TU

Grazm

Technische Universitat Graz

Boundary integral equations for optimal control
problems with partial Dirichlet control
T. X. Phan, O. Steinbach

Berichte aus dem
Institut fur Numerische Mathematik

Bericht 2014/2






Technische Universitat Graz

Boundary integral equations for optimal control
problems with partial Dirichlet control
T. X. Phan, O. Steinbach

Berichte aus dem
Institut fiur Numerische Mathematik

Bericht 2014/2



Technische Universitat Graz
Institut fir Numerische Mathematik
Steyrergasse 30

A 8010 Graz

WWW: http://www.numerik.math.tu-graz.ac.at

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.



Boundary integral equations for optimal control
problems with partial Dirichlet control
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1School of Applied Mathematics and Informatics,
Hanoi University of Science and Technology,
1 Dai Co Viet Road, Hanoi, Vietnam

Institute of Computational Mathematics, TU Graz,
Steyrergasse 30, 8010 Graz, Austria

Abstract

In this paper we study an optimal control problem where the Dirichlet control
is considered on a part I'p of the boundary I', while on the remaining part I'\I'p
Neumann boundary conditions are given. Boundary integral operators are used to de-
scribe the Steklov—Poincaré operator to realize the Dirichlet to Neumann map which
is involved in both the primal and adjoint boundary value problem. In the case of
box constraints on the control we have to solve a variational inequality in the Sobolev
trace space H'/2(I'p). For the related Galerkin boundary element discretisation we
present stability and error estimates, and we give some numerical examples.

1 Introduction

Optimal control problems of partial differential equations play an important role in many
applications, see, e.g., [1]; for a rigorous mathematical treatment see [2]. In particular when
considering boundary control problems, the use of boundary integral equations seems to
be a favourable choice. In [3] we have considered boundary element methods to solve a
tracking type Dirichlet boundary control problem, where the cost or regularisation term
is considered in the energy space H'/?(T). Since the state enters the adjoint problem as
a volume density, we used the bi-harmonic boundary integral operators to rewrite the
Laplace Newton potential by means of boundary integral operators. In the case of box
constraints on the control we have to solve a first kind variational inequality in the energy
space H'/?(T"). Stability and error estimates for a related Galerkin boundary element
method result from a rather general theory [8], in combination with Strang lemma type
estimates.



In this paper we consider the case when the Dirichlet control acts only on a part I'p of
the boundary T, while on the remaining part I'\I'p some Neumann boundary conditions
are given. For the solution of the primal and of the adjoint boundary value problems
with boundary conditions of mixed type we use a symmetric boundary integral equation
approach to describe the Steklov—Poincaré operator as used in the Dirichlet to Neumann
map [6] to end up with an equivalent boundary integral equation formulation. In the case of
box constraints on the control we finally have to solve a first kind variational inequality in
H'?(T'p), so that we can apply a general stability and error analysis of a related Galerkin
boundary element method. However, for the discretisation of the composed boundary
integral operator we have to introduce suitable boundary element approximations. Finally
we present some numerical examples, and we give a comparison with the more common
approach when the control is considered in Lo(I'p).

2 Optimal Dirichlet boundary control problem

Let © C R", n = 2,3, be a bounded domain with Lipschitz boundary I' = 0 which
is decomposed into two nonintersecting parts I' = 'p ULy, Tp N Ty = 0. As a model
problem, we consider the Dirichlet boundary control problem to minimize

1

I(u,2) =3 /Q u(z) — T(2))? do + §<sz, Dy, (2.1)

where u € H'() is the weak solution of the Laplace equation with boundary conditions
of mixed type,

0
ong

and where the Dirichlet control z satisfies the pointwise constraints

—Au=0 inQ, uwu==z onlp, u=f only, (2.2)

2 € Uyg i= {w € HY*(Tp) : a(x) < w(z) < b(z) for z € FD}. (2.3)

In (2.1), w € Ly(Q) is a given target function, o € R, is a fixed cost or penalty parameter;
and f € H™'/?(Ty) is a given Neumann datum. Moreover, a,b € H'/?(T'p) are given
barrier functions satisfying @ < b on I'p. In (2.1), the cost or regularisation is described
by using a HY2(I'p)-semi-elliptic operator S : HY/2(I'p) — H~Y/2(T'p) which is specified
later.

The solution of the mixed boundary value problem (2.2) is given by u = u, +uy, where
uy € H'(Q) is the unique weak solution of the mixed boundary value problem

0
—Au;=0 inQ, wurp=0 onlp, 8—uf =f only,
n$
and u, € H'(Q) solves the homogeneous mixed boundary value problem
0
—Au, =0 inQ, wu,=z onlp, a—uz =0 only. (2.4)
nl‘



By using Green’s first formula we have, for any v € H(),
0
/ Vu,(x) - Vo(z)dr = / —u.(2)v(z)ds, =: (Sz,vr,)r,-
Q I'p 877’1'

The Steklov—Poincaré operator S : HY2('p) — H~Y%(I'p) maps the Dirichlet control
z € HI/Q(I"D) to the related Neumann datum 0,u, on I'p of the solution u, of the mixed
boundary value problem (2.4). The cost or regularisation term in (2.1) is therefore equiv-
alent to the Dirichlet energy

(Sz, 2)r, :/Q|Vuz(az)\2da:. (2.5)

As a consequence of its definition, we conclude that S is self-adjoint and H/%(I'p)-semi-
elliptic. In particular for 2 =1 we find v, =1 in 2 and hence Sz =0 on I'.

The solution of the mixed boundary value problem (2.4) defines a linear map u, = Hz,
where H : HY2(Tp) — HY() C Ly(2) is compact. Then, by using u = Hz + uy, we
consider the problem to find the minimizer z € U,, of the reduced cost functional

F) = % /Q [(2)(w) + uy(a) ()] e + ¢ (52 2,

1
= 3 (He 4wy =0, Hz +up — W) p,0) + g (Sz,2)r,
Lo ] - 1 - 4
= 5 <H Hz, ’Z>FD + <H (uf - u)”Z)FD + 5 ”uf - UH%Q(Q) + 5 <S’Z7z>FD7
where H* : Ly(Q) — HY2(I'p) is the adjoint operator of H : HY2(T'p) — Ly (), i.c.,

<H*w7 @)FD - <77Z)7H90>L2(Q) for all p e Hl/Q(PD)a ?/1 € LQ(Q)

It turns out that the application of the adjoint operator H* is characterized by the Neumann
datum
0

(H*Y) () = — o

where p is the unique solution of the adjoint mixed boundary value problem

p(z) forx €Tp,

—Ap=1 in€Q, p=0 onlp, p=0 only.

on,

Since the reduced cost functional .J is convex, the minimizer z € U,y can be found from
the variational inequality

(0Sz+HHz+H (up — ), w—2)p, >0 for all w € Uy,. (2.6)

The operator B
T,:=0S +HH: H/*(Tp) — HV*(Tp) (2.7)
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is bounded, self-adjoint, and H'/?(I'p)-elliptic. In fact, for = € HY?(I'p) we have, by
using (2.5) and u, = Hz € Lo(S2),

(Tyz,2)r, = 0{Sz 2)r, +(H"Hz, 2)r,

= 0lIVualli, ) + sl = lusllin).e = @ 12z,

when using a weighted Sobolev norm. Hence, the elliptic variational inequality of the first
kind (2.6) admits a unique solution z € HY/2(I'p), see, e.g., [2]. Moreover, we can rewrite
the variational inequality (2.6) as

(0Sz — Opp,w — 2)r, >0 for all w € Uy, (2.8)

where p is the unique solution of the adjoint mixed boundary value problem

—Ap=u—u in€, p=0 onlp, p=0 only. (2.9)

0
ong,
In what follows we will use boundary integral equation techniques [7] to describe the
solutions of the primal and the adjoint mixed boundary value problems (2.2) and (2.9),
respectively.

3 Boundary integral equations

To find the control z € U,; we have to solve a coupled problem of the primal and the
adjoint mixed boundary value problems (2.2) and (2.9), respectively, and of the variational
inequality (2.8) representing the optimality condition. In what follows we will use boundary
integral operators to describe the involved Dirichlet to Neumann maps, see, e.g., [7].

The solution of the primal boundary value problem (2.2) is given by the representation
formula, for z € €1,

uw) = [ U"(.0) - ul)ds, - / 21 (z, yyuly)dsy. (3.1)

where U*(z,y) is the fundamental solution of the Laplace operator, and from which we
conclude the boundary integral equation

, 0 o
/FU (az,y)any u(y)ds, = /6—nyU Ju(y)ds, forz el

i.e.

(VOonu)(x) = (%I + K)u(z) forx eT.

Recall that V : H=Y/2(T") — H'/2(T") is the Laplace single layer boundary integral operator,
and K : HY*(T') — HY?(T") is the Laplace double layer boundary integral operator, see,
e.g., [7]. Since the single layer boundary integral operator V is H~/2(I")-elliptic, for n = 2
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we assume diam ) < 1, and therefore invertible, we conclude the Dirichlet to Neumann
map

D) = Vl(%l + K)u(z) = (Su)(x) forz el (3.2)

with a first representation of the Steklov—Poincaré operator S = V*I(%I + K). When
considering the normal derivative of the solution u as given by the representation formula
(3.1) we obtain, for z € T',

0 o 8 “(
anxu(x) 237133 /3nxU T y y)ds, — anx/a—%U x, y)u(y)dsy,
i.e. ]
Opu(z) = (51 + K"o,u(z) + (Du)(z) forxz €T,

where K' : H-Y*(T') — H~Y%(T") is the adjoint double layer boundary integral operator,
and D : HY2(I') — H~Y2(T) is the Laplace hypersingular boundary integral operator, see
[7]. Hence, by using (3.2), we conclude a second representation of the Steklov—Poincaré
operator,

duule) = [D+ GI+ KW (ST + K)]u(x) = (Su)(x) forz el (33)

The Steklov—Poincaré operator variational problem of the primal mixed boundary value
problem (2.2) is to find u € HY?(T'), u = z on I'p, such that

(Su, V)1 = (f, Uy (3.4)

is satisfied for all v € HY/2(T'), v = 0 on I'p. Let Z € H'/2(T") be some bounded extension
of z € H/%(T'p). Then it remains to find u € H'/?(I'y) such that

(ST, v)r, = (f — SZ,v)p, forallve H/2Ty), (3.5)

where the Steklov—Poincaré operator S : HY/2(I'y) — H~Y2(T'y) is bounded and elliptic,
and therefore invertible. Moreover, u = u 4 z is uniquely determined, independent from
the chosen extension z. Hence we find

w=S"'f-S3+Z only. (3.6)

Next we consider the adjoint mixed boundary value problem (2.9) for which we obtain the
representation formula, for x € 2,

p(z) = / U (2. ) o ply)ds, — / 5 U@ (s, + / U* (2, y)[uly) — a(y)ldy.



Since the state u enters the above representation formula as a volume density of the Newton
potential, we apply integration by parts, see, e.g., [3, 5], to obtain, for = € €,

o) = [ U ngrods, - [ G0 eaps,— [ Ui
/ 5V @ u(s)ds, - / V*<x,y>a%u<y>dsy, (3.7)

where V*(z,y) is the fundamental solutions of the Bi-Laplace partial differential operator.
When taking the Dirichlet and the Neumann traces, the representation formula (3.7) results
in two boundary integral equations on I,

1
p = Vo.p+ (51 — K)p+ Kiu — Vi0,u — Ny, (3.8)
1 / / —
Op = (51 + K')0p+ Dp = Diu = K10,u — Nit, (3.9)

where Vi, Ky, K|, and D; are the Bi-Laplace boundary integral operators, and Ny, N; are
the Laplace Newton potentials, see, e.g., [3]. When solving (3.8) for 9,p, and by inserting
Opu from (3.2), we obtain

1 1
Opp = V*I(él + K)p—V 'Ku+ V*1V1V*1(§I + K)u + V' Nyu.
From (3.9) we then conclude
op=Sp—Tu+g onTl (3.10)
with
— 1 Ny -1 1 N1 L
and

1
~I + K'\V"'Nyu — Nyu.

9= (5

By using the boundary condition d,p = 0 on I'y we find p € ﬁ]l/2(FN) from the boundary
integral equation B
Sp=Tu—g only.

As in (3.6) we find the representation
p=S"Tu—g] only. (3.11)
By using (3.6) and (3.11) we obtain from (3.10)
Oup = —(I =SS NT(I—5"'9)z4+ (1S5 "Yg—TS'f) onTp.
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From (2.8) we finally conclude the variational inequality to find z € Uyq
(0S2+ (I =SS HT(I-851'9)zZ—(1I-85 N g—T5"f),w—2)r, >0  (3.12)

for all w € U,y. Recall that 7 € HY?(T") denotes some arbitrary but fixed extension of
z € HY2(T'p).

Theorem 3.1 The composed boundary integral operator
T,:=0S+ (I —SS YT —S8'S): H/*Tp) — H?*(p) (3.13)
is bounded, self-adjoint, and H'/*(T p)-elliptic.

Proof. The boundedness and the self-ajointness of T, follows from the properties of all
boundary integral operators involved. For z € HY/?(I'p) let Z € H'/?(T") be some arbitrary
but fixed extension. Then,

(T,z, 2)r, = 0(Sz 2)r, + (T(I — S7'9)Z, (I — S7'9)3)r,
and by using the single layer potential V, see 3],

(T(I—57'8)%,(I - §718)2)r = V(I — S9)Z)1% 0,

we conclude
<TQ’Z7 2>FD Z Q(S’Z7 z)FDa

i.e. semi—ellipticity. For z =1 we have S1 = 0 and therefore
(T,1, 1)ry, = V1|7, > 0,

i.e. T, induces an equivalent norm in H/2(T'p). n

In fact, the properties of the operator T, as defined in (3.13) reflect the properties of the
operator T, = pS + H*H as given in (2.7). In fact, we can conclude the unique solvability
of the first kind variational inequality (3.12). In what follows, we will consider a Galerkin
boundary element discretization of the variational inequality (3.12).

4 Symmetric Galerkin boundary element method

Let
Sh(Tp) = Sp(C) N HY*(I'p) = span{e;}1%

be the boundary element space of piecewise linear and continuous basis functions ¢;, which
is defined with respect to a globally quasi—uniform and shape regular boundary element
mesh of mesh size h. For continuous barrier functions a and b, we define the discrete convex
set

Uy = {wy, € S;(Tp): a(z;) < wy(z;) < b(w;) for all nodes z; € Tp}.
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Then the Galerkin discretization of the variational inequality (3.12) reads to find z, € U},
such that

(ngh,wh — Zh)I‘D > <F, wp, — Zh)FD for all wy, € Z/{h, (41)

where

Fi=(—-S85"Yg—-TS'f)e H*I)p).

Since (4.1) is the Galerkin discretisation of a first kind variational inequality with a bounded
and H'/?(T'p)-elliptic operator T,, we can apply standard arguments to state the unique
solvability of (4.1), and to derive the following error estimate, see [3, 8].

Theorem 4.1 Let z € U,y and z, € Uy, be the unique solutions of the variational inequali-
ties (3.12) and (4.1), respectively. If we assume z,a,b € H*(T'p) and Tyz — F € H*'(Tp)
for some s € [1,2], then there holds the error estimate

s 1
12 = 2nll g2 py < b2 2] msrp)- (4.2)

The error estimate (4.2) seems to be optimal. However, the composed boundary integral
operator T, as defined in (3.13) includes several inverse operators, such as the inverse single

layer boundary integral operator V! and the inverse Steklov—Poincaré operator S—!, and
therefore, T, does not allow a practical implementation in the general case. Hence, instead
of (4.1) we need to consider a perturbed variational inequality to find Zzj, € U, such that

<T\9/Z\h, wp, — /Z\h>I‘D > <ﬁ, wp, — 2h>FD for all Wy, € Z/{h, (43)

where T » and I are appropriate approximations of T}, and F', respectively. The following
theorem presents an abstract consistency result, see [4].

Theorem 4.2 Let fg : HY2(T'p) — H-Y2(T'p) be a bounded and SHT p)—elliptic approz-
imation of T, satisfying

=~ T,
1Tovll gosr20py < Q" I0llia,,)  for allv € HY?(p)

and _
(Tyon, vp)r, > cfg||vh||§{1/2(FD) for allv, € S}(T'p).

Let F € ﬁ*1/2(1"p) be some approximation of F'. For the unique solution Z, € Uy of the
perturbed variational inequality (4.3) the error estimate

12 = Znll 12y < Cl||2—2h||H1/2(FD)+02||(TQ_TQ)Z||1§—1/2(FD)+C3||F—F||Er—1/2(rD) (4.4)

holds, where z, € Uy, is the unique solution of the discrete variational inequality (4.1).



It remains to define suitable approximations fg and F of the operator T, and of the right
hand side F', respectively. To do so, let us first consider the Galerkin boundary element
approximation of the Steklov—Poincaré operator S as given in (3.3). For u € HY2(T') we
have

1 1 1
Su = Du + (51 + K/)V*1(§[ + K)u = Du + (51 + K')w,

where w € H~Y/2(T") is the unique solution of the boundary integral equation

1
Vw = (§I+K)u onI.

By using the piecewise constant approximation wy, € SY(I') = span{yy }Y_, ¢ H-V(T)
satisfying

(Van, 7 = <<%1 b K)u, 7 for all 7 € SO(T)
we define the approximate Steklov—Poincaré operator
Su = Du+ (%I + K'Yy, . (4.5)
Using standard arguments, see, e.g., [6], we find the stability estimate
1Sull vy < &5 lullgegy for all u e HY(T)
and the error estimate

1(S — Syull 12y < ch*2||Sul

when assuming Su € Hj, (T') for some s € [0, 1]. Moreover,
<§u, w)r = (Du,u)yr + (Vwp, wp)r > (Du, u)r

implies the H'/?(I'p)-semi-ellipticity of S. The Galerkin discretisation of the approximate
Steklov—Poincaré operator S is then given by

~ 1 1
Sp = Dy + (§MhT + K/I)Vh_l(EMh + Ky),
where o
Dylj,i] = (Di,@j)rp,  Vall,k] = (Vibe, o)t
Kpll,i] = (K@i, ver, Myp[l,i] = (@i, Ye)r
fori,j=1,...,Mp, k,{=1,... N.

In the same way as above we can define an approximate operator T\, see [3, Sect. 6.1],
its Galerkin discretisation is given by

N 1 1 _
T, = DLHKIth1(§Mh+Kh)+(§M,I+K;)Vh "Kip

1 1
—(G My + KV ViV (G My + Ko),
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where in addition to above we used the Bi-Laplace boundary element discretisations
Dy plj, i) = (Drois piirn,  Vinll, k] = (Viv, Yo)r,  Kinll,i] = (Kips, Yo)r.

Next we describe a boundary element approximation of u = (I — S~15)% € HY2(T'), when
z € HY?(T'p) is given, and z € HY?(T) is an arbitrary but fixed extension. By using
the symmetric representation (3.3) of the Steklov—Poincaré operator S we can rewrite the
variational formulation (3.4) to find (u,w) € HY2(T') x H=Y3(T"), u = z on I'p, such that

1 -
(Du,v)r, + ((51 + Kw,v)p, = 0 forallve HY*(Ty),

1
(Vw, T)r — <(§[ + K)u,7)p = 0 forallT € HV*T).

Again we can introduce the Galerkin solution (uy,wy) € SE(T) x SY(T), up = Quz on I'p,
such that

1 ~
(Dun, v)ry + (T + KNwp,vp)ry, = 0 forallv, € SET)NHY*(Ty), (4.7

1
<th,7'h>p — <<§[ + K)uh,Th>p = O fOI‘ all Th € Sg(l“) (48)
Note that Qy, : Lo(T'p) — SE(T'p) € HY?(T'p) is the Ly(T'p) projection which is stable in
H'Y2(T'p). Since the associated bilinear form

a(u,w;v,7) = (Du,v)r, + ((%I + K'w,v)r, — <(%I + K)u, 7)r + (Vw, 7)r

is HY/2(T'y) x H=Y2(I')-elliptic, we can conclude stability and error estimates by using
standard arguments, i.e.

lw = wnll gre gy < P2l ey + HSUHHggl(F)] (4.9)

when assuming v € H(I') and w = Su € H3'(T) for some s € [3,2]. Now we are in a
position to define the Galerkin boundary element approximation

—

(I — 5-18)% := .

The Galerkin variational formulation (4.7)—(4.8) is equivalent to a linear system,

5 ) () (i)
—5M), — K, Vi (GMn+Kp)z )

where the Galerkin matrices 511, K n, and Z\t/[/ n correspond to piecewise linear and continuous
basis functions to approximate v — 2 € H'/?(T'y), while the matrices D, K, and M),

[SHIS
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correspond to the approximation of the control Z € H'/?(T'), tested with appropriate basis
functions. From the second equation we conclude

1~ = 1—
w = Vhfl(ﬁMh + Kp)u + Vhfl(éMh + K)z,

and hence we have to solve the Schur complement system

n L=t | w1117 % ) L ST\ -1 A7 N7

Dy + (5My + Ep)Vy, (aMhﬂLKh)]Q: —[Dh+(§Mh + K )V (M + Kn) 2.
By using
fad n 1"’T Ty —1 1~ % < N 1NT =T\1/—1 1— 72
Sh = Dh + <§Mh + Kh )Vh <§Mh + Kh), Sh = Dh + (iMh + Kh )Vh (iMh + Kh)

we finally obtain

u = _§;1gh§ .
If we define the approximate operator
T,:= 05+ (I — SSH)T(I — §-15), (4.10)

then we conclude its Galerkin discretisation as
T, = 08, + 8, S, 'T,5, 'S
oh = O9n T Oy Op LhOp Oh-
Note that the stiffness matrix 7' o.h 1S symmetric and positive definite. Similar to above we

can define an approximate evaluation of F , which gives

T~ 1 1
h

E=-5,5," |(GM] + KV, ' Now - Nyai - 105,/ |

To determine the control z, € U, <> z € RMp we have to solve the discrete variational
inequality R R
(Tonz,w—2z2) > (F,w—2z) forallwe RMp 5wy, € U,.

If we introduce the discrete Lagrange multiplier A = T\&hg — E € RMp we can rewrite the
discrete variational inequality in terms of related complementarity conditions, i.e. in the
case of the lower barrier function a this gives

zi > a(rg), XN >0, Nz —a(x;)] =0,
while in the case of the upper barrier function we have

2 <b(z;), N <0, N[z —b(z;)] =0.

11



Instead of the complementarity conditions we can also write a nonlinear equation, e.g., for
the upper barriwr function an equivalent formulation is given by

i :maX{O,)\mLc[b(:ci) —zi]} fori=1,...,Mp, ¢>0.

For the solution of this nonlinear system we use a semi—-smooth Newton method, which
turns out to be an active set strategy, see, e.g., [8].

It turns out that the approximation errors as used in the error estimate (4.4) are
consequences of the above shown error estimates (4.6) and (4.9). For the approximate
solution zj, of the perturbed variational inequality (4.3) we then conclude the error estimate

~ sl
|z — Zh||H1/2(FD) < c(z f,u)h*"2 (4.11)

when assuming 2z € H; (I'p) for some s € [%, 2], i.e., when assuming sufficient regularity
on the given data. Moreover, by applying the Aubin—Nitsche trick [8] we are able to derive
an error estimate in Lo(I'p), i.e.,

2 = Zallzatrs) < ez W) B (4.12)

5 Numerical results

As numerical example we consider the mixed boundary control problem (2.1) and (2.2) in
the case of a two—dimensional square domain = (0,1)* C R% The boundary I' = 90
consists of two parts I'p and I'y where

Tp = {(zl,()) 0<z < 0.5} U {(o,xQ) L0 <25 < 0.5}, Iy =T\Th.

For the cost parameter we consider o = 0.1 and the data are chosen as

0
~ On,

For the boundary element discretization we introduce uniform boundary meshes of the
boundary I' = T'p UT y on several levels L where the mesh size is hj, = 2~ L+ Note that
the minimizer of (2.1) is not known in this example, we use the boundary element solution
Zhe On the 9th level as reference solution.

In Table 1 we present the errors for the control z and for the unknown Dirichlet datum
u, and the estimated order of convergence (eoc). These results correspond to the error
estimates (4.11) and (4.12).

As a second example, we consider the additional constraint z < 2.6. In Figure 1 we
give a comparison of the unconstrained and constrained solutions, and in Figure 2 we plot
the related controls for z; € (0,0.5), x5 = 0.

Moreover, we plot in Figure 3 the states u of the boundary control problem (2.1)-(2.2)
for o = 1072 and o = 10~%. The singularity of the state at the origin appears clearly for
small p, see also [5, Figure 3.5] for the Dirichlet boundary control problem. Note that also
the target function @ has a singularity at the origin.

=

() = (a1 +23)7%,  f(2) u(@)[ry-
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L | [[Zhy = Zhollrap) | €0¢ | Zhy — Znellmrrzyy | €0¢ | [[Un, — Ungllrory) | o€
2 1.8041e-2 - 2.1236e-1 - 2.6788e-2 -

3 4.8635e-3 1.891 8.2073e-2 1.372 8.4929e-3 1.657
4 1.4322e-3 1.764 3.4331e-2 1.257 2.7877e-3 1.607
5 4.5382e-4 1.658 1.4228e-2 1.271 9.3811e-4 1.571
6 1.5562e-4 1.544 5.7832e-3 1.299 3.2225e-4 1.542
7 5.4047e-5 1.526 2.2475e-3 1.364 1.1217e-4 1.522
8 1.5723e-5 1.781 7.4669e-4 1.590 3.9334e-5 1.512

Table 1: The results of mixed boundary control problems without control constraints.

Cells soluti Cells soluti

AN

Figure 1: Comparison of unconstrained (left) and constrained (right) optimal solutions.

2 L L L L L L L L L
0 005 01 015 02 025 03 03 04 045 05

Figure 2: Optimal control of the unconstrained and constrained problems, xs = 0.

For comparison we also consider the mixed boundary control problem (2.1)-(2.2) where
the control z is in Ls(I'p) with ¢ = 0.1. In Figure 4 we plot the state u for the Ly(I'p)
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Figure 3: The states u with o = 1072 (left) and o = 10™* (right).

setting and the related control for x5 = 0, and in Figure 5 we plot the related controls for
x1 € (0,0.05), z2 = 0 and for z; € (0.45,0.5), zo = 0. We see that the control is zero at
all corner points, see also the discussion in [4].
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— 136 .
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0 005 01 o0l5 02 02 03 0% 04 045 05
0686

Figure 4: The state u for the Ly(I'p) setting (left) and the related control for xs = 0
(right).
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Figure 5: The related controls for z; € (0,0.05), 2 = 0 (left) and for z; € (0.45,0.5),
x9 = 0 (right).
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