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LEBESGUE-TYPE INEQUALITIES
FOR THE FOURIER SUMS ON CLASSES OF
GENERALIZED POISSON INTEGRALS

Summary

For functions from the set of generalized Poisson integrals Cg’TLp, 1 < p < oo, we obtain
upper estimates for the deviations of Fourier sums in the uniform metric in terms of the best
approximations of the generalized derivatives fg‘ " of functions of this kind by trigonometric
polynomials in the metric of the spaces L,. Obtained estimates are asymptotically best
possible.
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Let L,, 1 < p < oo, be the space of 2r—periodic functions f summable to the

1
p
)

27
power p on [0, 27), in which the norm is given by the formula || f||, = ( [ 1f @) |pdt)
0

L be the space of measurable and essentially bounded 27—periodic functions f with
the norm || f||cc = esssup|f(t)|; C be the space of continuous 27—periodic functions
t

f, in which the norm is specified by the equality || f||c = max |f ()]
Denote by C’E"TLP, a>0,r>0 R, 1<p<oo, the set of all 2r—periodic

[45]
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functions, representable for all x € R as convolutions of the form (see, e.g., [1, p. 133])

s
aq

f@) = 3+ [ Pavalo =00t a R, p L1 @

— T

where ¢ € L, and P, , g(t) are fixed generated kernels

P, p(t Zeo‘ cos t—%), a,r>0, geR. (2)

The kernels P, . g of the form (2) are called generalized Poisson kernels. For r = 1
and 3 = 0 the kernels P, , g are usual Poisson kernels of harmonic functions.

If the functions f and ¢ are related by the equality (1), then function f in this
equality is called generalized Poisson integral of the function ¢. The function ¢ in
equality (1) is called as generalixed derivative of the function f and is denoted by
f5"

The set of functions f from C’g’tLp, 1 <p < oo, such that f3" € By, where

Bl={¢: |lellp <1, ¢ L1}, 1 <p < o0,

we will denote by C'
Let E,(f)r, be the best approximation of the function f € L, in the metric of
space Ly, 1 < p < oo, by the trigonometric polynomials ¢,,—; of degree n — 1, i.e.,

Eu(f)z, = i [f ~ ta s,
Let p,(f;x) be the following quantity
pu(fiz) == f(2) = Snea(f; ), (3)

where S,,_1(f;) are the partial Fourier sums of order n — 1 for a function f.

Least upper bounds of the quantity ||p,(f;-)l[c over the classes Cg7, we denote
by €.(Cgy)cs ie.,

En(C5y)c = Sup 1f() = Sn-1(f;)llc, r>0, a>0, 1<p<oco.  (4)
fe B »

Asymptotic behaviour of the quantities £,(Cjg’) )¢ of the form (4) was studied in
2)-110]

In [11]-[13] it was found the analogs of the Lebesgue inequalities for functions
f € Cg"Ly in the case r € (0,1) and p = oo, and also in the case 7 > 1 and
1 < p < 00, where the estimates for the deviations || f(-) —S,—1(f;-)||c are expressed
in terms of the best approximations F, ( f;‘ "")r,- Namely, in [11] it is proved that the
following best possible inequalitiy holds

4 —r —an” a,Tr
1£C) = Sua(Fi)llo < (St +0)e ™™ Bu(f§ ey ()
where O(1) is a quantity uniformly bounded with respect to n, 8 and f € Cg’rLoo
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The present paper is a continuation of [11], [12], and is devoted to getting asymp-
totically best possible analogs of Lebesgue-type inequalities on the sets C’E"TLP,
r € (0,1) and p € [1,00). This case was not considered yet. Let formulate the
results of the paper.

By F(a,b;c;d) we denote Gauss hypergeometric function

= (a P
F(a,b;c;2z) =1+ Z —( zi)(:)k o1
k=1

() = g(g—kl) (g—l—?)...(g—kk—l).

For arbitrary a > 0, 7 € (0,1) and 1 < p < oo we denote by ng = ng(a,r,p) the
smallest integer n such that

14> p=1
11 arx(p) 1 M
= = 4 AW . , 1 <p<oo, 6
ar n’ + npl-r — (37")31 p p ( )
(37T)3’ b =00,

where x(p) = p for 1 < p < oo and x(p) =1 for p = occ.
The following statement holds.

Theorem 1. Let 0 <r <1, a >0, 8 €R and n € N. Then in the case 1 < p < 00
for any function f € C’E"TLP and n > ng(a, r,p), fthe following inequality is true:

r 1—r t ’ 1 1 3_ / 3
1£0) = Sua (2 )le € e n’ (%F (227 30),

7r1+?(our v 27 2 2

p/—1 1
ar) » 1 p)r’
+vmp(fh+(p)_1 ) + ()

1 1 1
— ) VE.(fa )., —+—=1, 7
n mﬂ”hfn w5, p Y )
where F(a,b;c;d) is Gauss hypergeometric function, and in the case p = 1 for any

function f € Cg’rLl and n > ng(a,r, 1), the following inequality is true:

15O =Sur(Flle < et (— b (g + ) B0 e @)

Tar r)y2n’  nl

In (7) and (8), the quantity V. p = Ynp(a, 1, B) is such that |y, p| < (147)2.

Proof of Theorem 1. Let [ € Cg’er, 1 < p < co. Then, at every point x € R the
following integral representation is true:

on(f12) = F(z) — Sua(f32) / 7P (- 1), (9)

where

Mﬁ(t Zea COS(k‘t—%T),O<T<1,a>O,BER. (10)
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The function Pé"r) B(t) is orthogonal to any trigonometric polynomial ¢, 1 of

degree not greater than n — 1. Hence, for any polynomial ¢,,_; from we obtain

T

pultia) = = [ 8,00 (o~ )t (1)
where
on(z) = dnla,m, B,m52) i= [ (x) — tn-1(2). (12)

Further we choose the polynomial £ _; of the best approximation of the function
fg’r in the space L,, i.e., such that

Hfg’r - tv*m—al = En(fg,r)Lpa 1 <p< oo,

to play role of ¢,,_; in (11). Thus, by using the inequality

W/Ku—umwmu < 1Kl 2], (13)
C
1 1
(,OELP, KELp/, 1<p<OO, ]—)+I7:1

(see, e.g., [14, p. 43]), we get

1 n a,T
1£C) = Sur(F5)lle < —IBE sl Bn(£5 "), (14)
For arbitrary v > 0 and 1 < s < oo assume
1
Ls(v) := H—/m’ La[0.0] (15)

where

S

(firwra)’ 1<s<o

esssup |f(t)], s = o0.
t€la,b]

/]

Lg[a,b] —

It follows from the paper [9] for arbitrary r» € (0,1), « >0, B € R, 1 < s < o0,

% + ﬁ =1, n € Nand n > ng(a,r,s’) the following estimate holds
L. () —amr 1= [ || cost]|s ant="
P —e N nT 7 ( )
7T|| anplls =em <7r1+i(ar)§/ \ar )T

1 ey 11
+5ﬁfl( -, (m )— 4 )) (16)
" NMar)tty ar /ntoop

S

where the quantity (5,(112 = 55&2(@, r, 3), satisfies the inequality |57(1123| < (14m)%
Substituting s = p’ = oo, from 14 and (16) we get (8).



Lebesgue-type inequalities 49

Further, according to [9] for n > ng(a,7, '), 1 < s < o0, + + & = 1, the following
equality takes place

'’ 171 3—5 3 0w . ar \s1
Is( ) :FE(_,—;_;l) a,T,S ,n( ) ’ 17
ar 27 2 72 * s—1 \gmnl-r (17)

where |@( ) | < 2.

OCT’S ,n

Let now consider the case 1 < p < oo.
Formulas (16) and (17) for s = p’ and n > ng(a, 7, p) imply

p/:e_anrn% (—HCOSth/ Fl(l 3-p.3 1)—1—

1
;HP,,

7rl+i(ar)% 27 2 ’27

p/—1

(ar) 7 p7 1 1 ))

1
(1)
+’Yn,p (p/ o 1 n(l—T)(p’—l) (O[’r‘)l_‘_l nr + 1—r

o ;a1 3=y
_ -an nlp( | cost[p Fv (_ 3_p‘§_1)+
™

1+ﬁ(ar % 27 2 b 2’
p/—1 1
2) (ar) @ ) 1 p i)
+7n,p((1 + p/ -1 n(l—r)(p/_l) + (Oz?”)1+% nr s (18)

where the quantities 69 )p = 5@ p(a,r, (), satisfiy the inequality |57(f)p| < (147)2, i
1,2. Estimate (7) follows from (14) and (18). Theorem 1 is proved.

(Il

It should be noticed that estimates (7) and (8) are asymptotically best possible
on the classes C’ , 1< p < 00.

If f e Cqy, then 15" lp <1, and En(fz"" )z, <1, 1 <p < co. Considering the
least upper bounds of both sides of inequality (7) over the classes Cg’7, 1 < p < oo,

we arrive at the inequality

—r ’ — 9
En(C5p)c <e —an’ 5r (—” costllp Fv (1, 5P ; g; 1)-!—
™

p/—1
(ar) 7y 1 (p)r 1 o 11
(14 )=+ ) ) Bl e, 4 =1 (19
g P=17p5" (ar)trn (™)L, p P (19)
Comparing this relation with the estimate of Theorem 4 from [9] (see also [10]),
we conclude that inequality (7) on the classes C’g”; , 1 < p < oo, is asymptotically
best possible.
In the same way, the asymptotical sharpness of the estimate (8) on the class C3°

3, 4
follows from comparing inequality

e(Cspo < = (-t (e + i) ) B (20)

Tar ar)2n”
and formula (9) from [8].
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NIEROWNOSC TYPU LEBESGUE’A DLA SUM FOURIERA
NA KLASACH UOGOLNIONYCH CALEK POISSONA

Streszczenie

Dla funkcji ze zbioru uogdlnionych calek Poissona C5"" Ly, 1 < p < oo, otrzymujemy
gérne oszacownie dla odchylen sum Fouriera w jednostajnej metryce w terminach najlepszej
aproksymacji uogdlnionych pochodnych fg " funkcji tego typu w metryce przestrzeni L.
Uzyskane oszacowania sa asymptotycznie najlepsze z mozliwych.

Stowa kluczowe: nieréwnoéci typu Lebesgue’a, sumy Fouriera, uogdlnione catki Poissona,

najlepsze przyblizenia






