 such that for all sufficiently large ¢

[y — )™ = (e -ap) - ) ] < K

Proof. The convergence of Agﬂ — mc? can be analyzed with exactly the same arguments
as the one of A% 0~ mc? in Theorem 4.4.3; hence, we omit the treatment of this case here
and study only Ag.n +mc?. According to Theorem 4.2.3 the resolvent of Agn is given by

(A5, — (A —m) " = (Ao~ (A—mc?) "~ @, 2 (L+nBCy ) NBRL_ .

From Lemma 4.4.2 we know that there exists a constant kj > 0 such that for all sufficiently
large ¢

K] Ki
< P ||CI)Z.7mc2 +ly7}.P*H < o’

(Ag— (A —mc?)) ™' + (fﬁuz) B P

K1 « K1
I +D AP <2 and @5 L+ p < L
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Using that Iy + N BC, _,,2 and 4 + D, P_ = Iy —nBD; P_ are boundedly invertible for
A € C\R, see Proposition 4.1.7 and Proposition 4.4.1, we conclude from [51, Theo-
rem IV 1.16] that also

K

H (i +1BC) ) ' = (ls—n D P )" H <2

for some x» > 0. Using again BP_ = —P_ we obtain finally
. T _ 2\ =1 _ 1. _ _ 27y —1
Clgrgc (Ao,n A—me*)) = Clgr; [(A0— (A —mc?))
-1
- ¢l—lncz (14 + 77[3 el—mcz) nﬁq)%_mcz}

1 ! -
__ (77“1) P.—W_,P (L,—nBD_,P) 'nB¥ P
2m

1 B Ly
_7(7%A+/l) P +Y¥_;(ls+nD ;) n¥ P

= (Mg + )P = (= ()= A) TP,

compare Proposition 4.4.1, and that the order of convergence is % This is the claimed
result. =

Finally, we show that for large ¢ and constant i < O sufficiently large the number of
cigenvalues of AX  in the gap (—mc?,mc?) of Gesg(A%p) becomes large. The proof is
based on Theorem 4.4.3 and a result from [43] on the spectrum of —Ay. In a similar way,
one can derive also other results on the spectrum of Ay, o from the well-known properties of
—Ay. A similar statement can also be shown for Agﬂ? with exactly the same arguments.

Proposition 4.4.5. For any fixed j € N there exists a constant 1 < 0 depending on j such
that the number of discrete eigenvalues of A)r:;,o taking multiplicities into account is at
least j for all sufficiently large c.

Proof. First, we show that for a suitable 17 < 0 the operator —Ay P, has the desired prop-
erties; then via a continuity argument the claim follows also for Ay. It is easy to see that
Ocss(—AnPy) = Cess(—An) U{0} = [0,00). Moreover, we know from [19, Theorem 3.14]
that Ogisc(—AnPs) = Ogisc(—Ay) is finite and from [43, Theorem 2.1] that for some fixed
J € N there exists an 1 < 0 such that —Ap P, has at least j discrete eigenvalues. Let this 1)
be fixed, choose a < b < 0 with Ogisc(—Ay) C (a,b), and denote the spectral projections
of —AnP; and Ay —mc? for the interval (a,b) by E_p,p,((a,b)) and EAgofmcz((a,b)),
respectively. ‘

According to Theorem 4.4.3 the operators (A’%‘0 — (A +mc?))~! converge to (—Ay —

A)~'P, for ¢ — oo and A € C\R. The latter operator is the resolvent of a self-adjoint rela-
tion (multivalued operator) and hence one can show in the same way as in [71, Satz 9.24 b)]
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together with [71, Satz 2.58 a)] that for all sufficiently large c the dimensions of the ranges
of E_p,p, ((a,b)) and EA%V(),mCz ((a,b)) coincide, that means

dimranEA%.O_mcz((%b)) =dimranE_y,p, ((a,b)) > j.

Thus, the operator Arzw has at least j eigenvalues (counted with multiplicities) in the inter-
val (@ +mc?,b+mc?) C (—mc?,mc?) for sufficiently large c. O






5 DIRAC OPERATORS ON DOMAINS

In this chapter we investigate self-adjoint Dirac operators on a domain Q C R? which
is either a bounded C2-domain or the complement of a bounded C2-domain. The self-
adjointness is achieved in this case by requiring suitable boundary conditions on d€. First,
in Section 5.1 we investigate the so called MIT bag model. This is a Dirac operator with
special boundary conditions which is known to be self-adjoint and, as the free Dirac op-
erator on the whole Euclidean space R, the MIT bag operator will serve as a reference
operator. Moreover, we will study several properties of this operator.

Then, in Section 5.2.1 we introduce a quasi boundary triple {Gq, Ff)z, F?} which is suitable
to define and study self-adjoint Dirac operators on domains. Here G = P, (L2 (Z;C4))
and P, = %(14 +ifa- v) is a projection which turns out to have some very convenient
properties. Again the y-field and the Weyl function associated to this quasi boundary
triple are closely related to the integral operators @, and C, introduced in Section 3.2.
Moreover, we will see that the triple {99,1"62,1"?} satisfies the assumptions from Theo-
rem 2.2.13. Hence, we can transform this quasi boundary triple to an ordinary boundary
triple {SQ,Tg,Y?}; compare Section 5.2.2.

Next, in Section 5.3 we introduce with the help of the quasi boundary triple {9Q7F(§27 F?}
Dirac operators acting in . In the case of non-critical boundary values we prove self-
adjointness of the operators and provide the basic spectral properties of them. Furthermore,
we will see that there is a close relation of Dirac operators on domains and Dirac operators
with singular interactions in the confinement case, compare Remark 4.2.2.

Similarly as for Dirac operators with singular interactions there exist also some critical
boundary values for which self-adjointness can not be shown with the aid of the quasi
boundary triple {Sq, I (5)2,1" ?} Following the strategy from Section 4.3 we compute the
self-adjoint realization for constant critical 7. Moreover, making use of the ordinary
boundary triple {SQ.,ng,T?} we will then deduce some further spectral properties of the
self-adjoint realization.

The material presented in this chapter is part of the paper in preparation [15].

5.1 The MIT bag operator

Let Q C R? be a domain with a compact C?-boundary dQ with outer unit normal vector
field v. In this first preliminary section we discuss the MIT-bag Dirac operator in £ which

103
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will often play the role of a self-adjoint reference operator in this chapter. It is defined as
follows:

Definition 5.1.1. The MIT-bag operator TI\%T is given by

Ttirf : = (—ica -V +mc*B)f,
Q 1 4 . (CRY
domTyjir = {f € H' (C%) : flaq = —if(a-V)flaa}-

In the following proposition we summarize the basic properties of Tl\‘,}IT. The proof is rather
simple due to the fact that TI\%T @ TI\%ET = Ag%c with Ag _5220 given by (4.12), compare (4.14).
In order to formulate the results, we define the orthogonal projections

Po:L*(R*CYH = LX(CY), Pof=f19Q, (5.2)
and
Py LH(Q;CY) — LR CY), P9g={g in £,
0 in Q°.

Note that assertions (iii) and (iv) of the proposition below are shown in [4] with similar
ideas.

Proposition 5.1.2. Let T,y be defined by (5.1) and let for A € C\R the operators ®;,
and Cj be defined by (3.16) and (3.17), respectively. Then TI\%T is self-adjoint and the
following assertions are true:

(i) For A € C\R the resolvent of Ty is given by

(Tt —2)™" = Pa(Ao— 1) 7' Py — Pa®y (s +2cBC;) ™ 2cBDL Py,

(i) (—mc?,me?) C p(Tsr)-
(i) A € o(Ty) if and only if —A € o(T%T)-

(iv) Discrete eigenvalues of TI\%T have always even multiplicity.

Proof. First, since Ty © Ty = AJS. is self-adjoint in L?(R*;C*) by Theorem 4.2.3
it follows immediately that TI\%T = PQAg_%CPE‘2 is self-adjoint in L?(Q;C*); compare also
Remark 4.2.2. Moreover, this block structure and Theorem 4.2.3 (i) imply the claimed
resolvent formula.

Next, assertion (ii) is a direct consequence of Corollary 4.2.6 (vi). Finally, items (iii) and
(iv) can be shown in exactly the same way as Corollary 4.2.6 (iv) and (v); we omit the
proof here. O
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In the following lemma we give a more detailed picture of the spectral properties of Tl\%T.
The properties are entirely different depending on whether Q is bounded or not.

Lemma 5.1.3. Let TI\%T be defined by (5.1). Then the following assertions are true:
() IfQ is bounded, then o(Tir) = Oaise(ThT)-

(i) If Q is unbounded, then o(Ti) = Oess(Tigr) = (—oo0, —mc? U [mc?, o).

Proof. (i) Since Q is a bounded C2-domain dom T3 C H'(Q;C*) is compactly embedded
in L2(Q;C*). Hence o (T;y) is purely discrete.

(ii) First, we know from Proposition 5.1.2 that o (T{y) C (=0, —mc?]Umc?, ). To prove
the other inclusion fix some A € (—o0, —mc?| U [mc?, oo) Then, since Q is unbounded
the functions y;* from Lemma 3.1.4 belong to dom7$ C domT:Zy. Furthermore v
converge weakly to zero,

Wl lo=const. >0, and (Tp—A)yt = (T2 —A)yt =0, asn— oo,

min

Thus (y}) is a singular sequence for T} and A which shows A € Gess(Ti$r). This

finishes the proof of this lemma.

Finally, we state in a similar fashion as for the MIT bag model the basic spectral properties
of another distinguished self-adjoint realization of the Dirac operator on Q. This operator
has similar boundary conditions as TI\%T, but with opposite sign, and it is given by

T f : = (—ica-V+mc®B)f,

) (5.3)
domTyr = {f € H'(Q:CY): floq = iB (V) floa}-

Lemma 5.1.4. The operator TSy is self-adjoint. Moreover, (T yy) N (—mc?,mc?)

consists of at most finitely many discrete eigenvalues.

Proof. First, itholds T & TS r :A(a)Q 5. and this operator is self-adjoint in L*(R3;CY
by Theorem 4.2.3. This implies with Pq given by (5.2) that T MIT = PQA0 =5 P s self-
adjoint in L>(Q;C*).

Finally, since we have T 1, & T = Ag% 5 it follows immediately from Corollary 4.2.6

that 6(T%yp) N (—mc?,mc?) consists only of at most finitely many discrete eigenvalues.

This finishes the proof of this proposition. O
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5.2 Boundary triples for Dirac operators on domains

In this section we introduce first a quasi boundary triple which allows us to define self-
adjoint Dirac operators on domains via suitable boundary conditions on dQ. Then in
Section 5.2.2 we will transform this quasi boundary triple with the methods described in
Section 2.2 to an ordinary boundary triple, which enables us then to prove self-adjointness
also in the case of critical boundary conditions.

5.2.1 A quasi boundary triple for Dirac operators on domains

Throughout this chapter let Q be either a bounded domain in R with C2-smooth boundary
or the complement of a bounded C2-domain. We denote the normal vector field at JQ
pointing outwards of Q by v. Furthermore, we define

Py = %(hiiﬁ(a-v)). (5.4)

Using the anti-commutation relation (1.2) it is easy to see that Py is an orthogonal projec-
tion. Furthermore, it is clear that P_ = I4 — P,. This implies, in particular, that P, P_ =
P_P, = 0. Eventually, we set for s € [0,1]

S = P (H*(9Q;CY)). (5.5)

For convenience we set Gq := 9%. Since P, is an orthogonal projection in L?(dQ;C*)
the space Gg is a Hilbert space. Moreover, as 9 is C2-smooth g, C H*(9;C*) for any
5 €[0,1] and G, is a closed subspace of H*(9€;C*).

Next, we define the operator 7% in L?(Q;C*) by
Tef .= (—icot-V+mc*B)f,  domT®:=H'(Q;CY), (5.6)
and the mappings l"f)z, F? :domT® — Ggq acting as

T0f = cPiflog and Tf:=\/cP.Bflyq. [€domT<. 5.7)

Note that the trace theorem and Lemma 2.5.1 imply that ran ng,ran l"? - 9;{ 2, as dQ is

C?-smooth and dom 7% = H'(Q;C*).

In the following theorem we show that {Gg, I, ¥} is a quasi boundary triple and that T®
coincides with the maximal Dirac operator T, from (3.10). Moreover, it turns out that
the reference operator 7' [ kerl"oQ is the MIT bag operator TI\%T studied in Section 5.1.
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Theorem 5.2.1. Let §2 := T2 be the minimal Dirac operator from (3.11), let g be given

min

by (5.5) and let T2, FQ and FQ be given by (5.6) and (5.7), respectively. Then S is closed
and symmetric, (S?)* = T = T2, and {Gq,T§,T$} is a quasi boundary triple for (S?)*.
Moreover, T | kerl"oQ is the Dirac operator Tl\%T with MIT bag boundary conditions and

ran (T§ | ker ') = ran (I [ ker ) = 9;2/2. (5.8)
In particular, it holds ran (T§, T$) = 9;{2 X 9;2/2.

Proof. Flrst it is clear by Lemma 3.1.2 that % = TQ is closed and symmetric and that
(SQ)* =T . Moreover, Lemma 3.1.3 implies that TQ is dense in T8, as C=(Q;C*%) C
H'(Q:;C*) = domT<.

Next, we prove that Green’s identity is fulfilled. Let f,g € domT® = H!(Q;C*). Then,
integration by parts (2.33) and the self-adjointness of ¢ - v yield

= ((—ica-V+mc*B)f,8) o — (f,(—ica-V+mc*B)g)
(—ica-vflaaglag) yo
1
2

(_ l\/ga : Vf‘aﬂv \/Egbﬁ)ag - %(\/Efb(b —i\/E(X ' ngQ)aQ

(Tf,8)o—(f,T8)a

Using that 8 is unitary and self-adjoint and the anti-commutation relation (1.2) we see that
the last expression is equal to

(fiﬁﬁoc-vflag,\ﬁﬁgbsz)m’%(ﬁﬁﬂagﬁi\ﬁﬁa"’g'm)m
_ %(ﬁﬁﬂm,ﬁ(g\asz“ﬁa'vg‘ag))m

3 (Vefloa +iBa-v/laa), VeBslaa) e
= (VeBflaa: VePiglaa)aa — (VePs flaa: VeBglaa)aa

N =

Since P, is a orthogonal projection we have Py = (P, )?> = (P, )*, which implies eventually
(Tf.8)a—(f:Tg)a = (VcPiBflaa: VePiglaa)aa — (VePr flaa, VeP: Bglaa)ao
= (F?f>r\(()2g)99 - (F(ng>r€2g)9§27
which is Green’s identity (2.5).

Next, we verify the range property (5.8). Clearly, by the definition of l"(g)2 and I ? and
doml"é2 = doml“sl2 =H! (Q;C4) it holds

ran ([§ | kerT$), ran (T$? | kerTg) C 9;2/2.
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On the other hand, let ¢ € 9;{2 and choose a function f € H'(Q;C*) with f|yq =
1/2
Q

1
Ve

Since ¢ € G~ it holds ¢ = P, ¢ and hence we deduce

T3 f =VcPi flao =Pro = 9.
Moreover, the relation (1.2) implies BP;. = P_f3. Hence, we have

TP/ = ePiBflag=Pifo =P BP9 =P P-Bo=0,
that means f € kerI'{. Thus, ¢ € ran (I} [ kerT{).

To prove 9;)/2 Cran (% [ ker[§) let y € 9;2/2 and choose g € H'(Q; C*) satisfying g|yo =
ﬁ Bw. Then it holds
[§g=Ppy=PpPy=0,
as ¥ € G, and
g = VP Bgloa = Pi By = v,
that means y € ran (l“sl1 i kerl“g). Hence, equation (5.8) has been shown.

Finally,
ker[g = {f € H'(Q:C) : flaq = —if (- V) flsa} = dom Ty

Hence T | kerl"é2 coincides with the MIT bag Dirac operator Ty, which is known to be
self-adjoint, see Proposition 5.1.2. Therefore {Sgq, I 62,1" ?} is a quasi boundary triple for
(S2)* and all claims have been shown. O

Next, we compute the y-field and the Weyl function associated to the quasi boundary triple
in Theorem 5.2.1. It turns out that these operators are closely related with restrictions of
the integral operators @, and C, defined in Section 3.2. In order to formulate the result

recall that .- + Ci/ * admits a bounded and everywhere defined inverse in H'/2(£; C#) for
A € C\ ((—o0, —mc*]U[mc? o)), see Corollary 4.1.8 and Corollary 4.2.6.

Proposition 5.2.2. Let {Gq, T, T} be the quasi boundary triple from Theorem 5.2.1, let
A € C\ ((—o0,—mcHU[mc?,)) C p(Tisgiy), let Po be given by (5.2), and let ®, and C),
be defined by (3.16) and (3.17), respectively. Then the following holds:
() The value of the y-field Y*(A) : domy*(1) C Gq — L*(Q;C*) is defined on the set
domy®(4) = 9;2/2 and is explicitly given by

-1
(1) = %P&Y ? (;ﬁ +e;/ 2) :

Each y*(A) is a densely defined bounded operator from Gq to L*(Q;C*) and a
bounded and everywhere defined operator from 9;2/ % 1o H! (Q;CH).
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(ii) The value of the Weyl function M2(A) : domM®(A) C Gq — Sq is defined on the
set domM2(A) = 9}2/2 and explicitly given by

1 1 !
MO (2) = —P, (Zﬁ +e;/2) P,.

Each M® (M) is densely defined and bounded in Sg and bounded and everywhere
defined in 9;2/2.

Proof. Let A € C\ ((—co, —mc?] U [mc?,0)) be fixed. First we note that dom y¥*(1) =
domM® (1) =ranl§ = 9512/2, see (5.3).

For the proof of item (i) let ¢ € ranT’§ be fixed and recall that ¥*(1)¢ is the unique
solution of the boundary value problem

(T®=2)f=0 and T3f=g, (5.9)

compare (2.7). We set

1 1 -
fri= %quff <%B + G}l/z) 0.

Then, due to the mapping properties of <I>;L/ 2 and (zic B+ Glll/ 2)71, see Proposition 4.1.6
and Proposition 4.1.7, we have f € H'(Q;C*) = domT*. We are going to show that f}
solves the boundary value problem (5.9).

First, by Proposition 4.1.2 it is clear that (T2 —2)f; = 0, as ®; | HY/2(£;C*) is the y-
field for the quasi boundary triple {L?(9Q; CH, 199 F‘f €1, Moreover, employing Propo-
sition 3.2.1 (iii) we get

. | 5

F{)zfl:\/gp+fz|aazp+ (—zicwv—&-ez) (27[3-0—6}1/2) 10)
= AP 1 1 12 ~1
_P+< 24 2cﬁ+2cﬁ+el) (2cﬁJrex > ¢
= L a _L 1 1/2 !
_P+< 20(06 v)B 25‘14)ﬁ<2cﬁ+67t) O+PLo.

Using that ¢ € Gq, Pi = P, and the anti-commutation relation (1.2) we deduce

. 1 1 -1
05— (5Bl - 51 ) B (18 +€) oro

-1
= *ZP+P—/3 (7ﬁ+e}1/2) P+to=0.
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Hence, f; is a solution of the boundary value problem (5.9), that means that y*(1)@ = f;.
This is the claimed representation of Y*(A).

Next, by the definition of the y-field it is clear that y¥*(A) is a densely defined bounded
operator from Gq to L>(Q;C*). Moreover, using Propositions 4.1.7 and 4.1.6 we deduce

that y2(1) regarded as an operator from 9;2/ % to H! (Q;C*) is continuous.

To show assertion (ii) we note that it holds by Definition 2.2.2, item (i) and Proposi-
tion 3.2.1 (iif) for any ¢ € G?

-1
M2(X)p =TPY?*(A)p =P, (qu)/ll/z (2%/3 +@;L/2) (p)

2Q

N S NS P | Lo o)
7P+[3( 5%V 2cﬁ+2cﬁ+el>(2cﬁ+el) 1)

i 1\ /1 12\ 7!
=P |—=B(a-v)—— || —=B+C P .
+( ZCB( ) 20) (2054‘ 2 > o+PBo
Using that ¢ € Gq, Pﬁ = P, and the anti-commutation relation (1.2) we deduce

1 1 1/2 - 1 1 1/2 -
ME*A)o=—-P} ( Po=—P |+ P
Ao P +<26B+el ) o+BPo ot Zcﬁ—i_el +9,
which is the claimed representation of the Weyl function. Due to the mapping properties
of (%ﬁ + Ci/z)fl from Proposition 4.1.7 we obtain finally that M}(A) is bounded and

densely defined in G and bounded and everywhere defined in 9;{ 2, O

Eventually, we state an explicit formula for the inverse of M(1). This will be one of
the main ingredients to prove the self-adjointness of Dirac operators on Q with suitable

boundary conditions. Recall that f% B+ @;/ % admits a bounded and everywhere defined
inverse in H'/2(9Q;C*) for A ¢ 6,(A3 _5,) = (0p(T%yr) U 0p(T%yr)) N (—mc?, mc?);
see Corollary 4.1.8. '

Proposition 5.2.3. Let T 1 be defined by (5.3), assume that A € C\ ((—eo, —mc*|U
o (TSur) Vo (T ) Ulmc?,)), let (fi/z be given as in Proposition 4.1.6, and let M*(1.)
be as in Proposition 5.2.2. Then Mﬂ(l) admits a bounded and everywhere defined inverse
in 9;{ 2 which acts as

-1
00)) ! = Lri (5B e)”) B
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Proof. First, we note that functions f in the domain of 7% | kerl"i2 satisfy

IPf=0 & floo=iB(a Vv)floq,

which means that this operator coincides with the self-adjoint operator 7%,y Therefore,
the triple {997%2,??} with

fOQ = F? and lA"? = —1"62
is a quasi boundary triple for (S%)* with Weyl function
M) =T 1ker(T2- 1)) ' = —M2A)™", A €p(Tidn) Np(T%ar)-

So in order to compute (M?(1))~! we calculate the Weyl function associated to the triple
{G0,T§,T%}. For that we derive first an explicit formula for the y-field 7*(1). Let A €
C\ ((—o0, —mc| UG (TS ypp) Ulmc?, o)), let @ € domP*(A) = ran [ = ran [P = 951)/2 be
fixed and set

1 1 -
fai= \%PQCD;L/Z (*27/3 +G;L/2) Beo,

where <I>/11/ %is given as in Proposition 4.1.6. We prove that f; is a solution of the boundary
value problem

(T=1)=0 and Tgf =o0.
This shows then 72(A)¢@ = f;, compare (2.7).
First, due to the mapping properties of ( - 2% B+ G;L/ 2) “and CIDIII/ ? from Proposition 4.1.7
and Proposition 4.1.6 we get f; € H'(Q:C*) = domT®. Moreover, we easily deduce

(T — 1) f5, = 0 because of Proposition 4.1.2. Eventually, employing Proposition 3.2.1 (iii)
we have

_ 1 »
[0/ =TT/ =Pip (Pﬂq’l/z (—chﬁ+€'/2> ﬁw)

2Q

B i 1 1 1 1/2 !

=PiB (—2—Ca-V+2—c[3—2—cﬁ+€,1) <_27cﬁ+e’l ) Beo
1 1 -

= EP+B2P_ (—*Zcﬁ +€/11/2> Bo+P. po.

Since B2 =1, P.P_ =0 and ¢ € G, we deduce lA"(g)zf;L = ¢, which was the claim.
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Eventually, we compute ﬂﬂ(/l)(p = IA"??Q(Z)(D Using again Proposition 3.2.1 (iii) we
obtain

ML) =T (L) = -T{7*(A)e
-
—_p, (chbjl/z (—zicﬁ +Gi/2) B<p>

i 1 1 1 !
=P, (—z—cwv—i—z—cﬁ - 27[3—1—(%) <—2—cﬁ+€j1/2) Be

aQ

! Lo oo
—-1rpr (~5p+e)?) Bo-ribe.

Using the anti-commutation relation (1.2) we deduce BP_ = P4 3. Thus, as ¢ € G we
conclude finally

-1
M) = R00)p =~ P B (5B ¢)) BPo-pP-Pig

1 1 -1
—-1np(-5pre)?) Bre,
c 2¢

which is the claimed result. O

5.2.2 An ordinary boundary triple for Dirac operators on domains

In this section we transform and extend the quasi boundary triple {SGq, Fgl, F‘f} from The-
orem 5.2.1 to an ordinary boundary triple using the techniques described in Section 2.2.
Recall that we have by (5.8)

45 = ran (T | ker['$) = 9;2/2 and % :=ran (T | ker Q) = 9;{2.

Following the procedure described in Section 2.2 we see that

A% = ImMO (i) = 21 (M2(i) — M2(—i))

T 2i
is a non-negative self-adjoint operator and we define the bijections
12:= (A% 126 = 5 (5.10)
and , i
1= (A%)2) . 657 = 6, (5.11)

where

5o = (54")'
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is the dual space of 91 /2 Recall that we can express with the aid of the embeddings lf the
inner product in 99 and the duality product in G, 12 91/2 by (2.15), (2.18), and (2.19).

12 1/2

The duality product in G will be denoted by (-,-)_; /2x1/2- Eventually, we note

that the typical scaling propertles for embedding operators yield that 1 gives rise to a
bounded operator

2617 gl (5.12)
Now, we have all tools and notations in hand to introduce the extensions of the boundary
mappings ' and . This result can be shown using that A2 := T [ kerT{ = 7% is
self-adjoint, compare Lemma 5.1.4, equation (5.8), and Proposition 2.2.11.
Lemma 5.2.4. Let (S%)* = TS, and let {SQ,FOQ,FQ} be the quasi boundary triple from

Theorem 5.2.1. Then, the operator A® := T | kf:rl“Q is self-adjoint in L2(Q C*). More-
over, the mappings Féz, F? :domT? — 99 have surjective extensions

[ : dom (59)* — 951/2 and T$:dom(5%)" — Sa 1/2
which are bounded with respect to the graph norm of (S)*.
With the aid of the extended boundary mappings 1:62 and f? we are able to extend the
y-field ¥*(1) and the Weyl function M*(A) from Proposition 5.2.2.

Proposition 5.2.5. Let {99,1"(()2,1“?} be the quasi boundary triple for (S®)* from The-
orem 5.2.1 with corresponding y-field ¥* and Weyl function M given as in Proposi-
tion 5.2.2. Moreover, let T}y be defined by (5.3) and let A € C\ ((—oo, —mc*]U[mc?,)).
Then it holds:

(i) The operator Y*(A) has a continuous extension

72(A) = (T I ker((5%)" — 1))

—1 1/2

1S9

— 99.

(ii) The operator M(1) has a continuous extension

M(A) =TR(T§ [ ker((s2)* =) ' : 65" — 65"/~

Moreover, it holds for all ¢ € 9;21/2 and y € 9;2/2

(M(2)g, ‘l’>71/2x1/2 = <¢7MQ(I)V’>71/2M/2'

(i) For A € C\ ((—oo, —mc?|Uo (T% 1) Uo(TSymU [mc?e0)) the operator (M2(A))~!
has a continuous extension

(112(2)) " = TQ(TL 1 ker((5%)* - 4)) "' 6,2 = 5,2
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(iv) For A € C\ ((—oo, —mc?)U o(T%yr) U 6(T%yir) U [mc?e)) the operator
() — (%(2) " 59 = 57
is bounded and everywhere defined.

Proof. Assertion (i) and the existence and the mapping properties of M2 (1) follow im-
mediately from Proposition 2.2.12. Also item (iii) is a consequence of Proposition 2.2.12,
as —(M®(1))~! is the Weyl function for the quasi boundary triple {Gq, T, ~I'$}, com-
pare the proof of Proposition 5.2.3, and this triple fulfills also the assumptions of Propo-
sition 2.2.12. Moreover, employing (2.18) and Proposition 2.2.4 (iii) we observe for

(pEngandl//Eng

<1‘7IQ(7L)(P7‘4’>,1/2X1/2 = (M®(1)9,¥)aq = (¢, M () W)gq = <‘P7MQ(I)‘I/>71/2x1/2-

By density we obtain that the above formula can be extended for all ¢ € 95]/ 2, Hence,
also item (ii) is completely proved.

It remains to show statement (iv). We are going to prove that M2(A) — (M?(1))~! can

be extended to a bounded operator from 9;21/ 2to 9}2/ 2

tion 5.2.3 it holds

. By Proposition 5.2.2 and Proposi-

—1 —1
MER) - (22 = - Lp, (imeyz) ro-lrp (%meyz) BP..

Using that 8 is an invertible matrix and that all involved operators are bounded and every-
where defined this implies

—1 .
-1 1
i (deretn) (e (fpeet)

-1
Since (2—1L B+ G;L/ 2) has a bounded extension acting in H~/2(3Q;C*), see Proposi-

tion4.1.7,and f3 G;L/z + C;L/ZB has a bounded extension from H~/2(9Q; C*) to H'/2(9Q; C*)
by Proposition 3.2.4, the claim of item (iv) follows. O

Eventually, since glg = 9;2/ % is dense in G we are able to apply the construction described
in Section 2.2 to transform the quasi boundary triple from Theorem 5.2.1 to an ordinary
boundary triple. Here we fix some p € (p(T%r) Up(T%yr)) N (—mc?,me?) C p(Tr).

Note that such a u exists by Lemma 5.1.4. This implies, in particular, that
dom (§)* = dom Ty +ker (($)* — u).
see (2.6).
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Theorem 5.2.6. Let S = Tn?in be given by (3.11) and let {SQ7FOQ7F§2} be the quasi bound-
ary triple from Theorem 5.2.1. Moreover, let liz be defined by (5.10) and (5.11), respec-
tively, let FOQ be the extension ofFOerorn Lemma 5.2.4 and define Tf)z, T? :dom (§%)* = G
by

YEf=10T8f and Yf:=18T1%

for f = fo+g € domTigp+ker ((S%)* — 1) = dom (S?)*. Then {Sq, Y3, Y$} is an ordi-
nary boundary triple for (S%)* and (§%)* | kerYOQ =79 kerl"oQ =T

5.3 Dirac operators on domains — definition and basic spectral
properties in the case of non-critical boundary values

In this section we define self-adjoint Dirac operators in a domain Q C R3, which has a
compact C2-smooth boundary, with suitable boundary conditions via the quasi boundary
triple {Sq, Ff)z, F?} from Theorem 5.2.1. To be more precise, we are going to study Dirac
operators with the boundary conditions

TPy flaq = P+ Bflaqs

where the function 7 : dQ — R is Lipschitz continuous and the matrix P is given by (5.4).
In the case of non-critical boundary values, that means if 7(x) # %1 for all x € dQ, we
are going to prove self-adjointness and basic spectral properties. The critical case is then
treated in Section 5.4.

Definition 5.3.1. Let {SQ,Fg, }/f)} be the quasi boundary triple from Theorem 5.2.1 and
let T: dQ — R be Lipschitz continuous. Then we define A® := T | ker(I'? — tT'§}). This
operator is given in a more explicit way by

A2f = (—ico-V +mc*B)f,

o | . (5.13)
domA? = {f € H (@ C") : tP; flyq = P+ Bfloa}

First, we show that AL is unitarily equivalent to —A%_. This technical property will be
useful in the study of A? later. In the proof of this result we use the matrix

_ (0 b
5=\ o)
Lemma 5.3.2. Let T: dQ — R be a Lipschitz continuous function, let A2 be defined

by (5.13) and define the unitary matrix B := Bys with s given as above. Then it holds
A? = fB*AEZTB. In particular, A? is self-adjoint if and only ifA(fT is self-adjoint.
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Proof. First, we show that B(domA$) = domA® . In fact, the anti-commutation rela-
tion (1.2), (- v)ys = y5(a - v), and Bys = —ysB imply for f € domAL

IPBf =P, B> % floa = P-B*flaa = 1sBP:Bfloa
=15BTPs flaa = TP+ 5B flag = — TP+ Bflaq,

that means Bf € domA®,. By a similar argument we see that f € domA®, yields Bf €
domA$ which shows B(domA$) = domA®,. Eventually, employing again (1.2) we get
for any f € H'(Q;C*)
(—icat-V+mcB)Bf = (—ico.-V+mc*B)Bysf = Blico-V+mc?B)ysf
= Bys(ica-V—mc?B)f = —B(—ico-V+mc?B)f.

This finishes the proof of this lemma. ([

It follows immediately from Green’s abstract identity that A® is symmetric for any Lips-
chitz continuous and real valued function 7, see (2.9). In order to prove self-adjointness,
we employ Theorem 2.2.5; this gives us also a Krein type resolvent formula. Note that
this resolvent formula below is explicit as we know from Proposition 5.1.2 the resolvent

(Tl\%T — l) - explicitly.

Theorem 5.3.3. Let 7: dQ — R be a Lipschitz continuous function satisfying |t(x)| # 1
for all x € 0Q and let Af:z be defined by (5.13). Moreover, let Y* and M®* be given as in
Proposition 5.2.2. Then AL is self-adjoint and it holds for all A € C\ R

_ —1 1 —
A=) = (Rin—2) +r* ) (r-M*Q)) " ()"
Proof. Due to Green’s identity it is clear that A? is symmetric, compare (2.9). Thus, it
suffices to prove ran (A2 — 1) = L?(Q;C*) for A € C\ R.

Let f € L*(Q;C*) and 2 € C\ R be arbitrary, but fixed. Then by Theorem 2.2.5 (ii)
we have f € ran(A$ — 1) if and only if ¥*(1)*f € ran(t — M®(1)). Since y*(1)* =
re (II\%T - l)_l, see Proposition 2.2.3 (iii), and dom T C H'(Q;C*) we deduce that
YA f e 9}2/2. We prove that T — M®(1) is surjective in 9;2/2. Clearly we have

ran (1 —M%(1)) Dran [(t—M2(A))(t+ (M2(A))™Y)]
=ran [1,'2 —1+T(MeA)! fMQ(l)T].

Making use of the explicit form of M (1) from Proposition 5.2.2 we deduce from Propo-
sition 3.2.3 that

1 1 - 1 -
M) - M)t = P (Eﬁw%) (re)*—e}/*) (%meyz) P.
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is compact in 9;2/ 2, as 7 is Lipschitz continuous. Moreover, by Proposition 5.2.5 (iv) also
(M?(A))~' — M®(2) is compact in 9;2/2. Thus, the operator

Ky o= t(MAA) T =M AT = [(MEA)) - MEA)] + M () - MR ()T

is compact in 9512/2. Note that both operators T —M%?(1) and T+ (M?(1))~! are injective,
as otherwise one of the symmetric operators A? or T | ker(lﬁé2 + Tl"?) would have the
non-real eigenvalue A, see Theorem 2.2.5 (recall that —(M?(1))~! is the Weyl function
for the quasi boundary triple {SQ,F?., —Fél}, compare the proof of Proposition 5.2.3).
Thus, Fredholm’s alternative implies that

(t— M) (t+ (M2(A) ") = (2 1) {1 +ﬁﬂ<1]

is bijective in 9;2/2. Therefore 9;2/2 C ran (7 — M%(1)), which yields f € ran (A2 —2).
Since f was arbitrary we get eventually ran (A? — 1) = L2(Q;C*) and that A% is self-
adjoint.

Finally, the stated resolvent formula follows from Theorem 2.2.5. O

In the following we discuss the basic spectral properties of AZ. Since these are of a very
different nature whether Q is bounded or Q is the complement of a bounded domain,
we discuss these two cases separately. First, we treat the simpler case, when Q is the
complement of a bounded C2-domain. Then the essential spectrum of AL is (—co, —mc?|U
[mc?, ) and the discrete eigenvalues in the gap of the essential spectrum can be computed
with the aid of the Birman-Schwinger principle.

Proposition 5.3.4. Let Q be the complement of a bounded C*-domain, let T : dQ — R be
a Lipschitz continuous function satisfying |t(x)| # 1 for all x € dQ and let A be defined
by (5.13). Then the following is true:

() Cess(AL) = (—o0, —mc?] U [mc?,o0).
(ii) The number of discrete eigenvalues is finite.

(il) A € 6(A2) ifand only if 0 € (T — MZ(A)).
Proof. (i) Note first that due to Theorem 5.3.3 we have for A € C\ R

(A=) (T — 1) =72 A) (- M%) A

=P (- M) P @)

The operator ¥*(A)* is bounded from L?(Q;C*) to § ;2/ ?, because by Proposition 2.2.3 (iii)
and (5.8) we have ranyﬂ(z)* = ran [F?(Tlf,[“n — l)*l] = 9;2/2 and because of the closed

(5.14)
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graph theorem. Moreover (T — MQ(A))_1 is bijective in 9;{2, as it is shown in the proof
of Theorem 5.3.3. Hence, we deduce that

(1—M2(1) " PQ)" LT — 5

is bounded. Since 9;2/ % is compactly embedded into G this operator is compact from
L?(€:;C*) to Gq. Moreover, ¥*(1) can always be extended to a bounded and everywhere
defined operator from Ggq to L?(Q;C*), compare Proposition 2.2.3. Thus, we deduce that
the left hand side of (5.14) is compact in L?(€;C*), which yields
Gess (A7) = Gess(Tiiir) = (—o0, —mc?] U [me?, o0)

compare Lemma 5.1.3 (ii).

Assertion (ii) can be shown in exactly the same way as Theorem 4.2.3 (iv). Finally,
item (iii) is an immediate consequence of Theorem 2.2.5 (i). O

If Q is a bounded C2-domain, then it is more difficult to describe the spectrum of A2
in terms of the Weyl function M?. Since domA® C H'(Q;C*) is compactly embedded
in L2(Q;C*) in this case, the spectrum of A% is purely discrete. On the other hand, we
have only an expression for the value of the Weyl function M**(1) in Proposition 5.2.2 for
A € C\ ((—oeo, —mc*]U[mc?,0)). Hence, we can not use the Birman Schwinger principle
from Theorem 2.2.5 directly to detect discrete eigenvalues in (—oo, —mc?] U [mc?,o0). But
since the symmetry S = Tn?in is simple by Lemma 3.1.2, we can apply Proposition 2.2.8
and obtain immediately the following result.

Proposition 5.3.5. Let Q be a bounded C?-smooth domain, let T : dQ — R be a Lipschitz
continuous function satisfying |t(x)| # 1 for all x € dQ and let AS be defined by (5.13).
Then 6 (AL) = 04isc(A) and A is an eigenvalue of A if and only if there exists a ¢ € 9;1/2
such that o »

;%zs(M (A+ie)—1)" @ #0.

Next, we state the analogue of Theorem 4.2.7 for Dirac operators on domains. In this case
we compare the differences of powers of the resolvents of A? and 7, 1\‘,}”, The results are
very similar to those of Theorem 4.2.7. Hence, we also give just a sketch of the proof.
Again, we have to assume some additional smoothness of JQ.

Theorem 5.3.6. Let [ € N be fixed and assume that Q is has a C'-smooth boundary. Let
7:9Q — R be Lipschitz continuous such that |t(x)| # 1 for all x € dQ and let A be
defined by (5.13). Moreover, let TI\%T be the MIT-bag operator defined by (5.1). Then it
holds for all A € C\ R

A2 =2)" = (Tir —2) " € 621 o
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In particular; for | =3 the operator (AS — 1) =3 — (Tiy — A) =3 belongs to the trace class
ideal and

2
(4827 = (18~ = | (e300 S )| 619

Moreover, the wave operators for the scattering system {A2, TI\%T} exist and are complete
and the absolute continuous parts of A? and TI\%T are unitarily equivalent.

Proof. The proof of this theorem follows the one of Theorem 4.2.7. Thus, we give here
just a sketch and point out the differences to the proof of Theorem 4.2.7. Let A € C\ R
be fixed and denote by Pq : L*(R3;C*) — L?(€;C*) the restriction operator which acts as
Pof = f | Q, f € L*(R%C*). Then it holds by Proposition 5.2.2

(A = %quﬂz (ime‘l )

with the operators (Djl/ % and G;L/ ? defined as in Proposition 4.1.6. Hence, we have

1

1 -1
%PQ(DX (ZBJrG;L) .

) =

In a similar way one gets

e 1 !

In the proof of Theorem 4.2.7 it was shown that
i 1
dlk (I4+26ﬁel) € 62//(.007

see (4.19). Hence, it follows
k

mMﬂ(/l) €6/t 00 (5.16)

and using (2.44), Proposition 4.1.9, and (2.1)
df e Kod o d (] !
Ak (A)= R kﬁ@q’l@ (27/3 +ex) € S4/(2k+1) 000
. s't!

By taking adjoints this implies that also %yﬂ@)* € &4/(2k+1),- Note that (5.16) yields

dk

Ak (1 MQ(M)71 € 6y ko0
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this can be shown in exactly the same way as (4.19). Thus, using the resolvent formula
from Theorem 5.3.3 we get finally in a similar way as in (4.17) that

&yt (18 i L@l &
W82 =)= T o g (M) )

belongs to Sy .

Finally, the trace formula (5.15) can be shown in exactly the same way as Corollary 4.2.8.
|

5.3.1 A remark on A2 and A),:k‘ns in the confinement case

Let Q. C R3 be a bounded C2-domain, set X := dQ, and Q_ := R*\ Q and denote
the unit normal vector pointing outwards of Q. by v.. Moreover, let 1¢,7ns : £ — R be
Lipschitz continuous. If 1e(x)> — ns(x)? = —4c? for all x € £, then the operator AZ

1137175
given by (4.12) is self-adjoint and it decouples into
T _ 30 Q.
Afen, = Anen, ©Ancngs
where Avf,}:ns is a Dirac operator in L?(Q.;C*) with boundary conditions
(2¢ls—i(a-vi)(Me+nsB)) fils =0 for fi € domApsy, (5.17)

compare Remark 4.2.2 and Theorem 4.2.3. We will show that the operators g%:,ns are of
the form A?i and, on the other hand, for every Lipschitz continuous 7 in the non-critical

case, that means 7(x) # %1 for all x € £, the operator A?i is the compression of some
A%e-ns in the confinement case. This allows, in particular, to deduce some properties of

A?i of those of A%c,ns from Chapter 4 with very small effort.

Proposition 5.3.7. Let for some Lipschitz continuous functions Ne,Ns, T : ¥ — R the oper-
ators ATZ]e-,rIs and A?i be defined as in (4.12) and (5.13), respectively.

(i) Assume that Ne(x)*> —ns(x)? = —4c% forallx € X. If T := %”fen\ then T # £1 every-
where on X and A%MS = A?* @A?’.

(ii) Conversely, let T be such that T(x) # %1 for all x € L. If

4et ~ 2e(1+7%)

ne::]_‘L_2 and 7 p

then n2 —n2 = —4c* on X and A%hns = A?* @A?’.
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Proof. Let us start with some general observations. Using the anti-commutation rela-
tion (1.2) and B2 = I; we see that

Iy=P.+P_ =P, +pP.p.
Thus, the boundary condition (5.17) is equivalent to

(2¢ls—i(a- vi)(Me +nsB)) Py frls = — (2ch —i(a - Vi) (Ne +nsB)) BP1 B frlz-

Multiplying both sides with f8, using again (1.2) and i (- v+ )Py = Py we deduce that
the last line can be rewritten as

((2c+n5)B = Nels) Py fi|z = — ((2c = M) s + M) Py B |- (5.18)

To prove now assertion (i) we use first n2 — n2 = —4c? to see

((2C —Ns) s — Tleﬁ) ((20+ ns)B — 77614) = —4cne

and
((ZC —Ns)ls — neﬁ) ((ZC —Ns)ls + neﬁ) =8c%— e

Thus, multiplying (5.18) with the invertible matrix ((2c —ns)ls — neﬁ) we see that it is

equivalent to
us
2¢ — M

This implies the claim of item (i).

T5 fe =T fa. (5.19)

In order to verify item (ii) define 1, and 7 as in the proposition. Then a simple calculation

shows that Tle2 — ns2 = —4¢? and that this choice fulfills T = 3 Crfng. Since (5.19) is equivalent

to (5.17) for ne, N satisfying n2 — n2 = —4c? everywhere on X, we deduce that A,ZI

el
A?* @A?’. This finishes the proof of this proposition. O

Proposition 5.3.7 shows us that there is a one-to-one correspondence between the operators
A€ for non-critical boundary values and Alee.ns in the confinement case. Using this result
and the findings of Section 4.2 we are able to state and reformulate some properties of AL,
For instance, using the previous proposition and Theorem 4.2.3 one can show with very
little effort the following resolvent identity:

Corollary 5.3.8. Let Q C R3 be a C?-domain with compact boundary, let T: dQ — R be
Lipschitz continuous such that T(x) # x1 for all x € Q. Moreover, set

4ct 2¢(1+1%)

ne::]_l_2 and Ms:= p
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and let Py be the projection defined by (5.2). Eventually, let Ay be the free Dirac operator
and let ®; and C) be defined by (3.16) and (3.17), respectively. Then it holds for all
AeC\R

(A2 = 2)" = Pa(Ao—2) P — Pa® (I + (ela +11)C2) ' (el + 1B ) D3P,

In a similar way as in Corollary 5.3.8 one can deduce almost immediately other properties
of A2. For instance Theorem 5.3.6 follows from Theorem 4.2.7. Furthermore, the fact
that for unbounded Q it holds GeSS(A?’) = (—o0, —mc?] U [mc?,00) and that the number of

discrete eigenvalues in (—mc?,mc?) is finite is a simple consequence of Theorem 4.2.3.

A translation of the Birman Schwinger principle is a little bit more delicate: if for some A €

(—mc?,mc?) it holds —1 € 6, ((1lels + NsB)C2). then A € 0p(AT_ ) = Op(AT DAT),

but it is not clear whether A is an eigenvalue of A?* or of A?’. If Q_ is connected, then
one can say more on eigenvalues of Af* in (—oo, —mc?) U [mc?,e0), as A?’ does not have
embedded eigenvalues there in this case (see [6, Theorem 3.7] and the discussion after this
result). This means that

p(A2) M (—e0, —mc?|U [mc?,0) = 6p(A;

e-,ns) N (—eo, —mcz} U [mcz,oo).

min min
in (—oeo, —mc?| U [mc?, ) with the aid of Proposition 2.2.8 and get for A € (—oo, —mc?| U
[mc?, o) that

Since ST = T2 & T2 is simple by Lemma 3.1.2 we can detect the eigenvalues of A%Ms

Aeo(A?) & 3p e H'A(%;CH) : ;igg)ie(m(nel4+nsﬁ)el+,-8)*‘<p #0.

It seems that the approach presented in this subsection has many advantages compared to
the direct one discussed in Section 5.3. But it has one big drawback (in the opinion of the
author of this thesis): there is no chance here to study A?i in the case of critical boundary
values to obtain similar results as below in Section 5.4 with the techniques available from
the direct approach.

5.4 Dirac operators on domains with critical boundary values —
self-adjointness and basic spectral properties

In this section we study Dirac operators on a domain Q C R? with the boundary condition
TP floa = P+ Bfloq in the critical case, that means if there are x € dQ with |7(x)| = 1.
Under this assumption A? defined by (5.13) is not self-adjoint. With a similar strategy
as in Section 4.3 we will show then for constant boundary value 7 € {£1} that A2 is
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essentially self-adjoint and with the aid of the ordinary boundary triple {Gg, YOQ,T?} from
Theorem 5.2.6 we can compute the self-adjoint closure of this operator and deduce some
of its spectral properties.

First, we show that A? defined by (5.13) is symmetric, but not self-adjoint. The proof of
this result relies on Lemma 5.3.2 and similar arguments as in Proposition 4.3.1.

Proposition 5.4.1. Assume that T: dQ — R is a Lipschitz continuous function such that
|T(x)| = 1 for some x € IQ. Then A defined by (5.13) is symmetric, but not self-adjoint.

Proof. The proof is very similar to the one of Proposition 4.3.1 and hence, we provide just
a sketch here. The fact that AL is symmetric follows immediately from Green’s identity,
see (2.9). The claim that A? is not self-adjoint will be shown in an indirect way.

Assume that AL is self-adjoint. Then ran (A2 — 1) = L2(Q;C*) for all A € C\ R. Accord-
ing to Theorems 2.2.5 and 5.2.1 this is equivalent to

rany?(1)* = ran (r‘?(TI\%T —2)") Cran(r —M2(Q)).

By (5.8) it holds ran (T (T3t — A) ') =ran (I} [ ker['§) = §4/2 and thus the last con-
dition is equivalent to the fact that T — M*(1) is bijective in 9;)/ 2,

Next, Lemma 5.3.2 and the assumption AZ = (A2)* imply that also A?_ is self-adjoint

and hence, with a similar argument as above we see that T+ M%(1) is bijective in 9}2/ 2,
We claim that this implies that also T+ (M*(1))~! is bijective. Clearly, this operator is
injective, as otherwise the symmetric operator T | ker(l"oﬂ + 1 ?) would have the non-
real eigenvalue A by Theorem 2.2.6 (i). Moreover, we have

T+ (M) =T+ M) - MO (A) + (M)
= (t+ ML) (L — (r+ M2 ()" (MP(A) — (M Q) ).

Since M2(A) — (M2 (L))~ ! is compact in 9;2/2 by Proposition 5.2.5 it follows from Fred-
holm’s alternative that 74 (M(1))~! must be bijective.

Since T— M2 (A) and T+ (M®(1))~! are bijective, also the product
(t-M2Q) (t+ M) ") = (P = DL+ (M2 (1) - M2 ()T
is bijective. We set
C:= (2 = DI+ e (M)~ =M% (A)7) . (5.20)

Next, by assumption there exist some x € dQ such that 7(x)> = 1. Thus, there is a function
7T such that
Zo:=0Q\suppT#0 and C|(z*—1) -7 <1
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with C chosen as in (5.20) and the norm is the operator norm in %(9;{ 2). Note that such a
choice is possible by Proposition 2.5.2. This and (5.20) imply then

C|| (7l + (M) = M2 (A)) — (P = DL +(MP(A)) ' = M2 (A)7) |
=C||(e*-1) -7 <1.

Therefore, also the operator Tly +T(M? (1))~ — M (1)1 is bijective in 9;2/2 by [51, The-
orem IV 1.16].

Eventually, let P : H'/2(9Q;C*) — H'/2(Z; C*) be the restriction operator acting as P =
¢ | Xo. Using suppT = 9Q\ X this yields that

{o1%:9€ 9;2/2} C ran? (?I4+T(MQ(7L))71 fMQ(l)‘L')
(5.21)
= ran? (T(MQ(A))—I —MQUL)T) .

One can show in exactly the same way as in the proof of Theorem 5.3.3 that T(M?(1))~! —

M (L) is compact in 9;)/ ?_This gives then a contradiction to (5.21) and finishes the proof
of this proposition. O

In the following assume that T € {£1} is constant. In the rest of this section we show that
Agl is essentially self-adjoint and using the ordinary boundary triple {SQ,Y&T?} from
Theorem 5.2.6 we are going to compute its self-adjoint closure and some of its spectral
properties. Choose the same i € (p(T% 1) Up (T%yr)) N (—mc?,mc?) as in the defini-

tion of {Gq, Y5, Y*}. Then
A2 =T ker (TP —2T§) = (59" 1 (Y - 0r77F),

where @1 = 12 (=M () (12) 7 and M®(p) is the value of the Weyl function given
as in Proposition 5.2.2, compare (2.22). The operator ®]T"Q is explicitly given by

lp, dom®OL?:=g},. (5.22)

0% =12 (r— M%) (1

Due to the mapping properties of M% () from Proposition 5.2.2 we see that ®i‘ﬂ is well-
defined. Our goal is to show that ®i‘9 is essentially self-adjoint and that its closure coin-
cides with the maximal parameter

002 = 12 (1 (1)) (1) g,

7 5.23
dOIIl@)(T)’(2 = {(PEQQ; (T*MQ(N))(19)7]¢€SK2}, ( )

where M®(u) is the extension of M (i) onto 951/2 from Proposition 5.2.5. The (essen-
tial) self-adjointness of ®L'Q and @2’9 is studied in the following proposition; the proof
of this result follows closely the one of Proposition 4.3.2 and hence we give just a sketch
here.
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Proposition 5.4.2. Let 7 € {£1} and let ®]T’Q and @2,9 be given by (5.22) and (5.23),
respectively. Then @L'Q is essentially self-adjoint in G and the closure of @)L’Q is G)(T)’Q,
In particular G)(T)’Q is self-adjoint.

Proof. The proof of this proposition is very similar as the one of Proposition 4.3.2. First,
one can verify that @2’9 is a closed operator in Gg. This can be done with exactly the
same arguments as in Step I of the proof of Proposition 4.3.2 and hence, we omit it.
Then one can check that @2’9 C G)L"Q, which implies that G)(T)’Q is also symmetric, and
(@2 ¢ @22, which yields finally that @2 is self-adjoint. It remains to verify the
inclusions ®8’9 - @%‘Q and (@%‘Q)* C 62’9. This will be done in the following.

First, to show (92’9 C @17"9 fix some ¢ € dom 62’9 and choose a sequence (V) C 9}2 such
that v, — @ in Go. We define

1 ~ _ _
oui= 0+ 12 (1 (12(1)7'7) (1) (v~ ).
Note that

On = %11_2 <I4+ (MQ(IJ))*IT) (19)*1Wn+ %l?(Mﬂ(‘u))’l (1\7[(/1) B ’L'> (19)71(’).
(5.24)

Since (M?(u))~! is bounded in 9;)/2 by Proposition 5.2.3 and 1 gives rise to a bounded
operator from 9;2/ Zto 9}2 by (5.12) we deduce

22 (1 ()1 7) (1) € Gy

Because of the same reasons and ¢ € dom @2’9 we have

S0 w) ! (M) —) (1) g € S,

Hence, we conclude from (5.24) that ¢, € G} Next, as I + (M?(u)) ' is continuous in

9;21/2 by Proposition 5.2.5 (iii) and 1% : 951/2 — Ya by construction we find

o0 =31 (1 + (1) ') (1) (¥~ 9) =0 in S

Finally, using that T € {£1} is constant we obtain that
1 ~ ~ - .
0% (¢u—9) = 312 (v~ M) ) (1s+ (W12(w) ') (1) (o~ 9)

= () = T () () (v~ ).

(5.25)
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Since (M(u))~! —M(u) : 9_1/2 — 9;2/2 is continuous by Proposition 5.2.5 (iv) we de-
duce eventually from (5.25) that G)(T)’Q((p,, — @) — 0in Gg. This finishes the proof of the

statement that ®2’9 C ®£"9.

It remains to prove that (®£Q)* - ®(T)’Q. But this can be done in exactly the same way as
in Step 2 in the proof of Proposition 4.3.2. One just has to use Proposition 5.2.5 (ii) instead
of Proposition 4.1.4 (ii). This finishes the proof of this proposition. O

With the aid of Proposition 5.4.2 we are now able to show that the operator Agl defined
by (5.13) is essentially self-adjoint and we can describe its self-adjoint closure ATi}1 in
terms of the boundary triple {SQ,Y%')),Y?} from Theorem 5.2.6, which allows us further
to state some of the spectral properties of T Recall the definitions of the maximal
operator (§?)* = given by (3.10) and the extended boundary mappings FO ,FQ from
Lemma 5.2.4.

max

Theorem 5.4.3. Let T € {1} and let A be defined by (5.13). Moreover, let ¥* and M®
be given as in Proposition 5.2.5. Then A is essentially self-adjoint in L*(Q;C*) and its
self-adjoint closure is

A2 =T, Tker (YR - 00°YS) = T2, | ker (I — 71%). (5.26)

Furthermore A2 C A2, domA2 ¢ H'(Q;C*), and the following assertions are true:

(i) For A € C\R it holds
(A2 -2)" = (Be 1)+ P W) (2= M) P Q)
(i) If Q is unbounded, then (—oo, —mc?) U [mc?,00) C Gess(A) and A € (—mc?,mc?) N
0,(AQ) if and only if 0 € 6,(T — M®(1)).

(iii) If Q is bounded, then A is an eigenvalue of @ if and only if there exists a ¢ € Sq
such that B
li\r—‘l(l)i£[lf(Mﬂ(l +ie)—1)(12) ] g £0.
€

Proof. First, by Proposition 5.4.2 the operator ®L’Q is essentially self-adjoint. Thus Propo-
sition 2.2.7 implies that
A2 =T [ ker (TP —oT§) = T2, 1 (Y2 - 0777F)

is essentially self-adjoint. Furthermore, since {SQ,Y(‘)Z,Y?} is an ordinary boundary triple
the closure A2 of A2 corresponds to the closure of the parameter @;Q; by Proposition 5.4.2
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this is @2'9. Employing (2.23) weieduce then (5.26). Eventually, it follows immediately
from Proposition 5.4.1 that A2 C AQ.

The Krein type resolvent formula in item (i) is an immediate consequence of Theorem 2.2.5
taking the special form of the y-field and the Weyl function for the triple {SQ,TEI,Y?}
from (2.20) into account, compare [23, Corollary 3.14].

Next, we prove statement (ii). First, let A € (—oo, —mc?]U[mc?, o) and define the function
l[/,’} as in Lemma 3.1.4. Then u/,’} € domT%

min

C domA2 for any n € N and this sequence
has all properties of a singular Weyl sequence for A and AL. Hence A € Gess(A%). Since
A € (—oo,—mc? U [mc?,o0) was arbitrary, we deduce (—oo, —mc?] U [mc?,0) C Gess(AD).
Furthermore, the Birman-Schwinger principle in (ii) is a direct consequence of Theo-
rem 2.2.5 (i) due to the special form of the Weyl function corresponding to the triple
{997Y627Y?}, compare (2.20).

Finally, since S = T is simple by Lemma 3.1.2, statement (iii) is a consequence of

Proposition 2.2.9 and (2.20). O

Remark 5.4.4. According to [57, Proposition 2.1] functions f € dom7T; € have traces in

max

HY 2(9Q;C*). Hence, the boundary condition ’L'l:oﬂ = f? is equivalent to

P flag =PiBflag in HA(Z:CY)
and hence, it is formally the same as for non-critical boundary values in Definition 5.3.1.

Finally, we provide a result which shows that the spectral properties of A? can be signif-
icantly different in the case of critical boundary values. This can be seen as the analogue
of Theorem 4.3.6 for Dirac operators on domains. But a more careful look shows that
the principle behind this effect is a completely different one as in Theorem 4.3.6. Using
super symmetry, we prove that for a bounded Q the number £mc? is an eigenvalue of

infinite multiplicity of Aizl. This implies that for bounded Q the essential spectrum of

Ag | can be non-empty in the critical case. The proof of this result follows closely the one
of [66, Proposition 2] in the 2D-case; I would like to thank K.M. Schmidt for providing
me a copy of [66] which was very helpful. We would like to remark that, differently from
Theorem 4.3.6, we do not have to make a restriction on the geometry of  here.

Theorem 5.4.5. Assume that Q C R3 is a bounded C*-domain and let for T € {1} the

opemtorAigiz1 be defined by (5.26). Then £mc? is an eigenvalue of infinite multiplicity of
A%,

Remark 5.4.6. One can deduce similarly as in Corollary 4.3.7 that domzrizl is not contained
in H*(Q;C*) for any s > 0.
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Proof of Theorem 5.4.5. We are going to prove the claim of the theorem for 7 = 1, the
statement for 7 = —1 can be shown with the same arguments. For a simpler readability
we split the proof into three steps. First, we introduce a new operator A% and show via a
super symmetry argument that Aﬁ is self-adjoint. Then we verify that Af,,l is an extension

of A?. Since this operator is essentially self-adjoint we conclude A = A?. Finally, using
the special structure of A we show that this operator has the eigenvalue mc? with infinite
multiplicity.

Step 1: We use for f € L>(Q;C*) the splitting f = (f1, f2) with f1, f» € L*(Q;C?), that
means f] and f, are the upper and lower two components of the Dirac spinor, respectively.
We define the operator

A =T [ {f=(fi,fr) €domTy, : f» € Hy(xC?)}.

This operator has the explicit representation

2L A
AQ — (M2 527
mn < A* ,mc212 ’ ( )

where A is B B
Af =—ic-Vf, domA=H}(Q;C?),

and o = (07,072, 03) is the family of C2*2_valued Pauli matrices from (3.2). We claim that
AL is self-adjoint. For that purpose it suffices to consider m = 0, as mc?f is a bounded
self-adjoint perturbation.

Indeed A§ is symmetric, as we have for f = (f1, f2) € dom A&
(ASf. o= (Af2, f)a+ (A" fi, r)a = 2Re(Af2, fi)a € R.
Next, it holds for /' = (f, f2) € dom (Af)))* and g = (g1,82) € dom./l(s)'2
((AS) f.8) o = (1 A88) o = (f1.Ag2)a + (f2.A"81)a. (5.28)
Choosing g; = 0 we get from (5.28)
(((A(g)z)*f)zjgz)g = (fi,Ag2)a

and hence fi; € domA* and A*f; = ((Ag)*f)z. Similarly, choosing g» = 0 we obtain
from (5.28) that f> € domA and Af, = ((Af)l)* f )1. Therefore, we conclude f € dom/léZ
and (A)* f = AZf, that means A} is self-adjoint.

Step 2: We show that A? C A%. Since A? is essentially self-adjoint by Theorem 5.4.3 this
yields then A2 = A?. We prove that £ € dom T fulfills

fedomA$ ifandonlyif (B—1I)f|yo = 0. (5.29)
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This yields then the claim of this step. To see (5.29) recall that the boundary condition of
A? reads

0=TPf-I8f =P (B—L)flsa- (5.30)

Because of (1.2) it holds P, B = BP_ and hence, using B2 = I; we see that (5.30) is equiv-
alent to

0=BP-(B—1s)fls0- (5.31)
Since B is invertible, we deduce (5.29) from (5.30) and (5.31).

Step 3: Eventually we show that mc? is an eigenvalue of Af,f of infinite multiplicity. For
that define for n € N the function f;,(x) = ((x +ix2)",0, O,O)T, x = (x1,%2,%3) T € Q. Then
fn € domA2 and a simple calculation shows A f, = mc?f,. Since n € N was arbitrary,
we deduce dimker(A — mc?) = oo, which is the claimed result of this theorem. O

5.4.1 Dirac operators on domains with variable critical boundary values

Finally, we would like to state several remarks on the operator A?, ifT:9Q -Risa
Lipschitz continuous function in the critical case, that means if there are some x € JQ
such that 7(x)? = 1. We have seen already in Proposition 5.4.1 that A? is symmetric, but
not self-adjoint. If 7 fulfills some suitable assumptions, then one can still show similarly as
in Section 5.4 that A is essentially self-adjoint, compute the self-adjoint realization and
provide some spectral properties of this operator as in Theorem 5.4.3.

The crucial result in Section 5.4 is Proposition 5.4.2 — all following main results are based

on this. The critical point here is to prove that 62’9 C ®L’Q, the other steps in the proof can
be done similarly as for constant 7. With some suitable assumptions on 7 one can modify

the verification of @3’9 - @i’g for more general 7. This consideration is based on the fact
that any ¢ € dom @2*9 fulfills

(-2 'p ey (5.32)

Hence, if we assume that 7 is such that for all ¢ € 951/ * which satisfy (5.32) there is a
sequence @, € §'/2 with

@ —@inG5"? and (22— 1)@, — (t*— 1)@ in 5%, (5.33)

as n — oo, then one could also verify 6)2’9 - @,{JQ similarly as in the proof of Proposi-
tion 5.4.2 with just little modifications. One only must be careful that a non-constant T

does not commute with G;I/ * and hence with M®(u). But due to Proposition 3.2.3 the

commutator of (3;1/ ? with any Lipschitz continuous function is a bounded operator from
H~12(09Q;C*) to H'/2(9Q;C*), which allows to prove the desired claim.
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Having the analogue of Proposition 5.4.2 one can then proceed as for constant interaction
strengths: in the same way as in Theorem 5.4.3 it follows that A% is essentially self-adjoint
and that the self-adjoint closure is given by

AQf = (—icat-V+mc®B)f,
domA® := {f € domTS, : TI5f =T}
Moreover, if for all ¢ € 95]/ : satisfying (5.32) it holds (5.33), then the spectral properties

of E can be deduced in a similar way as in Theorem 5.4.3 and we get that:

(i) For A € C\R it holds
(A2 =)' = (T — A) T +72() (- M) P2 (A"
(ii) If & is unbounded, then (—oo, —mc?| U [me?,0) C Cess(AL) and A € (—mc?,me?) N
0,(A2) if and only if 0 € 0,(1 — M(1)).

(iii) If Q is bounded, then A is an eigenvalue of IT? if and only if there exists a ¢ € Go
such that B X
%ie[lf(Mﬂ(z +ie) - 1)(12) 7] @ £o0.
€



REFERENCES

[1] R.A. Adams and J.J.F. Fournier: Sobolev spaces. 2nd ed., Pure and Applied Mathe-
matics, vol. 140, Elsevier/Academic Press, Amsterdam, 2003.

[2] M.S. Agranovich and B.A. Amosov: Estimates for s-numbers, and spectral asymp-
totics for integral operators of potential type on nonsmooth surfaces. Funktsional.
Anal. i Prilozhen. 30(2): 1-18, 1996.

[3] S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, and H. Holden: Solvable Models in
Quantum Mechanics. With an Appendix by Pavel Exner, 2nd ed., AMS Chelsea Pub-
lishing, Providence, RI, 2005.

[4] N. Arrizabalaga, L. Le Treust, and N. Raymond: On the MIT bag model in the non-
relativistic limit. Comm. Math. Phys. 354(2): 641-669, 2017.

[5]1 N. Arrizabalaga, A. Mas, and L. Vega: Shell interactions for Dirac operators. J.
Math. Pures Appl. (9) 102(4): 617-639, 2014.

[6] N. Arrizabalaga, A. Mas, and L. Vega: Shell interactions for Dirac operators: on the
point spectrum and the confinement. SIAM J. Math. Anal. 47(2): 1044-1069, 2015.

[7]1 N. Arrizabalaga, A. Mas, and L. Vega: An Isoperimetric-Type Inequality for Electro-
static Shell Interactions for Dirac Operators. Comm. Math. Phys. 344(2): 483-505,
2016.

[8] C. Bidr and W. Ballmann: Boundary value problems for elliptic differential operators
of first order. In: Surv. Differ. Geom. Vol. XVII: 1-78, Int. Press, Boston, MA, 2012.

[9] C.Bir and W. Ballmann: Guide to Elliptic Boundary Value Problems for Dirac-Type
Operators. In: Ballmann W., Blohmann C., Faltings G., Teichner P., Zagier D. (eds)
Arbeitstagung Bonn 2013. Progr. Math., vol 319: 43-80, Birkhduser, Cham, 2016.

[10] J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: Approximation of
Schrédinger operators with d-interactions supported on hypersurfaces. Math. Nachr.
290(8-9): 1215-1248, 2017.

[11] J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: On the spectral properties of
Dirac operators with electrostatic 8-shell interactions. J. Math. Pures Appl. (9) 111:
47-78, 2018.

131



132 References

[12] J. Behrndt, R.L. Frank, C. Kiihn, V. Lotoreichik, and J. Rohleder: Spectral theory for
Schrédinger operators with 8-interactions supported on curves in R3. Ann. Henri
Poincaré 18(4): 1305-1347, 2017.

[13] J. Behrndt, F. Gesztesy, T. Micheler, and M. Mitrea: The Krein—von Neumann real-
ization of perturbed Laplacians on bounded Lipschitz domains. Oper. Theory Adv.
Appl. 255: 49-66, 2016.

[14] J. Behrndt and M. Holzmann: On Dirac operators with electrostatic 8-shell interac-
tions of critical strength. To appear in J. Spectr. Theory, preprint: arXiv:1612.02290,
2016.

[15] J. Behrndt, M. Holzmann, and A. Mas: Self-adjoint Dirac operators on domains in
R3. In preparation.

[16] J. Behrndt and D. Krejcitik: An indefinite Laplacian on a rectangle. J. Anal. Math.
134: 501-522, 2018.

[17] J. Behrndt and M. Langer: Boundary value problems for elliptic partial differential
operators on bounded domains. J. Funct. Anal. 243(2): 536-565, 2007.

[18] J. Behrndt and M. Langer: Elliptic operators, Dirichlet-to-Neumann maps and quasi
boundary triples. In: Operator methods for boundary value problems, London Math.
Soc. Lecture Note Ser., vol 404: 121-160. Cambridge Univ. Press, Cambridge, 2012.

[19] J. Behrndt, M. Langer, and V. Lotoreichik: Schrédinger operators with & and &'-
potentials supported on hypersurfaces. Ann. Henri Poincaré 14(2): 385-423, 2013.

[20] J. Behrndt, M. Langer, and V. Lotoreichik: Trace formulae and singular values of
resolvent power differences of self-adjoint elliptic operators. J. Lond. Math. Soc. (2)
88(2): 319-337, 2013.

[21] J. Behrndt, M. Langer, V. Lotoreichik, and J. Rohleder: Quasi boundary triples and
semibounded self-adjoint extensions. Proc. Roy. Soc. Edinburgh Sect. A 147, 895-
916, 2017.

[22] J. Behrndt, M. Malamud, and H. Neidhardt: Scattering matrices and Dirichlet-to-
Neumann maps. J. Funct. Anal. 273(6): 1970-2025, 2017.

[23] J. Behrndt and T. Micheler: Elliptic differential operators on Lipschitz domains and
abstract boundary value problems. J. Funct. Anal. 267(10): 3657-3709, 2014.

[24] J. Behrndt and J. Rohleder: Spectral analysis of selfadjoint elliptic differential op-
erators, Dirichlet-to-Neumann maps, and abstract Weyl functions. Adv. Math. 285:
1301-1338, 2015.

[25] J. Behrndt and J. Rohleder: Titchmarsh-Weyl theory for Schriodinger operators on
unbounded domains. J. Spectr. Theory 6(1): 67-87, 2016.



References 133

[26] R.D. Benguria, S. Fournais, E. Stockmeyer, and H. Van Den Bosch: Self-adjointness
of two-dimensional Dirac operators on domains. Ann. Henri Poincaré 18(4): 1371-
1383, 2017.

[27] R.D. Benguria, S. Fournais, E. Stockmeyer, and H. Van Den Bosch: Spectral gaps of
Dirac operators describing graphene quantum dots. Math. Phys. Anal. Geom. 20(2):
Art. 11, 12, 2017.

[28] G. Berkolaiko and P. Kuchment: Introduction to Quantum Graphs, Amer. Math. Soc.,
Providence, RI, 2013.

[29] T. Brasche, P. Exner, Y. Kuperin, and P. Seba: Schrédinger operators with singular
interactions. J. Math. Anal. Appl. 184(1): 112-139, 1994.

[30] J. Briining, V. Geyler, and K. Pankrashkin: Spectra of self-adjoint extensions and
applications to solvable Schrodinger operators. Rev. Math. Phys. 20(1): 1-70, 2008.

[31] V. Budyika, M. Malamud, and A. Posilicano: Nonrelativistic limit for 2p x 2p-Dirac
operators with point interactions on a discrete set. Russ. J. Math. Phys. 24(4): 426—
435, 2017.

[32] C. Cacciapuoti, K. Pankrashkin, and A. Posilicano: Self-adjoint indefinite Lapla-
cians. To appear in J. Anal. Math., preprint: arXiv:1611.00696, 2017.

[33] A.P. Calderén: Commutators of singular integral operators. Proc. Nat. Acad. Sci.
U.S.A. 53: 1092-1099, 1965.

[34] R. Carlone, M. Malamud, and A. Posilicano: On the spectral theory of Gesztesy-
Seba realizations of 1-D Dirac operators with point interactions on a discrete set. J.

Differential Equations 254(9): 3835-3902, 2013.

[35] A. Chodos: Field-theoretic Lagrangian with baglike solutions. Phys. Rev. D (3)
12(8): 2397-2406, 1975.

[36] A. Chodos, R.L. Jaffe, K. Johnson, and C.B. Thorn: Baryon structure in the bag
theory. Phys. Rev. D (3) 10(8-15): 2599-2604, 1974.

[37] A. Chodos, R.L. Jaffe, K. Johnson, C.B. Thorn, and V.F. Weisskopf: New extended
model of hadrons. Phys. Rev. D (3) 9(12): 3471-3495, 1974.

[38] T. DeGrand, R.L. Jaffe, K. Johnson, and J. Kiskis: Masses and other parameters of
the light hadrons. Phys. Rev. D (3) 12(7): 2060-2076, 1975.

[39] V. Derkach and M. Malamud: Generalized resolvents and the boundary value prob-
lems for Hermitian operators with gaps. J. Funct. Anal. 95(1): 1-95, 1991.

[40] V. Derkach and M. Malamud: The extension theory of Hermitian operators and the
moment problem. J. Math. Sci. 73(2): 141-242, 1995.



134 References

[41] PA. Dirac: The quantum theory of the electron. R. Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 117, 1928.

[42] 1. Dittrich, P. Exner, and P. Seba: Dirac operators with a spherically symmetric 8-
shell interaction. J. Math. Phys. 30(12): 2875-2882, 1989.

[43] P. Exner: Spectral properties of Schridinger operators with a strongly attractive &
interaction supported by a surface. Proc. of the NSF Summer Research Conference
(Mt. Holyoke 2002); AMS “Contemporary Mathematics" Series, 339: 25-36, 2003.

[44] P. Exner: Leaky quantum graphs: a review. In: Analysis on graphs and its applica-
tions, Proc. Sympos. Pure Math. 77: 523-564. Amer. Math. Soc., Providence, RI,
2008.

[45] P. Exner and H. Kovatik: Quantum Waveguides. Theoretical and Mathematical
Physics, Springer, 2015.

[46] G.B. Folland: Introduction to partial differential equations. Princeton University
Press, Princeton, NJ, second edition, 1995.

[47] F. Gesztesy and P. Seba: New analytically solvable models of relativistic point inter-
actions. Lett. Math. Phys. 13(4): 345-358, 1987.

[48] V. Gorbachuk and M. Gorbachuk: Boundary value problems for operator differen-
tial equations. Mathematics and its Applications (Soviet Series), vol. 48. Kluwer
Academic Publishers Group, Dordrecht, 1991. Translated and revised from the 1984
Russian original.

[49] M. Holzmann, T. Ourmieres-Bonafos, and K. Pankrashkin: Dirac operators with
Lorentz scalar shell interactions. Rev. Math. Phys. 30: 1850013 (46 pages), 2018.

[50] K. Johnson: The MIT bag model. Acta Phys. Pol. B(6) 12(8): 865-892, 1975.
[51] T. Kato: Perturbation Theory for Linear Operators. Springer-Verlag, Berlin, 1995.

[52] A. Kirsch and F. Hettlich. The mathematical theory of time-harmonic Maxwell’s
equations, Applied Mathematical Sciences, vol. 190. Springer, Cham, 2015.

[53] M. G. Krein: The fundamental propositions of the theory of representations of Her-
mitian operators with deficiency index (m,m). Ukrain. Mat. Zurnal 1(2): 3-66, 1949.

[54] G. Leoni: A First Course in Sobolev Spaces. American Mathematical Society, Prov-
idence, RI, 2009.

[55] W. McLean: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge
University Press, Cambridge, 2000.

[56] A. Mas: Dirac operators, shell interactions, and discontinuous gauge functions
across the boundary. J. Math. Phys. 58(2), 2017.



References 135

[57] T. Ourmiceres-Bonafos and L. Vega: A strategy for self-adjointness of Dirac oper-
ators: application to the MIT bag model and &-shell interactions. Publ. Mat. 62,
397-437, 2018.

[58] A.Mas and F. Pizzichillo: The relativistic spherical 8-shell interaction in R3: spec-
trum and approximation. J. Math. Phys. 58(8), 2017.

[59] A. Mas and F. Pizzichillo: Klein’s paradox and the relativistic 8-shell interaction in
R3. Anal. PDE 11(3): 705-744, 2018.

[60] K. Pankrashkin and S. Richard: One-dimensional Dirac operators with zero-range
interactions: spectral, scattering, and topological results. J. Math. Phys. 55(6), 2014.

[61] S. Raulot: The Hijazi inequality on manifolds with boundary. J. Geom. Phys. 56(11):
2189-2202, 2006.

[62] M. Reed and B. Simon.: Methods of modern mathematical physics. I. Functional
analysis. Academic Press, New York, 1980.

[63] M. Reed and B. Simon: Methods of modern mathematical physics. II. Fourier analy-
sis, self-adjointness. Academic Press, New York, 1975.

[64] M. Reed and B. Simon: Methods of modern mathematical physics. IV. Analysis of
operators. Academic Press, New York, 1978.

[65] R. Rohleder: Titchmarsh-Weyl Theory and Inverse Problems for Elliptic Differential
Operators. Dissertation, University Press TU Graz, Graz, 2013.

[66] K. Schmidt: A remark on boundary value problems for the Dirac operator. Quart. J.
Math. Oxford Ser. (2) 46: 509-516, 1995.

[67] K. Schmiidgen: Unbounded self-adjoint operators on Hilbert space. Graduate Texts
in Mathematics, Springer-Verlag, Dordrecht, 2012.

[68] P. Seba: Klein’s paradox and the relativistic point interaction. Lett. Math. Phys.
18(1):77-86, 1989.

[69] G. Teschl: Mathematical Methods in Quantum Mechanics. With Applications to
Schrodinger Operators. American Mathematical Society, Providence, 2014.

[70] B. Thaller: The Dirac equation. Texts and Monographs in Physics. Springer-Verlag,
Berlin, 1992.

[71] J. Weidmann: Lineare Operatoren in Hilbertrdumen. Teil I. Teubner, Stuttgart, 2000.

[72] J. Weidmann: Lineare Operatoren in Hilbertrdumen. Teil II. Mathematische Leitf4-
den. B. G. Teubner, Stuttgart, 2003.

[73] D.R. Yafaev: Mathematical Scattering Theory. Analytic theory. Amer. Math. Soc.,
Providence, RI, 2010.



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 1

Vol. 2

Vol. 3

Vol. 4

Vol. 5

Vol. 6

Steffen Alvermann

Effective Viscoelastic Behavior
of Cellular Auxetic Materials
2008

ISBN 978-3-902465-92-4

Sendy Fransiscus Tantono

The Mechanical Behaviour of a Soilbag
under Vertical Compression

2008

ISBN 978-3-902465-97-9

Thomas Riiberg

Non-conforming FEM/BEM Coupling in Time Domain
2008
ISBN 978-3-902465-98-6

Dimitrios E. Kiousis

Biomechanical and Computational Modeling of
Atherosclerotic Arteries

2008

ISBN 978-3-85125-023-7

Lars Kielhorn

A Time-Domain Symmetric Galerkin BEM
for Viscoelastodynamics

2009

ISBN 978-3-85125-042-8

Gerhard Unger

Analysis of Boundary Element Methods
for Laplacian Eigenvalue Problems
2009

ISBN 978-3-85125-081-7



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 7

Vol. 8

Vol. 9

Vol. 10

Vol. 11

Vol. 12

Gerhard Sommer

Mechanical Properties of Healthy and Diseased
Human Arteries

2010

ISBN 978-3-85125-111-1

Mathias Nenning

Infinite Elements for

Elasto- and Poroelastodynamics
2010

ISBN 978-3-85125-130-2

Thanh Xuan Phan

Boundary Element Methods for
Boundary Control Problems
2011

ISBN 978-3-85125-149-4

Loris Nagler

Simulation of Sound Transmission through
Poroelastic Plate-like Structures

2011

ISBN 978-3-85125-153-1

Markus Windisch

Boundary Element Tearing and Interconnecting
Methods for Acoustic and Electromagnetic
Scattering

2011

ISBN 978-3-85125-152-4

Christian Walchshofer

Analysis of the Dynamics at the Base of a Lifted
Strongly Buoyant Jet Flame Using Direct Numerical
Simulation

2011

ISBN 978-3-85125-185-2



Monographic Series TU Graz

Computation in Engineering and Science

Vol.

Vol.

Vol.

Vol.

Vol.

Vol.

13

14

15

16

17

18

Matthias Messner

Fast Boundary Element Methods in Acoustics
2012
ISBN 978-3-85125-202-6

Peter Urthaler

Analysis of Boundary Element Methods for Wave
Propagation in Porous Media

2012

ISBN 978-3-85125-216-3

Peng Li

Boundary Element Method for Wave Propagation in
Partially Saturated Poroelastic Continua

2012

ISBN 978-3-85125-236-1

Andreas Jorg Schriefl

Quantification of Collagen Fiber Morphologies in
Human Arterial Walls

2013

ISBN 978-3-85125-238-5

Thomas S. E. Eriksson
Cardiovascular Mechanics
2013

ISBN 978-3-85125-277-4

Jianhua Tong

Biomechanics of Abdominal Aortic Aneurysms
2013
ISBN 978-3-85125-279-8



Monographic Series TU Graz

Computation in Engineering and Science

Vol.

Vol.

Vol.

Vol.

Vol.

Vol.

19

20

21

22

23

24

Jonathan Rohleder

Titchmarsh-Weyl Theory and Inverse Problems
for Elliptic Differential Operators

2013

ISBN 978-3-85125-283-5

Martin Neumdiller

Space-Time Methods
2013
ISBN 978-3-85125-290-3

Michael J. Unterberger

Microstructurally-Motivated Constitutive Modeling of
Cross-Linked Filamentous Actin Networks

2013

ISBN 978-3-85125-303-0

Vladimir Lotoreichik

Singular Values and Trace Formulae for Resolvent
Power Differences of Self-Adjoint Elliptic Operators
2013

ISBN 978-3-85125-304-7

Michael Mel3ner

A Fast Multipole Galerkin Boundary Element Method
for the Transient Heat Equation

2014

ISBN 978-3-85125-350-4

Lorenz Johannes John

Optimal Boundary Control in Energy Spaces
2014
ISBN 978-3-85125-373-3



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 25

Vol. 26

Vol. 27

Vol. 28

Vol. 29

Vol. 30

Hannah Weisbecker

Softening and Damage Behavior of Human Arteries
2014
ISBN 978-3-85125-370-2

Bernhard Kager

Efficient Convolution Quadrature based Boundary
Element Formulation for Time-Domain
Elastodynamics

2015

ISBN 978-3-85125-382-5

Christoph M. Augustin

Classical and All-floating FETI Methods with
Applications to Biomechanical Models

2015

ISBN 978-3-85125-418-1

Elias Karabelas

Space-Time Discontinuous Galerkin Methods for
Cardiac Electromechanics

2016

ISBN 978-3-85125-461-7

Thomas Traub

A Kernel Interpolation Based Fast Multipole Method
for Elastodynamic Problems

2016

ISBN 978-3-85125-465-5

Matthias Gsell

Mortar Domain Decomposition Methods for
Quasilinear Problems and Applications
2017

ISBN 978-3-85125-522-5



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 31

Vol. 32

Vol. 33

Christian Kiihn

Schrodinger operators and singular infinite
rank perturbations

2017

ISBN 978-3-85125-551-5

Michael H. Gfrerer

Vibro-Acoustic Simulation of Poroelastic Shell
Structures

2018

ISBN 978-3-85125-573-7

Markus Holzmann

Spectral Analysis of Transmission and Boundary
Value Problems for Dirac Operators

2018

ISBN 978-3-85125-642-0



	Titel
	Abstract
	Zusammenfassung
	CONTENTS
	References
	Acknowledgement
	1 INTRODUCTION
	2 PRELIMINARIES AND NOTATIONS
	3 THE MINIMAL, FREE, AND MAXIMAL DIRAC OPERATORAND ASSOCIATED INTEGRAL OPERATORS
	4 DIRAC OPERATORS WITH SINGULAR INTERACTIONS
	5 DIRAC OPERATORS ON DOMAINS
	REFERENCES



