CONVERGENCE OF SERIES OF DILATED FUNCTIONS
AND SPECTRAL NORMS OF GCD MATRICES

CHRISTOPH AISTLEITNER, ISTVAN BERKES, KRISTIAN SEIP, AND MICHEL WEBER

ABSTRACT. In the present paper we establish a connection between the L? norm of sums of
dilated functions whose Fourier coefficients are of order &(j~%) for some «a € (1/2,1), and the
spectral norms of certain greatest common divisor (GCD) matrices. Utilizing recent bounds for
these spectral norms, we obtain necessary and sufficient conditions for the convergence in L?
and for the almost everywhere convergence of series of dilated functions.

1. INTRODUCTION

Let (cx) k=1 be a sequence of real numbers. Then Carleson’s theorem [11] states that the series

oo o0
(1) Y cksin2wkx  and Y crcos2mkx
k=1 k=1

are convergent for almost every x in [0, 1] provided that (cx) x> satisfies
o0

2) Z ci < 0o.
k=1

By orthogonality, condition (2) is also necessary and sufficient for the L? norm convergence
of the two series in (1). A much studied problem is what happens in the previous convergence
problems if the functions sin27x and cos2nx are replaced by more general periodic func-
tions. More precisely, the question is what we can say about the convergence of the series

o0

3) Y cif(kx)
k=1

when f:R — R is a measurable function satisfying

1 1
@) Flx+1) = f(0), f £ dx=0, f F2(x) dx < oo,
0 0

In general, (2) will not be a sufficient condition either for convergence in L? or for almost
everywhere convergence of (3), and the problem is to find alternate conditions on the coef-
ficients (cx)r>1 when f belongs to a prescribed class of functions. For a survey of existing
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results in the literature in this direction and recent results we refer to [2], [6].

In this paper, we will be interested in the case when f belongs to the class C, for a@ > 1/2, i.e.
when the Fourier series of f is of the form

Y (ajsin2mjx+bjcos2mjx)
]:

(&)

—

with
IajI:@’(j_“), ijlzﬁ(j_“), as j — oo.

The important limiting case a = 1 is essentially covered by the results of [2] (see Section 3 for
details). We will now extend the methods of [2] to cover also the range 1/2 < @ < 1 and will
give necessary and sufficient conditions for the L? convergence and the almost everywhere
convergence of (3) as well as of the related series

[e.°]

(5) Y cif(ngx),
k=1

where (ny) =1 is a sequence of distinct positive integers.

Problems concerning the convergence of (3) or (5) can be traced back to Riemann’s Habilita-
tionsschrift (1852). They exhibit profound interrelations between various parts of analysis and
number theory, as illustrated by the following list of important contributions: classical formu-
las of Franel and Landau connecting the convergence theory of (3) and (5) to sums of great-
est common divisors (GCD sums); their generalization to the Hurwitz zeta function due to
Mikolas; the work of Koksma, Erdds, Gdl, LeVeque, and others in Diophantine approximation
and uniform distribution theory; the results of Dyer and Harman in the context of the Duffin-
Schaeffer conjecture in metric Diophantine approximation; upper and lower bounds for GCD
sums obtained by the authors of the present paper; and problems concerning the magnitude
of the largest eigenvalue of GCD matrices, which were studied by Wintner, by Lindqvist and
Seip (in the context of questions about Riesz bases), and by Hilberdink (in the context of the
Riemann zeta function). Basic work on the convergence and divergence of dilated series and
their relation to lacunary series was done by Gaposhkin, Nikishin, Philipp, and Kaufman, just
to mention a few. An extensive survey on convergence problems for sums of dilated functions
can be found in [6].

In view of this multitude of connections, we have found it appropriate to give a fairly detailed
presentation of those ideas and lines of research that are most relevant for our particular prob-
lem. To this end, following the statement of our three main theorems in the next section, Sec-
tion 3 gives an extensive survey of relevant background material. Section 4 contains auxiliary
results, and proofs are given in Section 5.
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2. RESULTS

Throughout this paper we write K, K, K1, K>, ... for appropriate positive constants, not always
the same, which only depend (at most) on a and f. We will use the Vinogradov symbols “<«”
and “>" in the same sense. Throughout this paper, we assume that (cx);<x<ny and (cx)x=1
denote sequences of real numbers and that (n4);<x<y and (ni) x> denote sequences of dis-
tinct positive integers. For notational convenience, throughout this paper we will read log x
as max {1,logx}; in particular this implies that iterated logarithms are defined and non-zero.

Theorem 1. Assume that f € C, for some a € (1/2,1). Then the series (3) is convergent in L?
norm as well as almost everywhere convergent provided

[e’s} K 1-a
6) Y. cZexp (—( 0gk)
k=1

loglogk
Conversely, for every a € (1/2,1) there exist a function f € C, and a sequence (cy)i=1 Such
that (6) holds with K replaced by (1 —€)/(1 — ) for every 0 < € < 1, but the series (3) is not
convergent in L.

)<oo, where K=3/(1-a) +4/vV2a—1.

Theorem 2. Assume that f € C, for some a € (1/2,1). Then the series (5) is convergent in 12
norm as well as almost everywhere convergent if

°° K(logk)!~¢
7 2 _
@ k; e XP ( (loglog k)«

Conversely, for every a € (1/2,1) there exist a function f € C,, a sequence (ci)r=1, a sequence
(n) k=1, and a constant K = K(a) such that (7) holds with K replaced by K, but the series (5) is
not convergent in L? and is divergent almost everywhere.

)<OO, where K:6/(1—“)+7(|10g(2a_1)|1/2+1)

Theorem 1 improves results of Brémont [10], who proved that (3) is convergent in L2 norm
and almost everywhere provided

o 1+¢)(logk)?2¢
Y crexp (1 +¢)(ogh) <oco forsome &> 0.
k=1

2(1-a)loglogk

Brémont also proved that there exists a sequence (ci) > satisfying (2) such that the series (3)
does not converge in L? and is almost everywhere divergent.

As the second part of Theorem 2 shows, condition (7) is essentially optimal both for conver-
gence in L? and almost everywhere convergence, except for the precise value of the constant,
thus providing a nearly complete solution of the problem of norm convergence and almost
everywhere convergence of series of the form (5). In Theorem 1, we claim the necessity of
condition (6) only for the norm convergence of (3); we do not know whether (6) is necessary
also for almost everywhere convergence. However, we know that, in general, condition (2)
is not sufficient for the almost everywhere convergence of the series (3). This follows from
our proof of the optimality of the convergence condition in Theorem 2 for almost everywhere
convergence of (5). In fact, for the proof of the optimality of Theorem 2 for given a € (1/2,1)
and an appropriate function f € C, we construct sequences (ci)x>1 and (7ny)x=1 such that



4 CHRISTOPH AISTLEITNER, ISTVAN BERKES, KRISTIAN SEIP, AND MICHEL WEBER

condition (7) holds for a certain value of K, but the series (5) is almost everywhere divergent.
The proof reveals that ny is of asymptotic order at most R¥!°8% for some constant R = R(a).
Consequently, setting d,,, = cx when n = nj and d,, = 0 otherwise, we see that }-5° , d,, f (nx)
is divergent almost everywhere, but

80 K(loglogn)l‘“) o (K(loglognk)l‘“)
E d = E d
nexp ( (logloglog n)* _ e EXP (logloglog )«

IA

K(logk)!~ “)
Z Ckex p( (loglogk)@

for some (sufficiently small) positive constant K. Hence, in the condition for almost every-
where convergence in Theorem 1, a Weyl factor of order at least

(K(loglog k)l-@ )
(logloglog k)

is necessary. This leaves a rather large gap in comparison to the Weyl factor in (6).

As noted, Theorem 1 gives a nearly optimal condition for the problem of L? convergence of
series of the form (3). More precisely, this statement is true as long as one requests the extra
convergence factor to be a “simple”, slowly varying function. On the other hand, the situation
is totally different if one allows the extra convergence function ¥ (k) to depend on number-
theoretic properties of k and to be strongly fluctuating as k increases. In this sense, Theorem 1
may be said to conceal the arithmetical nature of our problem. To state the next result, we
introduce the divisor function
os(k)=>_d’.
dlk
We will prove the following result.

Theorem 3. Assume that f € C, for some a € (1/2,1). Assume also that

®) . R0o1-2q+e(k) <0
k=1

for some e > 0. Then (3) is convergent in L?. On the other hand, for every a € (1/2,1) and every
0 < B <1 there exist a function f € Cy and a real sequence (cy) =1 such that

9) Y Eo_qk)F < oo,
k=1

but (3) is not convergent in L?.

In Berkes and Weber [5] it is proved that

(10) Y cio1-24(k)(logk)* < co
k=1



SERIES OF DILATED FUNCTIONS AND SPECTRAL NORMS OF GCD MATRICES 5

implies the L? convergence and almost everywhere convergence of (3). Despite the similarity
of (8) and (10), there is a crucial difference between the corresponding convergence state-
ments. Clearly, for every s > 0 we have

n n [e ) [e¢]

Yo=Y Yd =Y [gJ d~nY d°  asn—oo,
k=1 k=1dlk d=1 d=1

showing that the average value of the function o_s(k) is Y77, d~'7% < co. This implies that

given any function w (k) — oo, the asymptotic density of the set {k : 0 _s(k) < w(k)} is 1 and thus

for a > 1/2 and sufficiently small € > 0, the Weyl factor o1_24+¢(k) in (8) is of order € (w(k)) for

“most” k. Thus, despite the necessity of the condition

X K(logk)l—“)
2

E c exp(—

k=1 ¢

loglogk

in Theorem 1, for most k the much smaller Weyl factor w (k) suffices for the norm convergence
of 337, cx f(kx). This effect will be apparent from the proofs of the divergence results in The-
orems 1-3. The construction of (ci)x>; and (nx)x=1 in the divergent examples uses, roughly
speaking, the eigenvectors of suitable GCD matrices belonging to the maximal eigenvalue,
which, as is seen from [2] and [16], are concentrated on indices k with many small prime fac-
tors. These are also the indices k where the divisor functions o _;(k) are large: as Gronwall [15]
showed,

1+o0(1) (logk)!™*

11 _ <
(11) 7-s(k) < exp 1-s loglogk

and o_;(k) reaches the order of magnitude on the right hand side along the sequence k, =
pr1---pr, T =12,..., where (p;),>1 is the sequence of primes. There is a gap between (8)
and (9) and the optimal arithmetic function required for the L% norm convergence of (3) re-
mains open.

As mentioned in the introduction, the case a = 1 is essentially covered by the results of [2].
We refer here to [2, Theorem 4], concerning the almost everywhere convergence of (5) for
functions f of bounded variation. The only property used in the proof of that result is that a
function of bounded variation belongs to C;. It therefore follows from [2, Theorem 4] that (5)
is almost everywhere convergent when f € C;, provided that
o0
(12) cz(loglogk)? < oo
k=1
for some y > 4 (under the additional assumption that (n;) x> is strictly increasing). Moreover,
it was proved in [2] that this statement becomes false for y < 2. Using the results from [13] and
the method of the proof of the second part of Theorem 2 of the present paper, it is possible to
obtain the somewhat easier result that the series (3) and (5) are convergent in L? for all f € C;
if and only if
N
ci(loglog k)? < oo.
k=1
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The problem of norm and a.e. convergence of (3) when for f we assume only (4) is consider-
ably harder. The reason of the difficulties is that while for f € C, we have

1 (gcd(k, 0))%“
fo flkx) f(€x)dx —(ké)“

for some constant C > 0, for general f satisfying (4) the integral in (13) depends on k, ¢ and the
Fourier coefficients of f in a rather complicated way and the arithmetic machinery involving
GCD sums and eigenvalues of GCD matrices used in the proof of our theorems breaks down.
Assuming that the complex Fourier coefficients a, of f satisfy |a,| < ¢(n), where the positive
function ¢ has the homogeneity property |p(nk)| < k~Y¢(n) for some y > 0, much of what
is developed in the present paper will carry over to this situation. Estimates as those found
in [8] could then, for instance, be used to obtain to get fairly sharp analogues of Theorem 1
and Theorem 2 for the considered function classes. We will return to this question in a subse-
quent paper.

(13) =C , k,¢=1

In case of arithmetic criteria like in Theorem 3, Berkes and Weber [7] proved that if f satisfies
(4) with complex Fourier coefficients ay, then the series (3) converges a.e. provided

(14) czy (k) (logk)* < oo
k=1

where the arithmetic function v is defined by

(15) w(n) =) (dg(d)+G(d) where gr)=) lal®, Gr)= ) g().
dln k=1 j=2r
For example, if |ai| < Ck~'/?(logk)~", y > 1/2, then (k) reduces to
(16) k) =) (logd)~ P,
d\k

Note that the arithmetic function ¥ in (16) is larger than the one in (8), which is of course to
be expected. Note also that if k™"|ag| is non-increasing for some y > 0, then in (14) we can
choose
vk =dk)=)_1.
dlk

The same criterion holds if f belongs to the Lip (a) class for some a > 0, see [5], [30]. These
remarks show again the strong arithmetic character of our convergence problem. In [7] it is
also shown that except the factor (log k)?, condition (14) is optimal. However, just like in The-
orem 3, the arithmetic criterion (14) is not as sharp as the ones in Theorems 1 and 2.

Note that if (3) converges a.e. for ¢, = 1/ k, then by the Kronecker lemma we have
1 N
1 lim — = €.
(17) NI—I};Onglf(kX) 0 ae

and thus the a.e. convergence problem of (3) under (4) is closely connected with the classical
problem of the convergence of averages in (17). Khinchin [19] conjectured that under (4)
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(even without the third condition) the convergence relation (17) holds. This conjecture was
disproved nearly 50 years later by a famous counterexample of Marstrand [25]. In the positive
direction, Koksma [22] proved that (17) holds provided the complex Fourier coefficients a; of

f satisfy

(18) larl?o -, (k) < 0.
k=1

Bourgain [9] gave a new, much simplified counterexample in Khinchin’s conjecture and claim-
ed, without proof, that Koksma’s criterion is essentially optimal. This claim was proved re-
cently by Berkes and Weber [7]. Thus while the a.e. convergence problem for (3) under (4)
remains open, the closely related problem of a.e. convergence of averages (17) is essentially
settled.

3. THE ROLE OF GCD MATRICES AND CERTAIN EXTREMAL FUNCTIONS IN Cq

We will now review the key ideas used in both [2] and the present paper. We begin by intro-
ducing the special functions f,(x) and f,(x) in C, defined by

X sin2mjx - X cos2mjx
(19) mm=2—7#— and hm=2—7£<
j=1 j=1

Informally speaking, these functions are extremal in C, in the sense that their Fourier coeffi-
cients are of maximal size. Furthermore, all Fourier coefficients are positive, which makes it
relatively easy to obtain lower bounds for L? norms of sums of dilated functions.

When a = 1, the first series in (19) is the Fourier series of the function
Hx) =m@/2-{x}),

where {-} denotes fractional part. This means that, up to multiplication by a constant, f is the
first Bernoulli polynomial on [0, 1], extended with period one. Convergence problems for (3)
and (5) have been investigated extensively for f = fj, starting probably with Riemann’s Ha-
bilitationsschrift of 1852. Such series have been called Davenport series in honor of Harold
Davenport, who was the first to study them in this general form [12]. See [17] for a survey on
the history of the subject and several results on the convergence problem for series involving
this function. Convergence problems for Davenport series have an interesting connection
with fractal geometry, see for example [18].

The convergence problem for series involving the function fj is connected with sums involv-
ing greatest common divisors through the formula

1 1 (ged(k, £))?
(20) fo ({kx}—1/2) ({fx}—l/Z)dx—ET
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for positive integers k, ¢, which was first stated by Franel and formally proved by Landau in
1924. Consequently we have

1{ N 2 N )
@ T A
0 \k=1 12 572, ngnyg

But much more is true since the Fourier coefficients of f; are positive and maximal: By an
observation of Koksma [21] we have

1( N 2
(22) f (Z ckf(nkx)) dx <
0

N 2
(ged(ng, ny))
Y e Bk e
k=1 (=

k¢=1 Niny

for every function f in C;.

The relation between L? norms of sums of dilated functions and sums involving greatest com-
mon divisors extends to the classes C, for 1/2 < a < 1. This was first observed by Mikolds [26],
who proved that for the Hurwitz zeta function {(1 — «, -) we have
, {(2a) (ged(k, 0))*°

(2m)2@ (kO)*
for positive integers k, ¢ and for a > 1/2. Hurwitz’s formula states that for « > 1 and x € [0, 1]

we have
. 00 L27ijX . 00 ,—27ijX
((1 —a,x) = (2( )31 (e—moc/Z (Z e]_a) + emoc/z (Z e . ))

a
j=1 j=1 J

1
(23) f (A-a,{kx)C(Q—-a,{x}) dx=2T(a)
0

(see for example [20] for a simple proof), which implies that

?;SQ (cos(na/Z) (Z —cos;;r]x) +sin(ra/2) (Z sm27r]x))

j=1

(24) (1l-a,x)=

Thus {(1 - a, x) is a function whose Fourier coefficients are precisely of asymptotic order j~¢,
and in particular {(1 — a, x) € C,. As Mikolas showed, (24) continues to hold for @ > 1/2 and
0 < x < 1, which leads to (23) by the orthogonality of the trigonometric system. By the same
argument as for the case a = 1, we get that

1N 2 N (ged(ng, ny) 2a
(25) f chf(nkx) dx < Z [crcpl g k é)
0 \k=1 =1 (ngne)®

for every function f in C, (see Lemma 1 below). For the special function f,(x) from (19) we
get

I e X (ged(ng n)
(26) fo(k;ckfa(nkx)) dx = > NZ:ch -

as will also be established in Lemma 1 below.
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Our two estimates (22) and (25), as well as the two identities (21) and (26), show that to un-
derstand the convergence of (3) and (5) for f in C, it is important to have good upper and
lower bounds for sums of the form

N (ged(k, 0))* N (ged(ng, ng))*®
B — d
k,fz=1 ke p)a an k,/Z=1 L T

Now let Ggf,“) be the N x N matrix with entries gy, given by

_ (ged(k, 0)**
- (ko)®

and HI(\‘]") the N x N matrix with entries h;, of the form

(27)

(ged (g, n))*

(ngneg)®
It is a well-known fact that both these matrices are positive definite (see e.g. [24]). Thus for
the largest eigenvalue A(Gg\‘f)) of GE\‘;‘) we have

hie =

N (ged(k, 0))**
(@) _ el ©)
(28) A(GN )— J,I}f‘c’,‘zvz k;dcw (ko

and for the largest eigenvalue A(HI(\‘;‘)) of H ](\‘;‘) we have

)Za

N cd(ng, n
(29) A(HY)= max e BT
201 ..... c]g: k=1 (l’lkl’lé)a

Consequently, by (25) and (26), the problem of finding upper and lower bounds for the largest
eigenvalue (or the square-root of the spectral norm) of GE\‘;‘) and H ](\‘;‘) is precisely the same as
that of finding general upper bounds for respectively

1( N 2 1( N 2
(30) f (Z ckf(kx)) dx and f (Z ckf(nkx)) dx
0 0

k=1 k=1
when f is in C,, and for finding lower bounds for these integrals in the special case when

f=rta

The problem of calculating the largest eigenvalue A(Gg\?)) of G, and accordingly the prob-
lem of estimating the integral on the left-hand side of (30), was solved by Hilberdink [16], who
proved that

1 2
31 A[GP) = — (e”loglog N + @ (1 f =1
31) ( N) D) (e”loglog (D) or  «
and
log N)1=# 1
(32) A(G](\‘f)) < exp (K(Og—)) for —-<a<l.
loglog N 2
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In (32) the constants K depends on a, and (32) is optimal except for the precise value of K.
For H ](\’;‘), in Lemma 4 and Theorem 5 of [2] it was shown that

(33) A(H](\‘;)) « (loglog N)* for a=1
and
log N)!1~¢ 1
(34) A (HZ(\‘;‘)) < exp (I(%) for -<a<l,
(loglog N)« 2

where the constant K depends on a. Here (34) is optimal except for the precise value of the
constant K, but it remains a profound problem to decide whether the exponent 4 of loglog N
on the right-hand side of (33) is optimal. By a classical theorem of Gal [13], it is known that
this exponent can not be smaller than 2.

As noted, the results (31)-(34) imply corresponding upper bounds for the integrals in (30)
when f € C,, and the optimality of (31), (32) and (34) implies corresponding lower bounds
for the integrals in (30) in the special case when f = f,; this is the reason why the exponen-
tial factor from (32) appears and Theorem 1, and that from (34) appears in Theorem 2. When
comparing the bounds for the largest eigenvalues of GE\‘;‘) and HI(\‘;‘), respectively, we note that
in the case a = 1 there is an additional factor (loglog N )2 in (33) as compared with (31). How-
ever, as mentioned above, this extra factor possibly can be avoided since we do not know
whether (33) is optimal. In the case 1/2 < a < 1 there is a difference between the denominator
in the exponential terms in (32) and (34), respectively, which is loglog N in the one case and
(loglog N)¢ in the other case. Since both results are optimal, this shows that there really is a
significant difference between the spectral norms of GE\?) and of HI(\‘;‘), and accordingly also a
difference between the convergence problems for (3) and (5). In [16], a connection is estab-
lished between the spectral norm of GE\‘;) and the maximal order of magnitude of the Riemann
zeta-function along vertical lines, using Soundararajan’s “resonance method” from [29]. How-
ever, Hilberdink’s results cannot reach the stronger lower bounds of Montgomery [27], which
in turn bear a striking resemblance to the bounds for the spectral norm of H ](\‘;‘) in [2]. This is
something which we cannot explain yet, and which calls for further research.

We close this section by making an observation on our extremal functions f, and f, in (19)
that will be needed in the sequel. We note first that they are, up to normalization, the even
and odd parts of the Hurwitz zeta function. In fact, from the Fourier series representation
in (24) it is easily seen that

(Ql-a,x)-((1-a,1-x) 2T (a)

(35) 5 = e sin(ma/2) fo (x)
and
(36) i-an+il-al-x _ 2[@ cos(ma/2) fu(x).

2 2m)“
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These representations can be used to describe the rate with which f,(x) and f,(x) tend to
infinity as x — 0. Mikolds proved that for fixed a € (1/2,1) we have

lim x' %1 -a,x) =1
x—0+

(this is equation (12) in [26]). Consequently, since limy_¢+{(1—a,1-x) ={(1-a,1) ={(1-a)
is a constant, we have

- 2m)“
Hm x' 7% fo (%) = —————.
AR e = p e G mar2)
In particular this implies that
1
(37) fa €LP(0,1) for p< T—a
-a

which will be a crucial ingredient in the proof of the necessary condition for almost every-
where convergence of (5). More precisely, (37) implies that for any a € (1/2,1) the function f,
is in L2*9 for some 6 = §(a) > 0, which will allow us to apply Lyapunov’s central limit theorem
(which requires the existence of an absolute moment of order 2 + 6 for some 6 > 0). Similar
results hold if f, is replaced by f,.

4. AUXILIARY RESULTS

In the sequel, we use the notation | - || for the L%(0,1) norm. Throughout the rest of this paper,
we will always assume that a € (1/2,1).

Lemma 1. Assume that f € C,. Then

1[N 2 N Ny
f (Z Ckf(nkx)) dx <Y lcpcyl (ged(ng, ny) '
0

k=1 =1 (ngne)®

For the particular function fy from (19) we have

1N ? 2a) Y cd(ng, ne)
(38) f S crfatmen)| dx="22 S e, (gedtn -
0 \k=1 2 i (ngny)

)20:

Note that as a special case of Lemma 1 we have
1 N 2 dik. ¢ 2a
(39) f (Z Cr f(kx)) dx < ged(k, £))
0

N (
; |CkCé|W-

k=1 k=1

Proof of Lemma 1. The argument needed for the proof of Lemma 1 is a simple generalization
of the arguments leading to (21) and (22), respectively. We write

[e.°]

f(x) ~ Z ajsin2mjx,

j=1
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assuming, to shorten formulas, that f is an odd function; the proof in the general case is ex-
actly the same. Then, by the orthogonality of the trigonometrical system, for arbitrary positive
integers m, n we have

1 1 &
(40) fo fmx)f(nx)dx = 5 Z ajaj,1(jim= jan)
1 &
(41) = 5 Z Ajm/ged(m,n) Ajn/gcd(m,n)
« Z (gcd(m n)) (gcd(.m, n))
j=1 Jn

(ged(m, n))?\*
In (40), we used the fact that j;m = j,n holds if and only if j, = jn/gcd(m,n) and j, =
jm/ gcd(m, n) for some positive integer j. Applying this inequality for all pairs (ng, n,) gives

the first part of the lemma.

In the case f = fy wehave a; = j~%, j = 1. Inserting this into (41) we get

1 1 & (ged(m,n)\“(ged(m,n)\*  ((2a) (ged(m, n))?\”
fof(mx)f(nx)dx_ij;( m )( n )— 5 ( — )

Again we obtain the desired result by summing over all pairs (7, ny). U

Lemma 2. Assume that f € Cy. There exist constants Ky, K, such that

N 2 l-a\ N
K (logN) ) 9
k AMUOSIV)
/;::1 crflkx)| < exp( loglog N kz::l cio
and ,
N l1-ay N
K>(logN) )
kglckf(nkx) < exp( loglog N7 ;

We can choose K;, K> such that
K1 <3/0-a)+4/V2a-1 and Ky<6/(1-a)+7(lloga-1)|"*+1).

By Lemma 1 and (28) and (29), the estimates in Lemma 2 follow from corresponding upper
bounds for the largest eigenvalues of the matrices Gg\(f) and H ](\?), respectively, which were al-
ready stated in (32) and (34). The given value for Kj is a coarse estimate for that given in a
more precise form in the proof of [16, Theorem 2.3] and at the end of [16, Section 3]; the value
for K; is obtained by using the sharpening of the arguments from [2] found in the recent pa-
per [8].

Using the same method as in the proof of the Rademacher-Menshov inequality, we easily
obtain the following lemma, which is a maximal version of Lemma 2. Note that the proof of
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the Rademacher-Menshov inequality gives an additional logarithmic factor, which however
in our case can be included in the exponential term if we slightly increase the value of the
constants.

Lemma 3. Assume that f € C,. Then there exist constants Ky, K» such that
2

M l1-ay N
K;(log N) 2
150 e k;""“f(kx) < exp( loglog N )k;ck
and 5
M Ko (1 N l-a\y N
max | Y cpf(mx)||| <ex (M) i
1=M=N|{Z} (loglog\N)* ) (=

We can choose K;, K, such that
K <3/0-a)+4/V2a-1 and Ky<6/(1—a)+7(lloga-1)|"*+1).

Lemma 4 ([1, Lemma 6]). Assume that for every given € > 0 there exists an My(€) such that

M
(42) sup | Y. afkx)|| se.
M>M, k=M0+l
Then -
Y e f(kx)
k=1

is almost everywhere convergent.

For the formulation of the following lemma we note that the unit interval, equipped with
Borel sets and Lebesgue measure is a probability space. Throughout the rest of this paper, we
will use the symbols PP and E with respect to this probability space. The following lemma is a
variant of [2, Lemma 5]. We write log, for the dyadic logarithm.

Lemmab5. Forgivena e (1/2,1),letn=12/(2a—1) andlet1 <S5, < T1 < So < T» <... be integers
such that
Siqi=T;+ nlog2 i.
Furthermore, let A1, Ay, ... be sets of integers such that A; (25,2711 and each element of A; is
divisible byZSi. Fori=1andxe (0,1) set
Xi=Xi(x):= ) falkx).
kEAi
Then there exist independent random variables Y1, Y, ... on the probability space ((0,1),%8,P)
such thattY; =0 and
1X; = Vil < i72-#A,;.

For the proof of Lemma 5, we need the following lemma, which is [3, Lemma 3.1]. Here, given
an integrable function g(x) on [0, 1] and an arbitrary integer m, we write [g],, for the function

which takes the constant value
(k+1)/m
m g(x)dx
kim
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in the intervals [k/m, (k+1)/m),for k=0,...,m—1.

Lemma 6 ([3, Lemma 3.1]). Assume that f € C,. Let k = 1 be a positive integer, and write
g(x) = f(kx). Then for any integer m = k we have

2a-1)/6
lg - glm| < (—k)
m

Proof of Lemma 5: Let %; denote the o-field generated by the dyadic intervals
(43) Uji=[j275, (j+D275), 0= j<25,

and set
Ee=Ek() =E(fak)IF:), kel
and

YVi=Yi(0) = ) &x).
kEAi

Then we clearly have E¢y = 0, which implies EY; = 0. By Lemma 6 and (42) we have for every
keA i

(2a-1)/6

k 2a-1)/6 2T 2 /6 5
. — a— -—
”fk() _fa(k)” < (ZST) < (m) <1 n <1 7,

which implies that
1X; — Vil < i™2-#A,.

Since by assumption every k € A;4; is a multiple of 25i+1 each interval U jin (43) is a period
interval of f,(kx) for all k € A;41, and consequently also for i for all k € A;,;. Consequently
Yi+1 is independent of the o-field &;. Since &%, € %, c... and since Y; is &;-measurable, the
random variables Y1, Y,... are independent. O

The following lemma is a simple consequence of [16, Proposition 3.1], from which it can be
deduced in the same way as relation (3.2) of [16].

Lemma 7. We have
(ged(k, €))% )
Z Ck(,‘g—(k[)a < Z b ,

k=<N?2

where by are defined by

1
bk = ]—aZda|Cd|.
< dlk
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5. PROOFS

Proof of the convergence part of Theorem 1: Throughout this proof, we will write K; for the
constant in the statement of Theorem 1, and K, for the constant in the statement of the first
part of Lemma 2. Note that we can assume that K; > K,. Relation (6) implies that

m+1

5 o fitos
k

) <1 form=1,
k=e™+1

loglogk

which also implies that

m+1

‘ 2 _Klml_a
Y ci<exp|——— form=1.
k=em+1 logm
Consequently by Lemma 2 we have, for any M, N satisfying ¢ < M < N < e™*1,
% cif (kx) 2 < (K2(m+1)1‘“) (—Klml—a)
Km+1) ) (ZKim
k=M k log(m+1) logm
—em!~®
(44) < exp (W)

for some € > 0, since K; > K,. For given M < N, let iz denote the integer for which M €
(e, e™*1], and 7 the integer for which N € (e", e""*!]. If i1 = 7, then by (44) we have

(45) crf(kx)|| < exp (—A) .
= log

If i1 < 71, then by (44) and Minkowski’s inequality we have

N
Y cef(kx)
k=M
erh+1 -1 em+1 N
< [ Y afk0|+ > Yo afkO|+| Y. cfkx)
k=M m=m+1 || k=e™+1 k=e+1
00 _gml—oc
(46) < exp(—).
mg’m 2logm

Both (45) and (46) can be made arbitrarily small if 772 is assumed to be sufficiently large (note
that (46) is the tail of a convergent series). Thus by the Cauchy convergence test the series

t1 ¢k f (kx) is convergent in L2. In a similar way, using Lemma 3 instead of Lemma 2, we
obtain for any M < N

L o] _eml—a
Meian k;Mckf(kx) < m;mexp( 2logm )’

where 71 is defined as before. Again the right-hand side can be made arbitrarily small if M
is assumed to be sufficiently large. Thus the monotone convergence theorem and Lemma 4
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imply that the series .77, ¢k f (kx) is almost everywhere convergent.
i

Proof of the optimality of Theorem 1: For given « € (1/2,1), we will show that there exists a se-
quence (cx) k=1 satisfying (6) for a “small” value of K, for which for the function f(x) = fu(x)
from (19) the series Y57 | ¢ fa(kx) is divergent in L?. We will construct (ci) =) such that it is
supported on a set of indices which have a small number of prime factors; this idea already
appears in [2, 13, 16] and other places. However, there it is only used to construct a finite
sequence, whereas in the present case we have to construct an infinite sequence. Note that
by (23), (35) and (36) the L2 norm of sums of dilated functions fa(x), fa (x) and {(1—a, x) is the
same, up to multiplication with a constant, and consequently we could also use the functions
fo or{(1 - a, x) instead of f,(x).

We write (p,)r>1 for the sequences of primes in increasing order. We define sets A; in the
following way: for given i = 1, the set A; contains those positive integers which are of the form

wi

o
2 ’pi‘“pé"z...pi

By construction the sets A;, i = 1, are disjoint (since all numbers in A; are multiples of either
2%t or 22'*1 but not of 2%/*?). Note that the number of elements of A; is 2¢.

for  (wy,..., w;) €{0,1}.

Let € > 0 be fixed, and set n = (1 —2¢)/(1 + €). We define

2(1-a)

. 2‘”2i_1exp(— U] (1ogk)1_“(loglogk)_l) ifkeA;forsomei=1,
k 0 otherwise.

Then we have

'M8
[\&}
4
0

I
o
-
m

g

Zciexp( n (logk)l_“(loglogk)_l) =
=1 l1-«

Il
™8
NI
N
3

By the prime number theorem for all sufficiently large i for all k € A; we have
. i . .
k<22 [] pr <2% (0 +o)ilogi)!),
r=1

and consequently for sufficiently large i and for all k € A;

1-a
% < (1 +e)(ilogi)' " “(ogi)™ = (1+¢)i'*(logi) ™"

Thus for i =1 for all k€ A; we have

—i/2 .- (1+e) ., -
47 2 i/2.:-1 _77—-1 aq N~
(47) Cy > I "exp 2(1—a)l (logi)
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Using the second part of Lemma 1 and the facts that f, has only positive Fourier coefficients
and that all coefficients c; are non-negative, we have
2

N M
lim || cefoa(kx)| = lim Y. crfalkx)
N—oo |15 M=o |37 kea
v 2
= lim ) | ) crfalkx)
M—o0; 5 keA;
& (ged(k, £))**
(48) = Z Z CkC[g(T)a.
i=1 k,[EA,‘

By the structure of the set A; for any fixed k € A; we have

(ged(k, 0))%% [ a
- = 1+ ,
[EZAi (k()a :1( pr )

r

which implies

2a o d
(49) Z M =2! H (1 + p;a)
k,leN; (kO)* r=1

(an argument of this type already appears in Gal’s paper [13]). By the prime number theorem
we have

: 1-
]_[(1+p, >>exp( —i i'"%(logi)” “)

Combining (47), (48) and (49) we get
2

N & 1-¢)-n(
(50) lim || ) cefalkx)|| > Zi_zexp(( &)~ +E)il_‘)‘(logi)_‘)‘).
N=ooll=1 i=1 1-a

Note that (1 —¢€) —n(1 + ¢€) = ¢, and thus the series on the right-hand side of (50) is divergent.
Consequently the series Z%"zl Crfa(kx) is divergent in 12, although (ci) > satisfies the extra
convergence condition (6) for K = n7/(1 — a). Note that by choosing € small,  can be moved
arbitrarily close to 1. This proves the optimality of Theorem 1, apart from the precise optimal
value of the constant K in (6).

O

Proof of the convergence part of Theorem 2: The proof of the convergence part of Theorem 2
can be given in exactly the same way as the proof of the convergence part of Theorem 1 above,
using the second part of Lemma 2 and 3 instead of the first part, respectively.

i

Proof of the optimality of Theorem 2: The optimality of condition (7) in the case of L? conver-
gence can be shown in a similar way as the optimality of condition (6) in Theorem 1. Again we
construct a set of integers which is composed of a relatively small number of prime factors. In
particular, again we will use an equality similar to (49), which allows a precise computation of
the corresponding GCD sum. Again we choose f = f,, but as in the proof of the optimality of
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Theorem 1 we could also use the functions fa or {(1 - a,-) instead. The main difference be-
tween the present case and the proof of Theorem 1 is the fact that we can make the sequence
(ni) k=1 grow as fast as we wish. Together with the well-established principle that lacunary
sequences of functions show almost independent behavior, this is the reason why for Theo-
rem 2 we can also prove optimality with respect to almost everywhere convergence (which
was not possible for Theorem 1).

First we recall that f, € L”(0,1) for p < (1 — @)™}, which was established in (37). Thus we can
choose § € (0,1) such that 2+ < (1—a) L. Furthermore, we can find a number B € (0,1) which
satisfies

0
’6<2+6'
For this number 8 we have
1 B
51 ——+—|2+6) <-1.
(51) 2+2)( +0) <

Let (pr)r=1 denote the sequence of primes in increasing order. We set A(1) =1 and
A() = [Blogyi], i=2.
Here, and in the sequel, log, denotes the logarithm in base 2. We define the numbers S; and
T; recursively in the following way:
° S]. = 2,
o« T;=S;+ [1og2 (Hfz(ll) prﬂ , i>1,
o Siv1=T;i+[nlog,i], i>1, where n =12/2a - 1).
Then obviously the numbers (S;);>; and (7;);> satisfy the conditions of Lemma 5. For i = 1,
we define A; as the set of all numbers k of the form
A(i) .
k=25 [1r, where (Wr,..., wau) € {0, 1340,
r=1
Then clearly all elements of A; are divisible by 25 and A; < [25,27i]; that is, the sets A; also
satisfy the assumptions of Lemma 5. Let ()= denote the sequence consisting of the ele-
ments of U;>; A;, sorted in increasing order. Note that by definition we have

#A; = 270 ¢ [iﬁ,Ziﬁ] .
Furthermore we define sets of integers I';, i = 1, such that
keT; if and only if ni € A;.

Then (I';);>; is a decomposition of N. Let K; denote a “small” constant with a value to be
determined later. For every k = 1 there is an i such that k € I';, and we define

_ jpr2-172 K (log i)l_a)
2(loglogi)® )’

Ck (logi)_1 exp (—
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Note that the value of ¢ only depends on the index i for which k € I';. Thus we can also define
numbers (d;);>1 such that

d; = cy whenever kel fori=1, k=1,
which implies that
Y. ckfalkx)=d; Y fa(nix).
kEAi kEri
Furthermore we have
x Ki(logi)'=¢ Bl 2
(52) c2 ex (—) = iP (logi) - #I';
k; kXD (loglogi)« zzzikezl", & ‘«2/;
<21
(53) < 2Y i"'(ogi) 2

i=1
Since the series in (53) is convergent, the same holds for the series on the left-hand side of (52).
Furthermore, since for k € I'; we have

k< iP+

the convergence of the left-hand side of (52) implies that there exists a positive constant K>
(depending on K;) such that

Y cfexp (Kz(logk)' ™ (loglog k) ™*) < co.
k=1

As in the lines following (49) we get

(ged(ne, n))** 5 (ged(k, £)**
keer;  (Meng® ken,  (KO®
o
= #5; [JA+py 9
r=1
(54) > iPexp (Kz(logi)'"*(loglogi)™%)

for some positive constant K3. Together with the second part of Lemma 1 this implies
2
> i "' (logi)"?exp ((K3 — K1) (logi)' "*(loglogi)™*).

(55) > Ckfa(npx)

kEFi

Since all coefficients (cx) > are non-negative we have

N 2 M 2

lim | Y cefaeo)| = lm Y | Y cpfalnex)| .
— | k=1 M—=00;23 || ken;
1

Combining this with (55) we arrive at

N 2 M
56)  lim || Y cpfa(nen)|| > lim Y i7'(logi) 2 exp((Ks — K1)(logi)' *(loglogi)™®).
N=oo i M=o0; 23
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We can assume that K; was chosen so small that K; < K3. Then since the right-hand side
of (56) is divergent, the series Z‘,’C"Zl Ckfa(ngx) is divergent in L2. This proves the optimality of
Theorem 2 for L? convergence (except for the exact value of the constant K in the extra diver-
gence condition).

To show that Theorem 2 is also optimal with respect to almost everywhere convergence, we
apply Lemma 5. As noted before, Lemma 5 can be used for S;, T;, A; as defined above. Con-
sequently there exist independent random variables Y1, Y,... on ((0,1), %8, P) such that

< i—ﬁ/z—l/zi—z#Ai < i_5/2+ﬁ/2.

diYi— ) cefalmex)|| < d;

kEFi

Y; - Z fa(kx)

keA;

(57) '

The proof of Lemma 5 shows that the random variables Y; are constructed as the conditional
expectation of }_iea; fa (nX) with respect to some appropriate o-fields. Thus the conditional
form of Jensen’s inequality (see for example [23, Theorem 13.3]) implies that

2+6
(58) E(1d; Vi) < d?*‘S[E(( )y fa(nk-)) )

kel';

We have chosen & in such a way that f, € L>*%(0,1). Thus by Minkowski’s inequality we have

Y fau)|| < W fallaes #T; < iP,
keT'; 246 =#A;

which together with (58) implies

(59) [E(Idl-YiIZ‘L‘S) « jB12-1/2)2+8)

On the other hand, by (55) and (57) we have

(60) E((d; Y»)?) > i'(logi) *exp (Ks(logi)'~*(oglogi)™®),

where Kj := K3 — K is a positive constant (again we assume that K; was chosen sufficiently
small). Let
M

M
By =3 E((d;Y)?), Dy =Y E(jdivi*?),
i=1

i=1

and
M
Fy(®)=P|xe(0,1): ) d;Yi< t\/BM).
i=1

By (51) and (59) we see that the sequence (D) =1 is bounded. On the other hand, by (60),
we have

(61) By >> exp (Ks(log M) ~* (loglog M) %)



SERIES OF DILATED FUNCTIONS AND SPECTRAL NORMS OF GCD MATRICES 21

for some positive constant K5, which in particular implies that By; — oo as M — oo. Thus, the
so-called Lyapunov condition for the central limit theorem is satisfied, which implies that
sup |Fp (1) —®(1)| < Lyg as M — oo,
teR

where
Dy

Ly = ——5
1+6/2
BM

and @ is the standard normal distribution (For Lyapunov’s central limit theorem, see for ex-
ample §1.1 and §1.2 of [28]). Consequently we have

M VB
P( Y d;v; z—M)—>1 as M — oo,
i=1 logM
which together with (61) implies
M
limsup Z d;Y;| =oc0 a.e.
M—oo |j=1

Now (57) and the first Borel-Cantelli lemma imply that we also have

M
limsup Z Z Crfa(Ngx)| =00 a.e.,
M—oo i=1kel;
which implies
N
limsup | ) cpfa(nex)|=co0  ae.
N—oco k=1

This proves the optimality of Theorem 2 for almost everywhere convergence.

We note that a more detailed analysis shows that a possible choice for the constant Kj, and
accordingly also for the constant K(a) in the statement of Theorem 2, is

K =(Ra-1)/Ralog2) “U-a'-¢

for an arbitrary € > 0. Consequently the “blowup” of the constant in the extra convergence
condition is of order (1—a)~! as @ — 1, both in the sufficiency condition and in the optimality
result. U

Proof of Theorem 3: By (39) and Lemma 7 we have for any real sequence (cx) =1 and any M, N
satisfying 1 < M < N that

Ny : N d(k, )2 A
(62) f Y eflkx)| dx< Y |CkCg|M < Y b,
0 \k=M k(=M (k)" k=N?2
where by, are defined by
A 1
(63) by Y. d%eqal.

= e
k dlk, d=M
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Let € > 0 be so small that 1 -2a +¢ < 0, and that (8) holds. For the simplicity of the formulas, in
the sequel we write o (k) for 01-24+¢(k). By (63) and the Cauchy-Schwarz inequality we have

2
iai:( y |cd|(d/k)“)

dlk, d=M

2
:( Z |Cd|(d/k)%+§(k/d)—a+%+§)
dlk, d=M

< Z Cfi(d/k)l+g Z (k/d)l—2a+8
dlk, d=M dlk, d=M

_ 2 1+¢ 1-2a+¢
= ) cidlk Y h
dlk, d=M hlk, h<k/M

< Y d@db'ok).
dlk, d=M

Thus
N? N?
Y bi< Y Y Gk
k=M k=M d|k, d=M
N2
(64) < Y &d'*ey ok,
d=M
where the inner sum is extended for all k of the form k= jd, j=1,2,.... Buto(jd) <o(d)o(})
and thus the inner sum in (64) is bounded by

Y o@a()dj) M <o@da "y o()j M < o(dad ",
j=1 j=1
(S —
«1
where we used the fact that o(j) < d(j) = O(j") for any n > 0. Substituting this into (64), we
get, together with (62), that

1( N 2 N2
(65) f (Z ckf(kx)) dx< ). cio(k).
0 \k=M k=M

By (8) the right-hand side of (65) can be made arbitrarily small if M is chosen sufficiently large.
Thus by the Cauchy convergence test the series (3) is convergent in L?.

To prove the second part of Theorem 3, let @ € (1/2,1), 0 < f < 1, and choose § > 0 so small
that (1 +6) < 1. Then by the second statement of Theorem 1 there exist a function f € C,
and a sequence (ci) k> such that
B(1+6) (logk)!~*

1-a loglogk

(66) D cpexp
k=1
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but the series (3) does not converge in L2 norm. In view of (11), the terms of the sum in (9) are
smaller than those of (66) for sufficiently large k and thus the sum (9) converges, proving the
second half of Theorem 3. [
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