Strong approximation of lacunary series
with random gaps

Alina Bazaroval!, Istvan Berkes?, and Marko Raseta?

Abstract

We investigate the asymptotic behavior of sums Zszl f(ngx), where f is
a mean zero, smooth periodic function on R and (n)x>1 is a random sequence
such that the gaps ng11 —ng are i.i.d. Our result shows that, in contrast to the
classical Salem-Zygmund theory, the almost sure behavior of lacunary series
with random gaps can be described very precisely without any assumption on
the size of the gaps.

1 Introduction

Let f: R — R be a measurable function satisfying

fz+1) = f(a), / f(@)dz =0, |f|? = / Pa)dz < oo, (L1)

It is well known that for rapidly increasing (ny)g>1 the sequence (f(ngz))g>1 be-
haves like a sequence of independent random variables over the probability space
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([0,1], B, \), where B is the Borel o-algebra and A is the Lebesgue measure. For
example, if
Ngs1/Mg — 00 (1.2)

and f satisfies the Lip o condition

[f(z) = fW < Kle—y|*  (2,y €R)

for some constants and o« > 0 and K > 0, then

N
N7V2N™ ) =5 N(0, || £]%) (1.3)
k=1
and
N
lim sup (2N loglog N) />~ f(ngx) = | f| a.s. (1.4)
N—oo =1

with respect to ([0, 1], B, \) (see Takahashi [24], [25]). Here, and in the sequel, | - ||
denotes the L? norm. Assuming only the Hadamard gap condition

Ngs1/Mk > q > 1, E=1,2,... (1.5)

the situation becomes more complicated. Kac [12]| proved that f(n,x) satisfies the
CLT for nj, = 2F and Erdés and Fortet (see [13], p. 646) showed that this generally
fails for nj, = 2% — 1. Gaposhkin [10] showed that f(ngz) satisfies the CLT provided
the ratios nyy1/n; are integers or nyyq1/n — « > 1 where o” is irrational for
r=1,2,.... A necessary and sufficient number-theoretic condition for the CLT for
f(ngx) under (1.5) was given by Aistleitner and Berkes [4]. For a related sufficient
criterion for the law of the iterated logarithm for the discrepancy of {n;x} for almost
all z, see Aistleitner [1].

For subexponentially growing sequences (ng), the asymptotic behavior of Sy =
Z]kvzl f(ngz) becomes much more complicated and the arising number theoretical
problems become essentially intractable. As a consequence, the limit distribution
(if it exists) of normed sums of f(nix) is not known even for f(x) = sin27z and
simple sequences like ny = k" (r = 3,4,...). (In the case of n, = k? the limit
distribution was found using deep methods, see Jurkat and Van Horne [11], Marklof
[14].) In such situations, it is natural to investigate the random case, i.e. when (ny)
is an increasing random sequence, and prove asymptotic results valid for almost
all (ng); in other words, to describe the "typical" behavior of sums S~ | f(nz).
The simplest model for sequences with random gaps is when the gaps ni. 1 — ng
are i.i.d. random variables, and in a series of papers Schatte [19], [20], [21] gave a
general study of this model. In particular, Schatte gave metric upper bounds for
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the discrepancy of {niz} in a large class of discrete and continuous cases. Schatte’s
results have been extended and improved by Weber [26], Berkes and Weber [6],
Berkes and Raseta [5]; on the other hand, Raseta [18| proved a functional law of
the iterated logarithm for sums Z]kvz1 f(ngz) for smooth periodic f. The purpose
of the present paper is to prove that in the case of gaps nx, 1 — nx with absolutely
continuous distribution, the partial sums Z,]CVZI f(ngx) can be closely approximated
by a Wiener process, a result having far reaching asymptotic consequences for the
sequence f(ngx). More precisely, we will prove the following result.

Theorem 1. Let (X,),>1 be a sequence of i.i.d. random variables defined on a
probability space (Q, F,P) and let S, = > ;_, Xj. Assume Xy is bounded with
bounded density. Let f be a Lip (a) function satisfying (1.1) and put

Ay = fIP+2) Ef(U)F(U + Sipx), (1.6)
k=1

where U is a uniform (0, 1) random variable, independent of (X,,),,>1. Then for any
fixed # > 0 the series (1.6) is absolutely convergent with P-probability 1, A, > 0
and the sequence (Xj)r>1 can be redefined, without changing its distribution, on a
new probability space together with a Wiener process W®)( -) such that

z": f(Spx) = W (A, )+ O (n5/12+5) a.s. (1.7)
k=1

for any € > 0.

Clearly, the redefinition of (Xj) in Theorem 1 does not change the asymptotic
properties of the sums Zgil f(Sgz) and thus limit theorems implied by the approxi-
mation (1.7) for the redefined sequence f(Skz) hold for the original sequence defined
on (2, F,P) as well.

We note that in Theorem 1 we do not assume X; > 0, and thus the sequence
(Sk)k>1 need not be increasing. If £X; = 0, then by standard results of probability
theory the sequence (Si)i>1 is dense in R; otherwise the random walk (Sk)r>1 is
transient and Sy, tends to +o00 or —oo almost linearly. The a.s. absolute convergence
of the series in (1.6) will follow from the arguments in Section 4.

An immediate consequence of Theorem 1 is

N
lim sup (2N loglog N) =1/ Z f(Skz) = Ai/? (1.8)

N—o0 1

P-a.s. for every fixed x > 0. Thus by Fubini’s theorem, with P-probability 1 (i.e. for
almost all sequences (Si)r>1 generated by the random walk model), the sequence
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f(Skx) satisfies the LIL (1.8) for almost every z € R with respect to the Lebesgue
measure. Note that, in contrast to the LIL (1.4) in the nonrandom case, the limsup
in (1.8) is a function of z. A similar argument yields an Chung type lower LIL for
f(Skx), namely

loglog N 1/2 l T 1y
o _ 1/2
hNHi,loréf (T)  Jax, kg_l f(Skx)| = _\/gA%f a.s. (1.9)

for almost all x € R and for almost all sequences (Si)i>1 generated by the random
walk model. The functional versions of these results can also be written out and
proved without any problem. For further asymptotic consequences of an approxi-
mation result of type (1.7) we refer to Strassen [22] and Philipp and Stout [17].

In view of (1.8) and (1.9), the properties of the function A, s are of considerable
interest and we will investigate them in Section 4.

Note that all of the previous consequences of Theorem 1 were almost sure
limit theorems and using Fubini’s theorem we cannot prove, e.g., that P-a.s. the
normed partial sums (A, yn)~Y2 37" f(Siz) satisfy the central limit theorem over
([0,1], B, A). We now formulate a version of Theorem 1 implying a CLT and many
related weak limit theorems.

Theorem 2. Under the conditions of Theorem 1 the sequence (X)k>1 can be rede-
fined, without changing its distribution, on a new probability space together with a
Wiener process W such that

i F(S4€) = ALPW(n) + O (n”12+%)  as. (1.10)
k=1

for any € > 0, where & is a random variable uniformly distributed over (0,1), inde-
pendent of (Xy) and W.

In other words, we can get an approximation of Zﬁl f(ngx) with a single Wiener
process W when not only the sequence (ny)r>1, but also the z is randomized. The-
orem 2 implies, for example, that

2= 3045k 1 N(0.A) (L.11)

where the right hand side denotes the distribution of Aé/ QQ , where ¢ is an N(0,1)
variable independent of &. Clearly, this distribution is mixed normal. However, this

is a central limit theorem on the square Q x [0, 1], and whether n=%/2 3 f(Syx) has
k=1
a mixed Gaussian limit P-a.s. over ([0, 1], B, \) remains open.
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As we see, the limsup resp. liminf in (1.8), (1.9) are functions of x, in contrast
to constant limsup and liminf in the case of sums of independent random variables.
Similarly, the limit distribution of normed partial sums in Theorem 2 is a mixed
normal distribution, in contrast to standard Gaussian limit in classical situations.
In the case of sums Z]k;v:l sin nyx with n, = 2% — 1, this phenomenon was discovered
by Erdés and Fortet (see [13], p. 646); for more general series see Morgenthaler [15],
Weiss [27], Gaposhkin [10]. The deeper fact that the limsup in the law of the iterated
logarithm for the discrepancy of lacunary sequences {n;z} can also be nonconstant,
was proved by Aistleitner [2], [3] and Fukuyama [8], [9]. See also Berkes and Raseta
[5] for the exact value of the limsup in case of the discrepancy of {n;z} for random
Ng-

2  Some lemmas

In the Introduction we discussed implications of our theorems for the partial sums
Z],::l f(Skx) as a sequence of random variables over different probability spaces.
For the rest of the paper, x > 0 will be fixed and we consider f(Syx) as a sequence
of random variables over (2, F,P), and the symbols P, E will be meant with respect
to this probability space.

Lemma 1 below, which is a slight generalization of Lemma 2 of [18], establishes
the near independence of separated block sums of the variables f(Siz). The proof
of the present form requires only routine changes.

Lemma 1. Assume the conditions of Theorem 1, let (1,05, ... be positive integers
and let I, Is, ... be closed intervals with positive integer endpoints such that the left
endpoint of I, exceeds the right endpoint of I, by at least {x.. Then there exists a
sequence 01,09, ... of random variables satisfying the following properties:

(i) |0x] < Ce % for all k € N, where C and X are positive constants.

(ii) The random variables
D S D F(Si=b1), s Y F(Si— k),
i€ly i€ln i€},

are independent.

k k
Put my, = Y |Y2], mx = > [5*] and let my = my, + M. Using Lemma 1
j=1 j=1
we can construct sequences (Ag)g>o0, (Ig)r>0 of random variables such that Ay = 0,
HO = 07
1AL < Ce I < ce™VF (k> 1) (2.1)
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and

mp_1+[Vk]

Tii= Y (f(Sj—2c1) —Ef(S; =) (k>1)
j=mpg_1+1

=S (S - Te) —EfS - Tey) (k> 1)

j:mk_rH_\/EJ-‘rl

are sequences of independent, mean zero random variables.

Lemma 2. We have
Y BT} = Ay, +O(n) > E(T})* = Ay, + O(n), (2.2)
k=1

where Ay = Ay ¢ is defined by (1.6) with v = 1.

Lemma 2 implies A; = A; y > 0 and similarly we have A, > 0 for all x > 0.
The series expansion (1.6) resembles the series expansion of the long range variance
of a stationary process. The weaker relations

Zn:IET,f ~ Ay, zn:E(T,j)Q ~ Ay,

k=1 k=1

were proved in [18|, Lemma 2. The proof of the present form uses the same argument
with minor changes.

Lemma 3. We have
sup [P(Sp <t) —t] < p'°EXY  (k>2) (2.3)
0<t<1

where Sk is meant mod 1 and p = Sup,cz (o0 |E(e2miX1)).

Since X; has a nonlattice distribution, v, = [E(e*™*1)| < 1 for any fixed integer
r # 0 (see e.g. Feller [7], p. 501, Lemma 4). Also, lim,_,, v, = 0 by the Riemann-
Lebesgue lemma and thus p defined in Lemma 3 satisfies p < 1.

Proof of Lemma 3. With EX? replaced by an unspecified constant C' depending
on the distribution of Xj, this lemma follows from statement (c) of Theorem 1 of
Schatte [19]. To get C = EX? we note that letting p; denote the density of S, and
f(r) = E(e*™*1), we have by a formula in the proof of Theorem 1 in Schatte [19],
p. 277 and Parseval’s relation

[pa(z) =1 < F()"2 )1 (n)]P < p"PEXT.
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Relation (2.3) implies that there exists a random variable U* on (2, F,P), uni-
formly distributed over (0, 1), such that |S, — U*| < p"?EX? and thus by the Lip-
schitz property of f we have | f(Sg)—f(U*)| = O(p"). Since Ef(U*) fo z)dx =0
by (1.1), we have proved

Ef(Sk) = O(p"). (2.4)

The following lemma is a special case of Strassen’s strong approximation theorem

[23], Theorem 4.4.

Lemma 4. Let Y1,Ys,... be independent r.v.’s with mean 0 and finite fourth mo-
ments, let a, =Y »_ EY;? and assume

D EY /a2 < oo

n=1
with 0 < ¥ < 1. Then the sequence Y1,Ys, ... can be redefined on a new probability
space together with a Wiener process W such that

i+ +Y, =W(a,)+o(an (1494160 q,, ) as.

3 Proof of the theorems

We begin with the proof of Theorem 1. In what follows, C,Cs, ... denote positive
constants, depending (at most) on the distribution of X;. Since together with (X})
the sequence (Xjx) also satisfies the conditions of Theorem 1 for any z > 0, it
suffices to prove the theorem for x = 1. We will apply Lemma 4 for the sequences
(Tk)k>1 and (T;")k>1 defined before. Clearly, (T)r>1 is a sequence of independent,
mean zero random variables and |T;| < Mk, where M = sup,g | f(z)|. In [6], pp.
59-60 it is shown that for arbitrary real coefficients (c;) we have

where & = f(Sk) — Ef(Sk). By the Lipschitz property of f and (2.1), replacing
S; — Ap_1 by S; in the definition of Ty results in an error of O(vE exp(—Cqk'/4))
and thus using (3.1) we get

ET,* < Csk.

Thus by my, ~ my, ~ 2k%? we have

ET,.*
Z ~4/3+42¢ <00
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for all € > 0 and thus using Lemma 2 and Lemma 4 with ¢ = 2/3+ ¢, |m, — m,| =
O(n®*) and standard fluctuation properties of the Wiener process it follows that
after redefining the sequence (Xg)r>1 on a suitable new probability space we have

Zn:Tk = W(Ayi, + O(n)) + O ( (1H5+)/1 )0 mn)

= W (Aymy,) + O(n*Plogn) + O (mg1+3+€)/4 log mn> (3.2)

=W(Am,)+0O (77”L7<L1+3+€)/4 log mn) a.s.

for some Wiener process W. Define a sequence (p(n)),>1 of integers by
Mp(n) S N < Mp(n)+1-

Clearly, p(n) ~ Cyn?*? and, as we have shown above,

Z T, = W (Aymym)) + O (mp(n)(“r%*a)/ﬂ‘ log mp(n)> a.s.

and similarly

p(n)

ZTk = W' (A1, )+O( (1:) Fr)/ logffzp(n)) a.s. (3.3)

for some other Brownian motion W’. Now

) Mi— 1+ij

> F(S) = ZTk+ZTk+Z > (f(S) = £S5 = Apmy) +EF(S; — Agon))

kljmk1+1

+ Z ST (F(8) — f(8; — Mey) +EF(S; — i)

k=1 j=mp_1+|[VE]+1

k Myp(n)+1
Thus
Z f(Sk)— Aln Z Tk — Almp(n)) + ‘W (Almp(n)) — W(Aln)‘
k=1
ZTk = W (Artityy) | + (W (Ariityny) |



+ | (f(Sj) = f(S; — Apo1) +EF(S; — Ak-r))

+ > (f(S)—F(S; =) + BF(S;— i)

k=1 jmmy i+ VE]+1

HOY D (S|

k=mp(ny11

We estimate each term separately. Since mym) ~ n, we have by (3.2)
p(n)
> T = W (Army)| = 0 (myy 2  og myy) = o (n/1279)
k=1

Further W(A;myp)) — W(Ain) has distribution N (0, Ay (n — my())) and here
n =y < (o) + DV + [(p(n) + DY = O(nt?) (3.4)
Thus
P (|W (Aimym) — W(An)| > n7/24) <1—®(Csn'/*) =0(n?)
and hence the Borel-Cantelli lemma implies
(W (Aimyy) — W(Ain)| = O(n™*) as.

Also M, ~ Cen®*, hence My ~ C7n®/® and thus (3.3) yields
p(n)
> T = W (Ariym)| = O(n**?)  as.
k=1

Using the distribution of W' (A;My () and My ~ C7n5/%, the Borel-Cantelli lemma
yields
W (Afigi) = O/ 12) aus,

In view of (2.1), (2.4) and the Lipschitz property of f we have

p(n) mg_1+Vk]
> (FS) = f(S; = Apor) +EF(S; — Apa))

p(n) my_1+[Vk] p(n)
<> Cse™Col=DY" < > Ve C@EDY" — o(1).
k=1 j=my_1+1 k=1
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Similarly

p(n) my
S S (S A~ W) FEF(S; ~ ILy)| = O(1) as.

k=1 j=my,_1+|[Vk|+1

Finally, by (3.4)

> f(SK)| € Croln = my) = O0').

k‘zmp(n)-i-l

Summarizing the above estimates, we obtain our result.

Proof of Theorem 2. By the theorem of Ionescu Tulcea (see e.g. [16], p. 154), on
a suitable probability space one can define jointly a sequence {X;, k > 1} of r.v.’s,
a Wiener process W* and a r.v. £ uniformly distributed over (0,1) such that the
conditional distribution of the vector ({ X}, k > 1}, W*) € R®x (0, 00) given { =«
equals the distribution of the vector ({ X, k > 1}, W) in Theorem 1. In particular,
the conditional distribution of {X}, &k > 1} given £ = x equals the distribution of
{X},k > 1} which does not depend on z and thus ¢ is independent of { X}, k > 1}.
For the same reason, ¢ is independent of W*. Further, by the construction and
relation (1.7) of Theorem 1, we have the analogue of (1.10) where Sy is replaced by
the partial sums S; = Z?Zl X7 and W(n) is replaced by W*(n). This completes
the proof of Theorem 2.

4 Properties of A, ;

In view of (1.8), (1.9), the function A, ; in (1.6) plays an important role in the
asymptotic study of Zi\;l f(ngz). In this section we study the properties of A, ;.
First we give an explicit formula for A, ; in the case f(x) = sin27z. Let X{ =
X1 — i, where p = EX;. Since EX] = 0 and since all moments of X7 exist by
the boundedness of X7, the Taylor expansion of the characteristic function ¢ of X7
around 0 is

o =1+ gy,

where the even order terms give the real part and the odd order terms give the
imaginary part. Grouping the even and odd terms, we get

0(21x) = 1 + B(x)2? +iC(x)z?, (4.1)

where B(z) = by + box? + ... and C(z) = ¢y + cox? + ..., here by = —271202, where
02 is the variance of X and ¢y = —%E(Xl — )3
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Lemma 5. We have

Agg=—=+

Y

K
L

DO | —

where
K =1— (14 B(z)z?) cos 2rrpx + C(x)x® sin 27w

and

L =[1-(1+ B(z)z*)cos2rpx + C(z)z* stw,u:c}
+ [(1 + B(z)2?) sin 2mpx + C(x)z” costm]Q.

As a consequence, Ay ¢ is infinitely many times differentiable for x > 0 and

2
3 i p#0,
lim A, 5 = 2u ity 7 (4.2)
2—0 +oo if p=0.

Proof. Let Zy = Sp/Vk, Z = (Sx—ES})/Vk = Zx—puvk. Then for f(x) = sin 27z
we get, using the independence of U and Sy,

EfU)f(U + Sp)
= Esin(27U) sin(27(U + Siz))
= Esin®(27U) cos(2nS,x) + Esin(27U) cos(27U) sin(27S,)

(
= Esin?(27U)E COS(QWSkl‘) +E sm(QWU) cos(2nU)E sin (27 Sy.x)

1 ) . .
= §E cos(2mSyx) = §Re {Ee%zskm} = §Re {EeQ’”(S’“_“k)z . 627”“’”}

1 )
= §Re {gok(Qﬂx)eQ’”“’“} )
In the Re{...} in the last line we have a geometric progression with quotient ¢ =
(2mx)e*™ . Since X; has a density, |¢| = |¢(2mz)| < 1 for all z > 0 and thus
> re o ¢" is finite and we get

- 1 1
kZoE FU)F(U + Syr) = SRe { T (QM)e%W} . (4.3)

Since the term for k = 0 of the sum in (4.3) is equal to Ef?(U) = 1/2, we have

A p=1/2+ QiEf(U)f(U—I— Spx) =—1/2 + QiEf(U)f(U+ Sx)
= = (4.4)

1 ‘R 1
= —— c " .
2 1 — p(2mx)e?mine
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Substituting (4.1) and e*™** = cos 2mux + isin 2rux into (4.4) we get, after some
algebra, that the Re{...} in the second line of (4.4) equals K/L, where K and L
are defined above. Clearly, for u # 0 the Taylor series of K and L start with the
term (2%u?® — bg)x?, resp. 4m?p*x?, and thus the limit of Re{- -} in the second line

of (4.4) asxz — 0 is
2

2w —by 1 o
Ar?pe 2 22

Thus, in view of (4.4) we get the first line of (4.2). For u = 0 the expansion of
L starts with a term later than z? and we get the second line of (4.2). Since X
has a density, |¢(27z)| < 1 for > 0 and the boundedness of X implies that all
moments of X are finite. Thus the characteristic function ¢ is infinitely many times
differentiable, and consequently the right hand side of (4.3) and thus also A, ; are
infinitely many times differentiable on (0, 4+00).

Finally, we study the properties of A, s for general smooth f.

Lemma 6. Assume that X, has a bounded density with a bounded derivative. Then
the function A, ¢ is a continuous function of x for allx > 0 and lim, . Az p = || fI|*

Proof. Applying Lemma 3 for the random variable )/51 = Xjz it follows that

sup |P(Spx < t) —t| < pox®pt™?  where (4.5)
0<t<1

where again, Siyx is meant mod 1 and

po=sup [P(rz)l, U(s) =E(™N), pp=EX]. (4.6)
reZ\{0}

Using the assumptions on the density p of X; and integration by parts, we see that

(o)l =| [ mplada] < Cus (5> 0) (07

and thus the right hand side of (4.5) cannot exceed
poa®(Cra /)" ™2 = Oy (Cuufa) ™ (k= 4). (4.8)

Fix now 0 < A < Cy;. Clearly (s) is continuous for all s and as we noted earlier,
|(s)] < 1 for any s # 0 and limg_, [¢0(s)| = 0. Thus for x > A we have |[¢(z)| <
1 — 04, where 04 is a positive number depending on A. Now if x > 2C4y, the
expression in (4.8) decreases exponentially in &, uniformly in 2. On the other hand,
if A <z <20y, then p, <1 — §4 and thus the right hand side of (4.5) is bounded
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by p2(2C11)?(1 — §4)*~2 and again we have exponential decay in k, uniformly in z.
Thus (4.5), together with the Lipschitz property of f, implies that

IEf(u+ Spz) —Ef(u+ V)| < Cra(p)*

for any 0 < u < 1 and z > A where Cj5 and p/ < 1 are positive constants also
depending on A and the distribution of X;. Multiplying the last inequality with
f(u) and integrating with respect to u we get

[Ef(U)F(U + Spx) =Ef(U)f(U + V)| < Cis(p)*

for # > A where U is a uniform (0, 1) random variable independent of V' and Sk.
Since

Ef(U)f(U+V)= //f f(u+ v)dudv =0

by (1.1), we proved that uniformly for > A, the terms of the sum in (1.6) decrease
exponentially and thus the sum converges uniformly over [A, 00). But by the Lips-
chitz property of f all terms of the sum in (1.6) are continuous functions of x, the
sum of the series and thus A, s also are continuous over [A, co) and since A > 0 was
arbitrary, A, ; is continuous over (0, 00), as stated.

Next we prove that for any fixed £ > 1 we have

Tim Ef(U)f(U + i) =0, (4.9)

i.e. every term of the sum in (1.6) tends to 0 as x — oco. Since the series converges
uniformly over [A, 0o) for any A > 0, this implies that its sum also converges to 0
as ¥ — 00, L.e. lim, 00 Ay 5 = || f||>. As before, (4.9) will follow if we show that
Ef(u+ Sgr) — 0 as x — oo for any fixed £ > 1 and any u € (0, 1). Since, together
with the function f(z), the function f(z 4 u) also satisfies (1.1), it remains to show
that for any fixed k > 1 we have Ef(Syx) — 0, or equivalently

/1 fuz)grp(u)du — 0 as z — oo, (4.10)
0

where gy, is the density of Si. To this end we first note that if h(u) is the indicator
function of a subinterval (a, b) of (0,1), then

/ fux)h(u)du — 0 as z — oo. (4.11)

This is clear, since f fluz)du = 71 f f(v)dv and because of (1.1) the last integral
is bounded by 2 fo | f(v)|dv. It follows then that (4.11) holds for any stepfunction in
(0,1) and thus by a simple approximation argument, for any bounded measurable
function in (0,1). This proves (4.10) and thus (4.9) is established, completing the
proof of Lemma 6.
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