TU

Grazm

Technische Universit at Graz

An energy space finite element approach
for elliptic Dirichlet boundary control problems

G. Of, T. X. Phan, O. Steinbach

Berichte aus dem
Institut fir Numerische Mathematik

Bericht 2012/5






Technische Universit at Graz

An energy space finite element approach
for elliptic Dirichlet boundary control problems

G. Of, T. X. Phan, O. Steinbach

Berichte aus dem
Institut fur Numerische Mathematik

Bericht 2012/5



Technische Universitat Graz
Institut fir Numerische Mathematik
Steyrergasse 30

A 8010 Graz

WWW: http://www.numerik.math.tu-graz.ac.at

© Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.



1

In this paper, the focus is on the a priori error analysis of the finite element approximation

An energy space finite element approach

for elliptic Dirichlet boundary control problems

G. Of!, T. X. Phan?, O. Steinbach®

nstitut fiir Numerische Mathematik, TU Graz,
Steyrergasse 30, 8010 Graz, Austria

{of,o0.steinbach}@tugraz.at
2Faculty of Applied Mathematics and Informatics,
Hanoi University of Technology,
No. 1 Dai Co Viet, Hanoi, Vietnam

thanhpx-fami@mail.hut.edu.vn

Abstract

In this paper we present a finite element analysis for a Dirichlet boundary control

problem where the Dirichlet control is considered in a convex closed subspace of the
energy space H'/2(I'). As an equivalent norm in H'/?(T') we use the energy norm
induced by the so—called Steklov—Poincaré operator which realizes the Dirichlet to
Neumann map, and which can be implemented by using standard finite element
methods. The presented stability and error analysis of the discretization of the
resulting variational inequality is based on the mapping properties of the solution
operators related to the primal and adjoint boundary value problems, and their
finite element approximations. Some numerical results are given, which confirm on
one hand the theoretical estimates, but on the other hand indicate the differences
when modelling the control in Lo(T).

Introduction

to minimise the cost functional

where the state u is the unique solution of a second order elliptic partial differential equation

1
T(u,2) = F(u) + s0l1}.

in a polygonal bounded domain €2, satisfying a Dirichlet boundary condition v =



[' = 09. The non—negative cost functional F(u) describes, e.g., some physical quantity to
be minimised, while ||z||} reflects either the costs of the control z € U C V), or represents
some regularization when considering, for example, an inverse source problem. Note that
Y is an appropriate Hilbert space to be specified, and U4 C V is a convex closed subset
which describes additional constraints on the control.

For a general analysis on optimal control problems governed by partial differential
equations we refer to, e.g., [28, 41], for numerical methods to solve related variational
inequalities, see, e.g., [13], and for a more recent overview on the theory and numerics of
optimal control problems, see, for example, [16].

Optimal control problems (1.1) with a Dirichlet boundary control play an important
role, for example, in the context of computational fluid mechanics., see, e.g., [12, 15], and
the references given therein. In [15], the cost functional J(u,z) = F(u) is the domain
integral over the strain tensor of the velocity field u satisfying the steady state Navier—
Stokes equations with the Dirichlet boundary condition u = z € U C HY*(T). A similar
minimisation problem is considered in [12], where the cost functional J(u,z) is either
written as boundary integral to describe the work needed to overcome the drag exerted on
a given body, or equivalently as a domain integral over the strain of the velocity, and some
additional boundary integral. In both cases, the cost functional [J (u, z) describes an energy
in H'(Q), or equivalently, in the Sobolev trace space H'/?(I'). Hence, when considering the
minimisation problem (1.1) subject to a Dirichlet boundary value problem, V = H'/2(T)
appears as a natural choice [3]. To obtain smoother optimal solutions one may even consider
more regular cost functionals: In [21], V = H?*(I) is considered where the norm || - || z2(r)
is realized by using the Laplace—Beltrami operator on the boundary I'. Note that such an
approach requires sufficient regularity of the domain §2 which is assumed to be of the class
C?!. In [28], several Neumann and Dirichlet boundary control problems with observations
in the domain €2 and on the boundary I' are considered from an analytic point of view.
To describe the involved Sobolev norms on the boundary I', in particular H~'/2(T") and
H'2(T"), certain fractional powers of the Laplace-Beltrami operator are used which seems
to be complicated from a numerical point of view. The situation simplifies when U = Lo(T")
is used as control space. But in this case, the associated partial differential equation
has to be considered within an ultra—weak variational formulation, see, for example, [28],
and [4] for an appropriate finite element approximation using standard piecewise linear
basis functions. The use of the ultra—weak variational formulation of the primal Dirichlet
boundary value problem in the context of an optimal control problem requires the adjoint
variable p to be sufficiently regular, i.e., p € H*(Q) N HJ (). Since the adjoint variable p
itself is the unique solution of the adjoint partial differential equation with homogeneous
Dirichlet boundary conditions, either a smooth boundary I', or a polygonal or polyhedral
but convex domain €2 has to be assumed. For related finite element approximations, see,
e.g., [8, 10, 14, 26, 30], or [44] in the case of a finite dimensional Dirichlet control. Several
variational formulations of Dirichlet control problems are discussed in [25]. To include
a Dirichlet boundary condition v = z € Ly(I') in a standard variational formulation,
alternatively one may consider a penalty approximation of the Dirichlet boundary condition
by using a Robin boundary condition, see, e.g., [3, 17, 19, 20]. Again, sufficient smoothness
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of the boundary I' has to be assumed.

The aim of this paper is to present a numerical analysis of an energy space finite element
approach when the control z is considered as an element of the boundary trace space
H'%(T"), where an equivalent norm is induced by the so-called Steklov-Poincaré operator
which realizes the Dirichlet to Neumann map. Note that in this case the costs represent
the energy of the harmonic extension of the Dirichlet control z. The main difference to
the more common approach when using Lo(I") as control space appears in the optimality
condition. In particular, the Steklov—Poincaré operator links the Dirichlet control to the
normal derivative of the adjoint variable. The related optimality condition results then
in a higher regularity of the control, and requires less assumptions on the smoothness
of the adjoint variable. Indeed, the use of H'/2(T') as control space reflects the proper
mapping properties of the Dirichlet to Neumann map which appears within the optimality
condition. As a consequence, we also obtain higher order convergence results for the
approximate finite element solution. Instead, when using Ly(I") as control space, Dirichlet
and Neumann boundary data are identified with each other. In particular for polygonal
and polyhedral domains €2 the control z will then be zero in all corner points which seems
to be not motivated from the application in mind.

The paper is organised as follows: In Sect. 2, we describe the considered Dirichlet
boundary control problem, the primal boundary value problem, and the reduced cost func-
tional as well as the related adjoint boundary value problem. The minimiser of the reduced
cost functional is characterised as the unique solution of a variational inequality of the first
kind. The finite element discretization of the variational inequality is described in Sect. 3,
where also finite element approximations of both the primal and adjoint boundary value
problems and related error estimates are given. These approximations are used to describe
and to analyse the finite element discretization of the perturbed variational inequality. The
main results of this paper are the error estimates as given in Corollary 3.8. Some numerical
results are finally given in Sect. 4, where we also give a comparison with the more common
approach when considering the control in Lo (T").

For the ease of presentation we restrict our considerations to the case of a convex and
polygonal bounded domain. However, the presented approach applies to general two—
and three-dimensional Lipschitz domains when taking into account related results on the
regularity of the solutions and on appropriate finite element approximations.

For an overview on the used Sobolev spaces in the domain and on the boundary, see,
for example, [1, 31, 37, 40].

2 Dirichlet control problems

Let Q C R? be a convex polygonal bounded domain with boundary I' = 9Q. As a
model problem, we consider the Dirichlet boundary control problem to minimise the cost

functional ]

Hu2) = 5 | fule) = w(@) da + 5y 2.1)



subject to the constraint
—Au=f inQ, wu=2z onl, (2.2)
and where the control satisfies the box constraints

zeU = {wGHl/Q(T) D 0. S w < gy onT}. (2.3)

We assume f € Ly(Q), T € Ly(Q), 0 € Ry, ga, g € HY?(T), and g, < g, on T

The choice V = HY?(T') ensures the well-posedness of the standard variational for-
mulation of the Dirichlet boundary value problem (2.2). There are several possibilities to
describe a (semi-)norm in H/?(I"), e.g., by using the Sobolev-Slobodeckii semi-norm

dxd :
2|H1/2(F) // |x—y\” Sz Sy

other realizations rely on the use of Fourier or multilevel representations which imply
equivalent (semi-)norms in H/2(I'). However, since H'/2(T') is the boundary trace of
H'(Q), we may also consider the equivalent Dirichlet trace norm

2] rrr2ry = st 1Z]| 1)

In particular, for any z € H'/?(T') there exists the harmonic extension u, € H'(f) as the
unique solution of the homogeneous Dirichlet boundary value problem

—Au, =0 inQ, wu,=z onl. (2.4)

Using Green’s first formula, this motivates the use of the semi-—norm

0
|Z‘§-Il/2(r) :/I:%uz<x)uz<x> dSI = [)‘vuz<x>|2dx’

which describes the energy of the harmonic extension u, € H'({2) of the Dirichlet control
z € HY2(I'). By introducing the Steklov—Poincaré operator S : HY/2(I') — H—'/2(T),

(Sz)(x) :== aiuz(a:) for almost all x € T,
n$

which realizes the Dirichlet to Neumann map related to the Dirichlet boundary value
problem (2.4), we can rewrite the semi—norm as

|z|§{1/2(r) = (Sz,2)r (2.5)

where (-, -)p denotes the duality pairing of H~/2(I") and H/*(I').



2.1 Primal boundary value problem

To rewrite the Dirichlet boundary control problem (2.1)—(2.3) by using a reduced cost func-
tional, we introduce a linear solution operator describing the application of the constraint
(2.2). Therefore we consider the homogeneous partial differential equation (2.4) with the
control as Dirichlet boundary condition, and an inhomogeneous partial differential equa-
tion with zero Dirichlet boundary conditions to describe a particular solution. Let uy be
the weak solution of the Dirichlet boundary value problem

—Auy = f inQ, u; =0 onl, (2.6)

ie., up € Hy(Q) is the unique solution of the variational problem
/Vuf -Vou(z)de = /f x)dr for allv € Hy(Q). (2.7)

The solution of the Dirichlet boundary value problem (2.2) is given by u = u, + uy,
where u, € H'(Q) is the weak solution of the Dirichlet boundary value problem (2.4). By
applying the inverse trace theorem, see, e.g., [22, 31, 40] or [37, Theorem 2.22|, there exists
a bounded extension £z € HY(Q) for z € HY*(T'). With u, = uy + £z, the variational
formulation of the Dirichlet boundary value problem (2.4) is to find ug € H}(Q) such that

/Vuo -Vo(z) dx /Vé'z -Vo(x)dr for allv € Hy(Q). (2.8)

By using standard arguments we can ensure the unique solvability of the variational for-
mulations (2.7) and (2.8), respectively. Due to the compact imbedding H'(Q2) C Lo(9) we
may introduce the bounded solution operator H : HY/?(T') — Ly(Q), u. = Hz. Hence we
can write the solution of the primal boundary value problem (2.2) as u = Hz + uy.

2.2 Reduced cost functional and adjoint boundary value problem

By using u = Hz +wuy, we can write the cost functional (2.1) as the reduced cost functional
~ 1, . _ 1
T(2) = (MM, e+ M up =), e g g ) + 50(S2 200, (29)

where H* : Ly(Q) — H'/%(T") is the adjoint operator of H : H'/?(T') — Ly(€). For the
application 7 = H*p € H™V/2(T'), ¥ € Ly(S2), we have

. 0
(T, 0)r = (H'Y, 9)r = _<6_np’ p)r for all o € H'2(T), (2.10)
where the adjoint variable p is the weak solution of the Dirichlet boundary value problem

—Ap =1 inQ, p=0 onTl, (2.11)



i.e., p € H}(Q) is the unique solution of the variational problem
/QVp(x) -Vq(z)dr = /Qw(x)q(x) dr for all ¢ € Hj(Q). (2.12)
Finally, by using Green’s first formula we can rewrite (2.10) for ¢ € HY/?(T') as
() = (oo = = [ Vo) Ve o+ [ v@ie@ds, (213
where £ : HY/2(I') — H'(f) is again the bounded extension operator.

2.3 Optimality condition

To characterise the minimiser of the reduced cost functional (2.9) we introduce the self-
adjoint and bounded operator

T, == H'H + oS : H/*T) — H*T) (2.14)
satisfying
TQ
||TQZ||H_1/2(F) S Co ||Z||H1/2(F) for all z € Hl/z(F),
and define

g = H'(@—uy) € H*T).
Hence we can rewrite (2.9) as

~ 1 1 _
T(2) = 5 (T2 = (g 200 + 5 llug Tl o (215)

Lemma 2.1 The operator T, as defined in (2.14) is HY?(T)-elliptic, i.e., there exists a
positive constant clTQ such that

(Tyz,2)r > e1° |22 yeiey for all z € HY2(T).

)

Proof. For z € HY/2(T'), let u, = Hz € H'(2) be the harmonic extension satisfying the
Dirichlet boundary value problem (2.4). Then, by (2.5)

(Tpz, 2)r = [H2]L,00) + 0087 2)r = lu:lT,0) + ol VuallZ, @) = min{l, o}lu:|71 q),

and the assertion follows from the trace theorem. ]

Since U C HY/*(T') is convex and closed, and since T, is self-adjoint and H'/?(T")-elliptic,
the minimisation of (2.15) is equivalent to solving a variational inequality to find z € U
such that

(Toz,w—z)r > (g,w—z)p forallwel. (2.16)



Since (2.16) is an elliptic variational inequality of the first kind, we can use standard
arguments as given, for example in [6, 13, 28, 29|, to establish unique solvability of the
variational inequality (2.16).

In what follows we will give another characterization of the solution z € U of the vari-
ational inequality (2.16) as a Dirichlet trace of a solution of a bilateral Signorini boundary
value problem. We introduce

. _ . _ 0 0
ANi=Tyz—g=H[Hz—(U—up)]+052="H (U—U)+QSZ——8—RP+Q8—HUZ,

where p is the unique solution of the adjoint Dirichlet boundary value problem
—Ap=u—u inQ, p=0 onTl, (2.17)

and where u, is the harmonic extension of z. Then we can rewrite the variational inequality
(2.16) as
(M w—2z)r >0 forallwel.

Since the solution z € U is uniquely determined, we introduce the active zones
Toi={xel:z(x)=gu(x)}, Tp:={xel:z(x)=gr)},

and the inactive zone

T, :=T\(T,UL,).

Let us first investigate the behavior of the solution z in the vicinity of the upper bound
gp- For an arbitrary test function w € U with w < 2 we define a non-negative function
¢ :=z—w € HY/2I'\T',) satisfying

p(x) =0 forxzel,, 0<o(x)<z(z)—g.(r) forzel\L,.

Hence we have
<>‘7 @)F S 0

for all appropriate test functions ¢. By using a scaling argument we conclude A < 0 in the
sense of H~'/2(T'\I',). In the same way we find A > 0 in the sense of H~*/2(I'\I',) when
considering the lower bound, and we conclude

(\)r =0 forall € HYA(T,) = H'/*(T\T,) N HY*(T\Iy),

i.e., A = 0 in the sense of H~'/2(T',,). Hence we have obtained the complementary conditions

A < 0 forz= g,
A =0 for g, < z < gy,
A >0 for z = g,

which have to be understood as above.



Finally we have that u, € H'(€) is the unique solution of the Signorini boundary value
problem

—Au, =0 inQ (2.18)

with the bilateral constraints on I

0 0
Uz < gy, 05Uz S P foru, = gp, U, > ga, 05Uz 2 5D for u, = g,, (2.19)

and 9 9

05Uz = 5D for g, < u, < gs. (2.20)
Note that the complementary conditions (2.19) and (2.20) are nothing than the Karush-
Kuhn-Tucker conditions which are related to the variational inequality (2.16).

Related to the regularity of solutions of the Dirichlet boundary value problem of the
Laplace equation in a convex polygonal bounded domain €2 we introduce the Sobolev trace
space Hg{f(lﬂ) = H?*(Q)|r of piecewise smooth functions, i.e. for g € Hg{f(lﬂ) there exists
the unique harmonic extension u, € H*(Q) satisfying

—Au, =0 inQ, u;=g¢g onl =090 (2.21)

Now we are in a position to formulate a regularity result for solutions of the bilateral
Signorini problem (2.18)-(2.20).

Theorem 2.2 Let Q C R? be a convex polygonal bounded domain. Let T € Ly(Q2) and
f € Ly(Q) be given. Moreover, we assume ¢q, gy € H]%Z(I‘), Ja < gp. For the solution
of the bilateral Signorini problem (2.18)—(2.20) we then have u, € H?(Q), and therefore

z € Hy (T).

Proof.  For the solution of the adjoint boundary value problem (2.17) we first have
p € HX(Q). For gu, g» € H3.2(T') there exist harmonic extensions uq, u, € H2(2) as defined
in (2.21).

Let z € HY?(T') be the unique solution of the variational inequality (2.16), and let
u, € H'(Q) be the harmonic extension, which satisfies the bilateral Signorini boundary
value problem (2.18)—-(2.20), i.e.

0 0
—Au,=0 inQ, wu,=¢g, only, wu,=g, only, ga—uz = 8—p onl,, (2.22)
n n

where in addition we have the constraints

0 0
< —p only,

0
Qa—nuz <5 U, > —p only, g, <u,<gy, onl,.

Con"* = on
Since the given boundary data of the mixed boundary value problem (2.22) are sufficient

regular, it remains to consider boundary points where the boundary condition changes from
an inactive zone to an active one. In particular we investigate the existence of singularity
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functions in the vicinity of those points. In contrast to boundary value problems with mixed
boundary conditions of Dirichlet and Neumann type, no singularity functions appear in
the case of Signorini boundary conditions.

Without loss of generality let o € T, NT,,. By introducing local polar coordinates, see
Fig. 1
cos @

sin ¢

$:$0+T< ) fOI'T>0, ¢€[07¢0]7 ¢0€(077T]7

Ly
o

To Fn

Figure 1: Local polar coordinates in the vicinity of z.
the solution u, can be written in the vicinity of xg as
w.(2) = Wa(r, 8) = 1°[Acos§ + Bsing] + u(z), a € (0,1),

where u'* € H?*(Q)) is the regular part. To determine the coefficients A and B of the
singular part we consider the Signorini type boundary conditions on I', and I',,, respectively.
For z € I, i.e. ¢ =0, and n, = (0, —1)", the normal derivative of u, reads

9
On,

u.(z) = ar* Asin(a — 1)¢ — B cos(a — 1)éljg=0 + 0781 ulE(z),

and for the Neumann boundary condition on I', we obtain

9
e on.

0
on.

u () = —ar® ' B + oo—ul*(x) = 2—p().

On,

Since the regular functions p,u'* € H?(Q) do not contain any singularity, we conclude
B = 0. On I',, we also have the complementary condition g, = u, < u,, which gives for

=0
F(r):=u,(r,0) — ts(r,0) = r*A+u*(r,0) — ua(r,0) >0 for r > 0.

Recall that w,(0,0) = u.(xg) = uq(zo) = ©s(0,0). A first order Taylor expansion of the
regular part then gives

=7 for some 7 € (0,7),

0< F(r)=r*A+ 7“(% [ae(r,0) — g (r, 0)]



and therefore,

d ~
A [ 0) = (. 0)]

= >0, for some7 € (0,r),r > 0.

|r=7

Since the first order derivative of the regular part is bounded for all ¥ € (0, ), we conclude
A > 0 when considering r — 0.
For x € T',, i.e. ¢ = ¢g, we have

uz(x) = aZ(Ta ¢0) = r*Acos Ongo + u;eg(x) = ua($),

from which we conclude

—_

T
ag = — > = for ¢g € (0, 7.
0= 50 = 2 ¢o € (0, 7]
For z € T', the normal vector is n, = (—sin ¢y, cos ¢g) . Therefore, the normal derivative
of u, on I', is given as

) 0
—u,(z) = —Aagreo! sin[(ag — 1)@ + ¢oljp=¢o + o ult(z).

The complementary Neumann condition on I', then reads

9
e on,

apg—1

o) = oA + g2 (a) 2 5 p(o),
from which we conclude A < 0. Hence, together with A > 0 this gives A = 0, i.e. no

singularity function occurs, in particuluar we have u, € H*(Q). n

Remark 2.1 Although we have given a proof of Theorem 2.2 for the particular case of a
convex and polygonal bounded domain only, we may comment on more general situations
as follows:

1. As explicitely shown in the proof of Theorem 2.2 the solutions of Signorini boundary
value problem do not involve any singularity function. This remains true for smooth
boundaries. For a more general discussion of bilateral Signorini boundary conditions,
see, e.g., [2, 43].

2. In the case of additional Dirichlet or Neumann boundary conditions one may have
only a reduced reqularity, see, e.g., the example as given in [24, p. 617f].

3. Depending on the reqularity of the given data one may even have higher reqularity

results than proven in Theorem 2.2, but even for smooth data one cannot expect more
than u, € H*75(Q), i.e. z € H*>=(T).

4. In the case of a non—convex polygonal bounded domain we can not ensure p € H?(S2)
which would also reduce the regularity of the solution of the bilateral Signorini prob-
lem.
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3 Finite element approximations

For the ease of presentation we consider the case where () is a convex two—dimensional
polygonal bounded domain. Let

Sp(Q) = span{pi}ily € H'(Q),  Sp(Q) = span{on i € Hy(Q)  (3.1)

be some conforming finite element spaces of, e.g., piecewise linear and continuous basis
functions ¢y, which are defined with respect to some admissible domain triangulation €2
of mesh size h. Let

Sp(T) = Si(Q)r = span{g;};2y € HV*(T) (3.2)

be the boundary finite element space of, e.g., piecewise linear and continuous basis functions
¢; which are the boundary traces of the domain basis functions ¢, +; as given in (3.1).
For continuous functions g, and g, we define the discrete convex set

U, = {wh c Si(F) : go(i) < wp(zy) < gp(x;) for all nodes z; € F} )

Then the Galerkin discretization of the variational inequality (2.16) is to find zj, € Uj, such
that
(Tozn, wp — zp)r > (g, w, — zp)r  for all wy, € Uy, (3.3)

Theorem 3.1 Let z € U and z, € U, be the unique solutions of the variational inequalities
(2.16) and (3.3), respectively. We assume gq, gp € H%Q(l") implying z € H%Q(l"). Then
there hold the error estimates

Iz = zallineey < chllellpage (3.4)

and

e = 2nlleawy < B2 12l (35)
pw (

)
Proof. The error estimate (3.4) follows from an abstract theory for the boundary element
approximation of variational inequalities [38, Theorem 3.4]. The error estimate (3.5) follows
from the Aubin—Nitsche trick for variational inequalities in H'/2(T), see [38, Corollary 4.6].
Note that T, : H*(T') — Lo(T") which follows from the mapping properties of all operators
which are involved in the definition of T},. |

Remark 3.1 For a more regular solution z € Hg;E(T) we obtain an almost quadratic
order of convergence when considering the error in Ly(T"), see [38].

Although the error estimates (3.4) and (3.5) seem to be optimal, the operator 7, as con-

sidered in the variational inequality (3.3) does not allow a practical implementation, since
this would require the discretizations of the composed solution operator H*H and of the

11



Steklov—Poincaré operator S, which are not possible in general. Hence, instead of (3.3) we
need to consider a perturbed variational inequality to find z;, € U, such that

<fg5h, wp — Zp)r > (g, wy, — Zp)r  for all wy, € Uy, (3.6)

where TQ and g are appropriate approximations of T, and g, respectively. The following
theorem presents an abstract consistency result, which will be used to analyse the finite
element approximations of the Steklov—Poincaré operator S, and of the primal and adjoint
boundary value problems.

Theorem 3.2 Let T, : HY*(T) — H-Y%(T") be a bounded and Si(T)-elliptic approzima-
tion of T, satisfying
(Tozn, zn)r > &% l2nl3poqy  for all zy € SK(T)

and .
| Tozll 120y < cre |zl 2@y for all z € HY(T).

Let g € H7'Y2(T) be some approzimation of g. For the unique solution Z, € Uy, of the
perturbed variational inequality (3.6) there holds the error estimate

~ L. T,
HZ - ZhHHl/Q(F) S (1 + —fg[c29 + C2Q]> ”Z — zh”Hl/Q(I‘) (37)
€

— [T = T)2llir-sraey + llg = G120
Cl

where z, € Uy, is the unique solution of the discrete variational inequality (3.3).

Proof. The unique solvability of the discrete variational inequality (3.6) follows from the
S}(T)—ellipticity and boundedness of T,. We further obtain

IA

& [l2n = Zall3pe (Ty(zn — Zh), 20 — Zn)r

(T Zhy 2h — 2T + (G — 9, 2h — 2n)1 + (Lo2n, 2n — Zn)1

VAN

< 1@ = Tzulla-ay + 1l = Flla-vey| Non = Zallave
The assertion now follows from the triangle inequality, and by using the boundedness of
T, and T}, respectively. [ ]

It remains to define a suitable approxmlatlon T = H*H + g§ which is based on finite

element approximations H and H* of the primal and adjoint boundary value problem as
well as on the approximation S of the Steklov—Poincaré operator.
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3.1 Primal boundary value problem

The application of the solution operator u, = Hz = uy + £z, ug € Hy (), is given as the
unique solution of the variational problem (2.8). The finite element approximation of (2.8)
is to find ug, € S} o(Q2) such that

/ Vuon(x) - Vup(z) de = —/ VEz(z) - Vup(z)dz  for all vy, € Sj (). (3.8)
0 0

By using Cea’s lemma, see, e.g., [5] or [37, Theorem 8.1], and by using the approximation
property of S,ﬁ,o(Q), see, e.g., [37, Theorem 9.10], we conclude the unique solvability of the
Galerkin formulation (3.8) as well as the error estimate

Huo — uo,hHHWQ) S Ch ‘UO‘HQ(Q). (39)

By applying the Aubin—Nitsche trick, see, e.g., [5] or [37, Theorem 11.1], we also obtain
an error estimate in Lo (§2),

Huo — uo,hHLQ(Q) < Ch2 |UO‘H2(Q). (310)

However, instead of the variational problem (3.8), we will consider a perturbed variational
problem to find an approximate solution ) € SiO(Q) such that

/ Vg p(x) - Vop(z) do = —/ VQu€z(z) - Vuu(x)de  for all v, € Sp (), (3.11)
Q Q

where Qj, : H'(Q) — SL(Q) denotes a quasi-interpolation operator [35]. Since the per-
turbed variational problem (3.11) admits a unique solution ug ), € S ivo(Q), a finite element

approximation Hz of the solution operator Hz = ug + £z can be defined by
Hz = Tgp+ Quéz. (3.12)

Lemma 3.3 The approzimate solution operator H : HY/2(T) — Ly(Q) as defined in (3.12)

s bounded. Moreover, for z € Hgéf(l“) there holds the approximation error estimate

[Hz — Hel ) < ch? [uolr2c) + 121l s e | - (3.13)

Proof.  The boundedness of H : HY2(I') — Ly(Q) follows from the stability of the
finite element approximation scheme, and from the boundedness of the quasi-interpolation
operator Q, : H'(Q) — S}(Q) € H'(Q), see [35]. The error estimate (3.13) follows from
the application of the Strang lemma, see, e.g., [5] or [37, Theorem 8.2], the Aubin—Nitsche
trick, see, e.g., [37, Lemma 11.3], and by using the L, error estimate of the linear quasi—
interpolation operator @, see [35]. [ ]
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In the same way as above we may define a finite element approximation of the particular
solution uy, i.e., usp € S 11,0(9) is the unique solution of the Galerkin variational problem

/ Vusp(z) - Vop(x) de = / f(@)op(z) dx for all v, € S} ()
Q Q
satisfying the error estimate

lup — uppllia@) < ch® lugllmzo) (3.14)

in the case of a convex polygonal bounded domain 2.

3.2 Steklov—Poincaré operator

The application of the Steklov—Poincaré operator S for z € H'/?(T") is defined by

(Sz,w)r = / VHz(z) - VEw(x)dx for allw € HY*(T).
Q

Based on the approximation H of the solution operator H, we define the approximation S
by

(Sz, w)p = /QV”;‘T{z(a:) -VEw(x)dx for allw € HY*(I). (3.15)

Lemma 3.4 [36, Theorem 3.5] The approzimate Steklov—Poincaré operator S HY? ) —
H=Y2(T) is bounded and HY*(T') semi-elliptic. For = € Hy (T') there holds the approxi-
mation error estimate

152 = Szllg-ramy < ch [Juolar) + HzHHgv/VQ(F)]. (3.16)

3.3 Adjoint boundary value problem

Next we consider a finite element approximation of the adjoint solution operator 7 = H*1
as defined in (2.10), i.e., of

T(x) = _82 p(z) forx €T,

where p € H}(Q) is the unique solution of the variational problem (2.12). The finite
element approximation of (2.12) is to find p, € S, ((€2) such that

/ Vpn(z) - Vop(z) de = / W(x)op(x)de  for all v, € S,lho(Q). (3.17)
Q Q

Again, we conclude the unique solvability of the Galerkin formulation (3.17) by means of
Cea’s lemma, as well as the quasi—optimal error estimate, in the case of a convex polygonal
bounded domain,

1P = pullme) < chlplig) < ch||¥f,@)- (3.18)
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Now we are able to define an approximation 7 = ﬁ*w of 7 = H* for ¢p € Ly(Q2) by
(T,w)r = —/ Vpn(z) - VEw(z) dx + / Y(x)Ew(z)dr for allw € HY*(T).  (3.19)
Q Q

Lemma 3.5 Fori € Ly(Q2) let T = ’ﬁ*w be the approximation as defined in (3.19). Then,
H* 2 Ly(Q) — H™Y2(T) is bounded, and there holds the error estimate

NH —HYla-vzqey = lIm = Flla-svay < b [¥llzage). (3.20)

Proof. Both the boundedness of H* : Ly(Q) — H~Y%(I') and the error estimate (3.20)
follow from the finite element error estimate (3.18) when using duality arguments and the
inverse trace theorem. [ |

3.4 Approximation error estimates

By using the finite element approximations H, #*, and S as defined in (3.12), (3.19) and
(3.15), respectively, we can introduce the finite element approximations

T,:= oS +HH, §:=HT—us) (3.21)

to be used within the perturbed variational inequality (3.6). For the application of Theo-
rem 3.2 we need to estimate the related approximation error.

Lemma 3.6 For z € Hg’V/VZ(T), let Hz = ug + Ez € H?*(Q) be the solution of the Dirichlet
boundary value problem (2.4). Let p € H*(Q) be the weak solution of the adjoint boundary
value problem (2.11) with ¢» = Hz. Then there holds the error estimate

1T, = To)2laaey < e hHzllnage + 2h [lollmzy + 12l oy | - (322)

Proof. By the triangle inequality and by using the boundedness of 7* : L(€2) — HY/2(T")
we have

IT = T)ellasay = NHH = FH)2 + (5 = S)ellg-vaqr
< N = FYH vy + I (= el gavaqey + 1105 = 8)ell oo
< W = F el mraqey + 5 N = )2l + (S = Szl vy

The assertion now follows from the error estimates (3.13), (3.16), and (3.20). n

Lemma 3.7 Let ugy € S,iO(Q) be the finite element approximation of the particular solu-
tion uy € H*(Q). Let pg, Pu; € H?(Q) be the weak solutions of the adjoint boundary value
problem (2.11) with ¢ = and ¢ = uy, respectively. Then there holds the error estimate

lg = G120y < e lugllmee + 2 b [[Tlla@ + luglla@)] - (3.23)
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Proof. From the triangle inequality we first have

g = Flu-vay = 1@ = ug) = @ = uga) la-vaqn
< N = -2y + I (g = wup)llavay + I = H gl gy

The assertion now follows from the boundedness of H* : Ly(Q2) — H~Y2(T"), and the finite
element error estimates (3.14) and (3.20). For the application of Lemma 3.5 we need to
assume pg, py, € H 2(Q) where py and p, ; are the weak solutions of the adjoint boundary
value problem (2.11) with ¢ = @ and 1 = uy, respectively. But this assumption is satisfied
in the case of a convex polygonal domain. ]

It remains to prove the S} (T')-ellipticity of the finite element approximation TQ. This will

be a consequence of the matrix representation of TQ as discussed in the next subsection.
Now we are in the position to present the final error estimate for the approximate
solution zj, of the variational inequality (3.6).

Corollary 3.8 Let Q C R? be a convex polygonal bounded domain. For g4, gy € HSV/VQ(F)

and f,u € Ly(Q) let z € HS&(F) be the unique solution of the variational inequality (2.16).
Let z, € Uy, be the unique solution of the perturbed variational inequality (3.6). Then there
holds the error estimate

12 = Zull ey < el f)h. (3.24)
Moreover, we have

2 = Zullawy < ez, f) R, (3.25)

Proof. The error estimate (3.24) follows from Theorem 3.2 by using the approximation
error estimates (3.22) and (3.23). By using the Aubin-Nitsche trick for the perturbed
variational inequality (3.6) we obtain the error estimate (3.25). n

From the error estimate (3.25) we also conclude, by applying the Aubin—Nitsche trick for
the primal boundary value problem (2.2), the error estimate

= wnllrae) < (=7, £) 12 (3.26)

Moreover, by using the Aubin—Nitsche trick for the adjoint boundary value problem (2.11)
with ¢ = u — u we also obtain the error estimate

1P — pullLo) < ez, f) B2, (3.27)

3.5 Approximate variational inequality

Now we are in a position to describe the finite element approximation of the perturbed
variational inequality (3.6) to find z;, € U}, such that

Q<§Eh, wp — Eh>p —+ <H*(ﬁ§h -+ Uf,h — ﬂ), wp — gh>I‘ Z 0 for all wp, € Z/{h .
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Note that u;, = ﬁZh +upp € S}(€) is the unique solution of the Galerkin variational
formulation

/ Vuy(z) - Vop(z) de = / f(@)op(z)dz  for all v, € Sj (). (3.28)
Q Q
By using
Mgq
x) = Zul,kSOk + Z Z0P Mo +0(T Z Zepi(), = PMq+4T;
k=1

the variational formulation (3.28) is equivalent to the linear system
Kiup+ Kerz = [, (3.29)

where
Kulj, ] = / Ver(e) - V(@) dr, Keilj, (] = / Veoro () - Vo () da,
(9] Q

fork,j=1,...,Mq, ¢{=1,..., Mp, describe the standard finite element stiffness matrices,
and

:/f(:p)goj(x)d:p for j=1,..., Mg.
Q

Next we consider, by using (3.19),

<ﬁ*(ﬁ§h + upn — ﬂ), Wy, — :th>p = <H*(uh - ﬂ), Wy, — §h>p

—/ Vpn(z) - VE(wy, — z1)(x) dx + /[uh(x) —u(x)]|E(wp, — Zp) () dx,
Q

Q

where p;, € S} 4(€2) is the unique solution of the variational problem

/vah(llf) -Vap(z)de = /Q[uh(:c) —u(x)|gu(z) dz for all g, € S, ((€2).

Hence we conclude the matrix representation

(H*(HZh +upn — ), wy, — Zn)r = (—Krep + Mycuy + MecZ — g W — Z),

where
Krp = Mrup+ Moz — g,

Note that the matrices defined by

Mirlj. k] = / or(@)o;(2) dr,  Mealj, 0] = Miglt, ] = / orters ()05 (2) de
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fork,7=1,...,Mq, ¢=1,..., Mpr and

MCC[ja g] = /(pMQ+€(x)(pMQ+j(x) dx for jag = 17 ey MF
Q

are the standard finite element mass matrices. Moreover,
gr; = /ﬂ(az)%(:c) deforj=1,...,Mq, gos= /ﬂ(az)@MﬂH(az) dx for 0 =1,..., Mr.
Q Q
Let gh be the Galerkin matrix of the approximate Steklov—Poincaré operator S , Le.,
Sh = Keo — Kre K Ker

where

Keelj, /] Z/QVPMQM@)'VSOMQM(@ dz,

for j,¢ = 1,..., Mp. The matrix representation of the variational inequality (3.6) is then
given by the discrete variational inequality

0(ShZ,w—2) + (—Krep+ Miou; + Mooz = g ,w—2) > 0 for all w € RM 5wy, € Uy,

or
(TopZ —gyw—2) > 0 for allw € RM & wy, € Ui, (3.30)
where
Ton = 0Sh + Kic KM K Koy — Ko K Moy — MoK Ko + Mee (3.31)
and

9 =9, KicKij'g, + KicK;; MKy f, = MoK f

Lemma 3.9 The approximate operator TQ = g§+ H*H is S}HT)~elliptic. In particular,
the matriz T, as defined in (3.31) is positive definite, i.e.,

(Tywn, wi)r = (Tonw,w) > i |wnl}pjoey  for allwy, € SHT) ¢ w € RMT.

Proof. For w € R™" and by defining v = —KI_;KC[M we have

(Tppw,w) = ([KieKp' MK Ker — KioKi Mer — Mie K Ker + Mec + 0Sylw, w)
= (MK Kow, K ' Kerw) — (Mcjw, K Korw) — (MoK Kerw, w)

+H(Mocw, w) + o(Shw, w)
= (Mv,v) + (Morw,v) + (Mo, w) + (Mecw, w) + o(Shw, w)

- (( J\Ajzlé J\Ajgé ) (i)(i)) + o(Shw, w).
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Since the mass matrix

[ M Mer
Mn = < Mic Mce )

is positive definite, the assertion follows. [ ]

In the particular case of a non—constrained minimisation problem, instead of the discrete
variational inequality (3.30) we have to solve the linear system

Tg,hz = ga
which is equivalent to the system
—Mr Kir —Mer ur -9,
K1 Ker p =1/ | (3.32)
Mic —Kic Mcc + oS z 9c

Note that the coupled linear system (3.32) also results from a direct finite element approx-
imation of the adjoint boundary value problem, of the primal boundary value problem,
and of the optimality condition.

4 Numerical results and concluding remarks

As numerical example we consider as in [8], see also [30], the Dirichlet boundary control
problem (2.1)~(2.3) for the domain Q = (0, 1)? C R? where

(2) = (27 +23)7', f(z) =0, o=1,

gl

and without box constraints. For the finite element discretization we introduce a uniform
triangulation of €2 on several refinement levels L with the mesh size h; = 27*2) where
for L = 0 the coarsest level is given by 4 uniform triangles. Since the minimiser of (2.1) is
not known for this example, we use the finite element solutions (zj,, up,) on the 9th level
as reference solutions.

In Table 1 we give the finite element errors for the control variable z in the Ly(I")—norm,
for the primal variable u and for the adjoint state p in the Ly(2)-norm. We observe an
estimated order of convergence (eoc) close to 2 as predicted by the error estimates (3.26)
and (3.27) for u and p. For the control z the observed order of convergence is larger than
3/2 which is predicted by the error estimate (3.25). So far we are not able to prove this
higher order of convergence for a finite element discretization but for the boundary element
discretization presented in [32] when assuming z € ng(l"). In this case the second order of
convergence reflects the optimal approximation property when using piecewise linear basis
functions on the boundary.

For comparison we present in Table 2 the numerical results when considering the Dirich-
let control problem in Ly(T"), see also [8, 30]. While we obtain a quadratic convergence
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[2n = Zholl o) | €0C | [[un — ung o) | €0C | [IPh — Phollo() | €0c
1.23e-03 2.25e-04 1.47e-04
3.47e-04 1.83 5.51e-05 2.03 4.77e-05 1.63
9.48e-05 1.87 1.34e-05 2.04 1.40e-05 1.76
2.57e-05 1.88 3.44e-06 1.96 3.88e-06 1.85
6.96e-06 1.88 9.72e-07 1.82 1.03e-06 1.92
1.87e-06 1.89 2.91e-07 1.74 2.57e-07 2.00
4.54e-07 2.04 7.70e-08 1.92 5.52e-08 2.22

00~ O T W N~

Table 1: Finite element errors for the Dirichlet control problem in H'/?(T).

behaviour for the adjoint state p with slightly larger errors than for H/2(T") control, the
convergence rate for the control z and for the primal variable u changes significantly. The
total errors are worse by orders of magnitude than the ones in Table 1. The main reason
for this different convergence behaviour lies in the optimality condition which reads for the

Ly(T") control

0
- P — =-___ 4.1
z U£7 Qg_'_T 07 T anp ( )

where P, denotes the pointwise projection onto U.

L | |lzn = 2nollzor) | oc | |Jun — ungllzo@) | €oc | [[pn — Phollzo(e) | €oc
3.20e-02 6.76e-03 4.92¢-04
1.84e-02 0.80 2.66e-03 1.35 1.38e-04 1.84
1.05e-02 0.80 1.05e-03 1.34 3.63e-05 1.92
6.07e-03 0.80 4.20e-04 1.32 9.34e-06 1.96
3.53e-03 0.78 1.69e-04 1.31 2.35e-06 1.99
2.07e-03 0.77 6.85e-05 1.30 5.71e-07 2.04
1.14e-03 0.85 2.57e-05 1.41 1.20e-07 2.25

0O 3 O U i W I

Table 2: Finite element errors for the Dirichlet control problem in Lo(T).

Indeed, for the given % we obtain z € H??(T") only, instead of z € HSV/VZ(T) when considering
the control in H/2(I"). Moreover, from the optimality conditions (4.1) we conclude, that
z is zero in all corner points due to the zero Dirichlet boundary condition of the adjoint
state p. Hence we obtain a zero control z in all corner points independent of the target
function . Instead, when considering the control in H'/2(T"), the application of S reflects
the proper mapping properties of the Dirichlet to Neumann map. This results in a more
feasible Dirichlet control in corner points. For illustration we give the plots of the states
u in Fig. 1 for the H/?(T) setting, and in Fig. 2 for the Lo(I") setting. Note that for
this example we used a H'? norm, which is defined by the semi-norm induced by the
Steklov—Poincaré operator S plus a Ly(I") equivalent term, and different values of o to
ensure comparable values for the tracking functional ||u — | 1,().
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Dirichlet
2.394933

Dirichlet
2.394933

0.3 0.3

0.2 0.2

0.1 0.1

0 0
-0.0023 -0.0023

Fig. 1: State u for the control in H'/2(I").  Fig. 2: State u for the control in Ly(T).

In Table 3, we present the computational times in seconds related to Table 1 and Table 2.
N denotes the number of triangles of the triangulation. The slightly higher effort for the
approach of the H/2(I") semi-norm is due to a few more iteration steps needed to solve
the Schur complement system of (3.32) iteratively. Note that advanced preconditioners
are not applied here. Taking into account the higher order of convergence, the additional
effort is justifiable.

N | HY2(I) Ly (T)
1024 | 0.04 sec | 0.03 sec
4096 | 0.18 sec | 0.16 sec

16384 | 0.79 sec | 0.70 sec
65536 | 3.70 sec | 3.05 sec
262144 | 15.92 sec | 12.81 sec

00~ O |

Table 3: Comparison of the computational times for H'/2(T") and Ly(T") costs.

Recall that there are no box constraints considered in this example, i.e., we have to solve
the coupled linear system (3.32), or the related Schur complement system. Since the Schur
complement f&h defines an equivalent discrete norm in H'/?(I"), appropriate precondition-
ers can be constructed, e.g. by using multilevel methods. For the solution of the discrete
variational inequality (3.30) one may consider either multigrid methods, see, e.g., [18, 34],
or semi—smooth Newton methods, see, e.g., [23, 42].

As an example with active constraints and a H'?(I') control, we consider the first
example where o = 1 and choose g, = 2.2 and g, inactive. Again we use the semi—norm
induced by the Steklov—Poincaré operator. Fig. 3 and Fig. 4 clearly show the difference
of the solutions of the unconstrained and the constrained case. The constrained problem
is solved by a semi-smooth Newton method, see e.g. [23]. Fig. 5 shows the control of the
constrained and unconstrained problem along the line x5 = 0.
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Dirichlet Dirichlet
.25585 .25585
224 224

M»'Q.Z

2,16

2.12049

M»'Q.Z

2,16

2.12049

—

Fig. 3: State u for the unconstrained case. Fig. 4: State u for the constrained case.

. . . . . . . . .
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Fig. 5: Comparison of the constrained and unconstrained control z along the line x5 = 0.

In this paper we have presented a rigorous stability and error analysis for a finite element
approximation of a Dirichlet boundary control problem where the control is considered
in the energy space H'/2(I'). For the ease of presentation we have restricted our consid-
erations to the case of a convex two—dimensional polygonal bounded domain. However,
using standard finite element approximations for partial differential equations which are
formulated in domains with smooth curved boundaries, our approach can be extended to
the case of two— and three-dimensional domains with smooth boundary. Moreover, the
finite element analysis can be transfered also to general polygonal or polyhedral bounded
domains, but then related regularity results for Signorini boundary value problems are
required.

Note that for the approximation of the operator T, : HY*(T') — H~Y/%(T') as defined
in (2.14) we may also consider boundary element methods which require an appropriate
handling of the inhomogeneous adjoint partial differential equation in (2.11). The stability
and error analysis of the resulting boundary element approach for the solution of Dirichlet
control problems is discussed in [32], see also [33].

Instead of the Steklov—Poincaré operator S : HY/?(I') — H~'/2(T") one may use any
other bounded and semi-elliptic operator to realize an equivalent norm in HY?(T'). A
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possible choice is to consider as in [32] the so—called hypersingular boundary integral op-
erator D which does not require an inversion as in the definition of gh. But the use of
the hypersingular integral operator may result in a lower regularity of the control z, and
therefore in a lower order of convergence of the finite element approximation, see [32, 33].
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