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Abstract

In this paper we analyse constrained optimal Dirichlet boundary control problems
subject to the linear heat equation. We propose to use boundary integral equations to
solve the coupled optimality system, and we present results on unique solvability and
related a priori error estimates for a symmetric Galerkin boundary element method.
A numerical example confirms the analytical results.

1 Introduction

Optimal control problems subject to elliptic or parabolic partial differential equations are
of great interest, both from a mathematical and an application point of view, see, e.g.,
[4, 7, 15]. In most cases, the numerical solution by using finite elements is based on the
variational formulation of the optimality system. In particular when considering boundary
control problems, boundary integral formulations and boundary element methods may
be an interesting alternative to finite element methods. In [10] we have introduced and
analysed a symmetric Galerkin boundary element method for the solution of Dirichlet
boundary control problems subject to the Poisson equation. When describing the solutions
of both the primal and adjoint value problems by using boundary integral equations, a
variational inequality in the Sobolev trace space H/?(T") has to be solved, see also [14].
Since the state enters the adjoint problem as a volume density, an appropriate reformulation
of the related Newton potentials by using Bi-Laplace boundary integral operators has to
be introduced.



In this paper we analyse the Dirichlet boundary optimal control problem governed
by the linear heat equation as a model problem. Several variational formulations for a
Dirichlet control in Ly(I") are considered in [6], and a Galerkin finite element method for
the numerical solution of a parabolic Neumann control problem was proposed in [16], where
a backward discretization in time was used. Instead, here we propose and analyse the use
of boundary element methods to solve the related optimality system, see also [11].

Boundary integral formulations for the heat equation are well established, see, e.g.,
2, 3, 9]. In fact, the state u and the adjoint state p can be represented by some layer heat
potentials. Since the final state u enters the adjoint heat equation, which is in fact reverse
in time, we need to modify the presentation of the related Newton potential by using
an auxiliary function which is related to the fundamental solution of the heat equation.
With this, similar formulations of boundary integral equations as in the case of stationary
boundary control problems [10] are obtained.

This paper is organised as follows. In Sect. 2 we describe the model problem where the
Dirichlet control is considered in the boundary energy space H21 (), where ¥ := I'x (0, T))
is the boundary of the space time cylinder, and where an equivalent norm is induced by
the hypersingular layer heat potential D, see, e.g., [3]. Moreover, we discuss the optimality
system, which consists of the primal problem, the adjoint problem, and the optimality
condition. In Sect. 3 we first recall the boundary integral equation approach in the case of
the heat equation which can be used to describe the primal state u, and the adjoint state
p. Since the final state u(T") enters the adjoint equation as a final termination condition,
we introduce an auxiliary function to rewrite the related volume potential by using surface
potentials only. It turns out that we can state almost the same mapping properties of the
resulting boundary integral operators as in the elliptic case [10]. The symmetric Galerkin
boundary element approximation of the resulting variational inequality is formulated and
analysed in Sect. 4. Finally, in Sect. 5, a numerical example is given which confirms the
theorical results.

2 Parabolic Dirichlet boundary control problems

For a bounded Lipschitz domain Q C R? d = 2,3, with boundary I' = 9 and for a
fixed real number T' > 0, we define the time interval [ := (0,7, the space time cylinder
Q = Q x I, and its boundary ¥ := I' x I. We consider the model problem to find a
Dirichlet control z to minimize the distance of the final temperature u(-,T") from a desired
temperature wu, i.e. we consider the cost functional

1
J(u, z) = 5 / [u(x, T) — ()] do + %(Dz, 2)% (2.1)
Q
to be minimized subject to the heat equation
Owu(x,t) — Au(z,t) = 0 for (z,t) € Q,
u(z,t) = z(z,t) for (z,t) € X, (2.2)
u(z,0) = wp(z) for x € Q,



and subject to pointwise control constraints
2 € Uyg = {w € H%’%(Z): 21(z,t) < w(z,t) < z(z,t) for (z,t) € Z}. (2.3)

For the definition of the used Sobolev spaces, see, e.g., [1, 3]. We assume u,uy € Lo(2),
a € Ry, 2,2 € H1(X), and D : H21(X) — H-31(%) is the hypersingular heat
boundary integral operator [3] which defines an equivalent norm in H 21 (X). In particular,
for z € H2'1(X) we have

(Dz)(x,t) := ~3 / / 5 —y,t —7)z(y, 7)ds,dr  for (z,t) € X,
M ny
where .
/At oy
E(a,t) = 4 [@ntyar” ort >0, (2.4)
0 fort <0

is the fundamental solution of the heat equation. Let v be a given function defined on
Q xRy (or I' x Ry), and let 5 € R, be arbitrary. Then we define the time reversal map
Kt, by

R v(x,t) = v(z,tg — ). (2.5)

The hypersingular heat boundary integral operator D is H 21 (X)—elliptic and self-adjoint
with respect to a time-twisted duality, see [3], i.e.,

N

(Dz,2)s > cP||2|]2 1 1 (Dz, krw)y, = (Dw, krz)y for all z,w € He

? (%), (2.6)

As in [4, 7] we obtain the related optimality conditions as follows:

Theorem 2.1 Let (u,z) € H2(Q)x H21(X) be an optimal solution of the optimal control
problem (2.1)—(2.3). Then there exists a unique p € Hlv%(Q) satisfying the adjoint heat
equation

—atp(fL',t)—Ap(fL',t) = f07" (:Eat) GQ
p(z,t) = for (z,t) € X, (2.7)
pz,T) = (:1: T)—u(x)  forx e

and the optimality condition
(aDz — Opp,w — 2)g >0 for all w € U, (2.8)

where

1
D .= §<D + KJTDFLT). (29)



Proof. For a given z € H2'1(X) there exists a unique solution u, € H%2(Q) of the primal
heat equation (2.2), see, e.g., [3]. Then the cost functional (2.1) can be rewritten in a
reduced form as

%<DZ, Z>E-

Let he H %’%(Z) be an arbitrary but given direction for which we have
J(z+h) — J(z)

~ 1 B
J(2) = 5llu(T) — |7, +

1 _ 1 B o o

= S laen () = T e — 5 (T) = Tl Pl s s~ (D
_ 1

= (us(T) = T, 0Tty + 10T + 5 (D2, s + S(Dh, 2)s + S(Dh, s,

and where v(z,t) := u,qp(z,t) — u,(z,t) is the unique solution of the heat equation
ow(z,t) — Av(z,t) =0 inQ, wv(z,t)=h(z,t) onX, v(z,00=0 on(d
By applying Green’s second formula for the pair (v, p),

/ / (z,t) at ) (x,t) + v(z, 1) (@ + A)p(:p,t)] dx dt

B /Q [ (z, T)p(w, T) —“(56,0)29(90,0)] dz

+/OT/F (8imp(x,t)v(x,t)— 8imv(x’t)p(x’t)) ds,, dt

/Q[uz(x, T) —u(x)|v(z, T) dr + /F 8imp(a:, t)h(z,t) ds, dt = 0.

Therefore, by using the self-adjointness (2.6) of the hypersingular heat boundary integral
operator D we conclude

J(z+h) — J(z2)
a a 1 9 a
= 5Dz, My + S (krDhrz, )z = (Oup, M + 5 [[0(T)l|Ly0) + 5 (Dh, hjs

we obtain

= <Ozl32 - 8np7 h>E + O <||h||2 2 4(2))
where we have used

[o(T)|z2) < e llAll (Dh, h)s < ¢ ||]3 4

A (my 3(m)
This implies that the gradient of J(z) satisfies
<vj<z>7 h’>2 = <OZEZ - 8np7 h’>2 )

from which the assertion follows, see also [4, 7]. n



In the following we will use a boundary element approach to solve the optimality system,
i.e. the primal heat equation (2.2), the adjoint heat equation (2.7), and the optimality
condition (2.8).

3 Boundary integral equations

In this section we first recall the boundary integral equations for the heat equation (2.2).
Some mapping properties of the standard boundary integral layer heat operators can be
found in, e.g., [3]. For the adjoint heat equation (2.7), instead of using the volume potential
of the state u, we introduce some boundary potentials with a regular kernel.

3.1 The primal heat equation

Let us first consider the primal heat equation (2.2), where the solution is given by the
representation formula for (z,t) € Q,

t
~ 0
/ /S(x —y,t— T)a—nyu(y,T) ds, dr

//8ny _y’t_T)Z(W)dsyd7+Lg(f—y,t)uO(y)dy,

where £(x,t) is the fundamental solution of the heat equation as given in (2.4). By taking
the limit Q > 7 — x € I', we obtain the first kind boundary integral equation to find
w(z,t) := dyu(z,t) such that

(Vw)(x,t) = (%I + K)z(x,t) — (Moug)(x,t) for (z,t) € X. (3.1)
Here, .
(Vw)(z,t) = / /5(:10 —y,t —T)w(y,7)ds,dr for (z,t) € X

is the single layer heat boundary integral operator V' : H~ "_i(Z) — H%’%(Z), and

(K / / 8ny —y,t—71)2(y,7)ds,dr for (x,t) € X

is the double layer heat boundary integral operator K : H21(X) — H2z1(X), sce [3].
Moreover,

(Moug)(z,t) = /Qg(x — 1y, thup(y) dy for (x,t) € X2

is the related Newton potential. Since the single layer heat boundary integral operator V'
1 1
is H 2~ 1(X)-elliptic, i.e.,

(Vw,w)s > C¥||w||27%77%(2) for all w € H 2~ 1(%),

bt



the boundary integral equation (3.1) is solvable, when a Dirichlet datum z is given, and
we obtain

1
w= V‘l(él + K)z — V" Myuy. (3.2)

3.2 The adjoint heat equation

Next we consider the adjoint heat equation (2.7). Since the time reversal of the adjoint
state variable, krp, is a solution of the heat equation, i.e.,

O(krp)(x,t) — A(kpp)(z,t) = 0 for (z,t) € Q,
krp(x,t) = 0 for (z,t) € &,
krp(x,0) = wu(x,T)—u(x) forx e,

the representation formula for (z,t) € Q gives

- ¢ - 0 -
eapl@it) = [ [ Gyt = r)gnpty, ) dsydr+ [ £~y kel 0) di. (33
0 JIU Y

and therefore the first kind boundary integral equation
(V(rra)) (2, 8) = (Mgi) (2,£) — (Myu(-, T))(2,8) for (2,) € © (3.4)

to determine the unknown Neumann datum ¢(x,t) = 9,p(z,t) for (z,t) € ¥ follows.

In (3.4), the unknown state u(-,7T") at the final time 7" appears in the Newton potential.
Hence, in what follows we will modify the representation formula (3.3). The crucial idea
is to use an auxiliary function

d/2
t a2
G(l’, t, T) = (m) GTTH*T% for = € Q, t, T € (0, T), (35)

which satisfies

E(x,t)G(x,t,7)=E(x, T+t—7), lim Gz —y,t,7)=1 forallte (0,7T).

T—=T~

For y € Q2 we then have

_ /OT 5 [u(y’ G —y,t, 7-)] dr +up(y)G(Z — y,t,0)

T T
= / 8TG(§§_ y7t7 T)U(ZJ,T) dT+ / G(‘f_ y7t77-)8Tu(y7T) dT—i_uO(y)G(ZE_ y7t70)
0 0



Hence we can write the Newton potential in the representation formula (3.3) as
(Mo TNt = [ £ =9 0u(s.T)dy
T
= / / E(x —y,t)0.G(x —y,t,7)uly, 7)dydr
Q
" T
[ [ G- 006G -yt Al ) dyr
0o Ja
+ [ £ - 006G - y.1.00un(y) dy
Q
It is easy to check that
AEET -y, t)G(@ —y,t,7)] =A@ —y, T+t —7)=-E@ —y,1)0,G(T —y,t,7),
and by definition, we have
Ex -y, )Gx -y, t,7) =T —y,T+t—1).
Together with Green’s second formula we finally obtain
T
(M TG0 = [ [ 6@ 9T+ t= Ay r)dydr
0 Jo
T
—/ / u(y, )AE(Z —y, T+t —7)dydr + / E@—y, T+ t)up(y)dy
0 Jo Q

T
:/ /S(EE—y,T+t—T)iu(y,T)dsydT
0 T any

o . - _
—/u(y,T)—c‘f(a:—y,T+t—T)dsydr+/E(x—y,T—i-t)uo(y)dy,
T on Q

Y

and this gives a modified representation formula for the adjoint variable for (z,t) € @,
0
krp(T,t) 5 —y,t—7 8—/£Tp(y, T) ds, dT — 5 (T —y,t)u(y)dy  (3.6)

/ /l x—y,T+t—T)aiu(y7 7) —u(y, )gs(x—y,Tth—r)] ds, dr

y
+ [ @ T+ oty dy.
Q
By taking the limit Q2 3 ¥ — x € I' we obtain a boundary integral equation for (z,t) € ¥,

0 = (V(kra))(z,t) + (Viw) (1) = (K12)(x, 1) = (Mow) (x,1) + (Myguo) (z,1),  (3.7)



where
T
(Viw)(x,t) = / /S(x—y,Tth—T)w(y,T) ds, dr,
o Jr

(K12)(z,t) = /0 /Fié'(x—y,T+t—T)z(y,T)dsyd7'

on,

are the bi—single and the bi—double layer heat boundary integral operators, respectively,
defined for (z,t) € ¥. In addition to

(o)) = [ &=y atu)dy for (2.6) € 3

we introduce the volume potential

(Migup)(z,t) = /Qé'(x —y, T+ t)ug(y)dy for (z,t) € 3.

When inserting (3.2) into the boundary integral equation (3.7), this gives
Vi(krq) = Kiz — Vlvl(%l + K)z + ViV "Myuo + Mot — Mygu,
and hence we conclude
kg =V 'Kz — V‘l\/ﬂ/‘l(%l + K)z + VWAV Mug + VI Mya — V Mygug. (3.8)

Now the optimality condition (2.8) can be rewritten as a variational inequality to find
2z € Uyy, such that

(Taz — g,w — 2)x >0 for all w € Uy, (3.9)
where )
To i =aD — kpV K] + /@TV‘1V1V‘1(§I + K) (3.10)
and
g:=rrV '"Moyu+ kr (VIVIVT My — V7 Myg) wo. (3.11)

3.3 Mapping properties

To investigate the properties of the composed boundary integral operator 7, as defined in
(3.10), let us summarize some properties of the bi-layer heat boundary integral operators
V1 and K4 which are similar to the properties of the Bi-Laplace boundary integral operators
as considered in [10, 12].



Lemma 3.1 Forw € H 27 (X) we have
1 ~
(5T + Ko, wrVieo)s — (mrKiw, Veo)s = (V) (. T) 0 (3.12)

with the single layer heat potential

(?w)(w,t) = /0 /Fg(x —y,t —Tw(y,7)ds,dr  for (z,t) € Q,

and with the adjoint double layer heat potentials

(K'w)(z,t) = /0 /F aixéf(a: —y,t —T)w(y,7)ds,dr  for (x,t) € X,

T
K)wt) = [ [ el — . T+t =ty ) dsydr for (o) €5,
o Jr ONg

which satisfy

(krw, K2)s = (krz, K'W)s, (krw, Ki12)s = (krz, Kjw)s. (3.13)

Proof. Consider the following functions for (z,t) € @

u(z,t) = (Vw)(z,t) = //Ex—y,t—T w(y, T) ds, dr,
o(z,t) = /0 /Fc‘f(x—y,QT—t—T)w(y,r)dsydT

which are solutions of the heat equation and of the adjoint heat equation, respectively,
Ou(x,t) — Au(z,t) =0, —0w(x,t)— Av(x,t) =0 for (z,t) € Q.

Moreover, we have

u(z, T) =v(z,T), u(x,0)=0.
The application of the standard interior Dirichlet and Neumann trace operators 7o and ~;
gives
you(z,t) = (Vw)(z,t), yu(z, t) = (%I + K'w(z,t),
Yu(z,t) = rr(Viw)(z,t), mv(x,t) = kp(Kjw)(z,t).

Now the assertion follows from Green’s second formula, i.e.

/0 /Q [v(x, t) (it — A)u(m, t) + u(z,t) (Gt + A)v(gg, t)] d dt
— /0 /1‘ [%v(x,t)%u(x,t) - vlu(x,t)%v(x,t)] ds, dt
+ /ﬂ[u(aj, T)v(z,T) — u(z,0)v(x,0)] dr.

As in the case of the Bi-Laplace operator, see [10, 12], we can state the following properties.

9



Lemma 3.2 For the layer and bi-layer heat boundary integral operators, there hold the
relations

1 1

KV =VK', DK=KD, VD= ZI - K* DV = ZI — K7, (3.14)
L 1 N1 1

1% (§I+K) :D+(§I+K)V (§I+K), (3.15)

and
VK + VK = K\V+ KV, (3.16)
DK, - DK = K,D—K'Dy, (3.17)
ViD—-VD,+ KK, + KK = 0, (3.18)
DV —D\V+K'K, + KIK' = 0. (3.19)

Note that Dy is the normal derivative of the bi—double layer heat potential, i.e.

(D12)(z,t) 8%/ /a—nyc‘f r—y,T+t—71)z(y,7)ds,dr, (z,t)€X. (3.20)

Proof. The relations of (3.14) for the layer heat boundary integral operators are well
known, see [3]. The relation (3.15) is an alternative representation of the so—called Dirichlet
to Neumann operator, see [13] for similar properties of the Laplace boundary integral
operators. Indeed, by (3.14) we have

D+ (%I + K’)V‘l(%l +K) = V—l(il - K*) + (%I + K’)V‘l(%f + K)
= Vl(%[ - K)(%I + K) + (%I+ K’)Vl(%H K)
— (%v—l — K’V‘l)(%l + K) + (%I + K’)V‘l(%l + K)
Vl(%IJrK).

To establish the relations (3.16)—(3.19), let w € H271(%), ¢ € H21 (%) be arbitrary. We
then define, for (z,t) € Q,

T
u(z,t) = /0 Ag(x—y,T+t—T)w(y,T)dsydT

/ /87’Ly —y,T—Ft—T)()O(y,T)dSydT’
v(x,t) = //5 x—y,t—1)w(y,T dSydT—i-//%g r—y,t—7)p(y,T)ds,dr,
y

10



which are solutions of the heat equation. Their related boundary and initial conditions are
given by

'YOU:V1W+K1<P7 71UZK{W+D1()07 U(l‘,O) :U(l‘,T),
1 1
fyOv:ijL(—é[—i—K)go, MU = (§I+K’)W—D<p, v(x,0) = 0.

Moreover, by using u(x,0) = v(z,T) we can also represent the function u(z,t) as

/ / r—y,t—T7)nuly,7)ds,dr — / / 3ny —y,t —1)vouly, ) ds, dr
+ /Q E(x —y,t)v(y, T) dy.
Again, we can modify the volume potential as before to obtain the representation formula
u(z,t) / /5 r—y,t—7T)nu(y, 7)ds, dr — / / 8ny —y,t —7)yul(y, 7)ds, dr

/ /5 r—y,T+t—1)nv(y, T dSydT—/ /8—5 r—y,T+t—"1)yv(y,7)ds,dr.
Ty

Hence, by taking the Dirichlet and Neumann traces we conclude

YoU _ %]—K V -K;, 'V YU
Y1u D %I+K/ —D1 Ki YoU ’

and by inserting the traces of u and v we obtain

1
Viw+ Kip = (51 = K)[Viw + Kig] + VIKiw + Dig]

—Ki[Vw + (—%IJrK) ]+V1[(1]+K/)W—Dg0]

and
Kiw+ Dip = D[Viw+ K| + (%I + K')[K{w + D1yp]
“DilVio (51 + K)gl + K{[(5T + K')w — Dyl
which hold for all w € H271(X), ¢ € H2'1(X), and which imply

1
Vi = (§[—K)V1+VK/ K1V+V1( I+K’)

1 1

K, = (51 — K)K,+ VD + Kl(il — K)—-WiD,
1 1

K, = DV;+ (51 + K')K{ — D,V + K{(él + K'),

1 1
Dy = DKi+(51+K)Di+Dy(51 - K) - K{D.

11



Now the assertion follows. ]

Note that the boundary integral operators V', D, Vi, and D, are self-adjoint with respect to
the time—twisted duality pairing, see (2.6) for D, and hence the operator D is self-adjoint
with respect to the inner product (-, )y, i.e., for all w,0 € H-271(X), ¢, w € HZ1(X) we
have

(Vw, KIT0>E = <V9, /{Tw>z, <V1w, /{T0>Z = <‘/19, /{Tw>z, (321)
<D1()0a "{T'w)Z = <D1w7'l’{'TS0>27 <D()0aw>2 = <Dw>S0>E (322)

_ (Vi K
(% )

Lemma 3.3 The operator

satisfies

(A (Z) , KT (t;)>2 = (Viw, krw)s — (Kip, krw)s — (Kjw, kr¢)s + (D1, krp)s > 0

t\.’)\»—‘
.

for allw e H 27 1(%), p € H21(%).

(%) and ¢ € H21(X) we define, for (z,t) € RAT x (0, T),

W=

Proof. For w € H-3~

u(z,t) //5x—y,T+t—7') (y,7)dsy dr — //8 r—y,T+t—"1)p(y,7)ds,dr,
Ty

v(x,t) //5 r—y,t—T7)w(y, T dSydT—/ /—5 r—y,t—7)e(y,7)ds,dr,
ony

which are solutions of the heat equation in both the interior and exterior domains. The
related boundary traces of u are given by

You = Viw—Kip, mu= K{w — Dy,

while v satisfies jump relations across ¥,

ext int ext int

[ov] =57 = v = —p,  [nv] =7 =T = —w.
Hence we can rewrite the bilinear form of the operator A as

A(2) e () = (o) me (S

= (You, /‘fTViflt s — (ou, KTVth )s + (nu, KTVSXt s — (i, KTVénth

int int ext ext ext ext

= (70" u, ke 0)s — (N0, ey o)s + (7 U, ket 0)s — (06 U, kYT ) s

12



The application of Green’s second formula to the solutions v and v of the heat equation
both in the interior and exterior domains gives

<76ntu /’{'T’Yint > <71 U, K,T"Y(l)nt >E:/U($,O)'U(5L'7T) d{E:/[U(ZE,O)]Qde,
Q Q

and

ext

<7TXtU KTVSthZ - <% U, KTY7 )y

= / [U($a 0)]2 dx — (mv, HT%U)aBRxl + (nu, KT%”)BBRxb

where Br := {z € R?: |z| < R} is a sufficiently large ball containing 2, and Q5 := B\,
% = Q% x I. Thus we obtain

(A (w) , KT (w) )w = / [u(z,0)])? dz — / Krudyv ds, dt + / Krv0,u ds, dt.
'd ¥ QuQg, OBpxI OBprxI

We will show that the last two terms tend to zero as R — oo. To do this, let us consider
the function v first. Let us choose 0 < Ry < R such that Q C Bg,. By the representation
formula for the solution v of the heat equation, it follows that outside Q% , in particular
for |x| > Ry, the function v coincides with

oz, t) // E(x—y, t—T)wo(y, ) ds, dT— // —53: y,t—T7)po(y, 7) ds, dr,
9Br, 9Br, Iny

where the single and the double layer potentials are now defined for density functions on
YR, := O0Br, X I, i.e. wy := 8Tv|gR0, Yo = U|ZRO. The densities wy, g, as well as the
boundary Yg,, are smooth. We can now easily estimate v, and 0,v on the boundary g
for R > Ry, using the behaviour of the fundamental solution £(z,t). From the simple
estimates, for all u € R,

[E(@, )] < cut™ [, [VE(w, 1)] < ¢t a7

and
2

&L’i&cj

S(x,t)‘ < gt i =12,
we obtain for finite T,
kv =O(R™), 0v=0R"") as |z|]=R— oo

Similarly, for (z,t) € 0Bg x I, the kernel E(x —y, T+t —71), (y,7) € X, is smooth. Then
kru and O,u are bounded as |z| = R — oo. Hence

_/ Krudyv ds, dt + / krvohuds, dt = O(R™Y) =0 as |z| = R — oo.
8BR><I

8BR><I
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Hence we finally conclude

Corollary 3.4 The boundary integral operators Vi and Dy are positive semi—definite with
respect to the time—twisted duality pairing (-, kr+)s, i.e. we have

(Viw, krw)s >0 for allw € H’%”i(E), (D1p,krp)s >0 forallp € H%’%(Z).

To close this section, let us recall the mapping properties of the Newton potential My, see
9, Lemma 7.10].

Lemma 3.5 Let Q C RY, d = 2,3 be bounded. Then, for any f € Ly(2) here holds

1Mofll 08 ) < CED I fllza@)-

)
Note that, since &(z, T +t) € C°(R? x R,) for T > 0, the operator M is continuous on
the considered Sobolev spaces.

We are now in a position to prove the properties of the boundary integral operator 7.

Theorem 3.6 The operator T, : H21(2) — H-271(%) as defined in (3.10),

~ 1
To =aD — krV 1K, + HTV*lvlv*(a[ + K)

is bounded, self-adjoint with respect to the inner product (-,)s, and H%’%(Z)fellz’ptic, i.e.
there exists a constant c;* > 0 such that

(Taz,2)s > claHszq%’% for all z € H>5(X).

(=)
Proof. The proof is similar to the proof of Theorem 4.4 in [10], hence we skip the details.
Note that, for the mapping properties of the layer heat potentials, see [3]. In particular,
we have

VI H?i(S) > H 2 i(%), K:H#i(%)— H»i(X), D:H

PN

)

N

() = H >71(3).

Since the kernels of the bi—layer heat potentials are regular, we can also derive

1

Vi: H271(D) » HP1(S), K : H¥1(X) - H21(3).

Hence we conclude the unique solvability of the variational inequality (3.9).
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4 Symmetric boundary element approximations

In this section, we investigate a symmetric boundary integral formulation by using also
a second boundary integral equation for the solution of the adjoint heat boundary value
problem. We ensure unique solvability and we derive a priori error estimates for a Galerkin
boundary element approximation.

In particular, when computing the normal derivative of the representation formula (3.6)
of the adjoint variable p, this gives for all (z,t) € X

rrq(z,t) = (%f + K')krq(z,t) + (Kjw)(z,t) — (D12)(2,t) — (Mya)(2, ) + (Muuo)(z, 1),
(4.1)

where, in addition, we introduce the Newton potentials for (z,t) € X

(Myw)(x,t) 8711/5 x—y, t)uly)dy, (Mijug)(z,t) 8711/8 r—y, T+ t)uo(y) dy.

By substituting (3.2) and (3.8) into the right hand side of (4.1) we obtain the alternative
representation

1 1 1 1
kg = (GI+ KWKz = (GI+ K)VIVT G+ K)z + (51 + K)V AV Mou

1 1 1
+(§I + K"V Myu — (51 + K"V Mygug + K{V‘l(él + K)z — KjV ! Myug
—Dlz — Mlﬂ + MHUQ.

Hence we have to solve the variational inequality to find the control z € U,q such that

(Taz — g, w — z)x, >0 for all w € Uyg, (4.2)
where
~ 1 1
To = aD+kpDy — KTK{V_1(§I +K) — /@T(él + K')VK, (4.3)

1 1
trr(G1+ KONV (ST 4 K)

is an alternative representation of 7, as defined in (3.10), and
1 1
krg = (51 + K'YVt Myu — M7 + (51 + K'YV 'WViV ! Myug (4.4)
1
_(51 + K,)V_lMlo’MQ - K{V_lMQUQ + MHUQ

is the related right hand side.

Theorem 4.1 The operator T, as given in (4.3) coincides with the operator as defined in
(3.10). In particular, T, is bounded, self-adjoint with respect to the inner product (-, )y,
and H%’%(Z)felliptic, i.e., there holds, for some cl* > 0,

11
(Taz, 2)s 2 C1a||Z||2%,%(E) for all z € H=%(X).

15



Proof. The self-adjointness of 7T, is obvious from the symmetric representation (4.3) and
(3.13), (3.21), (3.22). In particular, the operators 7, in the symmetric representation (4.3)
and in the non-symmetric representation (3.10) coincide. Indeed, by using (3.14) and
(3.16) we have

. 1 1 1
T. = aD+ krDi — fp (K; ~ (51 + K’)V*1V1> VG K) = k(G + KOV,
- 1 1 1
— aD+ rypDy — kpV <VK; KV, — 5Vl)v—1(§[ + K) = rr(5 ]+ KV
- 1 1 1
— aD + rpDy — KV <K1V ViK' — 5\4) VG K) = k(G + KOV

= aD+ krD; — nTlel(%[ +K) + /@Tvlvl(%[ + K’)Vl(%[ + K)
—/{T(%I + K')VK].
By using (3.15), (3.14) and (3.18) we further conclude
T. = aD+rrD; — HTV1K1<%[ K+ ke VY (Vl(%[ +K) - D)
—HT<%[ + KWK,
— aD+kpV 7! (VD1 - Kl(%l +K)+ %V‘l(%l +K)—-WD - (%I + K)Kl)
— aD+ eV (Vﬂ/l(%[ LK) — Kl)
= oD —krV K + /@TV‘ll/lV‘l(%I +K)
and we obtain the non-symmetric representation (3.10).

Moreover, the ellipticity estimate can be shown directly by using Lemma 3.3. Indeed,
for z € Hz1(¥) and w = V3AGI+ K)z € H~271(%) we have

(Taz,2)s = a(Dz,2)s + (krD12,2)s — (ke Kjw, 2)s
1 1
—(HT<§[ + K'YV 'Kz 2)s + <HT(§[ + K"V "W, 2)s
a(ﬁz, 2)s + (kpD12, 2)y — (Kjw, kr2)y — (K12, kpw)s + (Viw, krw)s
(

v
o

Dz, 2)y > acP HzHi{%%@).

Hence the variational inequality (4.2) admits a unique solution. Moreover, in consequence
of the alternative representation (4.4) of the right hand side g as defined in (3.11), we
obtain the following corollary.
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Corollary 4.2 For any ug,u € Lo(Q2) there hold the identities

1
Mu = (—§I+K’)V*1M0ﬂ, (4.5)

1 1
M11u0 = Kiv_lM(]U() + (5[ — K')V_1V1V_1M0u0 — (51 — K')V_leuO. (46)

4.1 Galerkin boundary element approximations

In what follows, we study the numerical solution of the variational inequality (4.2) by a
Galerkin boundary element method. The ellipticity of the Schur complement boundary
integral operator 7, will imply the quasi-optimality of Galerkin approximations. Let us
first introduce some finite dimensional trial spaces.

For the approximating subspaces of H=21(X) and H21(3) it is customary to use
tensor products of spaces of functions of the space variables and of spaces of functions of
the time variable. We introduce a standard class of tensor product spaces

(B =S e T

which are based on polynomials of degree d; in time and polynomials of degree d, in space,
see [3, 9]. We choose an approximation for the Neumann data w,q which is piecewise
constant both in space and in time. For continuous functions z; and 25, we define the
discrete convex set

Uy, = {wh € Q(D): z1(wi, t;) < wilwi,t;) < zo(w,t;)  for all nodes (z4,t;) € Z},

where Q}L’O(Z) is a boundary element space of piecewise linear and continuous basis func-
tions in space and piecewise constant ones in time. Then the Galerkin discretization of the
variational inequality (4.2) is to find z;, € U}, such that

(Tazn,wp — zp)s > (g, wy, — zp)y  for all wy, € Uy,. (4.7)

Theorem 4.3 Let z € U,y and z, € Uy be the unique solutions of the variational inequal-
ities (4.2) and (4.7), respectively. Then there holds the error estimate

s

<co(nsr L pt 48
sc\fa =+ Ry ||Z||HS’%(E (4.8)

when assuming 2,21,z € H%3(2) and Toz — g € H*57 () for some s € [1,2].

Proof. The assertion follows from standard a priori error estimates for first kind variational
inequalities, see in particular the discussion in [14]. [ |

Since the composed boundary integral operator 7, and the right hand side g as defined in
(4.3), (4.4) do not allow a practical implementation in general, instead of (4.7) we consider
a perturbed variational inequality to find Zj, € U, such that

<,7—a/z\h7 Wh — /Z\h>2 Z </g\, Wh — /Z\h>2 for all wp, € Z/{h. (49)
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Theorem 4.4 Let T, : Hz 1(8) —» H™271(X) be a bounded and Q" (%) elliptic approz-
imation of T, satisfying

<7:J{Zh7zh>2 Z CZ;HZhHi{%v%(E) for all Zh c Qi,O(E)

and

ol
[un

”TZ'H i for all z € H>1(%).

” I HE (%)

Let g € H_%’_%(E) be some approximation of g. For the unique solution Z, € Uy of the
perturbed variational inequality (4.9) there holds the error estimate

l2=Zull 1 4 < =2l F2(1Ta =Tzl oy o4 gy 9= 3 1)) (410)

where zp, € Uy, is the unique solution of the discrete variational inequality (4.7).

Proof. Since the operator 7A; is bounded and Q}IL’O(Z)felliptic, the discrete variational
inequality (4.9) admits a unique solution. From this we further obtain

C1Ta||2h —/Z\hHi{%%(z) < (Talzn — Zn), 20 — Zn)s
< (Tazn, 2 — Zn)s + (9,20 — 2n)s + (Ta2n, 2n — 2n)x — (9, 2h — 2n)x
= (Tazn zn — Zn)e + (G — 9,20 — 2n)s + (Ta2h, 2h — 2n)s
< (” To = a)zh”H—%,—i(z) + g — §||H—%,—i(z)) 2 — 3h||H%,%(E)-

By using the triangle inequality and the boundedness of 7, and 7\; we have
1(Te = 7o)z by S NTa =Tzl - -3 ) T 1Ta = Ta)(z = 20l -3 -4

H3TE(D) )

< W Fa=Tadellyy oy gy + (G + 2= 2l

11 .
HEA (D)
The assertion now follows from the triangle inequality

12 =2l 34 sy < 12 = 2l

. = Fall 1

HE(3) Ty
|

It remains to define the appropriate approx1mat10ns 7;, g which are based on the use of
boundary element methods. For z € Hii (Z), the application of 7,z reads

~ 1
Toz = aDz + krDyz — kir Kjw, — HT<§[ + K')q.,

where ¢,,w, € H BT (X) are the unique solutions of the boundary integral equations

1
I+ K)z, Vg, =Kz—Vw,.

szz(Q
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Let Q%O(Z) be another boundary element space of piecewise constant basis functions both
in space and in time. Let ¢, ), € Q%O(Z) be the unique solution of the Galerkin variational
problem

(V@ On)s = (Kiz — Viw.p,, O)s for all 0, € Q°(5),

where w,, € Q)°(%) solves

1
W%W%ﬁ:«#+Kyﬁw;bum%eQ%@)

~

We are now in a position to define an approximation 7, of the operator 7, by
~ - 1
Toz =aDz+ krDiz — ke Kjw, j, — HT<§[ + K')q. . (4.11)

Lemma 4.5 The approzimate operator T, : H21(X) — H 27 1() as defined in (4.11)
18 bounded, i.e.,
forall z € H%’i(E),

7ozl 41 ) < "2,

1 11
a( 2°4 (%)

and there holds the error estimate

I(7e = Ta)zll, - < mfw%_%mll + callws — wenll .- 4.12)

11 o< 11 1
27 4(%) GhEQ?L’O(E 27 4(3) 1(%)

where T, was defined in (4.3).

~

Proof. The boundedness of the operator 7, follows from the mapping properties of all
boundary integral operators involved. In particular, the Galerkin boundary element solu-
tions w, 5, . in (4.11) satisty

losnll -3 -1 sy S all2llgiagy Nnll -y -3 ) S ellzllng g

For the error estimate (4.12) let z € H2'1(X) be arbitrary but fixed. By definition, we
have

~ 1
Toz = aDz + krDyz — ki Kjw, — HT<§[ + K')q.,

where 1
Vw, = (51 +K)z, Vg, =Kz—Viw,.

By using (4.11), we then obtain
~ 1
Toz — Taz = kr K (W — w,) + KT(§T + K') gz — q2),

where ¢, 5, € Q?L’O(Z) is the unique solution of the Galerkin variational problem

(Vaen, On)s = (K12 — Viw, p,0h)s  for all 0), € Q%O(Z),
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and w, , € QY°(X) solves
1
(Vo On)e = ((G1 + K)z,0h)s  for all 0, € QY'(%).

Moreover we define 7., € Q,"(2) as the unique solution of the Galerkin variational problem
(V@ On)s = (K12 — Viw., 0)s  for all 6, € Q) (%).
Then the perturbed Galerkin orthogonality
(V(@eh = @), On)s = (Vi(wep — w.),0h)x  for all 0, € Q%O(E)

follows. This implies the inequality
N 1
o= Bl < o IVi =)ty < Bl = 3

Therefore, by the boundedness of the operators K/, K| : H=2~4 (%) — H~271(%) and by
the triangle inequality we conclude

K, K/
1T = T2l oty < o = el gy A e — el 3
S CQleZh wZH ——a—z(z) +02 ||q?Jh QZhH ——,—z(z) +62 ||qZh QzHH—%,—%(E)'
The assertion now follows by applying Cea’s lemma. ]

By using the approximation property of the trial space Q%O(Z), we conclude an error
estimate from (4.12) when assuming some regularity of ¢, and w,, respectively.

Corollary 4.6 Assume q.,w, € H>2(X) for some s € [0,1]. Then there holds the error
estimate

1T = Tadolya sy < 0 (24 00) (5438 (el gy + Il oty ) (413)

+ [|w.

Similarly, the right hand side in (4.4) can be rewritten as

1
I+ K')qguy + crKiwy, — 67 MiT + Kp Mg uo,

QZFGT(2

where ¢, € H BT (X) is the unique solution of the boundary integral equation
(Vaau)(z,t) = (Myu)(x,t) — (Miouo)(z, t) — (Viwy, ) (x,t)  for (z,t) € X,
and w,, € H™271(%) solves
(Vwy) (2, t) = —(Moug)(z,t) for (z,t) € X.
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Hence we define approximate Galerkin solutions g, wy, € Q?L’O(Z) of ¢y, and wy,, and then
we can introduce the approximation

—~ 1 - -
g = KJT(§I + K/)qh —+ HJTKiwh — weMiu + krMiug (414)

and we obtain the error estimate
1 1 El
g =1y < € (B2 + 0 ) (B 4+ 17 ) (lgmaoll s ey + Dol sy ) (415)

when assuming ¢g ., W, € H*2(X) for some s € [0, 1].

4.2 Approximate variational inequality

By using the approximations (4.11) and (4.14), the perturbed variational inequality (4.9)
reads to find z,, € U, such that

(D3, + Ky D12y — krKjws, 5 — KT(%I + K"z h, wh — Zn)s
> <HT(%[ + K", + kK@, — 60 My + ke Mg, wy, — 2)s - for all wy, € Uy,
which can be written as
(D% + g DyE — K — m%f + K )gu wn — B (4.16)

> (kpMyyug — ke My, w, — Zp) s

for all wy, € Uy, where we introduce g, := ¢z, h + qn € Q%O(E) which is the unique solution
of the Galerkin variational problem

<th, 9h>2 = <K1/Z\h — %wh, 9h>2 + <M0ﬂ — Mlouo, 9h>2 for all Gh € Q%O(E), (417)

and wy, 1= wz, p + Wy € Q%O(E) which solves

1 ~
<th, 9h>2 = <(§[ + K)Zh — Mouo, 9h>2 for all 6;, € Q%O(E), (418)
see the corresponding boundary integral equations (3.7), (3.1).
Let
N—1 No—1 N—1No—1
o) =3 3 ol @Ut), ) = a2 RA),
k=0 (=0 k=0 (=0
and
N—1N;—1
Zn(z,t) = 2k pn(@)PR(L),  (2,1) €,
k=0 n=0



where N; denotes the dimension of S} (I'), 7 = 0,1 and N is the number of time steps.
Substituting these expansions into (4.17) with the test functions 0y, (x,t) = ¢} ()1 (t)
fori=0,1,...,.Ng—1;7=0,1,..., N — 1, we get

= (el )R], ) + aadV 0L S @ (0)s)
- Z Z 2k (K [, ()00 (1)), 07 ( )"'CTQ/}O( Ns = (Mou — Mlouoﬁp?(x)"fﬂ/’?(t»ﬁ
k=0 n=0

foralli=0,1,...,Np—1;,57=0,1,...,N — 1.

Since the last equation is indexed by four integers, it requires some ordering or parti-
tioning of the unknowns. For 0 <k < N —1 we define vectors wy, ¢, € RM and z, € RM
by

wk[ﬁ] = Wk, qk[ﬁ] = ok, zk[n]:znk for EzO,l,...,NO—1;n:0,1,...,N1—1.
Similarly, E denote vectors of length Ny whose components are given by
fii] = (Mou — Mygug, @} () krt)(t))s, for i=0,1,...,Ng—1;j=0,1,...,N —1.

Finally, we define matrices V}j, Vi € RM*% and Kj, € RY*M for 0 <k,j < N —1 by

11 = (Vilei(@)Ur(®)], ¢ (@) sl (t)s,
1] = (Ve (@)vk@®)], i (@)rre5 (1))s,
Kililln] = (Kilon(@)vi(t)], ) (2)rrd5 (1)),

fOri,£:0,17...,N0—1; n:O,l,...,Nl—l.
With these notations, the system (4.17) can be written in the form

=

<Vﬁcgk + Vg, — K;kgk) =/, for j=01,.. ,N-1 (4.19)

N-—1 N-—1 1
k=0 k=0

where the matrices My, Kj;, € RNoxN1 are defined by

Mylilln] = {en(@)eR(t), &7 (@) s (1))s,

Klilln] = (Klen(@)vp ()], 7 (@)rrf(t))s
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and
F7li) = —(Mouo, @7 (x) k] () 5.

Let us rewrite the linear systems (4.19) and (4.20) as follows. For the N? matrices A,
4, k=0,1,..., N — 1, which correspond to one of the layer heat potentials A, i.e.,

Ajila)[€] = (Ale (@)U (0)], ¢ (2)rre5 (1)),

we denote a block matrix Ay by

Ao Ao e Agnaa
Ay Ay e Ay na
Ap = . . .
An-1p An-ig - Anvoinaa

We define a vector a which is constructed from the N vectors a; by

a:=(aj af - Q;_l)f
With these notations, the inner product of two vectors Ana and b can be expressed by the

time—twisted duality, i.e.,
(AhQ7 é) = <Aa’h7 HTbh>27

where ay,, by, are trial functions whose coefficients of the expansions in trial spaces corre-
spond to the vectors a,b. Here the operator A can be one of the layer heat potentials
V,K,Vi,.... In case of the identity operator, we have a mass matrix M}, as usual.

We now rewrite the linear systems (4.19) and (4.20) in the forms

Vipw + Vig — Ky pz = f (4.21)
and 1

Viw — (§Mh + Kp)z = f? (4.22)
respectively.

4.3 Discrete variational inequality

Analogously, we can also reformulate the perturbed variational inequality (4.16) to find
z € RMYN v 2 € U, such that

- 1
(@Dpz + Dinz = Kjpw = (GMy + Ky)g,w —2) > (fw = 2) (4.23)

for all w € RMYN & wy, € Uy, where w,q € RYY are the unique solutions of the linear

systems (4.22), (4.21), respectively. Here, in addition, we define the matrices Djl-k,f)jk €
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RN1*Nt and the vectors ﬁ’ € RM by

Djml[n] = (Dilpp ()0 (t)], en(2)erd] (1)) s,
Djx[ml[n] = %(D[%@)@/}g(tﬂa P (@) (1)) 5 + %<D[<P3L($)HT¢2(75)]7 P (@) 7] (1)) 5,
film] = (Miyug — My, @, (2) ket ()

for ,k=0,1,...,N -1, m,n=0,1,..., N; — 1. Note that
(Dha,b) = (Dap, by)s, for all a,b € RMY 5 ay,, b, € QO(2).

The Galerkin matrix V), of the single layer heat potential V' is symmetric and positive
definite, hence it is invertible, and we can determine w and g from (4.22) and (4.21). Then
the discrete variational inequality (4.23) is equivalent to

(Tapz,w —2) > (g,w —2) forallw e RMY & wy, € Uy, (4.24)
where

~ 1 1
Ton = aDy+ Dy = (GMy + KV Ko = KV (G M+ K)o (4.25)

1 1
+(§MhT + K,f)vhflvl,hvhfl(aMh + Kp)

defines a symmetric Galerkin boundary element approximation of the self-adjoint operator
T, and

_ 1 _ _
g = f)’ + KlT,th 1i2 + (éMhT + KhT)Vh 1(i1 - VinV, 1i2) (4.26)
is the related boundary element approximation of the right hand side g as defined in (4.4).
Lemma 4.7 The symmetric matriz T, as defined in (4.25) is positive definite, i.e.,

(Tanz, z) > acy thHZ%%(E) for all z € RN o 2, € Q1°(D).

Proof. While the symmetry of 7, is obvious, the positive definiteness follows by using
Lemma 3.3. Indeed, by using the symmetry of V}, and with w = Vh_l(%Mh + K},)z, we have

(Tonz,z2) = o(Dpz,2) + (Dipz, 2) — 2Ky nzw) + (Vigw, w),

Oé<l~72h, z2n)s + (D1zn, krzn)s — 2{K1z2n, krwh)s + (Viws, Krwh) s,

> a(Dzp, z2n)n > acy thHZ%,%(E)-

Hence we conclude the unique solvability of the variational inequality (4.24) and (4.9) as
well. Moreover, we can derive an error estimate for the approximate control solution zj by
applying Theorem 4.4 and with the error estimates (4.8), (4.13) and (4.15).
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Theorem 4.8 Let z and z,, be the unique solutions of the variational inequalities (4.2) and
(4.9), respectively. Then there holds the error estimate

PN < hs+% h%(er%) h% hi Bs h%
Iz ZhHH%,%(E)_Cl z - Ny ||Z||Hs+1,8+1 + el na + Ny z TNy ||Qz||Hsﬁ%(z)

()
es (2 4 b ) (3408 ) (1ol gy + 170 e 5+ 1l et )
when assuming z € HS”LLSTH(Z) and Gz, Ws, Guugs Wy € H*2(X) for some s € [0,1].
In particular, if there are constants ¢y, ¢y > 0 such that
cihy < hy < ey,

we obtain the estimate
~ _ +1 s+l
|z — Zh”H%%(Z) < c(z,@,up) ha > for z € HtH 2 (8),5 € [0,1]. (4.27)
In the case of a non—constrained minimization problem, instead of the discrete variational
inequality (4.24) we have to solve the linear system

Tonz =9,
which can be written as
‘/l,h Vh _Kl,h w il
Vi ~GMy+En) | g =/ (4.28)
~K|, —(GM, +K]) Dip+aD, z I

5 Numerical results

As a numerical example we consider the Dirichlet boundary control problem (2.1)-(2.3)
for a circular domain Q = By5(0) C R% For the boundary element discretization we use
a uniform boundary element mesh on several levels L, with Ny = N; = 2X72 nodes; and
a uniform decomposition of the interval (0,7') by N time steps. We use the trial space

,11’0(2) of piecewise linear and continuous basis functions in the space variable x € I', and
piecewise constant ones in the time variable ¢ € (0,7") to approximate the Dirichlet control
z. For the fluxes w, ¢, we use the trial space Q%O(Z) of piecewise constant basis functions

both in space and in time. We set T" = 0.5 and
U(r) = (22 +235)log(2? + 23) + 4179, ug(x) =0, a=0.1, 2z =-1, 2z =011

Since the minimizer of (2.1) is not known, we use the boundary element solutions zyef, Wyer
for Ng = N1 = 512 and N = 512 as reference solutions. In Table 1, we present the errors
for the control z and the estimated order of convergence (eoc). The errors of the flux w
in the Ly(X) norm are also given. Since the data are smooth in this case, we expect the
optimal order of convergence 1.5 for the control z in the energy space H 21 (32) which agrees
with the theoretical results, see (4.27). In addition, in Fig. 1 we present the final optimal
solution u(-,T) with the given target function w.
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No, Ni | N | zZh = zetllpos) | €0C | |20 — Zref”H%’L(E) €oC | [Jwn — wretllzo(m) | €OC

32 4 0.154249 - 1.050200 - 0.727606 -
64 16 0.054260 1.507 0.561425 0.903 0.321477 1.178
128 64 0.012887 2.074 0.212840 1.399 0.187099 0.781
256 256 0.003018 2.094 0.071736 1.569 0.064487 1.537

expected 2.0 1.5 1.0

Table 1: Errors and estimated order of convergence.

Figure 1: Final optimal solution (left) and target function (right).
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