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Boundary element methods for variational inequalities

O. Steinbach
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In memoriam Christof Eck (1968-2011).

Abstract

In this paper we present a priori error estimates for the Galerkin solution of
variational inequalities which are formulated in fractional Sobolev trace spaces, i.e.
in HY 2(T"). In addition to error estimates in the energy norm we also provide, by
applying the Aubin—Nitsche trick for variational inequalities, error estimates in lower
order Sobolev spaces including Ls(I"). The resulting discrete variational inequality
is solved by using a semi-smooth Newton method, which is equivalent to an active
set strategy. A numerical example is given which confirms the theoretical results.

1 Introduction

In this paper we are interested in the numerical analysis of the Galerkin boundary element
approximation of first kind variational inequalities to find

uek = {veﬁl/Z(T) ; vﬁgonl"} (1.1)

such that
(Au,v —u)r > (f,v —u)r forallve K. (1.2)

We assume that I is either a (n — 1)—dimensional Lipschitz manifold in R", n = 2,3, or
I' = 09 is the Lipschitz boundary of a bounded domain Q C R", n = 2,3. By H'?(I)

we denote the Sobolev space of functions which can be extended by zero when I' C I is
embedded in a closed Lipschitz surface T, i.e.

HY2(T) = {w :v e HYA(T), suppv C r} , HVD) = [HYA(D)].

In the case of a closed surface I' we have HY2(I') = HY*(T'). We further assume that
A HY2(T') — H~Y2(T') is a bounded, self-adjoint, and H'/?(I")-elliptic operator satisfying

(Av,v)p > ¢f ”UH?{U%F)’ [Av][g-1/2ry < ¢ [v[[g1/2@y  for allv € H'2(T). (1.3)
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Finally we assume g € H'/2(T'), and f € H~'/2(T).

Variational inequalities of the form (1.2) occur, for example, when considering the vari-
ational formulation of second order partial differential equations with boundary conditions
of Signorini type, e.g., [12, 19, 24], or when considering contact problems in elasticity
without friction, e.g., [4, 7, 8, 11]. Other applications involve Dirichlet boundary control
problems with control constraints, e.g., [17, 22].

Unique solvability of the first kind variational inequality (1.2) follows by applying stan-
dard arguments, see, e.g., [2, 10, 17, 18]. Boundary element error estimates in the energy
norm are discussed, e.g., in [12, 19, 24], related finite element error estimates for Galerkin
approximations of variational inequalities formulated in H'(Q) are given, for example, in
(3, 9]. Although the energy error estimate for the boundary element approximation of the
variational inequality (1.2) follows similar as for the finite element approximation of a vari-
ational inequality in H*(Q2), we provide a proof for completeness. However, the boundary
element error estimate given here differs from the related finite element error estimate due
to the different approximation properties of functions defined in a bounded domain €2, or
on its boundary I' = 0€2. Note that the latter also requires an increased regularity of the
function to be approximated on the boundary, as compared to an approximation defined
in 2. The proof as given here is also different as presented, e.g., in [12, 24]. In particular
we present a generalisation of Cea’s lemma in the case of variational inequalities, and we
prove a related approximation property.

The main interest of this paper is to provide an error estimate in Ly(I"). In the case
of variational equations these results are due to the well known Aubin—Nitsche trick, see,
e.g., [1, 14, 25]. Tt seems that related results in the case of variational inequalities are not
so well known, and to the best of our knowledge, not available for the problem class as
considered in this paper. Note that finite element error estimates in Ly(€2) for the solution
of variational inequalities in H'(Q) are given in [21], see also [27].

This paper is organized as follows: In Sect. 2 we describe related complementary condi-
tions and discuss a rather general regularity result. Moreover, we introduce the boundary
element discretization of the variational inequality (1.2). In Sect. 3 we provide an error
estimate for the approximate solution in the energy norm || - ||;1/2ry. The Nitsche trick
for variational inequalities to derive an error estimate in Ly(I") is considered in Sect. 4.
For the solution of the discrete variational inequality we describe a semi—smooth Newton
approach in Sect. 5, which is equivalent to an active set strategy, and in Sect. 6 we discuss
some applications and provide a numerical example.

2 Complementary conditions and discretization
of variational inequalities

The aim of this section is to describe the Galerkin discretization of the variational inequality
(1.2) by using boundary element methods and to present an equivalent characterization
of the unique solution of the discrete variational inequality by means of some discrete



complementary conditions. But first we consider related complementary conditions in the
continuous case.

For u € K being the unique solution of the variational inequality (1.2) we introduce
the active and inactive boundary parts as

ract .— {:c el :u(x)= g(a:)}, rn .= {:c el ux) < g(x)} = D\,

and we define
A= Au— f e HY4D). (2.1)

Lemma 2.1 Let u € K be the unique solution of the variational inequality (1.2), and let
A€ H7Y2(T) be defined as in (2.1). Then there hold the complementary conditions

u<ginH?T), MN<0inHY*T), Mg—u]=0ace onT. (2.2)
Proof. We first consider the variational inequality (1.2), i.e. for v = g € K we have
<)‘7.q_u>F: <Au_f7g_u>F >0.

For w € H'Y?(T") with w > 0 we have u —w < u < g on I', and therefore v := u — w € K.
Hence we obtain from (1.2)

—(\w)p = (Au— f,v—u)p >0 forallwe HY*I'), w>0 onT,
i.e. A <0in the sense of H~'/2(T). In particular for w:= g —u > 0 on I' we have
<)‘7.g - u)f‘ S 07

and therefore,
<)‘7 g— u)F =0
follows. Due to A < 0in H=*/2(I") and g — u > 0 in H'?(T') we finally conclude

Mg —u] =0 almost everywhere on I'.

Note that the complementary conditions (2.2) are nothing than the Karush—-Kuhn—Tucker
conditions which describe the saddle point (u, \) of the Lagrange functional

1 _
L(0,1) = 5(Av, o) = (. 0)r + (g = v)r forv e HYA(T), e HYAT), <0,

Now we are in a position to state some regularity result for the solution of the variational
inequality (1.2).

Theorem 2.2 Let A : ﬁl/”S(T) — HY2+3(T) be bijective and bounded for some s > 0.
Assume g € HY/**(T') and f € H-Y/***(T'). Thenu € H***(T) and A € H~V/*(T).
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Proof. We consider the complementary conditions (2.2) on the inactive boundary part
= ie.

A=Au—f=0 onI™
The unique solution u € K of the variational inequality (1.2) can be written as u = g + w
for w € HY2(I'™) (and satisfying w < 0 on I'®). Hence we find that w € HY2(I') is the
unique solution of the operator equation

Aw=f — Ag in H V(™).

Note that A : H/2(I'") — H~1/2(T'") is bounded and H'/2(I'")-elliptic, and hence inver-
tible. Now the assertion follows from the mapping properties of A and the assumptions
made on g and f. [ |

Next we consider the Galerkin discretization of the variational inequality (1.2) by using
boundary element methods. Let S} (T") = span{¢.}* | be the space of piecewise linear and
continuous nodal basis functions ¢, which are defined with respect to an admissible and
quasi-uniform boundary element mesh 'y, = U}, 7, of mesh size h, and with nodal points
Tk, k= 1,..., M. In the three-dimensional case n = 3 we assume that the triangular
boundary elements 7, are shape regular. Let

gn(w) = Ing(z ngs% ) gr=g(zy) fork=1,... M,

be the piecewise linear mterpolatlon of the barrier function g which now is assumed to be
continuous. Then we define

M
Ky = {vh:kagpkeS}l(I’):vkggk forallkzl,...,M}

k=1

and we consider the variational inequality to find uj, € K} such that
(Aup, vy —up)r > (f,op —up)r  for all v, € K. (2.3)

As in the continuous case we conclude unique solvability of the discrete variational inequal-
ity (2.3), see, e.g., [10]. Note that (2.3) is equivalent to the discrete variational inequality
to find u € RM < u;, € K, such that

(Apw,v —u) > (f,v —u) for allv € RM « v, € Ky, (2.4)

where
Ah[ka] = <A<Pk780£>Fa ffz <f790€>f‘ for kagzla"'aM'

Lemma 2.3 Let uy € K, <> u € RM be the unique solution of the variational inequalities
(2.3) and (2.4), respectively. Let

A= Au— feRY
Then there hold the discrete complementary conditions

we < gk, M <0, Mlgp—ux] =0 forallk=1,..., M. (2.5)



Proof. For u € RM < w;, € K;, we obviously have u, < g; for all k = 1,..., M. From
the variational inequality (2.4) we then find

0<(Apu—fv—u)=QAv—u)= Me(vp —ug)  for allp € RM & vy, € K.

M=

k=1

For ¢ =1,..., M arbitrary but fixed we chose
v <up < gy, v =uy fork#Y,
i.e. we have v € RM & v, € K,. This gives
0 < Me(veg—uy), ie. N<O0 foralll=1,... M.

On the other hand, for vy = g for all k =1,..., M we have

M
0< Z)\k[gk —ug) <0,

k=1

and therefore
Melgr —up] =0 forallk=1,... M.

Note that Lemma 2.3 is the discrete counterpart of Lemma 2.1, and that (2.5) are the

Karush-Kuhn—Tucker conditions which are related to the discrete variational inequality
(2.4).

Remark 2.1 The discrete Lagrange multiplier A = Ayu — f € RM is in general not an

approzimation of the continuous Lagrange multiplier A\ = Au — f € H~Y2(T'). Instead,
considering A, € span{y Y2, C H=Y3(T) and uy € S}H(T) we find

My vn)r = (Aup, vp)r — (f,op)r for allv, € Sp(D),

1.€.

with the mass matrix defined by
th,k/‘]:«Ok,'@Z)g)F fO’f’k’,Ezl,...,M.

Hence, only when using bi—orthogonal basis functions [15] satisfying {(pr,Ve)r = O we
conclude A = X However, in our approach as presented in this paper we do not consider
any approximation of the continuous Lagrange parameter X, we just introduce the discrete
counterpart \.



3 Error estimates in the energy norm

In this section we present an a priori error estimate in the energy norm |lu — wp|| g2y for
the approximate solution u, € ICj, of the discrete variational inequality (2.3). While the
general idea is similar to the related proof in the case of a finite element approximation
[3], the handling of the inequality constraints is rather different. An alternative proof for
a particular application, following [9], is discussed in [24]. For energy error estimates for
hp boundary element methods in the case of Signorini problems, see also [19].

The first result is the extension of Cea’s lemma to variational inequalities.

Lemma 3.1 Let u € K and uy, € KCp, be the unique solutions of the variational inequalities
(1.2) and (2.3), respectively. For all v, € K}, satisfying v, = gn on T'** there holds the

error estimate

A
C

o= wnlarrzry < = enllar (3.)
1

where the constants c¢i* and c3 are the ellipticity and boundedness constants of A as given
in (1.3).
Proof. From the variational inequality (2.3) we first have

(f — Aup,vp — up)r <0 for all v, € Kp,.

By using A := Au — f € H™/2(') and the H'/2(I")-ellipticity of A, see (1.3), we further
obtain, for all v, € Kp,,

= ey <
Au — f,on —up)r + (f — Aup, vy, — up)v
A, Up = Up)r

A, Uh = gh)r + (A, gh — Up)T

IA

o~ o~~~
N

~~ N/~
<
|
£
>

A~ o~~~

IA

where we have used A < 0 and u;, < gp, to ensure

<)\7gh - uh)F S 0.

Taking into account v, = g5 on I'** and A = 0 on '™ = T'\I'"** we have

(N, v, — gn)r = /F)\(:E)[vh(x) — gn(z)]ds, =0.

Now the assertion follows from the boundedness of A. |
It remains to construct vy, = uj, € K, in a suitable way to be able to derive an approxima-
tion property in HY/2(T'). In particular, we define u} € K, by, see also Fig. 1,
. { g(xy)  foray, € 7p: T, N2 £,
'U/k. =

u(xy)  else.

(3.2)



Note that u; coincides with g in all boundary elements 7, which include some part of the
active boundary I'**. In all other nodes, uj is the piecewise linear interpolation of u. We
start to give an error estimate for u —uj; in Ly(I"). By HZ (') we denote the space of all

Lo(T") functions which are piecewise in H’(I';) when I' = UT';, T; N T'; = ) for j # i.

Lemma 3.2 Let u € K be the unique solution of the variational inequality (1. 2) Let
uy € Kj, be as constructed in (3.2). Assume u,g € H7 (') N C(T) for some o € ("5~,2].
Then there holds the error estimate

* o 2 2 1/2
= willeary < eh” (Julhg, ) + lolhgm) -

Proof. First we recall

N
= w2, = / () — wj (o) Pds, = 3 / () — u(x) ds,
(=1 YT

and it remains to consider four different cases:

i. For 7y C I'yey we have u = g and u; = g, = Ig. Hence we have, by using a local
interpolation error estimate,

/|u ()P ds, = /\g  Lg(@)P dsy < ch? g

it. Next we consider all boundary elements 7, where u; = I,u is the piecewise linear
interpolation of u. As in the first case we obtain

/\u —ul(7)|*ds, = /\u — Iyu(x)]? dsy < ch® |ulfos,).

It remains to consider two additional cases as depicted in Fig. 1.

iti. We first consider the case of boundary elements 7} with 7} ¢ Tue but 7} N Toey # 0,
i.e. there is a zj € 7} such that u(z) = g(x) for all x € 7}, |z — x}| < € for some
€ > 0. Then,

[ = wpllLopy < v = glleay + 19 = wplloey = llw = glleam) + 1T = 1)l oy

where the second part again corresponds to the standard local interpolation error.
Due to u(z) = g(z) for x € U.(z}) we conclude that also the surface gradients of u
and g coincide in . Hence, the linear Hermite interpolation polynomials I}u = I}g
of v and g, which are defined with respect to z, coincide. With this we conclude

ot = gllzaepy < N = Bttty + 1 = 1)l zaepy < 2 (Juloepy + gl ).

again by applying standard interpolation error estimates for Hermite interpolation.
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Figure 1: Boundary elements with changing active zones.

. Finally we consider the case where the boundary element 77 does not touch the
active part I',; but joins at least one common node z,, with a boundary element 7, ,
7o, N Taey # 0. In this case we have

Hu - u;’;”LQ(TZQ) < ”u - [huHLQ(TZQ) =+ ”[hu - u;kLHLQ(TZQ)

where the first part again is a standard interpolation error estimate. Let n(x) be a
sufficiently smooth function satisfying n(z) € [0,1] for all z € 77, n(x,) = 1 for all
nodes wy, with u} (xs,) = g(z4,), and n(ze,) = 0 for all nodes x,, with uj (ze,) = u(x,),
see also Fig. 1. For w := n(u — g) we then conclude Iw = Iu — u} and therefore

[ hu — UZHLQ(T;) = ”[thLg(T;) <[ - [h)wHLg(rg) + HwHLQ(Tg)
follows. As in the third case we further obtain, by using |n| < 1,
lwllaezy = (e =9)ll.ez) < llu=glle)
o 2 2 1/2
< HU - g”L2(TZ2U’T€1) <ch <|u|H‘7(TZ2UTZI) + ‘g|H‘7(TZ2UTZ1)> :

For the remaining term we first consider the case ¢ > 1. By using standard interpo-
lation error estimates we then have

1L = w2y < ch||Vew|| o2
< ch (IVem @ = Dl + 19r(u = 9)lt))
< (llu=glliapz) + b IVE(w = 9)llzarz))
<

ch? <|U|HJ(T;) + |9|Ha(rg)>-
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In the two—dimensional case n = 2 and for o € (%, 1) we first have
(I — Ih)wHLg(rg) < ch? |7~U|H0(T;)

and it remains to consider the Sobolev—Slobodeckii norm

2 [w(z) —w(y)?
Wle) = / / \:c oy ds,dsy
Ty

/ / —o(z)) ~nw)ul) gl 4, 4,

o=y

:/“/ >xmw—g@»+n@ww@—g@»—«mw—g@»ﬁhw%

‘x_ |1+20
()*(u(x) — g(x))*
<2|u—g|Ha +2// |x—y|1+2f’ ds;ds,

< 2fu— gl + 25up [7/(€ /ﬁ/|x—|1% (u() - g(a))ds,ds,

5672

<2Ju— gPo 42ch°ﬂjﬂx—w*%mm—mmf@w%

<2|u—g|Ha y+2ch” N /Q(U(ZL‘)—g(ZL‘))Zde
Tt

< 2|u— glfeqy +2ch™ = gll7, 2.
Now the final error estimate follows as above.

Joining all four cases we have shown the desired error estimate. [ ]
As in the standard case of a variational equation, and by using an inverse estimate we are

now able to give an error estimate in the energy norm.

Lemma 3.3 Let u € K be the unique solution of the variational inequality (1. 2) Let
u, € Ky, be as constructed in (3.2). Assume u,g € H7 (') N C(T) for some o € ("5,2].
Let the mesh be globally quasi—uniform. Then there holds the error estimate

B 1/2
= willamsay < b2 (lulig o) + ofig ) (3.3)

Proof. Let Pyu € S;(T') be the Galerkin projection of u defined as the unique solution
of the variational problem

(u— Pyu, vp) oy = 0 for all v, € Sy(T).
Using standard techniques, see, e.g. [25], we conclude the error estimates

—-1/2

|u = Poullgeey < et 77 |ulpg, @y, lu— Poul|pyay < e b [ulpg, 0
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Hence, by using the inverse inequality, and all previous error estimates, we conclude

lu — UZ||?{1/2(F) < 2ffu— Phu||§{1/2(r) + 2| Pyu — ulﬂﬁ{l/?(r)
< e b1 ‘Uﬁqgw(p) +crh || Puu — U;:H%Q(F)
< hQU_l |U|%{gw(p) + 2¢; h_l (HPhu - UH%Q(F) + ||’LL - uZH%Q(F))
< ch¥ ! (\u\frfgw(m + ‘gﬁfgw(F))'

Now, combining the error estimates (3.1) and (3.3) we can state the main result of this
section.

Theorem 3.4 Let u € K and u, € K, be the unique solutions of the variational inequali-
ties (1.2) and (2.3), respectively. Assume u,g € HZ, ()N C(T) for some o € (%5*,2]. Let
the mesh be globally quasi—uniform. Then there holds the error estimate

- 1/2
lu = unll oy < ch?? (|“|%{gw(r> + |9|?fgw(F>> : (34)

Note that the maximal value of ¢ as used in the error estimate (3.4) is determined by the
choice of the basis functions, i.e. ¢ < 2 when using piecewise linears, and by the regularity
of the solution u € H7 (I'). The latter may be obtained either from the properties of the
underlying physical problem, or from the mapping properties of the involved operator A,
see Theorem 2.2.

4 Error estimates in Ly(I'): The Nitsche trick

In this section we present the main result of this paper, the Aubin—Nitsche trick to derive
an error estimate in Lo(I") for the approximate solution of the variational inequality (1.2).
Although the basic ideas of the proof follow the considerations for finite element approxi-
mations of variational inequalities in H'(€2), see [21, 27|, the proof as given here requires
several considerations which are different.

4.1 The adjoint problem

To obtain error estimates in lower Sobolev norms we first assume that A : H*/ (1) —
H~1/2+5(T") is bijective and bounded for some s € (0, 1]. For this s we consider a variational
inequality which is adjoint with respect to the variational inequality (1.2), and we define

Dt ={z eT :upz) = gu(2)}

where u;, € K, is the unique solution of the variational inequality (2.3). For u € K being
the unique solution of the variational inequality (1.2) we use A = Au — f as defined in

10



(2.1). Then we introduce the closed and convex set
G = {v e H2(D) :v <0 on T (X v)p < O}

and we consider the adjoint problem to find z € GG as the unique solution of the variational
inequality

(Az,v = 2)r > (u —up,v — 2) gry2—s () = (Brja—s(u —up),v — 2)r forallve G, (4.1)

where By, : HY>5(T') — H~Y/2t5(T") is the associated Riesz operator.

As for the solution u € K of the primal variational inequality (1.2) we first state some
regularity result for the solution z € G of the variational inequality (4.1). For this we
rewrite the variational inequality as a saddle point problem, i.e. by using the Lagrange
multiplier g € HY2(T%), u < 0 on I'*" and a € R,, we introduce the Lagrange
functional

1 ~
L(v;p, ) := §<Av,v)p — (Bija—s(u—up), v)r — {1, v)paer + (X, v)r, v € HYX(I). (4.2)

The Karush—Kuhn—Tucker conditions which are related to the Lagrange functional (4.2)
then read to find (z; 7, @) € HY?(T') x H~/2(T") x R such that

Az — Byjp_s(u—up) —fr+ar=0 onl, (4.3)

2<0, <0, zp=0 onl¥* T=0 onl\[%", (4.4)
o> O, <)\, Z>F < 0, a()\, Z)p =0.

Lemma 4.1 Let z € G be the unique solution of the adjoint variational inequality (4.1),
and let A : HY/?*5(I) — H~Y?*3(T) be bijective and bounded. Then there holds the
reqularity estimate

12| prrresry < ellu—upllgrre-s(ry - (4.6)
Proof. Let us first define
L= {z el 2(z) =0}, iez¢€ HY2M\), m=0 on [\
Hence we find from (4.3)
Az + @\ = Byjs_s(u—up) on T\l"?ft’z,
and it remains to consider two cases:

i. For @ = 0 we find that z € f]l/2(F\TZCt’Z) is the unique solution of the operator
equation Az = By/s_s(u — u) and the assertion follows from the assumptions on A,
ie.

”2HH1/2+S(F) <c ”AZ”H*U?*S(F) =c HBl/%s(U - Uh)”H*l/Hs(r) <cllu-— UhHHl/%s(r)-

11



ii. For a > 0 we conclude (A, z)r = 0 and it remains to consider the subspace
Hy0\re) = {v € BT 2 (o) = 0}

Again the assertion follows from the mapping properties of A and B /,_,.

4.2 Quasi—interpolation

In order to prove error estimates in lower order Sobolev spaces, for z € G we need to
construct a suitable approximation z;, € Si(I') which allows an error estimate in negative
Sobolev norms, and which retains the inequality constraints on I'4*. For this we consider a
quasi-interpolation, see also [5, 23]. Since the discrete active set '3 is given as the union
of boundary elements 7,, we define a dual boundary mesh as follows, see Fig. 2.

Figure 2: Construction of the dual mesh.

If x, € T3 is an interior node of the discrete active set, see for example x4 and x5, the
dual element wy, is defined by the midpoints of the adjacent primal elements, in the three—
dimensional case we consider the midpoints of the adjacent edges in addition. If z; is a
boundary node of the discrete active set, e.g. x3, the dual element wy is the related part
of the primal element in I'%*. For all other nodes we define the dual elements accordingly,
where the missing parts of the boundary nodes, e.g., x3, are added to the dual element
of a related node of the inactive set, see, e.g., wy. For a globally quasi—uniform boundary
element mesh I';, with mesh size A we conclude that all dual elements are of the same mesh
size h.

With respect to the dual boundary element mesh we define the piecewise constant Lo
projection

1
Zp(z) = —/ z(x)ds, forz € wy
Wkl Jo,
satisfying the local error estimate, for z € HY/2+(T), s € (0, 11,

12 = R lrateny < Y2 2] o (47)

(wg)

12



and by applying the standard Aubin—Nitsche trick
Iz — zg”ﬁ—l(wk) < chPP |2l 172+ () (4.8)

For 2 € wy, C T'%" we have z < 0 and therefore zj, < 0 follows. Now we are in the position
to define the quasi-interpolation 2, € S}(T),

M
Zz (wp)pr(z) forz €T, 2z :=z,(xx) <0 for zp, € I9, (4.9)
k=1

Lemma 4.2 Let z € HY?(T), s € (0, 31, and let z, € Si(T') be the quasi—interpolation
as given in (4.9). Then there hold the error estimates

HZ — zh”H1/2(1‘) < ch’® ‘2|H1/2+S(F) (4.10)

and

Proof. For piecewise linear basis functions we have

Zw(x) =

and for x € w;, we then conclude

M
Zzh z;)p(x) = zp (1) + > [2n () — 2 ()] 05 (),
J=1,j#k,suppp;Nw, 70
and therefore

M

o= 2bllzaan <11z = 2l + D
J=1,j7k,suppep; Nwy, 0

2n(x5) = 24 (@n)| 10411 Lagn) -

For what follows, let us recall some basic estimates from the numerical analysis of finite
and boundary element methods, see, e.g., [1, 25]. Let 7 be the reference element to describe
all boundary elements 7, in particular for n = 2 we have 7 = (0, 1), while for n = 3 we
have

T={neR*:0<m<L0<m<l—m}.

For x € 7, we obtain the local parametrisation x = Jy(n) and for the measure of a boundary
element we conclude

Ay = / ds, = /deth(n) dn, e detJy(n) =~ Ay~ h"1
Ty T

13



For a boundary element basis function ¢;(z) = ¢(Je(n)) = @e;(n) we have

||S0j||%2(7'[) = Af ||&€,j||%2(7_) ~ hn_l,
as well as
Vo130 = Do B2V @ l3 ) = A5
Hence we conclude the estimate

195l Loy < cRTD/2,

and by using

hO |hay) = R@)] < R(e) = o)

<
< lzn(i) = 2l s + 12 = 20(@) 2o

we obtain from the error estimate (4.7)

||Z — ZhHLQ(UJk) S Ch1/2+8 |Z|H1/2+s(
M
+ ) [126(25) = 2l zagn) + R |2l grszeeay)] -
J=1,j#k,suppp; Nwy 70

W)

For suppy; Nwy, # 0 and x € wy, we have
0 1
2(x) = zp(x)) = ol [2(x) — 2(y)] dsy,
J wj

and by using standard techniques we obtain

2 = 2@ty < h?H

|Z|H1/2+S(wkij) :
With this we finally conclude the local error estimate

M

Iz — Zh”%Q(wk) < chlt Z |Z\§{1/z+s(wj)a
J=1,5uppyp;Nwr#0

and by summation over all elements of the dual mesh we obtain the global error estimate
2 1425 | |2
Iz = znllZmy < ™ |2l -

Note that in the three-dimensional case we use that all boundary elements are assumed

to be shape regular, so that the number of terms in the local error estimate is bounded.
Now the error estimate (4.10) in H'/?(T") follows by using the standard H'/?(T") pro-

jection on S}(T'), and the inverse inequality, see, e.g. [25], and the proof of Lemma 3.3.
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The error estimate (4.11) in H~'(T') follows as the error estimate in Lo(T), instead of
(4.7) we now use (4.8), and

<()0j7 U>T
1@ill-1(ry = sup o=
P e 1011y
Aé<@€j75€>f (n+1)/2| = (n+1)/2
o~ sup LS ~ h\" Gl -1y = A" .
05, € H(7) h(n73)/2||v£||H1(T) || ]HH 1(7)
With this we finally conclude the local error estimate
M
||Z - Zh”%—l(wk) < Ch3+28 Z |Z|§{1/2+S(wj)’
J=1,5uppy;Nuwy 70
and by localizing the dual norm in H~'(T") we obtain (4.11). [

4.3 Error estimates in lower Sobolev norms

Now we are in a position to present error estimates in lower Sobolev norms for the solution
uy, of the discrete variational inequality (2.3). The main result as given in Theorem 4.5 is
based on the following two estimates.

Lemma 4.3 Let u € K and uy, € KC;, be the unique solutions of the variational inequalities
(1.2) and (2.3), respectively. Let z € G be the unique solution of the adjoint variational
inequality (4.1), and let A . HY/**(T) — H-Y2t5(I), s € (0,1]. Let 2z, € SL(T) be an
appropriate approximation of z € G. Then there holds the error estimate

= wnlBe ey < € llu— wnllsy = sy (4.12)
+ellu = unllgrre-sryllg = gnll grrre-sry + (Alw — un), zn)r.
Proof. For z € G and u € K we have for z € '3

z(x) +u(x) _ 9(x) + gn(x) — un(x) <0,

-—
<0 <0 =0

as well as, by using A <0 and u;, < g, on I,

——
<0forze G

-~

<>‘72+u_g+gh_uh>f‘: <)‘72>F + \<)\,U_g>f;+<)\7,gh—uh>f;§0
:Odu;rto (2.2) <0

15



Hence we can chose v = 2z +u —up + g, — g € G as a test function in the variational
inequality (4.1) to obtain
lu — uh”?{w—s(r) = (u—un, = up) grje-s(p)
= (u—up, (z+u—up+gn—9g) = 2) grrz—sry + (U — Un, g = gn) gr/2-s(1)
< (Az,(z+u—up+gn—9) = 2)r + (U —un g — gn) gr2-sr)
= (A(u —up), 2)r + (Az, gn — g)r + (U — Un, g — gn) gr/2—s(n)
= (A(u —un), 2z — zn)r + (Alu — un), 2n)r + (A2, g — g)r + (U — Un, § — Gn) gr/2-(n)
< lu = wn ey 12 — 2l ey + (Al — un), 200
Az 1245y |9 = Gl zrrrz—s 0y + [lw = wnll gr2-s () |9 = gnll 1725 (ry-

Now the assertion follows from the boundedness of A : HY/2+¢(T') — H~Y/2+s(T"), and from
the regularity result (4.6). n

Lemma 4.4 Let u € IC, up, € Ky, and z € G be the unique solutions of the variational
inequalities (1.2), (2.3), and (4.1), respectively. Let z, € Si(T') be as constructed in (4.9).
Then there holds the estimate

(A(w —up), zn)yr < (Au— f,zn — 2)r. (4.13)

Proof. By using A\ = 0 for ug < g and A\, <0, zx < 0 for up = g we first have

M
(f = Aup, zn)r = (f — A, 2) = —(A,2) = — Z)\kzk = - Z Aezr < 0.
k=1

Uk =gk

Hence we obtain

(A(u —up), zn)r = (Au— f,zn)r + (f — Aup, zn)r

<Au — f, Zh>p

= (Au—f,zp —2)r+ (Au— f,2)r < (Au— f, 2z, — 2)r.
——

<0 for zeG

IA

Now we state the main theorem of this paper.

Theorem 4.5 Let u € K, u, € Ky, and z € G be the unique solutions of the varia-
tional inequalities (1.2), (2.3), and (4.1), respectively. Let A : HY?*5(I') — H=Y/2+3(T") be
bounded for some s € (0, 3], and let z, € SE(T) be given as in (4.9). Assume A € H*Y(T)
for some o € (%51,2]. Then there holds the error estimate

ot = wnll sy < e B llw = wnllraqey + 2 llg = gllvaeqey + 5 B2 AL gorcy.
(4.14)
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Proof. Combing the error estimates (4.12) and (4.13) we first conclude
= unlZpecey < = unllsgollz = 2l
+cllu—unllga-s (g = gull gz @y + Al ze—1@yll2n = 2] a-o 1y

By using the error estimates (4.10) and (4.11), an interpolation argument, as well as the
regularity estimate (4.6) we obtain the assertion. n

Together with the energy error estimate (3.4) we now obtain the final result of this sub-
section.

Corollary 4.6 Let A : HY***(T') — H~Y**(T) be bounded for some s € (0,1], and

assume u,g € HJ,(T), X\ € HX(T) for some o € (%5+,2]. Then there holds the error
estimate

1/2
|w = up |l gr/z=sry < chom(1/279) [\U@Igw(r) + |g‘§-lgw(1‘) + H)\Hipfl(r)] : (4.15)

In particular for s = 3, ie. A: HYT') = Ly(T), and when assuming u, g € HZ, (T) and

A € HY(T), we obtain the Ly(T") error estimate

1/2
e = wnlzacry < B2 [Juld, ) + 198,00 + 1M

i.e., as for the standard approximation property of piecewise linear polynomials we can
expect a quadratic order of convergence when measuring the error in the L, norm.

5 Semi—smooth Newton method

For the solution of the discrete variational inequality (2.3) we consider the discrete com-
plementary conditions (2.5), i.e.

up < ge, M <0, Mlug —gr] =0 forallk=1,...,M, A= Au—f,
and which are equivalent to
Ar = min{0, A\ + c(gr, —ug)} fork=1,....M, ¢>0.
Hence we have to solve the system of (non)linear equations
Fi(w,A) =Apu—A—f=0, Fy(u,A)=A—min{0,A+c(g —u)} =0,

where the nonlinear equations Fy(u, A) have to be considered compenentwise. Since

G(z) = min{0, z}
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is not differentiable in x = 0, we introduce the slant derivative

1 f <0
G'(x):{ or x ,

0 forxz >0,

and the application of a semi—smooth Newton method reads
gm-‘rl Qm
)\m—i—l = ( A )
A, -1 LR AT
cG'(A" +e(g—um) I—GQA"™ +c(g—u™)) Fy(u™, A™)

where the application of G’ has to be understood componentwise. The Newton method
requires the solution of the linear system

A, T u™ —u™tt R A™)
cG'(A" +clg—u™) 1 —G'QA" +c(g—u™)) AT AT ( Fy(u™, A™) ) ’

and the first line gives

Ah(ﬂm _Qm—i—l) _Am +Am+1 — Ahﬂm _Am _ f, i.e., Agm—l—l _Am—l—l — i

The second equation gives for all k =1,..., M

[1— GO+ clgr — u AT = X0 + GO + e(ge — u) (u? — up™)
= A" —min{0, \[* + c(gr — ui')}.

For

A A celgr —up') 20, GO+ clge —uy')) =0
we then conclude

Ay — )\Z”l =\, le. )\Z”l =0,

while for

A A clgr —up') <0, GO +clgr —uy')) =1

we conclude

m+1
Uy = (gk-

This is just the active set strategy, see, e.g., [13, 16], and [15].
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6 Applications

6.1 Screen problem

As a first example we consider the variational inequality to find u € I such that
<DU,U—U>F > <f,’U—U>F (61)
is satisfied for all v € K where " = (0, %), f=1,and

K= {v € H'*() : v(z) <04 forz € F} , le.g=04.

In (6.1), D : HY%(T') — H~Y2(T") is the hypersingular boundary integral operator defined
as

(Dv)(z) =

Note that the variational inequality (6.1) is related to two-dimensional screen and crack
problems, e.g., [26].

Since the variational inequality (6.1) perfectly fits into the framework of the present
paper, all theoretical results are valid. In particular, D : HY2(I') — H~Y/2(T") is a bounded
and H'Y2(T')-elliptic operator, see [6, 20]. Moreover, D : HY/2ts(I') — H-Y/2ts(T) is
bounded for all s € [0, 5) [26, Corollary 1.7]. Hence we can apply Theorem 2.2 for s = 1 —¢
to conclude u € H'~¢(T") for all sufficient small £ > 0. Moreover, by Lemma 4.1 we have
z € H'(T") for the solution of the adjoint problem. Hence we can apply Corollary 4.6 for

s = % —cand 0 = 1 — ¢ for all sufficient small € > 0 to conclude the error estimate

27?6nx/—10g‘$_y| (y)ds, forz el.

1/2

= wnll oy < [l — wnll ey < BV [\u\H1 0 ey + A=)
Therefore we can expect almost linear convergence. For a numerical experiment we consider
a uniform decomposition of the interval I" = (0, 2) into N = 2! boundary elements. In ad-
dition to the variational inequality (6.1) we also consider the solution of the unconstrained
boundary integral equation Du = f. Since the exact solutions of both problems are un-
known, we chose uy, as a reference solution to compute approximate errors ||us, —tng || o)

see Table 1. The numerical results show linear convergence for both problems, as expected.
Also the number of semi-smooth Newton iterations indicates super—linear convergence. In
Fig. 3 we plot the solutions of the unconstrained and of the constrained screen problem.

6.2 Signorini problem

As a second example we consider the Signorini problem for the Laplacian, see, e.g., [24],

—Au(z) =0 inQCR" wu(z)=g(x) onlp, %u(:c) = f(x) onTy,
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unconstrained constrained

N HuhL — Uhyg ”L2(F) HuhL — Uhg ”L2(F) Iter
41 4.81 -2 4.44 -2 1
81241 2 1.00 2.09 -2 1.09
1.22 -2 0.98 1.04 2 1.01
3216.16-3 099 |526-3 0.98
64| 3.08-3 1.00 |2.64-3 0.99
128 | 1.51 -3  1.03 1.30 -3 1.02

D U W N |
—_
(=)

O = W NN

Table 1: Lo(T") errors for unconstrained and constrained screen problem.

0.5

0.45 |- -

0.4

0.3
0.25
0.2
0.15

0.1

0.05

Figure 3: Solutions for the unconstrained and constrained screen problem.

and

W) Sglo). ul) < @) (o) ~ 9(0) (-ule) - ) =0 on T,

where I' = 00 is the boundary of the Lipschitz domain {2 which is decomposed into
mutually disjoint parts I'p, I'y, and I's. Related to the Laplace equation in €2 we introduce
the Dirichlet to Neumann map

—u=:Su onl,

on
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where the Steklov—Poincaré operator S : H'/2(T')) — H~'/2(T') can by described, by using
boundary integral operators as, see, e.g., [25],

1 1 1
S = V‘1(§I +K)=D+ (51 + K’)V‘1(§I + K).
Note that V' is the single layer integral operator, K is the double layer integral operator

and K’ its adjoint, and D is the hypersingular boundary integral operator. By introducing
K := {v € Hl/Q(F) SV, = g5 Urg < g}

the solution of the Signorini boundary value problem is equivalent to find the solution
u € I of the variational inequality

(Su,v —u)r > (f,v —u)rqury, forallv e K.

Note that the Steklov—Poincaré operator S is HY 2(T'y UT'g)—elliptic which ensures unique
solvability of the variational inequality. Assuming sufficient regularity of the given data
one can not expect more than v € H*27¢(Q) for the solution of the Signorini boundary
value problem, i.e. upr € H* *(I'). In the case of a Lipschitz boundary I' we find from the
mapping properties of all boundary integral operators [6] that S : H*(I') — Ly(T"). Hence
we can apply Corollary 4.6 for s = % and 0 = 2 — ¢ to conclude the error estimate, for all
sufficient small € > 0,

- 1/2
|lu — uhHLQ(F) <ch** |u|§{§;g(l“s) + |g|§{g§s(FDUFs) + ||f||§{1_5(FNUFS) )

i.e. we can expect almost quadratic convergence when using piecewise linear boundary
elements. In [24], a proof of the energy error estimate in H'/2(T') is given for the particular
case of a smooth boundary of a bounded domain in two dimensions, and numerical examples
are given. For numerical results in the case of contact problems in linear elasticity, see for
example [8], and for optimal Dirichlet control problems [22].
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