Jonathan Rohleder

Titchmarsh—Weyl Theory and Inverse Problems
for Elliptic Differential Operators



Monographic Series TU Graz

Computation in Engineering and Science

Series Editors

G. Brenn Institute of Fluid Mechanics and Heat Transfer

G. A. Holzapfel Institute of Biomechanics

W. von der Linden Institute of Theoretical and Computational Physics
M. Schanz Institute of Applied Mechanics

O. Steinbach Institute of Computational Mathematics



Monographic Series TU Graz

Computation in Engineering and Science Volume 19

Jonathan Rohleder

Titchmarsh—Weyl Theory and Inverse Problems
for Elliptic Differential Operators

This work is based on the dissertation “Titchmarsh—Weyl Theory and Inverse
Problems for Elliptic Differential Operators”, presented by Jonathan Rohleder at Graz
University of Technology, Institute of Computational Mathematics in January 2013.
Supervisor: J. Behrndt (Graz University of Technology)

Reviewer: W. Arendt (University of UIm)



Bibliographic information published by Die Deutsche Bibliothek.
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available at http://dnb.ddb.de.

© 2013 Verlag der Technischen Universitat Graz

Cover photo Vier-Spezies-Rechenmaschine
by courtesy of the Gottfried Wilhelm Leibniz Bibliothek —

Niederséchsische Landesbibliothek Hannover

Layout Wolfgang Karl, TU Graz / Universitatsbibliothek
Christina Fraueneder, TU Graz / Biro des Rektorates

Printed by TU Graz / Blroservice

Verlag der Technischen Universitat Graz
www.ub.tugraz.at/Verlag

ISBN: 978-3-85125-283-5 (print)
ISBN: 978-3-85125-286-6 (e-book)

DOI: 10.3217/978-3-85125-283-5

This work is subject to copyright. All rights are reserved, whether the whole or part of
the material is concerned, specifically the rights of reprinting, translation,
reproduction on microfilm and data storage and processing in data bases. For any
kind of use the permission of the Verlag der Technischen Universitat Graz must be
obtained.



CONTENTS

(L Introduction| 1
P Preliminacies 7
[2.1  Linear operators and analytic operator functions| . . . . . . . . ... ... 7
[2.2  Selfadjoint linear operators and their spectra] . . . . . . . ... ... ... 8
[2.3  Sesquilinear forms and representation theorems| . . . . . . ... ... .. 11
[2.4  Sobolev spaces and tracemaps| . . . . . .. ... L Lo L 12

3 Selfadjoint elliptic differential operators and boundary mappings| 19
(3.1 'The Dirichlet operator and the Dirichlet-to-Neumann map| . . . . . . .. 20
[3.2  Generalized Robin operators and Robin-to-Dirichlet maps| . . . . . . .. 24

4 Inverse problems of Calderon type| 31
M1 Preliminaries] . . . . . . . . . 31
4.2 An inverse problem for the Dirichlet operator with partial data] . . . . . . 37
4.3 Inverse problems for generalized Robin operators| . . . . . .. ... ... 42

5 Titchmarsh—Weyl theory for elliptic differential operators| 49
[5.1 A characterization of the Dirichlet spectrum| . . . . . . . ... ... ... 50

2 neralizations and extensions| . . . . . . . .. .. ... 59
[5.2.1 A characterization of the Dirichlet spectrum from partial data] . . 59

[5.2.2 A characterization of the spectra of generalized Robin operators| . 62

A  Append 65
|A.1 Spectral properties of Borel measures| . . . . .. ... ... ... ... .. 65
[A.2  Simplicity of symmetric elliptic differential operators| . . . . . . . . . .. 70

[References| 73






Acknowledgements

I wish to express my deep gratitude to my advisor Prof. Dr. Jussi Behrndt for his guidance,
support, and encouragement during the whole time of my work on this thesis. I am also
grateful to Prof. Dr. Wolfgang Arendt for his readiness to review this thesis and for his
interest in my work. Moreover, I would like to thank Dr. Alexander Strohmaier for a
fruitful discussion, which led to an improvement of the results of this thesis. For valuable
comments on a preliminary version of the text I am grateful to Prof. Dr. Fritz Gesztesy.
Further thanks are due to my colleagues at the Institute of Computational Mathematics
of the Graz University of Technology for numerous stimulating mathematical discussions,
especially to Christian Kiihn, Dr. Vladimir Lotoreichik, and Arno Kimeswenger, as well
as to Till Micheler. Furthermore, I would like to mention gratefully Olivier Sete, who
strongly influenced my way of approaching mathematical problems. Finally I wish to
thank Rebekka Rohleder, who helped to improve the quality of the text by careful non-
mathematical proofreading.

Graz, May 2013 Jonathan Rohleder

il






1 INTRODUCTION

Partial differential equations and corresponding boundary value problems appear in the
modeling of numerous processes in science and engineering. Many mathematical models
lead to second order, formally symmetric, uniformly elliptic differential expressions of the
form

"9 d L ( d d )
S Ajk5— T aj=——=—a; | +a (1.1)
];18)6] 8xk Z] Tox;  ox; !
with variable coefficients on bounded or unbounded Lipschitz domains Q C R", n > 2;
particular examples arise from the Schrodinger equation with an electric or magnetic po-
tential. To such a differential expression £ one relates the Dirichlet-to-Neumann map,
which acts on the boundary dQ and is defined by

8
M(A)uy |90 = ”ﬂ A

Here u; is a solution of the differential equation Luy = Auy, uy|yq is the trace of uy at
2Q, and ’1 |39 is the conormal derivative with respect to £; cf. Chapter |2| for further
details. The mapping M (1) is well-defined for all A € (—eo, ) UC\ R for a proper real
u and can be regarded as a bounded linear operator between appropriate Sobolev spaces
on dQ. The Dirichlet-to-Neumann map plays a major role in, e.g., electrical impedance
tomography. It can be interpreted as an operator which assigns to a given voltage on the
surface of an inhomogeneous body the corresponding current flux.

The main objective of the present thesis is to investigate the connection between the selfad-
joint operators associated with £ in the Hilbert space L?(Q) and the Dirichlet-to-Neumann
map M(A). On the one hand we solve a Calder6n type inverse problem. We prove that the
selfadjoint Dirichlet operator

Apu= Lu, domAp={uc H" (Q): Luec L*(Q),ulyq =0}, (1.2)

in L?(Q) is uniquely determined up to unitary equivalence by the knowledge of M(1)
on any nonempty, open subset of dQ for a proper set of points A; here H 1(Q) is the
L?-based Sobolev space of order one. On the other hand, we give a complete characteri-
zation of the eigenvalues and corresponding eigenfunctions as well as the continuous and
absolutely continuous spectrum of Ap in terms of the limiting behavior of the operator
function A — M(A). In addition, we provide analogous results for the operator realiza-
tions of £ with Neumann and generalized Robin boundary conditions. Our results require



2 1 Introduction

comparatively weak regularity conditions on the differential expression £. We assume that
the coefficients aj; and aj, 1 < j,k < n, are bounded, Lipschitz continuous functions, and
that a is bounded and measurable.

In the following we discuss the objectives of this thesis in more detail. The first main
objective is the solution of an inverse problem. We show that the partial knowledge of the
Dirichlet-to-Neumann map M (2) determines the Dirichlet operator Ap in L?(Q) in (T.2)
uniquely up to unitary equivalence. It is assumed that Q is either a bounded Lipschitz
domain or its complement, an exterior domain. The result is the following; cf. Theorem@
below.

Theorem 1.1. Let Q be a connected bounded or exterior Lipschitz domain and let ® C
dQ be a nonempty, open set. Let L1,L, be two formally symmetric, uniformly elliptic
differential expressions of the form (LI)), and let Ap 1, Apo and M\(A), Ma(A) be the
corresponding Dirichlet operators and Dirichlet-to-Neumann maps, respectively. If

Mi(A)g =Mr(A)g on @

holds for all g with support in @ and all A in a set with an accumulation point outside the
spectra of Ap,| and Ap » then Ap | and Ap are unitarily equivalent.

The result of Theorem is closely related to Calder6n’s inverse conductivity problem

in electrical impedance tomography: In the special case of the elliptic differential ex-

pression £ = — Z’}Zl %y% on a bounded, sufficiently smooth domain € the coefficient
J J

y: Q — R corresponds to an isotropic conductivity and it is known that the knowledge of
M(A) for, e.g., A = 0 on all of dQ does even determine the coefficient 7y itself uniquely,
see [40,/102L[105, 119] for the space dimension n > 3 and [16}103] for the two-dimensional
case; in recent publications this was also shown for the case of partial data, that is, M(0) is
known only on certain, special subsets of dQ, see [39,/77,/82,/83,/104] and [53]] for a mag-
netic Schrodinger operator. For unbounded € such results exist, to the best of our knowl-
edge, only under the much more restrictive assumption that the coefficient 7y is constant
outside some compact subset of ; cf. [76,/88,(95]]. We remark that Calderén’s problem is
equivalent to the question of determining a bounded potential g in the electric Schrodinger
expression —A + g on Q from (partial) boundary data. For general £ of the form (I.1)) the
single coefficients are not uniquely determined by the knowledge of M(4); cf. [80]. In the
anisotropic case £ = — Z’; k=1 8%]-“ jkaixk on a bounded domain € uniqueness up to diffeo-
morphisms by the knowledge of M(0) was shown for smooth coefficients in [94,/118,/120];
more general cases were treated in [[15,52,|117]], see also [[78,92,93]]. For closely related
problems such as, e.g., the multidimensional Gelfand inverse spectral problem and inverse
problems for the wave equation we refer the reader to [28430,(79,80L[89]]. For a detailed
review on Calderén’s problem and further references see also [[123]].



In addition to Theorem we show how the Dirichlet operator can be recovered from
the knowledge of M(A) on @ under the assumption that Q is bounded. In this case the
spectrum of Ap consists of isolated eigenvalues with finite multiplicities and, hence, Ap
is completely determined by its eigenvalues and the corresponding eigenfunctions. We
indicate how the eigenvalues and eigenfunctions can be recovered from the poles and the
corresponding residues of the operator-valued meromorphic function A — M (1) on .
The results of this part of the thesis are complemented by an additional section which
treats the case of selfadjoint elliptic differential operators Ag in L?(Q) of the form

d
Apu = Lu, domAg= {u eHY(Q): Lue LZ(Q)7%|89+®M|89 = 0}, (1.3)
L

where the parameter ® in the boundary condition can be chosen as a (nonlocal) bounded
operator between certain Sobolev spaces on dQ; see Chapter [3|for further details. We show
that the operator Ag is uniquely determined up to unitary equivalence by the knowledge
of the operator @ in the boundary condition and of the Dirichlet-to-Neumann map on dQ.
Moreover, we show that uniqueness can even be guaranteed when the boundary data is
only known on an open part @ of dQ in case ® gives rise to a local (classical Robin)
boundary condition, that is, ® is the operator of multiplication with a bounded, real-valued
function on the boundary. For further information and recent results on elliptic differential
operators with (generalized) Robin boundary conditions we refer the reader to [10,|11,43,
57,/5891,|106.125]] and the references therein.

The second main objective of the present thesis is a complete description of the spectrum
0 (Ap) of the Dirichlet operator Ap in terms of the limiting behavior of the analytic op-
erator function A — M(A) when A approaches the real axis. One of the main results is
the following theorem, which characterizes all eigenvalues and the complete continuous
spectrum of Ap; cf. Theorem[5.2]below. Here s-lim denotes the strong limit of an operator-
valued function.

Theorem 1.2. Let Q be a bounded or exterior Lipschitz domain and let Ap be the selfad-
joint Dirichlet operator in (I.2). Then for A € R the following assertions hold.

(i) A ¢ o(Ap) if and only if M(-) can be continued analytically into A.
(i) A is an eigenvalue of Ap if and only if s-limp\ o MM (A +-in) # 0.
(iii) A is an isolated eigenvalue of Ap if and only if A is a pole of M(-).
(iv) A belongs to the continuous spectrum of Ap if and only if M(-) cannot be continued

analytically into A and s-limp~ oMM (A +-in) = 0.

We remark that in the case of a bounded domain Q the spectrum of Ap consists only of
isolated eigenvalues, see Chapter [d] Thus in this case only item (iii) in the above theorem
is of interest.
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In addition to Theorem |l.2] we provide a characterization of all eigenspaces of Ap.
Moreover, we prove that the absolutely continuous spectrum of the Dirichlet operator
Ap can also be detected with the help of the function M(-). In the following theorem
clac(¥) ={x€R:|(x—¢€,x+€)Ny| > 0 for all € > 0} is the absolutely continuous clo-
sure (or essential closure) of a Borel set y and (-,-) is an extension of the inner product in
L?(9Q); for the details see Theorembelow.

Theorem 1.3. The absolutely continuous spectrum of Ap is given by

Gac(Ap) = Jelac ({x € R:0 < Im(M(x+i0)g,g) < +oo}).

We complement these spectral characterizations for the Dirichlet operator by a sufficient
condition for the absence of singular continuous spectrum and sufficient conditions for the
spectrum of Ap to be purely absolutely continuous or purely singular continuous, respec-
tively, in some interval.

Theorem and Theorem are multidimensional analogs of well-known facts from
the Titchmarsh—Weyl theory for ordinary differential operators. The classical Titchmarsh—
Weyl m-function associated with a singular Sturm-Liouville differential expression goes
back to the work [126] by H. Weyl and plays a fundamental role in the direct and in-
verse spectral theory of the corresponding ordinary differential operators. For, e.g., a one-
dimensional Schrodinger differential expression —% + g on the half-axis (0,c) with a
bounded, real-valued potential g the corresponding Titchmarsh—Weyl coefficient m(A) € C
may be defined as

m(1)£1(0) = £,(0), A €C\R,

where f; is the unique solution in L?(0,) of the equation —f" 4+ qf = A f. It is due
to E. C. Titchmarsh that the function A — m(A) is analytic and is closely related to the
spectrum. The limiting behavior of the function m(-) towards the real axis is in one-to-one

correspondence to the spectra of the selfadjoint realizations of —j—; +qinL? (0,00) in the
same way as in the multidimensional theorems Theorem and Theorem above. For
instance, A is an eigenvalue of the selfadjoint realization Tp subject to a Dirichlet boundary
condition f(0) = 0 if and only if limy~ o nm(A +in) # 0, and the absolutely continuous
spectrum of 7p can be represented as

Ouac(Tp) =clpe {2 €R: 0 < Imm(A +i0) < +oo}.

Analogously the spectra of realizations with other boundary conditions can be character-
ized in terms of the function m(-) and the boundary condition; cf. [41./122]]. Because of
this one-to-one correspondence the Titchmarsh—Weyl m-function became an indispensable
tool in the spectral analysis of Sturm—Liouville differential operators as well as more gen-
eral Hamiltonian and canonical systems; for a small selection from the vast number of



contributions during the last decades see, e.g., [[1320,35,45,160, 64,73, 86L114,/115] for
direct spectral problems and [31,33,38,61-63.90,/100,116] for inverse problems. We point
out that in the recent past various attempts were made to carry over several elements of the
classical Titchmarsh—Weyl theory to partial differential operators; for contributions to this
field we refer the reader to [4,5,121,/36,/37,/58,/112]]. However, to the best of our knowl-
edge no generalizations of the classical spectral characterization via the Titchmarsh—Weyl
m-function to partial differential operators were obtained so far.

Besides Theorem[I.2]and Theorem [I.3] we provide extensions and generalizations of these
results. We show that the spectrum of Ap can even be recovered from the partial knowledge
of M(A) on any nonempty, open subset of Q. Furthermore, we provide characterizations
of the spectra of the operators Ag in in terms of the Dirichlet-to-Neumann map M (1)
and the boundary operator ©.

The methods which serve us to prove the main results of the present thesis are strongly
inspired by modern approaches to the extension theory of symmetric operators via bound-
ary triples and their generalizations. Given a closed, densely defined, symmetric operator
S with equal defect numbers in a Hilbert space H one fixes an operator 7 which is dense
in the adjoint operator S* with respect to the graph norm and two abstract boundary map-
pings I’y and I'y which are defined on dom7 and map into an auxiliary Hilbert space G. It
is assumed that the abstract Green identity

(Tu,v) — (u,Tv) = (T1u,Tov) — (Cou,T'1v), u,v € domT, (1.4)

is satisfied, where (-,-) stands for both the inner products in  and in G. One defines an
abstract Weyl function via the relation

M(ﬂ,)rol/tl:rlux, AGC\R, (1.5)

where u, is the unique solution in dom 7 of the equation Tu; = Au,. The restriction of T
to the kernel of I'y defines a selfadjoint operator Ag in H. It can be shown that the function
M(-) in this abstract setting determines the operator Aj uniquely up to unitary equivalence
and contains the complete spectral information of Ag—if and only if the underlying sym-
metric operator S is simple or completely non-selfadjoint, that is, there exists no nontrivial
subspace which reduces S to a selfadjoint operator; cf. Appendix [A.2] for more details. In
order to treat elliptic differential operators on Lipschitz domains in such a framework it is
natural to consider the symmetric operator

Su=Lu, domS = {u ceH' (Q): LuecL*(Q),ulyo = ;Tu‘ag :0}, (1.6)
L

and the operator

Tu=Lu, domT = {ueHl(Q):EuELZ(Q)},
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in L?(Q), and the boundary mappings

du

W‘ag, uEdomT
L

Tou=ulyq and Tju=-—
For these mappings I'y and I'; the relation (1.4) is satisfied due to the classical second
Green identity, where the right-hand side must be interpreted in the sense of the dual-
ity between the Sobolev spaces H'/2(dQ) and H~'/2(9Q) instead of a Hilbert space in-
ner product. Note that in this case the abstract Weyl function in coincides with the
Dirichlet-to-Neumann map and the operator Ag = T | kerI' is given by the Dirichlet op-
erator Ap. However, in order to obtain a complete picture of the Dirichlet operator and its
spectrum from the knowledge of the Dirichlet-to-Neumann map it is necessary to ensure
the simplicity of the symmetric operator S in (1.6). This problem is solved in the present
thesis for a large class of domains and elliptic differential expressions; cf. Proposition 4.3
and Appendix [A.2] This generalizes results on the simplicity of symmetric ordinary dif-
ferential operators from [65].

A more detailed discussion of modern methods in the extension theory of symmetric op-
erators as boundary triples and their generalizations can be found in [21,46-50, 66,85,
108,|109,|112]. The treatment of elliptic differential operators with the help of extension
theory goes back to the fundamental works [18,32,67,/68,96,|124]. More recent results
on this topic can be found in, e.g., [1,[21,36,37,59,97,107]. For further recent publi-
cations in the field of direct and inverse spectral theory for elliptic differential operators
see [6,9,14,22-24,58,70-72,99].

Let us give a brief outline of this thesis. In the first chapter we shortly provide some basic
facts on bounded and unbounded linear operators and, especially, on the spectra of selfad-
joint operators in Hilbert spaces. Moreover, we recall the definitions and some of the most
important facts concerning Sobolev spaces on Lipschitz domains and on their boundaries.
In Chapter 3] we introduce operator realizations of elliptic differential expressions with
Dirichlet, Neumann, and generalized Robin boundary conditions. We prove their selfad-
jointness and investigate the solvability of related boundary value problems, which finally
allows us to define Dirichlet-to-Neumann and Robin-to-Dirichlet maps. The remaining
two chapters contain the main results of this thesis. Chapter [d]is devoted to the uniqueness
and reconstruction results of Calderén type and in Chapter [5| we develop spectral theory
for selfadjoint elliptic differential operators via the Dirichlet-to-Neumann map as a mul-
tidimensional Titchmarsh—Weyl m-function. The thesis closes with two appendices. The
first one provides facts on the spectra of finite Borel measures that are used in Chapter [5]
for the description of the absolutely continuous and singular continuous spectrum. In the
second one we discuss the notion of simplicity of a symmetric operator and point out its
connection to the present work.



2 PRELIMINARIES

In this preliminary chapter we provide basic facts and definitions which play a role in the
main part of the present thesis. We are concerned with linear operators in Banach spaces,
particularly with selfadjoint operators in Hilbert spaces and with their spectra. Moreover,
we recall some elements of the representation theory for semibounded sesquilinear forms
and discuss some of the most important statements concerning Sobolev spaces on Lipschitz
domains and on their boundaries.

2.1 Linear operators and analytic operator functions

In this section we discuss basics on bounded and unbounded linear operators in Banach
spaces and on analytic functions whose values are bounded linear operators. For a more
detailed exposition we refer the reader to the standard works [3}54.|110].

Let X and Y be complex Banach spaces. For a linear operator 7 from X to Y we denote by
domT7, kerT, and ran7 the domain, kernel, and range, respectively, of T. The restriction
of T to a subspace D of dom7T is denoted by T | D. For a closed operator 7 from X to X
we denote by

p(T)={AeC:(T- A)~!is bounded and everywhere defined in X}

the resolvent set of 7 and by o(T) = C\ p(T) the spectrum of 7. Recall that p(7') is an
open subset of C and that, hence, o(7) is closed.

A conjugation on a complex Banach space X is a continuous, antilinear mapping
X > u+ u € X with () = u; the reader may think of the complex conjugation on a function
space. Assume that X is equipped with a conjugation and let X’ denote the dual space of X,
which consists of all bounded, linear functionals v : X — C. We define the dual pairings

between X and X’ by
(vu)y x = (u,v)x x :=v(@), uecX,veX

Note that each of the mappings (-,-)x'x : X' xX — Cand (-,-)x x' : X x X" — Cis linear
in the first and antilinear in the second entry.
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Assume that the Banach spaces X and Y are equipped with conjugations andlet 7 : X — Y
be a bounded, everywhere defined linear operator. The adjoint operator 7% : Y’ — X' of T
is defined by the identity

(TM,V)YJV = (I/t, T*V>X,X’7 uc X,V c Y.

It follows from the closed graph theorem that 7* is bounded. Moreover, it is clear from
the definition that (7*)* = T holds.

Let G C C be an open, nonempty set and let M(z) : X — Y be a bounded linear operator
for each z € G. The operator function z — M(z) is called holomorphic on G if for each
zo0 € G the limit

M) —M
lim (z) —M(z0)
220 Z—20

exists in the space of bounded linear operators from X to ¥ with respect to the usual
operator topology. Recall that the operator function M(-) is holomorphic on G if and only
if it is analytic on G, that is, M(-) can be represented locally by a power series which
converges with respect to the operator topology.

Let the operator function z — M(z) be analytic on G and assume that A € C is a pole of
M(-) of order n, that is, there exists an open ball B centered at A such that B\ {1} C G,

lim (z — A)"M(z) exists and is nontrivial, and lim(z—2)""'M(z) =0
A A

in the operator topology. Then the residue Res; M of M(-) at A is given by

1
Resy M= — | M(z2)d 2.1
es;, 271:1'/ (z)dz, 2.1
I

where I is the boundary of the ball B (parametrized in the positive direction). If the order
of the pole is one then the relation

Resy M = lim (z — A)M(z)

7—A

holds.

2.2 Selfadjoint linear operators and their spectra

In this section we shortly recall some well-known facts on (unbounded) selfadjoint op-
erators and on their spectra. In particular, we discuss the notions of the absolutely con-
tinuous and the singular continuous spectrum. This and more can be found in the text
books [3},81,/110].
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Let H be a complex Hilbert space with scalar product (-,-) and corresponding norm || - ||,
where we comply with the convention that the scalar product (-, -) is linear in the first and
antilinear in the second entry. Let A be a densely defined linear operator in /. Then the
adjoint A* of A in H is defined by A*v =w, v € domA*, where

domA* = {v € H : exists w € H such that (Au,v) = (u,w) for all u € domA}.

Note that in the case domA = H this coincides with the above definition of A*. Further-
more, note that A* always is a closed operator in . The operator A is called symmet-
ric if (Au,v) = (u,Av) holds for all u,v € domA or, equivalently, if (Au,u) is real for all
u € domA. Moreover, A is called selfadjoint if A = A* holds. Clearly each selfadjoint
operator is symmetric, but the converse does not hold.

Let A be a selfadjoint linear operator in 7. Then its spectrum 6 (A) is contained in R and
it is the union of the disjoint sets 0,(A) and o(A), where the set of eigenvalues

op(A) ={A eR:ker(A—A) #{0}}
of A is called the point spectrum and
o:(A) ={A € R: (A—2) ! exists and is unbounded }

is called the continuous spectrum of A. Recall that the spectrum of A is said to be purely
discrete if 6(A) consists of isolated eigenvalues with finite multiplicities. For instance,
o(A) is purely discrete if the operator (A — A)~! is compact for one (and, hence, all)

Aep(A).
A selfadjoint operator A is called semibounded from below by u € R if and only if

(Au,u) > ul|lul|?, u e domA.

In this case the spectrum of A is bounded from below by u, i.e., 6(A) C [, +o0).

Each selfadjoint operator A gives rise to an operator-valued measure E(-) on the Borel
o-algebra in R whose values are orthogonal projections in H, such that

A= / tdE(t)
o(4)

holds, where the integral on the right-hand side converges in the strong sense. The measure
E(-) is called the spectral measure of A. For each measurable function f : 6(A) — R the
operator f(A) is defined as

f(A) = / f(t)dE(t), domf(A):{ue’H: / |f(t)|2d(E(t)u,u)<oo}.
G(A)

G(A)
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Recall that A € o,(A) if and only if E({A}) # 0 and that in this case ranE({A}) =
ker(A — 1) holds, that is, E({A}) is the orthogonal projection in A onto the eigenspace of
A corresponding to A. If the eigenvalue A is isolated in 6(A) then A is a pole of order one
of the analytic operator function p(A) 3 A — R(A) = (A —A)~! and the formula

1
E({1}) :—Reis:——,/(A—z)ldz 2.2)
2mi
r
holds, where I is the boundary of an open ball B centered at A with B\ {A} C p(A);
cf. 2.1). Moreover, A € 6(A) if and only if E((A —&,A +€)) # 0 holds for each € > 0.
Note that, in particular, each isolated point in 6(A) is an eigenvalue. For a < b with
a,b ¢ op(A) the spectral projection E((a,b)) of the interval (a,b) with respect to A can be
expressed via the Stone formula

b

E((a,b))u:gg})zim/((A—(t+ie>)‘1u—(A—(t—is))“u)dt, weH, (23)

where the integral and the limit have to be taken with respect to the topology in H.

With the help of the spectral measure the continuous spectrum of a selfadjoint operator A
can be decomposed into an absolutely continuous and a singular continuous part. For each
u € H let us introduce the scalar measure u, = (E(-)u,u) on the Borel c-algebra of R.
Recall that the measure u, is called absolutely continuous (with respect to the Lebesgue
measure | -|) if i, ()) = 0 holds for each Borel set y C R with |x| =0 and singular if there

exists a Borel set y with x| =0 and u,(R\ x) = 0. We define the absolutely continuous
part and the singular part of H with respect to A by

Hae = Hac(A) = {u € H : , is absolutely continuous}
and
Hs=Hs(A) = {u € H: u,is singular} ,

respectively. Recall that H = H,c @ H holds. Furthermore, let us denote by H, = H(A)
the closed span of all eigenvectors of A. Then H, C H, and we call Hye = Hyc(A) =
Hs © Hp the singular continuous part of H with respect to A. It turns out that the Hilbert
spaces Hp, Hac, Hse, and Hy are reducing subspaces for the operator A. Let

Aju=Au, domA;=domANH,

in H; denote the restriction of A to H;, i = ac,sc. Then the absolutely continuous spectrum
O.c(A) and the singular continuous spectrum o (A) of A are defined by

Ouc(A) = 0(Axc) and O (A) = 0(As),

respectively.
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2.3 Sesquilinear forms and representation theorems

In this section we shortly recall some basic facts on semibounded sesquilinear forms and
their representations via selfadjoint operators, as they will be used in Chapter [3|below. The
text of this section is based on [81, Chapter VI].

Let us first introduce the basic notions. In this section H is a complex Hilbert space with
scalar product (-,-) and corresponding norm || - ||.

Definition 2.1. Let D C H be a linear subspace of H. A mapping a=a[-,-] :Dx D — Cis
called a sesquilinear form (in short: a form) in H if a|-,-| is linear in the first and antilinear
in the second entry. For the domain D of a we usually write doma. The form a is called
densely defined if doma is dense in ‘H. It is called symmetric if

alu,v] = a[v,u], u,v € doma.
Moreover, we say that a is semibounded from below if there exists i € R with
afu,u] > p)jul|?>, u € doma;

in this case we shortly write a > L.

Note that a form a in H is symmetric if and only if afu,u] is real for all ¥ € doma. In
particular, if a > u for some p € R then a is symmetric and generates a scalar product
(+,-)q on the linear space doma via

(u,v)q = afu,v]+ (1 —u)(u,v), u,v € doma; (2.4)

we denote by || - || the norm which is induced by (-,-)q on doma. Obviously the choice
of U is not unique, since a > u implies a > [ for each ft < . Nevertheless, if we replace
U in by 1, we obtain a norm on doma which is equivalent to || - ||4. Therefore in the
following we do not care about the precise choice of u.

Furthermore we need the important notion of a closed semibounded form.

Definition 2.2. A semibounded sesquilinear form a in H is called closed if (doma, (-, -)q)
is a Hilbert space. Moreover, we say that a subspace D' of doma is a core of a if D' is
dense in (doma, (-,-)q)-

Alternatively, the notions of a closed form and of a core can be defined via form conver-
gence, see [81), Section VI.1.3], but we will not make use of this concept in the following.

One of the main statements on closed semibounded forms is the following famous repre-
sentation theorem. We remark that it is provided in [81, Chapter VI, Theorem 2.1] in the
more general framework of sectorial forms.
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Theorem 2.1. Let a be a densely defined, closed, symmetric sesquilinear form which is
semibounded from below by some i € R. Then there exists a unique selfadjoint operator
A in 'H with domA C doma and

afu,v| = (Au,v), u € domA,v e doma.
The operator A is semibounded from below by . Moreover, if u € doma and w € ‘H satisfy
alu,v] = (w,v)

for all v belonging to a core of a then u € domA and Au = w.

2.4 Sobolev spaces and trace maps

In this section we define Sobolev spaces on Lipschitz domains and on their boundaries and
provide some basic facts which are connected with them. We mainly follow the account
in [101]]; see also [2,/5556,/96] for more details.

Let Q C R", n > 1, be an open set. As usual, we denote by LZ(Q) the Hilbert space of
(equivalence classes of) square-integrable, complex-valued functions on Q, equipped with
the scalar product

(,V)12(0) = /m_/dx, u,v € L2(Q),
Q

and the associated norm || ||;2(q. In the following we will usually just write (-,-) and
| -] instead of (-,-);2(q) and || - [|;2(q). respectively, when no confusion can arise. By
Cy(Q) we denote the space of all functions from  to C which are arbitrarily often dif-
ferentiable and have a compact support in Q. Recall that C’(Q) is dense in L*(Q). For
a=(a,...,a,)T € NI and ¢ € C7(Q) we set

g% 9%
axllxl N W@

D%p =

Moreover, we write supp¢ for the support of @ € C5(Q). We say that a sequence
(@ )ken C CF (L) converges to ¢ € Ci’(Q) in Ci(Q) if there exists a compact set K C Q
such that supp @, supp phi C K for all k € N and D* ¢y converges to D*¢ uniformly on
K for each @ € Nij. A distribution is a linear mapping from Cg'(€2) to C which is sequen-
tially continuous with respect to this convergence in Ci' (). We say that a distribution 7
belongs to L>(Q) and write T € L?(Q) if there exists u € L>(Q) with

T(9) :/u(pdx, 0 € C(Q).
Q
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In this sense we can identify each element of L?(Q) with a distribution. Moreover, we
define the derivative D*T of a distribution 7 by

(D°T)(¢) = (—)*'T(D%), ¢ €C5(Q), (2.5)
where || =Y" | . Clearly, D*T is again a distribution.

We are now able to introduce the Sobolev spaces of integer order. For every integer k > 0
we set

HYQ) = {u € [*(Q) : D*u € L*(Q) for all a € N} with |a| < k}.
Equipped with the scalar product

(uvv)Hk(Q) = Z (DauvDav)Lz(Q)v u,v € Hk(Q)7
0<|a|<k

H*(Q) is a separable Hilbert space; the corresponding norm is denoted by
| k() We write HE(Q) for the closure of C(Q) in the Hilbert space H*(Q). More-

over, we denote by (-, )« the sesquilinear duality between H%(Q) and its dual H*(Q) =
(HA(Q))' (with respect to the usual complex conjugation; cf. Section . It satisfies

(U,v) k= /u\_/dx = (u,v)p2q), UE LX(Q),v e HY(Q).
Q

Additionally, we define the local Sobolev space HY

loc<Q) by
HIIEC(Q) = {u € LIZOC(Q) tQu€E Hk(Q) for all ¢ € Cy (R") with supp¢e C Q},

k> 1, where we write u € L} .(Q) if and only if u|o € L*(O) holds for each open, bounded
set O with O C Q.

Recall that the Fourier transformation F : L>(R") — L?(R") is the unique unitary operator
in L?(IR") which satisfies

1
(2n)?

(Fu)(x) = / Vu(y)dy, xe€R", uelX(R)NL(RY),

Rl‘l

where x -y denotes the scalar product of x and y in R”. We define the Sobolev space H*(R")
of real order s > 0 on R" by

H(R") = {ue PR : (14+]-P) Fu e IR}
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and equip it with the scalar product

(1) sy = / (1+ | P)Yu)v@)dx, u,v e H (R"). (2.6)
Rn

Then H*(R") is a separable Hilbert space. We denote the norm associated with (2.6) by
|| || sy - For each positive integer s = k this new definition of H°(R") coincides with the
above one for Q = R" with equivalent norms so that we will not distinguish them.

In order to define Sobolev spaces on the boundary of an open set we need additional as-
sumptions. Following the lines of [[101, Chapter 3] we say that Q C R", n > 2, is a Lipschitz
hypograph if there exists a Lipschitz continuous function ¢ : R”~! — R such that

Q={(x1,...,x)" €R" 12y < {(x1,...,20-1) }. (2.7)
Using this notion a Lipschitz domain is defined in the following way.

Definition 2.3. An open set Q C R" is called a Lipschitz domain if its boundary 0 is
compact and there exist sets Wy, ..., W, Qq,...,Q; C R" with the following properties.

(i) Wjisopen, 1 < j<k and dQ C U< ;W

(i1) €; can be transformed by a rotation and a translation into a Lipschitz hypograph,
1<j<k

(i) W;NnQ=W;NQ; for1 < j<k

We remark that a Lipschitz domain does not have to be bounded; only its boundary is
compact. For instance, if  is a bounded Lipschitz domain then also R”\ Q is a Lipschitz
domain. Moreover, we remark that with this definition a Lipschitz domain does not need
to be connected.

On the boundary of a Lipschitz domain a surface measure and an outer unit normal field
can be defined in the following way. Let first Q be a Lipschitz hypograph and let the
Lipschitz continuous function § be as above. By Rademacher’s theorem ¢ is differentiable
almost everywhere on R"~! and its gradient V{ is bounded. Thus the integral of a function
g : dQ — C with respect to the surface measure ¢ may be defined as

[edoi= [ el by/1+ Ve Pax

Q. Rr—1

(if the integral on the right-hand side exists). Moreover, the outer unit normal vector field
is given by

_ X T
V(s) = (1 (s),. o va(s))T = YO T e R,

VIFIVEE)?
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If Q is a Lipschitz domain as in Definition we can choose a partition of unity with
respect to the open cover {W;} of dQ, that is, functions @; € C7(W;), 1 < j <k, with
Z] 19j(x) =1 for all x € dQ. Then we define

[ sdo —2 [ 91 )8 )1+ 198 (0) Pl

2Q J=lga

where the {; correspond to the Q; as in (2.7). As usual we denote by L2(dQ) the Hilbert
space of (equivalence classes of) complex-valued functions on dQ which are square-
integrable with respect to ©.

In order to define Sobolev spaces on dQ let us first assume that Q is a Lipschitz hypograph
with ¢ as above. For each g € L?(dQ) we define a function g¢: R*! — C by

gr(x) =g(x,¢(x), xeR"".
With this notation for real s > 0 we put
H(0Q) = {g € L*(0Q) : g € H*(R" 1)}
and
(&) msa0) = (8¢ he)psrn1y, &1 € H (0Q).
With this scalar product H*(dQ) is a separable Hilbert space.

Let now Q be a Lipschitz domain as in Deﬁnition and let @;, 1 < j <k, form a partition
of unity as above. For real s > 0 we define

HY(0Q) = {g € L*(0Q) : @jg € H*(9Q;)),1 < j <k}

and
k
h)us(a0) Z%g,% Hs(0g,):  &h € H(9Q),

so that H*(dQ) becomes a separable Hilbert space. Finally we denote by H *(dQ) the
dual of H*(dQ). The sesquilinear duality between H*(dQ) and H*(dQ) is denoted by
(+,-)—s,s and the norm on H~*(dQ) is given by

Iglla—s@0)= sup |(gh)-ssl, g€H *(0Q).
heH(9Q)
2]l s (00)=1

In the present thesis we will mainly deal with the case s = % We will write (-,-)yq for
both (-,+)_1/2,1/2 and (+,+)1/2,—1 /> when no confusion can arise.
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In our further considerations trace maps will play an important role. We use the notation
Co(Q) ={ulg:uecCyR")}.

The following proposition allows us to consider boundary values of functions in H'(Q),
see, e.g., [101, Theorem 3.37].

Proposition 2.2. Let Q be a Lipschitz domain. Then the trace map Ci(Q) > u— ulgq has
a unique extension to a bounded linear operator y: H'(Q) — H'/2(Q) and the operator
Y has a bounded right inverse. In particular, y is surjective.

In the following we will always write u/|;¢, instead of yu also for u € H'(Q). We remark
that on each Lipschitz domain the space H(} (Q) defined as above coincides with the kernel
of the trace operator 7, that is,

Hy(Q)={uec H'(Q):uljo=0}. (2.8)
This fact we will use extensively.

Besides the trace we will also make use of the trace of the conormal derivative of u €
H'(Q) with respect to the differential expression

Z d n Z ( d d _) N
—ajp=— aj aj|+a
]k18xjj3xk = ]8 8xj]
on Q, where a,a; : Q — C are bounded Lipschitz functions and a : Q — R is measurable
and bounded. In order to make £ formally symmetric we additionally assume a j; = ay;,
1 < j,k < n. Note that under these assumptions for each u € H'(Q) one can calculate
Lu in the sense of distributional derivatives, see above, and the distribution Lu is always
bounded with respect to the norm || - || y1(q). Indeed, if M denotes a joint upper bound of
all the functions |a |, |a;|, and |a|, 1 < j,k < n, then for v € C7’(Q) we have

du dv & du adv
/(JZ_: U o +Z(aja—xj.v+aj axj)%—auv)a’x

/ -
SMMZ‘ /‘ka
+M.Zl/‘a_xj

|(Lujv| =

‘dx MZ/)ax1‘|v|dx

MM+M/MMM
Q

JrM||V||L2(

H dx LZ(Q)Ha_xj 2(Q)

Lz)

n

+M||M||L2(Q) Z

ox LZ(Q)+M||”||L2(Q)||V||L2(Q)
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cf. (2.3). Thus Lu can be regarded as an element of H~!(Q) and we will just write Lu €
H~1(Q). Corresponding to the differential expression £ we consider the sesquilinear form
which is given by

ou v & Ju _ v
afu,v] = /( Z ajkan axj—i—Z(aja—xj-v—i—aJ ax])—i—auv)dx (2.9)

Q Ik =

for u,v € H'(Q). We will study the properties of this form later on; cf. Lemmabelow.
It can be verified that the following definition makes sense, see, e.g., [101, Lemma 4.3].

Definition 2.4. Let u € H'(Q) with Lu € L*(Q). Then the unique g € H='/?(9Q) with
alu,v] = (Lu,v) + (g, Vlon)an,  vEH' (), (2.10)

is called the conormal derivative of u with respect to L; we write g = avﬁ oo

Note that for u,v € C§(Q) the duality on the right-hand side of (2.10) turns into an integral
and (2.10)) then is simply the first Green identity with

n

kZ_ kaja ‘aQ+Za]v]”|8£2

Moreover, from (2.10) we immediately conclude the second Green identity

dv du
(Lu,v) — (u,Lv) = (Wa&mbg)) 20 (m‘agvvbQ) %0 (2.11)

for u,v € H'(Q) with Lu, Lv € [*(Q).

We conclude this section with a collection of embedding statements; the first of them is
known as the criterion of Rellich. For proofs we refer the reader to, e.g., [S5,/101]].

Theorem 2.3. Let Q C R" be an open set. Then the following assertions hold.
(1) If Q is bounded then the embedding of H& (Q) into L*(Q) is compact.
(ii) If Q is a bounded Lipschitz domain then the embedding of H'(Q) into L*(Q) is

compact.
(iii) If Q is a Lipschitz domain then the embedding of H'/*(dQ) into H™'/?(Q) is
compact.






3 SELFADJOINT ELLIPTIC DIFFERENTIAL OPERATORS AND
BOUNDARY MAPPINGS

The aim of the present chapter is to introduce the central objects which appear in the main
results of this thesis and to provide some of their basic properties. We consider a second
order, formally symmetric, uniformly elliptic differential expression £ on a (bounded or
unbounded) Lipschitz domain Q C R"”. We establish a wide class of selfadjoint realiza-
tions of £ in the Hilbert space L?(Q) subject to Dirichlet and nonlocal generalized Robin
boundary conditions; this will be done with the help of the classical theory of representing
operators for semibounded sesquilinear forms in Hilbert spaces; cf. Section[2.3] Moreover,
we introduce the Dirichlet-to-Neumann map and Robin-to-Dirichlet maps on the boundary
dQ corresponding to the differential expression £ — A with a spectral parameter A € C.

For more details on selfadjoint elliptic differential operators on bounded and unbounded
domains we refer the reader to the classical works [55/67,96,|124]] and to the recent pub-
lications [[19,121,[24,|57,/59,169,(70,99]]. For recent studies of the corresponding boundary
operators and related questions the reader may consult [4}/7,8}36, 58]

In this and the following chapters we will make the following assumptions.

Assumption 3.1. The set Q C R", n > 2, is a Lipschitz domain, see Definition More-
over, L is a second order partial differential expression on Q of the form

"9 d ! d Jd __

with bounded Lipschitz coefficients ajx = ayj,a; : Q-5C 1< Jj.k < n, and a bounded,
measurable coefficient a : Q@ — R. The expression L is uniformly elliptic on Q, that is,
there exists E > 0 such that

Y apmEEEY &, xeQ, E=(E.....&) R G.1)
k=1

Jik=1

We remark that the condition (3.1)) already implies

Y aimEEZEY G2 x€Q, E=(E...&) el (2
k=1

Jk=1

We first focus on the selfadjoint realization of £ with a Dirichlet boundary condition.

19
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3.1 The Dirichlet operator and the Dirichlet-to-Neumann map

In this section we define the selfadjoint Dirichlet operator corresponding to the differential
expression £ in L?(Q) and the Dirichlet-to-Neumann map associated with £ — A for A
outside the spectrum of the Dirichlet operator. The results of this section are essentially
known but it is difficult to find references under our precise assumptions. Therefore, for
the convenience of the reader we provide proofs. We make use of the following lemma.

Lemma 3.1. Let Assumption be satisfied and let the sesquilinear form a in L*>(Q) be

defined by
du v o du __ dvy
a[u,v]-g[( Z ajk&xk ax]+j:z"1<aja—xi-v+aju-a—xj>+auv)dx,
doma=H!(Q). (3.3)

Then a is densely defined, symmetric, and semibounded from below by some u € R. More-
over, a is bounded in H! (Q), that is, there exists C > 0 such that

|l V]| < Cllully @)V, uveHY(Q).

The expression ||u||2 (a A+ D[u,u], u € H'(Q), defines a norm on H'(Q) which is
equivalent to || - || 1 (), in particular; a is closed.

Proof. Clearly, a is densely defined in L?(Q). For u,v € H'(Q) we have

ou dv & Ju _ W
alv,u] = Z( Z ajk xk-l-j:Z’l(aja—xj-v-i- P )-l—auv)dx
= alu,v],

see Assumption 3.1} hence a is symmetric. Let us observe next that a is semibounded from
below. Indeed, for u € doma = H'!(Q) we obtain with the help of (3.2)

R / ( ¥ (el Gl =2l Il 5 )+ Gt
/]Vu|2dx

(B (2 )

E 2 & )
> 2 [vuPax+ (-2 ) Hajuiﬂnfa)uuu,%m) > pillul 2 g
0 J=1
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with u := —%Z’}Zl l|a;||% +infa, where ||a;|c = sup,cq |a;(x)|. Hence a is semibounded
from below. Note that for each u € H!(Q) the above estimate also yields

E
|2 = (a— w4 1)[u, u] /|Vu\2dx+/’ |2dx>m1n{2 }||MH§11(Q)~ (3.4)

Moreover, for u,v € H'(Q) we have

afu v < M Z /laxk ax]‘dx MZ/‘&XJ‘de

jkl

-I-M;/)a—xj‘|u|dx+M!|u||v|dx

n

<M H H— +Miv| ;2
]kzl dx; 2@ 1l dx; l12(0) Ivile (Q)j; 2 (@)
n
+Mlul[ 20 Z 2@ +MH“HL2 YVl

where M denotes a joint upper bound of all the functions |aj/, |a;|, and |a|, 1 < j,k <n.
Hence there exists C > 0 such that

lalu, V]| < Cllull gy IVl @y, u.veH'(Q).

From this it follows together with (3.4) that the norms || - |[q and [ - [|1(q) are equivalent

on H'(Q). In particular, (H'(Q),]| - ||4) is complete, i.e., a is closed. This completes the
proof of the lemma. O

The Dirichlet operator associated with £ in L?(Q) is defined by
Apu= Lu, domAp={ue H"(Q): Luec L*(Q),ulyq=0}. (3.5)

We prove that it is selfadjoint and summarize some of its properties in the following theo-
rem; cf. also the monographs [44}55].

Theorem 3.2. Let Assumption be satisfied. Then the Dirichlet operator Ap in (3.5))
is selfadjoint and semibounded from below in L*(Q). Moreover, if Q is bounded then the
spectrum of Ap is purely discrete and accumulates to +oo.

Proof. Let us define a sesquilinear form ap in L?(Q) by

ap[u,v] := afu,v], domap = H}(Q),
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where a is given by (3.3)). Clearly, ap is densely defined, and it follows from Lemma [3.1
that ap is symmetric and semibounded from below by some p € R and that the norm
induced by || - ||§D := (ap — u+1)[+,-] on H} (Q) is equivalent to the H'-norm on Hg (Q).
In particular, (domap, || - ||ap) is a Hilbert space, that is, ap is closed. By Theorem
there exists a unique selfadjoint operator A in L?(Q) with domA C domap = HJ (Q) and

aplu,v] = (Au,v), u € domA,v € domap.

We will prove next that A = Ap. Let u € domA. Then for each v € C7 () C domap we
have

Q/(j,kzl j=1 Y
noo9 d d J
(8 (g § g v e )
3 jok=194] j=1 J J
= (Lu,v)_1, (3.6)

by the definition of the distributional derivative (2.5)). In particular, Au = Lu in the dis-
tributional sense. Since A is an operator in L?(Q), it turns out that Lu € L*(Q), that
is, u € H}(Q) with Lu € L*(Q). Hence u belongs to domAp, see (2.8), and satisfies
Apu = Lu = Au. Let, conversely, u belong to domAp, that is, u € H} (Q) with Lu € L*(Q).
Then for each v € C;7(£2) we obtain

(Apu,v) = (Lu,v) = aplu,v] 3.7)

by the definition of the distributional derivative; cf. (3.6). Note that it follows from the
equivalence of the norms || - [[q and || - [| 1), see Lemma that Ci’(Q) is a core of ap.
From (3.7) and Theorem 2.1 we obtain u € domA and Au = Apu. Thus Ap coincides with
A. In particular, Ap is selfadjoint. Moreover, from Theorem [2.1] we obtain that Ap is
semibounded from below.

Let now Q be bounded. Clearly, for each A € p(Ap) the operator (Ap —A)~! is bounded
and everywhere defined in L?(Q) with ran(Ap — A)~! = domAp C H}(Q), see 2.8). By
the closed graph theorem the operator Ry : L?(Q) — HJ(Q),u — (Ap — A) " 'u, is also
bounded. Moreover, by Theorem [2.3| the embedding ¢ of H}(Q) into L*(Q) is compact.
Consequently, also (Ap —A)~! = 1R, is compact in L?(Q). Therefore the spectrum of
Ap only consists of isolated eigenvalues with finite multiplicities. Since, as a selfadjoint
operator which is only densely defined, Ap is unbounded, the eigenvalues accumulate
to +-oo. O

In order to define the Dirichlet-to-Neumann map corresponding to the differential expres-
sion £ — A for A in the resolvent set p(Ap) of Ap we need the following lemma.
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Lemma 3.3. Let Assumption be satisfied and let Ap be the selfadjoint Dirichlet op-
erator in (3.3). Then for each A € p(Ap) and each g € H'/?(Q) the boundary value
problem

Lu=Au, ulpgo=g (3.8)
has a unique solution u; € H'(Q).
Proof. Let g € H'/2(9Q) and A € p(Ap). By Proposition 2.2]there exists u € H'(Q) with

uly0 = g Let a be the sesquilinear form in (3.3)) with doma = H'(Q). By Lemma ais
bounded in H'(Q); in particular, the mapping

Fr i Hy(Q)—C, v —(a—{+1)[u,v]

is bounded in H'(Q) and antilinear for each { € R; hence Fy belongs to the antidual of
H} (Q). Moreover, it follows from Lemma [3.1|that the sesquilinear form

ap[u,v] = afu,v], domap = H}(Q),

is semibounded by some u € R and closed; cf. the proof of Theorem [3.2] In particular,
H(} (Q) is a Hilbert space when it is equipped with the scalar product ap — 1 + 1. By the
Fréchet-Riesz theorem there exists a unique ug € H(} (Q) with

(ap —p+ D{ug,v] = Fu(v) = —(a—pu+1Dfu,v], v € H} (Q).

Consequently, (a— i+ 1)[ug+u,v] =0 for all v € H} (Q), which implies (£ — p+ 1) (uo +
u) = 0; in particular, (£ —A)(uo +u) = (L — 1 —A)(up +u) € L>(Q). Let us set

uy, =up+u—(Ap —A) "N (L= A)(up+u) € H(Q).
Then uy |yq = u|go = g and (L — A)uy = 0. Thus u, is a solution of (3.8).

In order to prove the uniqueness let vy € H'(Q) be a further solution of (3.8). Then we
have

L(uy —vy)=A(up —vy) and (uy —vy)loe =0,

that is, (uy — v, ) € ker(Ap — A). Since A € p(Ap), it follows uy = v;,. O

We use the observation of Lemma [3.3]in order to define the Dirichlet-to-Neumann map.

Definition 3.1. Let Assumption be satisfied and let Ap be the selfadjoint Dirichlet
operator in (3.5). Then for each A € p(Ap) the Dirichlet-to-Neumann map is defined by

&u,l

M(A):H'2(0Q) - H'2(09Q), g=uy|s0— o
L

|50 (3.9)

where u;, is the unique solution in H'(Q) of (3.8).
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We remark that the minus sign in the definition of M(1) is not essential for the validity of
our main results. The sign was chosen in order to obtain an operator-valued Nevanlinna
function in analogy to the Titchmarsh—Weyl m-function for ordinary differential equations;
cf. Remark [l below.

3.2 Generalized Robin operators and Robin-to-Dirichlet maps

In this section we introduce a class of selfadjoint realizations of the differential expression
L with nonlocal boundary conditions of Robin type. We consider the operators Ag in
L?(Q) given by

)
Aot = Lu, domA@:{ueHl(Q):£u€L2(Q),%‘8Q+®u|aQ:O}, (3.10)
L

where we make the following assumption on the operator ®; cf. [57].

Assumption 3.2. The operator ® : H'/2(dQ) — H~'/2(dQ) is bounded and satisfies the
symmetry condition

(@g,h)90 = (8,Oh)9q, g heH?Q).

Moreover, ® = @ + @, holds, where ©; : H'/2(dQ) — H~/2(9Q) are bounded opera-
tors,i=1,2, O is [*-semibounded from below, i.e., there exists ce, € R with

(©12,8)90 > co, 2l7290) &€ H'*(9Q), (3.11)

and ®, is compact.

Note that, as a special case, ® may be chosen to be the operator of multiplication with a
bounded, measurable function ¥ : dQ — R. In this case the functions in the domain of Ag
satisfy the classical Robin boundary condition

du
—_— ) =0.
8v£|‘79+ Uloq

Moreover, for ® = 0 we obtain the well-known Neumann operator. We are going to prove
that Ag is selfadjoint. We remark that Assumption [3.2] on ® is inspired by the recent
publication [57], where selfadjointness of Ag is shown for £ = —A on a bounded Lipschitz
domain. Our assumptions on ® may be slightly weakened following the ideas of [57]. In
order to keep the situation simple we restrict ourselves to the above conditions.

We use the following lemma, which can basically be found in [8, Lemma 2.3] and [57,
Lemma 4.2-Lemma 4.3] in more general versions. We give a short proof in our precise
setting. Recall that (H'(Q))’ denotes the dual space of H!(Q).



3.2 Generalized Robin operators and Robin-to-Dirichlet maps 25

Lemma 3.4. Let K : H'(Q) — (H'(Q))' be a compact linear operator. Then for each
€ > 0 there exists C¢ > 0 with

(Kt < el )+ Cellulqy: we H'(Q),

where (-,-)11.1 denotes the duality between H'(Q) and (H'(Q))'.

Proof. Assume the converse, that is, there exist € > 0 and (u;);en C H'(Q) with
lujll @) =1,j €N, and

|(Kujup)va| > e+ jllujlfq), JEN. (3.12)

Since H'(Q) is reflexive, it is no restriction to assume that there exists u € H'(Q) with
uj — u weakly in H 1(Q). Moreover, since K is compact, it follows Ku j — Ku (strongly)
in (H'(Q))’ and, hence,

(Kuj,uj)y 1 — (Ku,u)yy as  j— oo (3.13)

Thus (3.12) yields ||uj||1%2(9) — 0 as j — oo, hence u = 0. Then @B.13) implies
(Kuj,uj)p — 0as j— oo and (3.12) leads to the contradiction € < 0. O

We are now able to prove the selfadjointness of Ag; we remark that for an arbitrary
bounded, symmetric operator ® : H'/2(9Q) — H~'/2(9Q) the operator Ag in (3.10) in
general is not selfadjoint, cf. [21,57,/67]. Nevertheless, if ® satisfies the above assumption
then selfadjointness can be guaranteed.

Theorem 3.5. Let Assumption [3.1| and Assumption 3.2 be satisfied. Then Ag in (3.10) is
selfadjoint and semibounded from below in L*(Q). Moreover, if Q is bounded then the
spectrum of Ag is purely discrete and accumulates to +oo.

Proof. Let us define a sesquilinear form ag in L?(Q) by
a@[”7v] = a[uav]+(®u|3ﬂav|39)3§27 doma@ :H1<'Q‘)7

where a is given in (3.3). It is clear that ag is symmetric and densely defined in L?(Q);
cf. Lemma [3.1] and Assumption [3.2] Let us show that ag is closed and semibounded
from below. For this let us observe two consequences of Lemma |3.4] On the one hand, if
y: H'(Q) — H'?(dQ) is the trace operator in Proposition we may choose
K =79*1yin Lemma where 1 is the compact embedding of H'/2(3Q) into H~1/2(9Q);
cf. Theorem [2.3] (iii). Then K is compact and we obtain that for each € > 0 there exists
Ce > 0 with

H”’aQHiZ(aQ) = (Lyu,yu)yq = (Kuvu)l’,l
< ellullfq) +Cellulfpq), ueH (). (3.14)
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On the other hand we may choose K = y*®,y. Then by Lemma for each € > 0 there
exists a number Ce > 0 with

|(®aul 50, ulon)aal = [(V O2yu,u) 1| = |(Ku,u)y 1
<8HuHH1 +cguu\|L2 ) ueH(Q). (3.15)

Recall from Lemma [3.1] that the norm || - || induced by the scalar product a — p + 1 on
H'(Q) for appropriate 1 € R is equivalent to || - | H1(Q)» that is, there exist ¢,C > 0 with

sy < Iull2 < CllulZngye e H'(Q). (3.16)

It is no restriction to assume that ce, in (3.I1) is negative. Let € > 0 be such that
c+ce,€ — € > 0. Then we obtain from (3.14), (3.15)), and (3.16)

ag(u,u] = (a—u+1)[u,u] + (1 — 1)||“Hi2(g)
+ (O1ulp0,u]50)a0 + (O2u|y0, 1| 50) s0
ZC”I’[H[Z-II(Q)_'_(N_1)||u||L2 +C®18||M||H1 +C®1Cs||u||Lz

— ellullfyq) — Cellullzq
= (c+co,e —&)|ullfp g + Hllulf2 ), ueH'(Q),
with I = tt — 1 4 c@,Ce — Ce. It follows
aG[M»M]ZﬁH”“%Z(Q)a ueH' (Q),
that is, ag is bounded from below, and

(a@ —p+ 1)[u,u] > (c+co, € — e)HuHHl ue H(Q). (3.17)

On the other hand, since the operator @ : H'/2(9Q) — H~1/2(9Q) as well as the trace
map 7 : H'(Q) — H'/2(9Q) are bounded, there exists M > 0 such that

(a0 — fi+ 1)[u,u) < Cllul} ) + Ml ) + leo,Ce — Ce — [[ullrqy  (3.18)

holds for all u € H'(Q). From (3.17) and (3.18)) it follows that ag — fi + 1 induces a norm
on H'(Q) which is equivalent to || - || Hi()- In particular, ag is closed. By Theorem

there exists a selfadjoint operator A in L?() with domA C domag = H' (Q) and

(Au,v) = ag[u,v], u € domA,v € domag.
We are going to show A = Ag. Let first u € domA. Then for each v € C7’ () we have

(Au,v) = aglu,v] = afu,v] = (Lu,v)_11;
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cf. the proof of Theorem Hence Lu = Au and, in particular, Lu € LZ(Q). Moreover,
for arbitrary v € H'(Q) we have

du
(av |ag+®“|897"|aﬂ>a = afu,v] = (Lu,v) + (Oulya,vls0)s0
= aglu,v] — (Au,v) =0

by the first Green identity g?l_ﬁ[) Since v|yq runs through all of H'/2(9Q) as v runs
through H'(Q), it follows 24 |aQ + Bu|yn = 0, hence u € domAg and Agu = Lu = Au.
Conversely, if u € domAg then

d
(Aou,v) = (L) = aoluv] = (5[ o0 + @uloa vaa) | = ey

holds for all v € H'(Q) and Theorem implies u € domA; thus Ag = A. In particular,
Ap is selfadjoint. Since ag is semibounded from below, by Theorem [2.1] the same holds
for Ag.

Let now Q be bounded. Then the embedding 1 of H'(Q) into L?(Q) is compact, see
Theorem Moreover, by the closed graph theorem the operator R : L2(Q) — H'(Q),
u+— (Ag — )" 'u is bounded for all A € p(Ag). Therefore (Ag —A)~! = 1Ry is compact.
From this it follows that the spectrum of Ag is purely discrete. Since Ag is selfadjoint but
not everywhere defined, Ag is unbounded. Thus its eigenvalues accumulate to +oo. 0

In order to define a Robin-to-Dirichlet map we make use of the following lemma.

Lemma 3.6. Let Assumption|3.1|and Assumption n 3.2\ hold. Then for each A € p(Ag) and
eachge H™ Y/ 2(dQ) the boundary value problem

du
Lu=Au, m|ag+®u|(m:g (3.19)
has a unique solution uy € H'(Q).

Proof. As we have seen in the proof of Theorem [3.5]the form
a@[u,v] = a[“av]‘f’(@“bm"bg)aga domag :H1<‘Q‘)7

in L?(Q) is semibounded from below by some & € R and (H'(Q),ae — t + 1) is a Hilbert
space. Let us first prove that for each g € H -1/ 2(9Q) the boundary value problem

du
([,—,u-l-l)u:O, E‘aQ‘F@I/le:g
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has a solution u in H'(Q). Let g € H '/2(9Q). Indeed, by the continuity of the trace
H'(Q) 3 urs ulyg € H'/?(9Q) the mapping H'(Q) 3 v — (g,v|50)sq is bounded and,
hence, belongs to the antidual of H'(Q). By the Fréchet-Riesz theorem there exists a
unique u € H'(Q) with

(ap — u+ 1)[u,v] = (g,v]a0)aq, vEH'(Q). (3.20)

In particular, (a — p +1)[u,v] = 0 for all v € C5’ (L), which implies (£ — p + 1)u = 0; in
particular, Lu = (1 — 1)u € L*(Q). Then (3.20) yields

a[u,v]—(ﬁu,v) = (g_®u’8§27v|89)3§27 VGHI(Q)J

hence aav"ﬁ loa +Ou|yq = g; cf. Deﬁnition

Let now A € p(Ag) and u as above. Then (£ —A)u = (u —1—A)u € L*(Q) and there
exists ug € domAg with (Ag — A)ue = (L — A)u. Let us set uy = u— ug. Then

duy, du
m‘ag‘F@”MaQ = E‘aQJF@“\aQ =8

and, clearly, (£ — A)uy, =0, that is, u; € H'(Q) solves (3.19).

In order to prove uniqueness, let v; € H'(Q) be a further solution of (3.19). Then u; —v;
satisfies

d(uy, — vy,

L(uy, —vy) =A(up —vy), vy )‘3Q+®(”l_vk)|¢99:07

in particular, uy — v, € domAg and (Ag —A)(uy, —vy) =0. From A € p(Ag) it follows
uy — v, = 0. Thus we have proved the uniqueness of the solution. [

Lemma [3.6|allows us to make the following definition.

Definition 3.2. Ler Assumption and Assumption hold. For A € p(Ag) we define
the Robin-to-Dirichlet map

_ du
Mo(A): H™'*(0Q) = H'*(0Q), g= ﬁ!aﬁ@umg —uplg, (321
where u;, is the unique solution in H'(Q) of (3.19).

We remark that for A € p(Ag) Np(Ap) the Robin-to-Dirichlet map can be written more
explicitly as

Me(A) = (@—M (1)), (3.22)
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where M(A) is the Dirichlet-to-Neumann map in (3.9). Indeed, let A € p(Ag)Np(Ap) and
let g € H'/2(9Q) with (® —M(2))g = 0. By Lemmal|3.3|there exists a unique u; € H'(Q)
with Luy = Auy, and uy |y = g Then Ouy|yo + |ag = 0, thus u; € domAg and
Aguy —Auy =0. Now A € p(Ag) implies u) = 0 and, hence, g = u; |5 = 0. Therefore
® — M(A) is injective. Moreover, if uy € H'(Q) satisfies Lu; = Au;, then

8u;L

(O@—M(A))up oo = Ouy oo + 8_v£|99’

which leads to the representation (3.22)).






4 INVERSE PROBLEMS OF CALDERON TYPE

The present chapter contains some of the main results of this thesis. We are concerned with
inverse problems of Calderén type with partial data for a uniformly elliptic differential
expression

on a connected (not necessarily bounded) Lipschitz domain . We prove that the knowl-
edge of the Dirichlet-to-Neumann map

du
M(A)Mllagz_ﬁ}agv ‘Cuﬂ, :Aulv

see (3.9), on an arbitrarily small nonempty, open subset @ of the boundary dQ for a certain
collection of points A determines the selfadjoint Dirichlet operator

Apu = Lu, domAp = {u € H'(Q): Lu e L*(Q),ulyq =0}

associated with £ in L?(Q), see (3.3)), uniquely up to unitary equivalence. In addition, we
prove a reconstruction formula for Ap from the knowledge of M(A) on @ in the case that
the domain € is bounded. Moreover, we provide analogous results for selfadjoint elliptic
differential operators with Robin boundary conditions. The results of this chapter were
partly published in [26].

In the whole chapter we assume that the domain € and the differential expression £ on Q
satisfy Assumption [3.1]above, that is, Q is a Lipschitz domain and the differential expres-
sion £ is uniformly elliptic on Q with bounded Lipschitz coefficients a j; = a;,a; : Q—C,
1 < j,k < n, and a bounded, measurable coefficient a : Q — R. Moreover, ® C dQ is as-
sumed to be a nonempty, relatively open set.

4.1 Preliminaries

In this section we provide some preliminary material. As an important tool in the proofs
of our main results we introduce the Poisson operator

y(A): H'2(09Q) — L(Q), g uy (4.1)

31
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for A € p(Ap), where u; € H'(Q) is the unique solution of the boundary value problem
Lu=Au, ulpo=g

for a given g € H'/2(dQ); cf. Lemma in Chapter |3| above. We will make use of a
couple of statements and formulas for the Poisson operator and the Dirichlet-to-Neumann
map, which are collected in the following lemma. Its proof is based on the second Green
identity (2.1T)). Similar statements in an abstract setting of extension theory of symmetric
operators in Hilbert spaces and associated Weyl functions were proved in, e.g., [21,/49].

Lemma 4.1. Let Q and L be as in Assumption[3.1|and let Ap be the Dirichlet operator as-
sociated with L in L*(Q) in (3.3)). Then for A,u € p(Ap) the Dirichlet-to-Neumann maps
M(A),M(u) in (3.9) and the Poisson operators y(A),y(u) in @&.1)) satisfy the following

assertions.
(i) Y(A) is a bounded operator and its adjoint Y(A)* : L*(Q) — H~1/2(9Q) is given by
y(l)*u:—i((A —I)_lu)’ ueL*(Q)
8V5 D o’ '

(11) The identity
YA) = (I+ (A —p)(Ap—24)~") 7(w)

holds.

(iii)) The Poisson operators and the Dirichlet-to-Neumann maps satisfy
(A —m)y(u) y(A) = M(4) — M(i),

and (M(A)g,h)y0 = (8, M(A)h) 0 holds for all g,h € H'/?(3Q).

(iv) M(A) is a bounded operator from H'/>(9Q) to H='/2(9Q), which satisfies
M) =M(E) + A -y (I+*A-p)Ap—2)")r(w).  “2)

In particular, A — M(A) is analytic on p(Ap).

Proof. (i) Letus fix A € p(Ap). In order to calculate y(A)* we choose g € H'/2(0Q) and
u € L*(Q). Moreover, we set v = (Ap — A)~'u and u; = y(A)g, that is, Lu; = Auy and
uy|oq = g- Then the second Green identity (2.11) yields

(Y(2)g.) = (13, (Ap = 2)v) = (13, £v) = (Luy,v)
B adv duy,
= (w10~ 5, l0) 1~ (= Fyrlontlon) o
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Since v = (Ap — A)~'u € domAp implies v|yq = 0, it follows

d

(r0)g.) = (8- 50 (A0 =270 ) .

from which we conclude with the help of the closed graph theorem that y(A) is bounded
and that Y(A)"u = —39-((Ap — 4) ') 5 holds.

(i) For A, 1 € p(Ap), g € H'/2(9Q), and u € L*(Q) we obtain from (i)

~ (55 (Ao =) ) )

A o0 o0
J 17— -1
= g,—m((AD—N) (A —m)(Ap— 1) ”)|ag)ag

which implies Y(A) —y(u) = (A — u)(Ap — A)~'y(u) and leads to the assertion.

(iii) Let A, € p(Ap) and choose g,h € H'/2(9Q). Moreover, define u; = y()g and
vy = Y(u)h. Then the second Green identity (2.11) yields

(A =) (v(2)g, Y(w)h) = (Lup,vy) = (un, Lvy)
= (M()'>gah>89 - (g7M(l'L>h)aQ (4.3)
and the special choice 4 = A implies the second statement in (iii). The first statement now
follows immediately from (#.3).

(iv) From (M(A)g,h)yq = (g, M(A)h)yq for A € p(Ap) and g, h € H'/2(9Q) it follows
with the closed graph theorem that M(A) : H'/2(9Q) — H~1/2(9Q) is bounded. Further-
more, by (i1) and (iii) we have

M)+ (A=) y(w)* (I+ (A —u)(Ap —A) ") v(w).

Since A + (Ap — A)~! is an analytic mapping on p(Ap), it follows from (#.2)) that A —
M(A) is analytic, too. O

Remark 4.1. It follows from Lemma (iii) and (iv) that the mapping A — M(A) can
be viewed as an operator-valued Nevanlinna function since M(-) is analytic on C\ R,
M(A)* = M(R) holds for all A € C\R (after an identification of H'/*(dQ) with the dual
space of H1/2(9Q)), and

Im(M(2)g,8)o0 _

ImA (v(L)g,v(L)g) >0, Ae€C\R,ge Hl/z(aQ)_
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Recall that @ is an open, nonempty subset of dQ. For A € p(Ap) we define
Ny={ue HY(Q) : Lu= Au, supp(u|yq) C o}
—{r(M)g:g € H'12(9Q), suppg 0}, (44)

the space of solutions of the differential equation Lu = Au whose trace is supported in @,
where we define supp g to be the smallest closed set such that g vanishes almost everywhere
on its complement.

The following proposition serves as a further preparation and will be crucial for the proofs
of our main results. Its proof is partially inspired by an idea from [17]: Starting from a
certain L?-function on Q C R” we construct a solution of a time-dependent elliptic equation
via introducing a semigroup and, afterwards, apply a unique continuation theorem to this
solution. Unique continuation theorems for second order elliptic differential operators are
due to [12,42,[74,[75]] and others. In the following formulation such a theorem can be found
in [127].
Theorem 4.2. Let G C RN, N > 2, be an open, connected set and let Ojy : G — C be
bounded Lipschitz functions, 1 < j, k < N, such that

N

N
ap(x)EE>EY &, xe€G, E=(&,....&n)" eRY,
k=1 k=1
for some E > 0. Let f € lOC(G) and assume that there exist A,B € R with

N

I L "‘J"ax,ax ‘<A|f|+BZ‘a ‘

7

almost everywhere on G. If f vanishes almost everywhere in an open, nonempty subset of
G then f = 0 identically on G.

Proposition 4.3. Let Assumption be satisfied, let Q be connected, and let @ C dQ be
open and nonempty. Then

span{N; : A € C\R}
is dense in L*(Q).

Proof. Let Q be a Lipschitz domain such that Q > Q, dQ\w C 9Q, and there exists an
open ball O C Q \ Q. Let djx,a; be bounded Llpschltz functions on Q which extend a jk
and aj, respectively, 1 < j,k < n, and leta:Q —Rbea bounded, measurable extension
of a to Q such that the differential expression

Zn:_ AN Y PRI T
ooy & Ugx, " ax ) A
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is uniformly elliptic on % cf. Assumption E Let Ap denote the selfadjoint Dirichlet
operator associated with £ in L2(Q), i.e.,

Apii = Cil, domZDz{ueH( )i Lii € LX(Q),0l g = o}.

Since Ap is semibounded from below, see Theorem it is no restriction to assume that
this operator has a lower bound u > 0. Let v € L?>(Q) be such that v vanishes on Q, and
define

u;w (AD l) \7, lEC\R

Moreover, denote by uy 5 the restriction of uy 5 to . Then Luy 7 = Auy 5 holds and
supp(uy, 5l9q) C O, since dIQ\ @ C dQ and iy, 5,5 =0. Hence u; € N, forall A € C\R
and all v € L2(Q) with ¥]q = 0.

Let us choose u € L*(Q) such that u is orthogonal to N} for each A € C\R. Then, in
particular,

ot = (0 51°5) = (),

for all A € C\ R, where # denotes the extension of u by zero to Q. Since 7 € L2(Q) was
chosen arbitrarily such that v|q = 0, it follows

Ap— A *IN)IN —0, AeC\R. 45
(Ao—2)a) |, =0 \ 45)
Following an idea from [17, Section 3] we consider the semigroup 7'(¢) = ¢~' \/E, t>0,

which is generated by the square root of the uniformly positive operator Ap. Then
t > T(t)u € L*(Q) is twice differentiable with

2 ~
ET(t)u =ApT(t)u, t>0,
which implies
0% ~
(- 82+£) (i(x) =0, xeQ,1>0, (4.6)
in the distributional sense. Furthermore, from it follows
92 L - Jd = = ~
(=52 X gy gy ) 100 = (L 78 -a) 70t
JK= J=
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Since the functions a jk and a ;j and their derivatives of first order as well as a are bounded,
there exist A,B € R with

(=32 ¥ angs ) 700

Jk=1
o~ a 1l
A u(x 5, uix
<AIT @)+ B(| 5,70) ()‘+j:2:1

a%r(x);;(x)]), 4.7)

x € Q,1 > 0. Note that (x,7) — T(r)ii(x) belongs to L2(Q x (0,e0)), since
// (e_t XDI/T) (x)
0

Q
:/oo/w‘e—“/x‘zd(E()L)ﬁ,mdt:/;d(E(l)l?,ﬁ) < oo,
0 u H

2
‘dt

2 oo _
dxdt:/He_’ Apgy
0

2V

where E(-) denotes the spectral measure of Ap. Now the uniform ellipticity of the differ-
ential expression —g—:z + £ and standard regularity theory imply that (x,7) — T (¢)a(x) is
locally in H 2onQ x (0,0), see, e.g., [101, Theorem 4.16]. Moreover, for any real numbers
a,b ¢ oy (Ap), a < b, the Stone formula

b

E((a,b))i = gl\n%ﬁ/ ((ZD —(y+ie)) i— (Ap—(y— is))_lii)dy

together with (4.5) implies (E((a,b))u)| e 0. Thus for each ¢ > 0 we have

[

(7)) |10 = ( / e VRE ()i

U

_ =0,
Q\Q

in particular, (x,7) — T(¢)u(x) vanishes on the nonempty, open subset O X (0,o0) of
Q x (0,00). Now and Theorem yield T(t)i(x) = 0 for all x € Q, ¢ € (0,00),
i.e., T(t)u vanishes identically on Q for all ¢ > (. Thus, taking the limit # \ 0, we find
u = 0 and, hence, u = 0. This completes the proof. L]

Remark 4.2. We point out that the statement of Proposition can be improved in the
following way. With the help of the identity theorem for holomorphic functions one can
deduce that

span{N) : A € D}

is dense in L*(Q) for any subset D of p(Ap) which has both an accumulation point in the
upper and the lower open complex half-plane. We do not elaborate on the details, since
we will not make use of this fact in the following.
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Remark 4.3. The statement of Proposition is equivalent to the fact that the symmetric
restriction

d
Su = Lu, domS:{uedomAD,—u‘ :0},
3V[, o

of the Dirichlet operator in L>(Q) is simple or completely non-selfadjoint; cf. /3, Chap-
ter VII-81] and [87)]. A more detailed discussion of this can be found in Appendix|[A.2]

4.2 An inverse problem for the Dirichlet operator with partial data

Let us now turn to the main results of this chapter. In order to consider the Dirichlet-to-
Neumann map only on an arbitrary open, nonempty subset @ of dQ we set

Hé,/Z = {g € H1/2(8Q) :suppg C a)}.

We first prove that the partial knowledge of the Dirichlet-to-Neumann map on @ de-
termines the Dirichlet operator Ap associated with the elliptic differential expression £
in (3.5) on a bounded or unbounded Lipschitz domain Q uniquely up to unitary equiva-
lence. The proof of the following theorem uses arguments which are known in abstract
contexts; cf., e.g., [84].

Theorem 4.4. Let Q be a connected Lipschitz domain, let @ C dQ be open and nonempty,
and let L1, Ly be two differential expressions as in Assumption Moreover, let My (),
My(L) be the corresponding Dirichlet-to-Neumann maps and let A}, A2 be the corre-
sponding Dirichlet operators as in (3.3). Assume that D C p(AL) Np(A}) is a set with an
accumulation point in p(AL) N p(A3) and that

(Mi(A)g,h)aq = (Ma(M)g,h)aq, gl € Hy,

holds for all A € D. Then A]ID and A]ZD are unitarily equivalent.

Proof. Note first that by Lemma4.1] (iv) the functions

P(AD) DA — (Mi(A)g,h)gq, i=1,2,

are holomorphic for all g,h € H(l,/ 2, Thus, it follows from the assumption of the theorem,
that these functions do not only coincide on the set D but on the whole set p(AL) N p(A3),
1.e.,

(Mi(A)g, h)ga = (Ma(R)g h)aq, g heHY>,
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holds for all A € p(AL) N p(A3) and, in particular, for all A € C\R. Let (1) and
7>(A4) be the Poisson operators associated with £; and L, respectively, as in (.1I). For
A, € C\R,A # [, it follows from Lemma [4.1] (iii) that

(M1 (A)g,h)oq — (Mi(I)g,h)oq

(n(d)g ri(u)h) =

(Ma(A)g,h)oq — (Ma(I)g,h)oa

o
2{ _
" = (pMep)h)  @48)

== =

holds for all g,h € Hé,/ %, Let us define a linear mapping V in L?(Q) on

domV = span{}q(?t)g (g€ Hcl,,/z,?L € (C\R}

k k
V(ZYIOU)&’J’) =Y pA)gi, A €C\R,g; cHY? 1<j<k
= =

It follows from the identity (@8] that V is a well-defined, isometric operator in L*(Q).
Moreover, by Proposition {4.3|the set

span{%(l)g:?t EC\R,gEH&/z} 4.9)

is dense in L?(Q), i = 1,2, that is, V is densely defined and has a dense range in L*(Q).
Hence V extends by continuity to a unitary operator U in L?>(Q), which, clearly, satisfies
Uyi(A)g=7n(A)gforall g e H;,/z and all L € C\R. Let u € RNp(AL)Np(A2). Then
Lemma [4.1] (ii) yields

UAL — )Ty (M)g = U?’l(li)j - gyl (A)g

_ mmjjz(”g = (AD— 1) "'Un(A)g

forallA e C\Randall g € Hé)/ 2, Using again the density of (#.9) in L?(Q) we conclude
UlAp—u)~' = (Ap—u)"'U,

thus U(domA})) = domAZ and UALu = A3 Uu for all u € domA},. Therefore A}, and A%
are unitarily equivalent. ]

Let us now discuss how the Dirichlet operator Ap can be recovered from the knowledge of
the corresponding Dirichlet-to-Neumann map M(A) on ® C dQ. Here we will assume that
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Q is bounded. Recall that in this case the spectrum of Ap consists of isolated eigenvalues
with finite multiplicities only, see Theorem [3.2} in particular, the resolvent of Ap is a
meromorphic operator-valued function, whose poles are of order one, and it follows from
Lemma @4.1{(iv) that the same holds for the function M(-). We define the residue Res® M :

Hclo/2 — (H;)/Z)’ of M(-) on @ at some point A € R by
(Res§ Mg, h)o := (Resy Mg,h)aq, &€ Hy
where Res; M : H'/2(9Q) — H~1/2(9Q) is the usual residue of the operator-valued func-

tion M(-) at A and (-, ), denotes the duality between H(ll,/ ? and its dual space (H(lo/ 2)’ ; for
more details on the residue of a meromorphic operator function see Section[2.1] Moreover,
we say that M(-) has a pole on @ at A if the operator Res’ M is nontrivial. Let us finally

define the restriction of some 2 € H~'/2(9dQ) to ® as an element of (H(},/ 2)’ by

1/2
(M 8)w = (h,8)sq, &€ Hy

The Dirichlet operator Ap can be recovered from the partial knowledge of M(A) on ® as
follows.

Theorem 4.5. Let Assumption 3.1| be satisfied, let Q. be bounded and connected, and let
® C dQ be an open, nonempty set. Moreover, let Ap be the Dirichlet operator in (3.3) and
let M(A) be the Dirichlet-to-Neumann map in (3.9), A € p(Ap). Then the eigenvalues of
Ap coincide with the poles of M(+) on @. For each eigenvalue Ay of Ap the mapping

du
T - ker(Ap — A) — ranRes{ M, u+> —
k ( D k) )“k 9 avﬁ o
o : : W (k) 1/2
is an isomorphism. In particular, there exist g;",. .., 8n(k) € Hg =~ such that

1

W .= ‘L'k_] (Resj‘iM) gl(k), i=1,...,n(k),

form an orthonormal basis of ker(Ap — Ay) and the identity

Apu = Z " Z (u,el(k))egk), u € domAp,
k=1 i=1

holds.

Proof. Step 1. Let A, k € N, be the distinct eigenvalues of Ap as in the theorem. In this
first step of the proof we show that for each k € N the mapping

du

T s ker(Ap — A¢) — ranRes) M, u+ Wh‘”
L
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is an isomorphism. First we observe that 7y is injective. Indeed, assume u € ker(Ap — Ay)
satisfies Tu = 0, that is ;T”L|w = 0. Moreover, let u € C\ R, and let v, € J\/'“, ie.,
Lvy = pvy and supp(vy|yq) C o; cf. (4.4). Then the second Green identity (2.11) yields
(M — 1) (u,vu) = (Apu,vu) — (u, Lvy)
vy du
= _— — | — = 0
(u“m’ ove “99) 20 <8V£ }3Q,Vu|ag) w

since u|yq = 0, supp(vu|oq) C @, and aaTMJw = 0. Thus with the help of Propositionit
follows u = 0, that is, Ty is injective.

In order to prove the surjectivity let us fix some 4 € RN p(Ap) and note that for
u € ker(Ap — A) Lemma 4. 1] (i) yields
Teu = T ((Ap — 1) 'Apu— (Ap — .U)flﬂu)
J _ «
= (=) 5~ ((Ap =) ~u) |, = (1 = A (VW) Wl

where y(u) is the Poisson operator in (4.1)). Consequently, for the surjectivity of 7 it is
sufficient to ensure

ranResj&M = {(y(1)"u)|w:u € ker(Ap — ) } . (4.10)

For the inclusion C in (@.I0) denote by P the orthogonal projection in L?>(Q) onto
ker(Ap — Ax). Let us choose 1 € C\ R and an open ball O centered in A; such that 1
and u do not belong to O and such that 6(Ap) N O = {A}. If T denotes the boundary of
O then with the help of the identity and of Lemma 4.1 (ii) and (iii) we obtain

(P8 Y40 = — 5 [ (4o — ) v(m)g. v(w)m) g
r

1 1 1
- r/ (g2 MO = (v ) ) o
_ L (M(C>gah>89 (M(,Ll)g,]’l)ag (M(n)g7h)89

) Z”ir/ (e o = (€ )

for g,h € Hclo/ 2; cf. the formulas in [51, §1.1]. The second and third fraction under the

integral on the right-hand side are holomorphic in a neighborhood of O as functions of §
and, hence, their integrals vanish. Note that by Lemma 4.1| (iv) the function M(-) is either
analytic in O or has a pole of order one at A;. Together with the fact that  — m

is holomorphic in O we obtain

(Prn)g. v = (e,
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cf. (2.1). It follows

(Resy, Mg, h)go = (1 — &) (A — ) (PY(0)g, ¥()h), g,h € Hy >,

and, in particular,

Resf) Mg = (1 — ) (A — ) (V) PY()) o g €HG” 411)
This implies the inclusion C in (.10).

For the proof of the second inclusion in (4.10)) let u € ker(Ap — A) and let € > 0. Since
y(1)*P is a bounded operator from L2(Q) to H~'/2(9Q), there exists § > 0 such that
[ — vl 2y < & implies ||y()*Pu— y(1)*Py|g-112(9q) < € According to Proposi-
t10n[43]the set

span {7(n)g:n € C\R,g € Hy* |

is dense in LZ(Q), hence there exist/ € N, ;e C\Rand g; € H(},/z, 1 < j <, such that

<0
L2(Q)

= ¥ vinpe;
J=1

and, consequently,

l
Jrter vy P L v, 1y <
Since u € ker(Ap — A ), we have Pu = u. Moreover, the mapping H~'/2(9Q) 3 h+— h|g €

(H(L/ 2)’ is continuous with norm less than one, and with the help of the identity (4.11) it
follows

Resf{’ Mg;

H Zj’ — M) (A — )

hence, (y(i)*u)|e belongs to the closure of ranResﬁ’k M. Since ker(Ap — A) is finite-

dimensional, the inclusion C in (4.10) implies that also the dimension of ran Res;‘;M is
finite. Thus

<
(Ho )

(7( ) u)|o € ranResy M

and we have proved the equality (.10). Therefore 7y is a bijective linear mapping between
finite-dimensional spaces, and, hence, an isomorphism. From this it follows immediately
that each eigenvalue of Ap is a pole of M(-) on @. On the other hand it follows from
Lemma (4. 1| (iv) that M(+) is holomorphic on p(Ap). Hence 6(Ap) coincides with the set
of poles of M(-) on @.
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Step 2. In this step we prove the statement on the representation of Ap. Since T is an
isomorphism for each k € N, there exist ggk), e g,(ja) € Hé,/ 2, n(k) = dimker(Ap — Az),
(k)

such that the functionse; ', i =1,... ,n(k), defined as in the theorem, form an orthonormal
basis of ker(Ap — A;). Since the spectrum of Ap consist only of the isolated eigenvalues
A, it follows that

Apu = Z M Z (u,el(k))el(k), u € domAp,
k=1 i=1
holds. This completes the proof of the theorem. [

Remark 4.4. The connectedness assumption on Q in the theorems of this section can be
slightly relaxed. The same proofs show that it suffices to require that 0 N QO is nonempty
for each connected component O of Q.

4.3 Inverse problems for generalized Robin operators

In this section we carry over the results of the previous section to realizations Ag in L?(Q)
of the uniformly elliptic differential expression £ subject to generalized Robin boundary
conditions,

d
Apu=Lu, domAg = {M € H'(Q),Lu € LZ(Q)v%‘aﬂ_’_@”bQ = 0},
c

see (3.10). Here © : H'/2(9Q) — H~'/2(9Q) is an operator which satisfies Assump-
tion [3.2{from Chapter above, that is, @ = ©; + @,, where ®; : H'/2(9Q) — H~'/2(0Q)
are bounded operators with

(®i8»h)ag = (8»®ih)a£2’ g7h€H]/2(8Q)7
i=1,2, such that ®; is [*-semibounded, i.e.,
(©18.8)30 > co, I8l 220 8 € H"(29),

for some cg, € R, and @, is compact. By Theorem [3.5 Ag is a selfadjoint operator in
L*(Q). Moreover, by Lemma|3.6|the Robin-to-Dirichlet map

8u,1
Me (E\agﬂL@Wag) =uploq, Luy=2Auy,

is well-defined for each A € p(Ag), and it can alternatively be expressed as

Mo(A)=(®@—M(A))', A€ p(4e)Np(Ap),
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see (3.22). In this section we show that the knowledge of the mapping Mg(A) for an
appropriate set of points A determines the operator Ag uniquely up to unitary equivalence.
Additionally we provide a reconstruction result in the case that the domain € is bounded.
We first restrict ourselves to the case that the Robin-to-Dirichlet map Mg(A) is given on
the whole boundary dQ. Afterwards we show that under additional conditions on ® this
assumption can be relaxed. We provide a uniqueness result under local knowledge of the
Robin-to-Dirichlet map in the case that ® is a multiplication operator, i.e., the functions in
the domain of Ag satisfy a local, classical Robin boundary condition.

In order to develop an analog of Lemmal[4.1|for Ag and Mg(A) instead of Ap and M (1),
respectively, we introduce the Poisson operator for the Robin problem

Yo(A) : H2(0Q) = L2(Q), g uy, (4.12)

where u; is the unique solution of the boundary value problem
du
‘Cu:ﬂ‘uv mbg‘l'@ubﬁ:g

for a given g € H~1/2(9Q); cf. Lemma Then the following holds.

Lemma 4.6. Let Assumption and Assumption be satisfied. Moreover, let A, €
p(Ae), let Mg(A),Me(u) be the Robin-to-Dirichlet maps in (3.21) and let Yo(A), Yo (1)
be given in (4.12)). Then the following assertions hold.

(i) Yo(A) is a bounded operator and its adjoint Yo (A)* : L*(Q) — H'/2(9Q) is given
by

Yo()u=((Ao—A)"u) sa, ueL?(Q).

(i1) The identity
Yo(A) = (I+(A —p)(Ae—2)"") Yo (k)
holds.
(ii1) We have
(A —m)ve(1) 10(A) = Me(A) — Me (1),
and (Me(1)g,h) 30 = (g,Me(A)h)yq holds for all g,h € H~V/2(9Q).
(iv) Mg(A) is a bounded operator from H='/2(9Q) to H'/2(dQ), which satisfies
Mo(A) = Mo () + (A — )0 (u)" (I+ (A —u)(Ae —4) ) yo(u).  (4.13)

In particular, A — Mg(A) is analytic on p(Ag).
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Proof. (i) Let A € p(Ag), let g € H 1/2(dQ), and let u € L*>(Q). Moreover, let

u; = Yo(A)g, that is, Luy = Auy and gvl 90+ Ouy |50 =g, and let v = (A4g — A)~!
Then the second Green identity (2.11) ylelds

(Yo(A)g,u) = (5, (Ao — A)v) = (1, Lv) — (Luy,v)

dv
<8v |50V |ag> (leaav ‘ag)ag
du
< A\89—I—G)Mz,|ag7v|ag> —<”A|aﬂam‘aﬂ+®v|39>ag
= (g,Vla0)aa = (2, (Ao — 1) "u)|aa) 5o-

From this it follows with the closed graph theorem that yg(4) is bounded and satisfies
Yo(A)u=((Ae —1)~'u)lsa-

The proof of item (ii) is analogous to the proof of Lemma4.1] (ii) and will be omitted.

(iii) Let A, 1 € p(Ae), let g,h € H~'/2(9Q), and let uy, = yo(A)g and vy, = Yo (11)h. Then
we have

(A =) (ve(A)g,Yo(1)h) = (Lup,vu) — (up, L)

(W"m’g‘\}/ ‘39>a9 (aul“m’ “bg)ag
=

8u;L
Vulag>ag—( |aQ+®ul|QQavﬂ|8Q>a

= (ualoq;h)a Q—(gﬂ’u’ag)ag
(Mo(2)g,h)aq — (&, Me(1)h)sq- (4.14)

With u = A it follows (Me(A)g, )0 = (g,Me(A)h)yq. From this and we obtain
the remaining statement of (iii).

The assertions of item (iv) follow from (ii) and (iii) analogously to the proof of
Lemmal.1] (iv). O

The following two theorems show that the knowledge of the Robin-to-Dirichlet map de-
termines the operator Ag in (3.10) uniquely up to unitary equivalence and that Ag can be
recovered from the knowledge of Mg(A) in the case that Q is bounded. We do not carry
out the proofs of these theorems. They are analogous to the proofs of Theorem and
Theorem [4.5]in the previous section in the case @ = d€), where one has to replace the use
of Lemma (4.1 by the application of Lemma [4.6] Moreover, in order to admit Lipschitz
domains Q which are not necessarily connected we replace Proposition[4.3](with @ = Q)
by the following slightly generalized variant.
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Proposition 4.7. Let Assumption|3.1|be satisfied and let
Ny ={ueH (Q): Lu=2Au}, A€p(Ap). (4.15)
Then the space
span{N, : A € C\R}

is dense in L*(Q).

Proof. Let u € L*>(Q) be orthogonal to A}, for all A € C\ R and let O be a connected
component of Q. Let A € C\ R and set
NP ={ve HY(O): Lv=Av}.

For each v; € NP we define

5, vy onQ,
*7 o on Q\ O.

Then v, belongs to H'(Q) and satisfies £V, = Av,, that is, v; € Nj. In particular,

0= (u,f&) = (M’O,V;L)LZ(O),
hence u|p is orthogonal to N’ /{9 forall A € C\R and Propositionyields u|lo = 0. Since
the connected component O was chosen arbitrarily, it follows u = 0. [
With the help of this proposition the following uniqueness result for Ag can be proved.

Theorem 4.8. Let Q be a Lipschitz domain, let L1,L, be two differential expressions as
in Assumption and let © satisfy Assumption Moreover; let M (A),M3(A) be the
corresponding Robin-to-Dirichlet maps as in (3.21)) and let Aé),A%9 be the corresponding
Robin operators as in (3.10). Assume that D C p(Ay) Np(AZ) is a set with an accumula-
tion point in p(A5) Np(A%) and that

(Mé(l)g7h)a§2: (Mé<2‘)g7h)a§27 g7h€H_]/2(aQ)7

holds for all A € D. Then A(lg, and A%) are unitarily equivalent.

In case Q is bounded, Ag can be recovered from the knowledge of Mg(A) as follows.
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Theorem 4.9. Let Q and L be as in Assumption and let, additionally, Q be bounded.
Moreover, let © satisfy Assumption let Ag be the selfadjoint operator in (3.5), and let
Mg(A) be the Robin-to-Dirichlet map in (3.21), A € p(Ag). Then the eigenvalues of Ag
coincide with the poles of Mg(-). For each eigenvalue Ay of Ag the mapping

Ty : ker(Ag — Ax) — ranResy, Mo, u— ulyq
is an isomorphism. In particular, there exist ggk), cee g%() eH Y 2(89) such that

oM = ’L'I:I (Res;LkM@) g(k), i=1,...,n(k),

i i

form an orthonormal basis of ker(Ag — Ay) and the identity

Agu = Z Ak Z (u,el( ))el( ), u € domAeg,
k=1 i=1

holds.

Let us finally come to the case of partial data. We now assume additionally that the operator
O in the boundary condition has the form

Og=10g, gecH"*(09), (4.16)

where ¥ : 9Q — R is a bounded, measurable function. Then @ : H'/2(9Q) — H~'/2(9Q)
is a bounded operator with

(03.8)30 > infO g2 50, &€ H"(09).

and, hence, satisfies Assumption[3.2] Therefore Ag in (3.10) is selfadjoint by Theorem[3.5]
the Robin-to-Dirichlet-map Mg(A) in (3:21)) is well-defined, and Lemma.6]is applicable.
In order to prove that Ag is determined uniquely by the partial knowledge of Mg(A) we
need the following analog of Proposition 4.3]

Let again @ C dQ be a nonempty, relatively open set. For A € p(Ag) let
d
NP = {u e HY(Q): Lu= Au, supp (ﬁbg—l—@ubg) C a)},

where the support of some h € H~'/2(9Q) is the smallest closed set @ such that
(h,8)9q =0 for all g € H'/2(dQ) with suppg C 9Q\ @.

Proposition 4.10. Ler Assumption[3.1be satisfied and let ® be given in (.16)). Then
span{/\/'f) ‘A€ (C\]R}

is dense in L*(Q).
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Proof. Let Q and L be defined as in the proof of Proposition above. Let us define a
function 9 : 9Q — R by

V= )
0 otherwise.

~ {19 on dQ\ o,

Then ¥ is measurable and bounded. If we set Og = dg, g € H'/ 2(8?2) then by Theo-
rem 3.3 the operator

L - ou
Agu = Lu, domA@:{MEH( ): EuGLZ(Q) |ag+®”|3920}a

in L2(Q) is selfadjoint and semibounded from below. Let v € L2(Q) be such that ¥ vanishes
on Q, and define

ﬁly:(gé—},)_l\f;, )LG(C\R

Moreover, denote by u; ; the restriction of u, ; to Q. Then, clearly, Lu; ;= Auy 5. We

check that the distribution a’” 0 T Ouy, 3|9 vanishes on dQ\ . Indeed, let

g € H'/2(9Q) with suppg C dQ\ . By Proposition [2.2] there exists v € H'(Q) with
V|9 = g- Let v denote the extension of v by zero to Q. Since v|,q is identically zero on o,
we have v € H'(Q) and supp(v],5) C dQ\ @. Moreover, by the definition (2.10) of the
conormal derivative we have

’ >ag

8u,17g
( aVC |8Q
—(Lup 5,v)12(q) + oluz 5 V] + (Bua 5l vaa) 2 (9a)

—(Lit3 5:9) 12y + Atz 5, V] + / Bup 5loavloedo
Q\w

Uy 5 ~
= <—av£~ ’a§+®”l,ﬁ|a§vﬂa§> 5 0,

where we denoted by a the sesquilinear form corresponding to the differential expression L
on Q as in (2.9); hence supp( avﬁ ‘ag‘f’@% 7loq) C o, thatis, uy ;€ NP forall A € C\R
and all v € L2(Q) with g = 0.

If we choose u € L?(Q) being orthogonal to N f) for all A € C\ R and denote by u the

extension of u by zero to Q then we obtain

0= (u,uz 5)r2) = (i, (A A IA)LZ = (( A~ ~A)"! V)2Q)
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forall A € C\ R and all v € L2(Q) which vanish on €, that is,
~ e
((Ag=2)""i)lg o =0

for all A € C\ R. Proceeding further as in the proof of Proposition 4.3|we conclude u = 0,
which leads to the statement of the proposition. U

The following theorem can be proved analogously to the proof of Theorem #.4] with Propo-
sition[4.10]and Lemma 4.6 instead of Proposition [4.3]and Lemma[4.T], respectively.

Theorem 4.11. Ler Q be a connected Lipschitz domain, let @ C 0 be an open, nonempty
set, let L1,L, be two differential expressions as in Assumption and let © be given
in @16). Moreover, let M{(A), M3 () be the corresponding Robin-to-Dirichlet maps and
let Aé,A%9 be the corresponding Robin operators as in (3.10). Assume that
D C p(Ay) NP (A2) is a set with an accumulation point in p(A§) N p(AZ) and that

(MM, )0 = (ME(A)g,h)s0,  ghe HV2(9Q), suppg,hC o,

holds for all A € D. Then Aé) and A%) are unitarily equivalent.

Note that Remark {.4] also applies to Theorem [4.T1]



S TITCHMARSH-WEYL THEORY FOR ELLIPTIC
DIFFERENTIAL OPERATORS

In this chapter we turn to the second main objective of the present thesis. We develop an
approach to the spectral theory of selfadjoint elliptic differential operators which gener-
alizes results of the classical Titchmarsh—Weyl theory for selfadjoint ordinary differential
operators. It is a well-known fact, see [41,/122], that the spectra of the selfadjoint real-
izations of singular Sturm-Liouville differential expressions can be recovered from the
limiting behavior of the Titchmarsh—Weyl m-function towards the real axis. In the present
chapter we generalize these results to selfadjoint partial, elliptic differential operators. We
consider a uniformly elliptic, formally symmetric differential expression

"9 d & d 0
£:_ —a,— + P~ 2y +
j,kz‘tl 8Xja]k8xk ]—Zl (a] an ax]'a]> a

on a (bounded or unbounded) Lipschitz domain €2 as in Assumption The function
A — M(A), where M(A) is the Dirichlet-to-Neumann map

al/l}b

E‘aga Luy = Auy,

M(A)uploq = —

in (3.9), is the natural multidimensional analog of the Titchmarsh-Weyl m-function. In
the main theorems of this section we prove that the whole spectral data of the selfadjoint
Dirichlet operator

Apu= Lu, domAp={ue H" (Q): Luc L*(Q),ulyq =0},

in L2(Q), see (3.9), is encoded in the function M(-). Particularly, we give a complete
description of all isolated and embedded eigenvalues and of the absolutely continuous
spectrum of Ap in terms of the limiting behavior of M(-) towards the real line, and we
prove a sufficient criterion for the absence of singular continuous spectrum. In the second
part of this chapter we provide generalizations of these results to the case that the Dirichlet-
to-Neumann map is known only partially and to further selfadjoint realizations of £ with
(in general) nonlocal boundary conditions of Robin type. Parts of the results of the present
chapter were published in [27].

49
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5.1 A characterization of the Dirichlet spectrum

In this section we describe the complete spectrum of the Dirichlet operator Ap by means
of the behavior of the Dirichlet-to-Neumann map M(A) for A close to the real axis. In
particular, we characterize the isolated and embedded eigenvalues of Ap together with the
corresponding eigenspaces and the absolutely continuous spectrum and give a sufficient
condition for the absence of singular continuous spectrum within some interval. In order to
keep the results and proofs simple we first consider the case that the Dirichlet-to-Neumann
map M(A) is known on the whole boundary dQ.

In view of the characterization of the eigenvalues of the Dirichlet operator in the first
theorem of this section we state the following simple lemma.

Lemma 5.1. Let Assumption be satisfied and let M(A +in) be the Dirichlet-to-
Neumann map in (3.9). Then for all A € R the strong limit

s-lim NM(A +i 5.1
lim (A +in) (5.1)

exists, that is, limp~ o MM (A +in)g exists in H'2(9Q) for all g € H'/?(9Q).

Proof. Let A € Rand g € H'/?(dQ). For an arbitrary u € p(Ap) Lemma (iv) leads to

M(A+in)g=M(ix)g
+A+in—m)y() (I+A+in—p)(Ap— (A+in) ) r(n)g (5.2)

for all 1 > 0. Moreover, when E(+) denotes the spectral measure of Ap, we have
. — . 2
[n(Ap—A +im) "' v(w)g —E{AD (g
2
:/ ﬁ—ﬂl{x} d(E(t)y(n)g,v(1)g) >0 as n\0 (53)
R
by the dominated convergence theorem, that is, n(Ap — (A +in))~'y(u)g converges to
iIE({A})y(u)g as n 0. From this and (5.2)) we obtain

lim nM(A +in)g = lim n(A +in — @) y(u)* (A +in — u)(Ap — (A +in)) " 'v(u)g
n\0 n\0
=A-mw)y(u) (A —p)iE({A})y(u)g:

in particular, the strong limit (5.1]) exists. O
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The following theorem is one of the main results of this thesis. It shows that the whole
spectral data of Ap can be recovered from the knowledge of the function M(-). Partic-
ularly, we provide a complete characterization of all eigenvalues and the corresponding
eigenspaces. We point out that this result is the multidimensional analog of the main the-
orem in [41]], where the spectra of selfadjoint singular Sturm—Liouville operators were
characterized by means of the limiting behavior of the associated Titchmarsh—Weyl m-
function; cf. also [73] for analogous statements for Hamiltonian systems. For similar
results in the abstract framework of Q-functions associated with selfadjoint operators in
Hilbert spaces see [25,98]]. For the idea of the proof of item (i) we refer the reader to [51].
Recall that p(Ap), 0p(Ap), and oc(Ap) denote the resolvent set, the point spectrum, and
the continuous spectrum, respectively, of Ap and that Res) M is the residue of the operator
function M(-) at A.

Theorem 5.2. Let Assumption[3.1|be satisfied, let Ap be the selfadjoint Dirichlet operator
in (3.5) and let M(A) be the Dirichlet-to-Neumann map in (3.9). For A € R the following
assertions hold.

(i) A € p(Ap) if and only if M(-) can be continued analytically to A.

(i) A € op(Ap) if and only if s-limy~ oMM (A +in) # 0. If A is an eigenvalue with finite
multiplicity then the mapping

T :ker(Ap — A) — { lim M (A +in)g g € H1/2(8Q)},
n

du
ue e 50 (5.4)
is bijective; if A is an eigenvalue with infinite multiplicity then the mapping
T ker(Ap — ) — clr{ lim nM(2A +in)g - € Hl/z(asz)},
n
du
e S |50 (5.5)

is bijective, where cl; denotes the closure in the normed space ranT.

(iii) A is anisolated eigenvalue of Ap if and only if A is a pole of M(-). If A is an isolated
eigenvalue with finite multiplicity then the mapping

du
mbw

is bijective; if A is an isolated eigenvalue with infinite multiplicity then the mapping

7:ker(Ap —A) — ranResy M, u+— (5.6)

7:ker(Ap —A) — cly(ranResy M), u+— (5.7)

u
mbm

is bijective with cl; as in (ii).
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(iv) A € oc(Ap) if and only if s-limp\ o MM (A +in) = 0 and M(-) cannot be continued
analytically to A.

Proof. (i) It follows from Lemma (iv) that M(-) is analytic on p(Ap). In order to
verify the other implication, let us assume that M(-) can be continued analytically to some
A € R. Let us choose a,b € R\ 6,(Ap) with a < b such that A € (a,b) and such that
[a,b] is contained in the maximal domain of analyticity of the function M(-). The spectral
projection E((a,b)) of Ap corresponding to the interval (a,b) is given by Stone’s formula

b

E((a,b)) = S%{%ZLTCZ ((Ap — (1 +i8)) ' — (Ap — (t —i8)) ") dt, (5.8)

see (2.3), where the integral on the right-hand side converges in the strong sense. Let y(1t)
denote the Poisson operator in (4.1). Combining (5.8) with the identity (4.2) in Lemmaf.1]
we obtain

b
. e 1 M(t+id) —M(f) y() y(u)
Y(R)“E((a,0))y(K) _S%‘{,l%z_m/((wia—u)(z“a—m T i —u
y(u) y(p) M(r—id) —M() _
+t—i5—,u_(t—i5—u)(t—i5—ﬁ))dt_0

for each u € C\ R, since M(+) is holomorphic in an open neighborhood of the interval
[a,D] in C. In particular,

(E((a,b))y(1)g, v(1)g) =0, g€ H?(9Q), u€C\R. (5.9)

Recall next that by Proposition
span{y(w)g: p € C\R.g e H'(39) }

is dense in L*(Q). Hence (5.9) yields E((a,b)) = 0. Now A € (a,b) implies A € p(Ap).

(ii) We prove that the operator 7 in (5.5) is bijective for all A € R; from this it follows
immediately that 4 is an eigenvalue of Ap if and only if s-limy\ o NM(A +in) # 0. Let
A € R. We verify first that the operator 7 is injective. Indeed, assume u € ker(Ap — 1)
satisfies Tu = 0, let u € C\ R, and let v, € N, see @.13)), that is, v, € Hl(Q) and
Lvy = uvy. Then the second Green identity yields

(A‘ —,Ll)(uﬂ/”) = (ADM7VH) - (I/t,ﬁvu>
vy du
= (#loa 3 100) = (G o vulan) =0
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Ju
aV/;

since u|yq = 0 and 2 |5 = Tu = 0. Since

span{N, : A € C\ R}
is dense in LZ(Q) by Proposition it follows u = 0, that is, 7 is injective.
Let us set

_ : . . 1/2
Fy = {%%nM(Hm)g.geH (ag)}.

In order to prove the surjectivity of T we will verify the identity
F) Crant C Fy. (5.10)

Since Ap is semibounded from below, see Theorem 3.2 we can fix some p € RN p(Ap).
Note that for each u € ker(Ap — 4) the identity

du d
M=oy, 90 = vy ((Ap — 1)~ (Ap — ) [ 59

= (=R ((Ap = 10) ) 5 = (8= A)p(u)
holds by Lemma [4.1] (i), where y(ut) is the Poisson operator in (4.1)); in particular,
ranT = ran(y(u)" [ ker(Ap —7)).
Thus, in order to verify (5.10)) it is sufficient to show
Fy, Cran (y(u)* [ ker(Ap —A)) C Fy. (5.11)

Indeed, if we denote by E(-) the spectral measure of Ap and by P = E({A}) the orthogonal
projection in L2(Q) onto ker(Ap — A) then

lim 1 (Ap — (A +in))~'¥(v)g = iPY(V)g (5.12)
n\0

holds for all g € H'/?(9Q) and all v € C\ R, see (5.3). Furthermore, note that the identity

(1) (Ap—2)~'1(v)
M(z) M(u) M(v)
= + + (5.13)
=V)z—u) (=2 (u-v) (v-2z)(v-u)
holds for v,z € C\ R satisfying z # v. Indeed, by Lemma (i1) and the first statement
in Lemma.1] (iii) we have

Y(1)* (A —2) ' 7(v) = H(w)* (w)

1 (M(Z) —M(u) M(v —M(u)>

Z—V Z— MU vV—u
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and an easy computation yields (5.13)). The formulas (5.12) and (5.13]) and the continuity
of y(u)* imply

hm(nx\fzj)w(g—tj?)g N %i\mo’?v(u)*(AD —(A+im) 'r(v)g

= iy(u) Py(v)g (5.14)

for all g € H'/2(9Q) and all v € C\ R. From this we obtain the first inclusion in (5.11).
Moreover, it follows from Proposition that

span {P}/(v)g :veC\R,ge H1/2(8Q)}

is dense in ker(A — A). Thus (5.14)) also leads to the second inclusion in (5.1T]) and, con-
sequently, we obtain (5.10). In particular, we have F; C rant and

cl;(F,) =F,NranT =ranT.

Therefore 7 in (5.5) is surjective and, hence, bijective. Clearly, if dimker(Ap — A) is finite
then equality holds in (5.10), which leads to the bijectivity of (5.4) and completes the proof
of (ii).

(iii) Let A be an isolated eigenvalue of Ap. Then there exists an open neighborhood O of A
such that 7+ (Ap —z) ! is holomorphic on O\ {1}. Thus, by (i), M(-) is holomorphic on
O\ {A}. Moreover, by (ii), there exists g € H'/2(dQ) such that limy oinM (A +in)g # 0.
Hence A is a pole of M(-) and it follows from the formula (#.2) in Lemma4.I]that the order
of the pole is one. Moreover, the limit

lim(z—A)M(z)g =Res; M(-)g

7—A

exists for all g € H'/2(dQ) and, clearly, it coincides with limy oinM(A +in)g. There-
fore (5.7) is a consequence of (5.5). Analogously, the identity (5.6) follows immediately
from (34). If, conversely, A is a pole of M(-) then clearly there exists g € H'/2(3Q)
such that lim,\ o nM (A +in)g # 0 and it follows from (ii) that A is an eigenvalue of Ap.
Since M(-) is holomorphic on a punctured neighborhood of A, by (i) the same holds for
the function z +— (Ap —z)~!. Therefore 4 is isolated in 6(Ap) and, hence, A is an isolated
eigenvalue of Ap.

(iv) Since o.(Ap) = R\ (p(Ap) U 0p(Ap)), the statement of (iv) follows immediately
from (i) and (i1). ]

In the special case that € is bounded the spectrum of Ap is purely discrete, see Theorem 3.2
above, that is, 6(Ap) consists of isolated eigenvalues with finite multiplicities. In this case
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Theorem [5.2] can be regarded as a special case of Theorem [4.5]in Chapter F] above with
w=0Q.

In our next main result we characterize the absolutely continuous spectrum of Ap by means
of the limits of M(A) when A approaches the real axis. In order to do so we define the
absolutely continuous closure of a Borel set ¥y C R by

clac(x) == {x€R:|(x—€&,x+€)Ny| > Oforalle >0}, (5.15)

where | - | denotes the Lebesgue measure on R; sometimes clac () is also called the essen-
tial closure of ). The proofs of the next two theorems require the following lemma from
measure theory. For a proof of the lemma see Lemma [A.T|in Appendix [A.T] Recall that
each o-finite Borel measure ¢ on R admits a unique decomposition (Ut = U,c + Us, Where
Uac 18 absolutely continuous (with respect to the Lebesgue measure) and L is singular, and
that the singular part g can be decomposed further into the singular continuous part .
and the pure point part; cf. Appendix For a Borel measure ¢ on R we define

suppp :={xeR:u((x—¢&,x+¢€))>0forall € >0},
the set of all growth points of u.

Lemma 5.3. Let u be a finite Borel measure on R and denote by F () its Borel transform,
ie.,

F(A):/I_de), A E€C\R.
R

Then the limit Im F (x +i0) = limy oIm F (x + iy) exists and is finite for Lebesgue almost
all x € R. Moreover, for the absolutely continuous part l,. and the singular continuous
part U of I the following assertions hold.

(i) suppUac =clac({Xx ER:0 < ImF (x+i0) < 4oo}).

(i) The set Myc = {x € R :ImF (x4 i0) = +o0,limyx o yF (x +iy) = 0} is a support for
‘Llsc, that iS, ,LLSC(R\MSC) — 0.

The following result is the multidimensional analog of a well-known and widely used
statement from singular Sturm-Liouville theory; cf., e.g., [[13,/64,/122]]. It states that the
absolutely continuous spectrum of Ap can be detected by the limits of the imaginary part
of the Dirichlet-to-Neumann map towards the real line. For similar results in an abstract
framework see, e.g., [34].
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Theorem 5.4. Let Assumption[3.1|be satisfied, let Ap be the selfadjoint Dirichlet operator
in (3.5), and let M(A) be the Dirichlet-to-Neumann map in (3.9). Then the absolutely
continuous spectrum of Ap is given by

Oac(Ap) = U Clac ({x ER:0<Im(M(x+1i0)g,2)9a < +<>°}). (5.16)
geH!2(0Q)

In particular, if a,b € R with a < b then (a,b) N Oxc(Ap) = 0 if and only if
Im(M(x+i0)g,8) a0 = 0 holds for all g € H'/?>(3Q) and for almost all x € (a,b).

Proof. Step 1. Recall that y({) denotes the Poisson operator for { € p(Ap), see (@.1). In
this first step our aim is to verify that the absolutely continuous spectrum of Ap is given by

cu(Ap) = |J  suppiyc)gac (5.17)
CeC\R,
geHY2(9Q)

where u, = (E(-)u,u), u € L*(Q), and E(-) denotes the spectral measure of Ap. Let H,c
denote the absolutely continuous subspace of L?() with respect to Ap and let Ap ac be the
absolutely continuous part of Ap. Let A ¢ 0uc(Ap) = 6(Apac). Then there exists € > 0
suchthat E((A —€,A+¢€)) | Hac =0, in particular, p,((A —€,A +¢€)) =0 forall u € H,.
For arbitrary { € C\R and g € H'/2(9Q) we have

Hy@gac((A = €A +€)) = lpy(0)s (A —€,4 +€)) =0,

where P,. denotes the orthogonal projection in L? (Q) onto H,c. Hence we have

Ad U suppiyg)gac
CeC\R,
geHY2(9Q)

Since 0,c(Ap) is closed, we have proved the inclusion D in (5.17). In order to verify the
converse inclusion assume that A does not belong to the right-hand side of (5.17). Then
there exists € > 0 such that (A —&,4 +¢&) C R\ supp ly(¢)gac = R\ supp tp, y(¢), for all

¢ € C\R, g e H'/?(aQ), that is,
IE((A— &2 +€)Puct(L)g]? = (E((A — &, A+ ) Puc¥()g. Pac¥(£)g) = 0
forall { € C\R,g € H'/2(9Q). Since it follows from Proposition [4.7] that
span { Pey(§)g: ¢ € C\R,g € H'2(90) }

is dense in H,c, we obtain E((A —€,A +¢)) [ Hac =0, that is, A ¢ 6(Ap ac) = Oac(AD).
Thus we have proved (5.17)).
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Step 2. In this step we observe that for each { € C\R and each g € H'/2(dQ) we have

SUPPALy(¢)g.ac = Clac ({x € R: 0 < Im ((Ap — (x+i0))""7(£)g, ¥(8)g) < +eo}). (5.18)

Indeed, for each { € C\R and each g € H 1/ 2(9Q) the Borel transform of the finite Borel
measure ity ¢), = (E(¥(§)2,7({)g) is given by

Frgilet ) = [ s dEOY D)8 HOe)
R

= ((Ap— (x+iy)) '1(&)s.7(8)g),  x€R,y>0.
Hence Lemma [5.3] (i) implies (5.18).

Step 3. In this third step we verify that

0 < Im ((Ap — (x+i0)) "' 7(£)g, 7({)g) < +eo
<= 0<Im(M(x+i0)g,8)gq < + (5.19)

istrue forallx € R, all g € H1/2(8Q), and all { € C\ R. We make use of the formula (4.2)
and obtain for y >0, { € C\R, and g € H'/?(9Q)

Im(M(x+iy)g,8)oq
=7(©)sllf2 () + (b= S =) Im (A — (x+iy) "' 7()g, ¥(£)g)
+2(x—Re&)yRe ((Ap — (x+1iy)) '7({)g, 7($)g) -

Moreover, for y > 0 we have
_ . V-1 _ y(t —x)
yRe ((An — (e ) 1) 10)g) = [ A EON D8 1Os),
R

which converges to zero for y \, 0 by the dominated convergence theorem as the integrand
is bounded by 1/2. Hence

Im(M(x+i0)g,8)aq = |x— ¢|*Im ((Ap — (x+i0)) '¥({)g, v($)g) - (5.20)

Since |x — |?> > 0, (5.20) yields (5.19).
From Step 1-Step 3 the representation (5.16)) follows.

Step 4. In this last step we prove the remaining assertion of the theorem. Let a < b and
assume (a,b) NGy (Ap) = 0. Then (5.16) implies

0= (a,b)Nclye({x€R:0<Im(M(x+1i0)g,8)gq < +°°})
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for each g € H'/?(9Q). Consequently, for each g € H'/>(dQ) and each X € (a,b) there
exists € > 0 with

|(X—e,x+e)N{xeR:0<Im(M(x+1i0)g,8)oq < +°}| =0. (5.21)

Since by (5.20) and Lemma5.3]
Im(M(x+1i0)g,8)aq = [x — {|ImFyr), (x+i0), §€C\R,

exists and is finite for Lebesgue almost all x € R, it follows from (5.21)) that Im(M (x +
i0)g,8)90 = 0 for all g € H'/2(9Q) and almost all x € (a,b). If, conversely, Im(M (x +
i0)g,8)a0 = 0 holds for all g € H'/>(9Q) and almost all x € (a,b), then clearly the in-
tersection of (a,b) with the right-hand side in (5.16) is empty and, hence, we obtain
Cac(Ap) N (a,b) = 0. O

In the next theorem a sufficient criterion for the absence of singular continuous spectrum
of Ap within some interval by means of the limiting behavior of M(-) is given; cf. [34] for
an abstract approach.

Theorem 5.5. Let Assumption be satisfied, let Ap be the Dirichlet operator in (3.5),
and let M(A ) be the Dirichlet-to-Neumann map in (3.9). Moreover, let a,b € R with a < b.
If for each g € H'/2(9Q) there exist at most countably many x € (a,b) such that

Im(M(x+iy)g,8)aq — +o and y(M(x+iy)g,g&)oa —+0,  y\0, (5.22)
then (a,b) N 0x(Ap) = 0.

Proof. Analogously to Step 1 in the proof of Theorem [5.4]it can be seen that the singular
continuous spectrum of Ap is given by

ow(@p) = |J  suppiy)gsc- (5.23)
{EC\R,
geH2(3Q)

From (5.22) it follows with the help of (5.20) and (5.14) that for each g € H'/?(9Q) and
each fixed { € C\ R there exist at most countably many x € (a,b) such that
Im ((Ap — (x+)) "' 7(§)g, 1(§)g) — +oo

and

y((Ap = (x+iy))'1(£)g, v(£)g) = 0

as y \, 0. With Lemma (i1) it follows that [y ¢, ¢ has a countable support within

the interval (a,b) for each g € H'/>(dQ) and each { € C\ R. Since a singular continuous
measure does not possess any point masses, we conclude that Ly ), 18 trivial on (a,b) for

all{ e C\Randall g € H'/?(9Q). Finally, from (5.23) it follows 6. (Ap) N (a,b) =0. [
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Finally, we state the following corollary of the theorems of this section. It provides suffi-
cient criteria for the spectrum of Ap to be purely absolutely continuous or purely singular
continuous, respectively, in some interval.

Corollary 5.6. Assume that Assumption 3. 1|is satisfied. Let Ap be the Dirichlet operator
in (3.5)), let M(A) be the Dirichlet-to-Neumann map in (3.9), and let a,b € R with a < b.
Moreover, for all g € H'/?(dQ) and all x € (a,b) let

lim yM (x+ iy)g = 0.
y\oy( )8

Then the following assertions hold.

(i) IfIm(M(x+i0)g,8) 0 = 0 holds for all g € H'/2(dQ) and almost all x € (a,b) then
o(Ap) N (a,b) = osc(Ap) N (a,b).

(ii) If for each g € H'/2(9Q) there exist at most countably many x € (a,b) such that
Im(M(x+1i0)g,g)9q = + then 6(Ap) N (a,b) = Gxc(Ap) N (a,b).

5.2 Generalizations and extensions

In this section we provide extensions and generalizations of the results of the previous
section. On the one hand we show that the spectrum of the selfadjoint Dirichlet operator
can be described completely from the knowledge of the function M(-) on an open subset @
of dQ instead of the whole boundary; this complements the results of Chapter[4] with partial
boundary data. On the other hand we provide a spectral characterization for operators
with generalized Robin boundary conditions as in (3.10). We show that the results of the
previous section remain valid for such generalized Robin operators when the Dirichlet-to-
Neumann map is replaced by a corresponding Robin-to-Dirichlet map.

5.2.1 A characterization of the Dirichlet spectrum from partial data

Our aim in this subsection is to characterize the spectrum of the Dirichlet operator Ap by
the partial knowledge of the Dirichlet-to-Neumann map. The following theorem can be
considered to be a local variant of Theorem [5.2] For the sake of completeness we provide
a short proof, which is of a similar nature as the proof of Theorem Let ® C dQ
be a nonempty, relatively open set. Recall from Chapter 4| that the space of functions in

H'/2(9Q) with support in @ is called Hé,/z, that is,

1/2

Hy = {g EHI/Z(QQ) :suppg C a)}.
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We say that M(-) can be continued analytically to A € R on o if there exists an open neigh-

borhood O of A in C such that the function (M(-)g,g)sq can be continued analytically to

Oforall g e Hcl,,/z.

Theorem 5.7. Let Assumption be satisfied, let Q be connected, and let ® C dQ be
open and nonempty. Moreover, let Ap be the selfadjoint Dirichlet operator in (3.5)) and let
M(Q) be the Dirichlet-to-Neumann map in (3.9). Then for A € R the following assertions
hold.

(i) A € p(Ap) if and only if M(-) can be continued analytically to A on .

(i) A € 6,(Ap) if and only if limp o1 (M(A + )8, 8) a0 # 0 for some g € Hy>.

(iii) A is an isolated eigenvalue of Ap if and only if A is a pole of (M(-)g,8)aq for some
1/2
g€ Hy .

(iv) A € o.(Ap) if and only if M(-) cannot be continued analytically to A on ® and
. : 1/2
limy\ oN(M(A+in)g,g)aq =0 forall g € Hw/ .
Proof. (i) The proof of (i) follows precisely the lines of the proof of Theorem[5.2](i), where
one has to replace H'/2(9Q) by H;,/ % and use Proposition instead of Proposition

(ii) Let E(-) denote the spectral measure of Ap. Making use of Lemma (iv) and the
calculation (5.3) we obtain

Tllil\l%)n(M(lJrin)g,g)ag
= %ig})n(l +in—w)(A+in—1) ((Ap— (A +in)) 'y(u)g y(n)g)

=A-wA-DIE{AH (sl (5.24)

forall gt € C\R and all g € Hy/*. Tf limp o0 (M (A +i1)g,8) 9 # 0 for some g € He) >

then (5.24)) implies E({A})y(ut)g # 0, that is, A is an eigenvalue of Ap. For the converse
implication note that, as a consequence of Proposition the linear space

span {E({l})y(u)g tueC\Rge H‘{’/z}

is dense in ker(Ap — A). Thus, if A belongs to o,(Ap) then there exist u € C\ R and
g€ H(})/z with E({A})y(u)g # 0. From this and (5.24) we conclude lim; o1 (M(A +
in)g;&)aa 7 0.

(iii) This statement is an easy consequence of (i) and (ii); cf. the proof of Theorem[5.2](iii).

(iv) Since 0. (Ap) = C\ (p(Ap) U 0p(Ap)), the claim follows immediately from (i) and (ii).
]
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In the following two theorems we indicate how the absolutely continuous and singular
continuous spectrum of the selfadjoint Dirichlet operator can be detected from the partial
knowledge of the Dirichlet-to-Neumann map. Their proofs follow the lines of Theorem|[5.4]
and Theorem |5.5| with Hé,/ * instead of H!/ 2(9Q) and Proposition |4.3|instead of Proposi-

tion

A characterization of the absolutely continuous spectrum of Ap by means of the limits of
the partial Dirichlet-to-Neumann map on @ looks as follows. This is a local version of
Theorem [5.4] above.

Theorem 5.8. Let Assumption be satisfied, let Q be connected, and let @ C JQ be
open and nonempty. Moreover, let Ap be the selfadjoint Dirichlet operator in (3.5)), and let
M(Q) be the Dirichlet-to-Neumann map in (3.9). Then the absolutely continuous spectrum
of Ap is given by

Cac(Ap) = U clac ({x €R:0 < Im(M(x+i0)g,8)aq < +o}).
gGHi)/z

In particular, if a,b € R with a < b then (a,b) N yc(Ap) = 0O if and only if
Im(M(x+i0)g,g)9q = 0 holds for all g € H(i,/z and for almost all x € (a,b).

Furthermore, the following criterion for the absence of singular continuous spectrum of
Ap in some interval can be proved. It is the local variant of Theorem [5.5]above.

Theorem 5.9. Let Assumption be satisfied, let Q be connected, and let @ C dQ be
open and nonempty. Moreover, let Ap be the selfadjoint Dirichlet operator in (3.5), let
M(A) be the Dirichlet-to-Neumann map in (3.9), and let a,b € R with a < b. If for each

g€ Hclo/ 2 there exist at most countably many x € (a,b) such that
Im(M(x+iy)g,8)oe = +oo and y(M(x+iy)g, 8o —0,  y\O,
then (a,b) N oy (Ap) = 0.
As an immediate consequence of the theorems of this section we obtain the following
corollary. It contains sufficient criteria for the spectrum of Ap to be purely absolutely con-

tinuous or purely singular continuous, respectively, in some interval, and is the counterpart
of Corollary [5.6] for partial boundary data.

Corollary 5.10. Assume that Assumption is satisfied, that Q is connected, and that @
is an open, nonempty subset of dQ. Let Ap be the selfadjoint Dirichlet operator in (3.5)),
let M(A) be the Dirichlet-to-Neumann map in (3.9), and let a,b € R with a < b. Moreover,

forall g € Hé,/z and all x € (a,b) let
limy(M(x+iy)g, =0.
y\oy( (x+1iy)g,8)oq

Then the following assertions hold.
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(i) If Im(M(x+1i0)g,2)oq = 0 holds for all g € Hé,/z and almost all x € (a,b) then
o(Ap)N(a,b) = osc(Ap) N (a,b).

(i1) If for each g € Hé,/ % there exist at most countably many x € (a,b) such that
Im(M(x+i0)g,8)gq = +e° then 6(Ap) N (a,b) = Gac(Ap) N (a,b).

Remark 5.1. In all results of this subsection the assumption that Q is connected can be
weakened. It suffices to require that @ N QO is nonempty for each connected component
O of Q, and the proofs remain the same.

5.2.2 A characterization of the spectra of generalized Robin operators

In this section we focus on the operator

9
Aou=Lu, domAo={ueH"(Q): Lue L(Q), 5| o +Oulso =0},
L

in L2(Q), cf. (3.10), where © : H'/2(dQ) — H~/2(9Q) is an operator which satisfies
Assumption from Chapter [3| above, that is, ® = @ + ©,, where ©; : H 1/ 2(0Q) —
H~'/2(9Q) are bounded operators with

(®ig7h)8§2 = (g7®ih)997 g7h€H1/2(aQ)7
i=1,2, such that ®; is Lz—semibounded, i.e.,
(18.2)0 > o, llglF2 50 8 €H'(09).

for some cg, € R, and O, is compact. We provide analogs of the theorems in the previous
section, where the Dirichlet operator Ap is replaced by the operator Ag and the Dirichlet-
to-Neumann map M(A) is replaced by the Robin-to-Dirichlet map Mg(A) which is given
by

Mo(A)=(®@—M(A))"', A€ p(4e)Np(Ap),
see (3.21)) and (3.22).

The following lemma is a consequence of the formula @.13)) in Lemma [§.6}, cf. the proof
of Lemma[5.11

Lemma 5.11. Ler Assumption and Assumption be satisfied and let
Mg (A +in) be the Robin-to-Dirichlet map in (3.21). Then for all A € R the strong limit

s-lim nMg(A +1i
n\on ol n)

exists, that is, limp\ o NMe(A +in)g exists in H'2(9Q) for all g € H~'/2(3Q).
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The following theorem is an analog of Theorem for the operator Ag instead of the
Dirichlet operator. We denote by Res; Mg the residue of the analytic function Mg(-) at
some pole A.

Theorem 5.12. Let Assumption 3.1 hold and let ® satisfy Assumption[3.2] Moreover, let
Ag be the selfadjoint operator given in (3.10) and let Mg (1) be the Robin-to-Dirichlet
map in (3.21). For A € R the following assertions hold.

(i) A € p(A@) if and only if Mg(+) can be continued analytically to A.
(i) A € op(Ae) if and only if s-limp\ oNMe(A +in) # 0. If A is an eigenvalue with
finite multiplicity then the mapping
T ker(Adg — 1) — { lim nMe(2 +in)g : & < H‘1/2(8Q)}, i 50
n
is bijective; if A is an eigenvalue with infinite multiplicity then the mapping

T:ker(Ag — A) — clg { Jim 1Mo (A +in)g g € H*1/2(8Q)}, w10

is bijective, where cl; denotes the closure in the normed space ranT.
(iii) A is an isolated eigenvalue of Ag if and only if A is a pole of Mg(+). If A is an
isolated eigenvalue with finite multiplicity then the mapping
7 :ker(Ag —A) — ranRes; Mg, u > ulyq
is bijective; if A is an isolated eigenvalue with infinite multiplicity then the mapping

7:ker(Ag —A) — cl(ranResy Mp), u— ulyo

is bijective with cl; as in (ii).

(iv) A € o.(Ae) if and only if Me(-) cannot be continued analytically to A and
S-limn\o T]M@)(A +in) =0.

The proof of Theorem [5.12] will not be carried out. It is analogous to the proof of Theo-
rem [5.2] where Lemma . T| must be replaced by Lemma

If Q is bounded then the spectrum of Ag is purely discrete, see Chapter that is, 0(A@)
consists of isolated eigenvalues with finite multiplicities. In this case Theorem [5.12] re-
duces to Theorem

The next theorem shows how the absolutely continuous spectrum of the operator Ag
in (3.10) can be expressed in terms of the limits of the Robin-to-Dirichlet map at real
points. Recall the definition of the absolutely continuous closure cl, in (5.15)).
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Theorem 5.13. Let Assumption 3.1 hold and let © satisfy Assumption Moreover, let
Ag be the selfadjoint operator given in (3.10) and let Mg(A) be the Robin-to-Dirichlet
map in (3.21)). Then the absolutely continuous spectrum of Ag is given by

Oac(Ag) = U clac ({x €R:0 < Im(Mg(x+i0)g,8)9a < +°}).
geH-12(3Q)

In particular, if a,b € R with a < b then (a,b) N Gxc(Ae) = 0 if and only if
Im (Mg (x+i0)g,8) a0 = 0 holds for all g € H—'/2(dQ) and for almost all x € (a,b).

A sufficient criterion for the absence of singular continuous spectrum within some interval
in terms of the limiting behavior of the function Mg(+) can be formulated as follows.

Theorem 5.14. Let Assumption hold and let ® satisfy Assumption[3.2] Moreover, let
Ag be the selfadjoint operator given in (3.10), let Mg(A) be the Robin-to-Dirichlet map
in 321), and let a,b € R with a < b. If for each g € H='/2(dQ) there exist at most
countably many x € (a,b) such that

Im(Me(x+1iy)g,8)aq — +oo and y(Me(x+iy)g,g8)ao —0, y\0,

then (a,b) N ox.(Ag) = 0.

The proofs of Theorem [5.13|and Theorem will be omitted. They are analogs of the
proofs of Theorem [5.4] and Theorem [5.5] respectively, with a use of Lemma4.6|instead of
Lemma[@.1l

We conclude this chapter with the following immediate corollary of the theorems of this
section. It provides sufficient criteria for the spectrum of Ag to be purely absolutely con-
tinuous or purely singular continuous in terms of the limiting behavior of the Robin-to-
Dirichlet map Mg(A) when A approaches the real line.

Corollary 5.15. Let Assumption [3.1| be satisfied, let © satisfy Assumption let Ag be
the selfadjoint operator in (3.10), and let Mg(A) be the Robin-to-Dirichlet map in (3.21).
Let a,b € R with a < b. Moreover, for all g € H~'/>(9Q) and all x € (a,b) let

lim yM, v)e = 0.
lim y o(x+iy)g

Then the following assertions hold.

(i) If Im(Me(x +i0)g, g)9q = 0 holds for all g € H~'/?(dQ) and almost all x € (a,b)
then 6(Ag) N (a,b) = os.(Ae) N (a,b).

(ii) If for each g € H=Y/2(9Q) there exist at most countably many x € (a,b) such that
Im(Mg(x+10)g,8)9q = +oo then 6(Ae) N (a,b) = Cac(Ae) N (a,b).



A APPENDIX

A.1 Spectral properties of Borel measures

In this appendix we provide some basic statements on the Borel transform of a finite Borel
measure. We point out its connection to the absolutely continuous and singular continuous
parts of the measure as they are used in the main part of this thesis in order to describe the
spectral parts of selfadjoint elliptic differential operators. The results presented in this ap-
pendix are known; our presentation is mainly based on [[121}, Chapter 3 and Appendix A.8]
and [ 111}, Chapter 7]; cf. also [[113} Chapter IV] for the derivatives of measures.

Let u be a finite Borel measure on R. Recall that g admits a unique decomposition
U = Uac + Us, wWhere U, 1s absolutely continuous and g is singular (both with respect
to the Lebesgue measure), and that, moreover, the singular part (g of i can be decom-
posed uniquely into s = Uy, + Usc, where (U, 18 supported on a countable set and g does
not possess any point masses, that is, ts.({x}) = 0 for all x € R. Let us denote the set of
all growth points of i by supp u, that is,

suppu ={xeR:u((x—¢€,x+¢€)) >0forall € >0};

sometimes this set is also called the spectrum of u; cf. [121]. Note that supp u is a support
of u, that is, 4 (R \ supp i) = 0. In order to characterize supp U, we define the absolutely
continuous closure (or essential closure) of a Borel set y C R by

clie(¥) ={xeR:|(x—g,x+€)Nx|>0forall e >0},

where | - | denotes the Lebesgue measure on R. It is the aim of this appendix to provide a
proof of the following lemma.

Lemma A.1. Let i be a finite Borel measure on R and denote by F (+) its Borel transform,
le.,

1

F(L) = /ﬁdu(t), A cC\R.
R

Then the limit Im F (x 4-i0) = limy\ oIm F (x + iy) exists and is finite for Lebesgue almost

all x € R. Moreover, for the absolutely continuous part W, and the singular continuous

part Uy of U the following assertions hold.

65
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(i) suppUac = clac({x € R: 0 < ImF (x+i0) < +oo}).
(i) The set Msc = {x € R : ImF (x4 i0) = +oo,lim\ o yF (x +iy) = 0} is a support for
Hsc, that lS, .LLSC(R\MSC) — 0.

Proof. Let us introduce the derivative

o u(x—exte)
(D)) = lim FEE=

of i at x for all x € R where the limit exists in RU{+-oo}. It is well known that (D) (x) ex-
ists in RU{+oeo} for Lebesgue almost all x € R and coincides Lebesgue almost everywhere
with the Radon—Nikodym derivative of U, i.e., for each Borel set y C R we have

pecl) = [ (D)W, (A1)
X

see, e.g., [121, Theorem A.37]. In particular, (Dut)(x) is finite for almost all x € R. In
order to prove the items (i) and (ii) we will verify the following

Claim. If (Du)(x) exists in RU{+-co} then the limit Im F'(x + i0) exists in RU {40} and
coincides with (D) (x).

Proof of the claim. Assume first that x € R is chosen such that (Du)(x) exists in R. Note
that

ImF(x+iy) = / Kt —x)du(r)
R

holds for y > 0 with K, (s) := ﬁ, s € R. We have to show that lim\ oIm F (x+-iy) exists
and equals w(Du)(x). Let us choose ¢,C € R with ¢ < (Du)(x) < C. Then there exists
0 > 0 such that

u(lx—s,x+s))

c< <C (A.2)
2s
holds for all s € (0,8]. As an abbreviation we write I5 := (x — 0,x+ &). Then, clearly,
ImF (x+iy) = / Ky (1 —x)dp(t) + / Kyt —x)du(r) (A3)
Is R\/s

for all y > 0 and the second integral on the right-hand side satisfies

0= [ Klt—0du(0) < K(SRE) ~0, y\0. (A4)
R\I5
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f)l:/ ;r?}: ttr(;;lsgtilrenate the first integral in we integrate K (s) with respect to dsdpi(t)
{(s,0):0<s<O,x—s<t<x+s}
={(s,t):x—0<t<x,—t+x<s<3d}
U{(s,t) :x<t<x+8,t—x<s<0d}.

This yields
O x+s o
/ / K/ (s)dy(t)ds = / K/ (s)1(Iy)ds
0 x—s 0
and
x 0 x+6 &
/ / K!(s)dsdp (1) + / / K!(s)dsdp (1)
x—0 —t+x X t—x
x x+0
- / (Ky(8) — Ky(—t +x))dp (1) + / (Ky(8) — Kyt —x))dp(r)
x—6 X
x+6
— UK (8) ~ [ Kt —x)du(),
x—6
hence
)
/ K/ (s)pa(Iy)ds = 1 (15 Ky(8) — / Kyt —x)du (o). (A.5)
0 Is

Note further that

) )
5K, (8) + / (—sK!(s))ds = / K, (s)ds = arctan(8 /).
0 0

From this together with (A.2)) and (A.J) it follows
)
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and analogously
/ K, (t —x)du(r) < 2Carctan(8 /).
Is
Thus we have proved
2carctan(8 /y) < / K, (1 —x)du(r) < 2Carctan(8 /y);
Is
taking (A.3)) and (A.4) into account we obtain

me <liminfIm F (x4 iy) < limsupImF (x+iy) < nC. (A.6)
N0 YN0

Since ¢ and C were chosen arbitrarily with ¢ < (Du)(x) < C, it follows that the limit
limy oIm F (x +iy) exists and equals (D) (x).

If (D) (x) = oo then for an arbitrary ¢ € R the above reasoning yields

e < liminfIm F (x + iy)
N0

instead of (A.6), which implies limy\ o Im F'(x 4 iy) = +oo and completes the proof of the
claim. [

Now we are able to verify the assertions (i) and (ii) of the lemma.

(1) With the definition
My :={x€R:0<ImF(x+i0) < +oo}
we have to prove
Supp Mac = Clac(Mac). (A7)

Assume first that x ¢ clyc(Myc), that is, there exists € > 0 such that | (x — &,x+€) NMyc| =0
and thus Uyc((x — €,x+ €) MM, ) = 0. With

My :={x€R:0 < (Du)(x) < +oo}
we have 1\71aC C M, by the above claim and it follows
Hac((x— £.3+€)) = flac((r — £.x+ )\ Mac) < frac (x — £, ) \ M)
= [ owwd=o,

(x—&.x+€)\Mye
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see (A.T)); hence x ¢ supp Uac. Let now x & supp Uyc. Then there exists € > 0 with

0= pule—ex+e) = [ (Du)dx

(x—ex+e)

1 1
= / ImF (x+i0)dx = p / ImF (x+1i0)dx
(x—ex+e€) (x—&x+€)NMy

by the claim. This implies |(x — €,x+ &) N M| = 0, that is, x ¢ clyc(Myc). Thus we have
shown (A.7).

(i1) In order to verify the statement of item (i1) we first prove that the singular part us of u
does not act on the set of points x with (D) (x) < oo, that is,

s ({x € R: (Dp)(x) < +o0}) =0. (A.8)

Let us assume the converse; then there exists a Borel set E with (Du)(x) < +oo for all
x€E,|E|=0,and u(E) > 0. Let us set

E,={x€E:(Du)(x)<n}, neN.
Then, clearly, E = J,n Ex; in particular, there exists n € N, which we fix, with u(E,) > 0.
Let us further define

Aj= {xEEn:u((x—S,x+5)) < n20d forall § < %}, JjEN. (A.9)

We have E, = {J;enAj, hence there exists some j € N with (A;) > 0. By the regularity
of u there exists a compact set K C A; with u(K) > 0. Moreover, as a subset of E, K
satisfies |[K| = 0. Thus for each £ > 0 there exists an open set V O K with |V| < 5. With
r:=dist(dV,K) > 0 we choose a sequence of disjoint, non-degenerate intervals I; C V,
I=1,...,N <o, with |[;| < min{3, 32—1} forall/ and | J;I; = V. Let I, be precisely those of
these intervals which have a nonempty intersection with K. Moreover, let us extend each
I;, to an open interval Zm centered in K with |71m| <3|I;,|. Then the Zm satisfy

Em = (xm - 5maxm + 5m)

for appropriate x,, € K and J,, > 0 with §,, < % In particular, M(Zm) <n2d, = nmm] for
all m by (A.9). From K C U, Zm we obtain

H(K) <Y u(l,) <nY|h,| <3n) |1, <3nV|<e.

Since € > 0 was chosen arbitrarily, it follows u(K) = 0, a contradiction. Thus we have
proved (A.8)). From this and the fact that (Du)(x) exists in RU {+eo} for u-almost every
x € R, see [ 113, Chapter IV-(9.6)], it follows that

{xeR: (Du)(x) = oo}
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is a support for ;. Moreover, (Dp)(x) = +eo implies Im F (x + i0) = +oo by the above
claim. Thus also {x € R: ImF (x+ i0) = +oo} is a support for y. Furthermore,

du(r) —0, y\,0,

y .
oty L)

P (et in) = in({x) <

R

by the dominated convergence theorem; in particular, u({x}) = 0 if and only if
limy~ o yF (x+iy) = 0. This yields that

M. = {x € R: ImF (x+i0) = oo, li\lj(l)yF(eriy) = 0}
y

is a support for ug., which completes the proof of the lemma. [

A.2 Simplicity of symmetric elliptic differential operators

In this short appendix we point out that the result of Proposition[4.3]in the main part of this
thesis is equivalent to the fact that the symmetric differential operator

Su= Lu, domS= uGHl(Q):ﬁuELz(Q),ubQ:O,ﬂ} =0y, (A.10)
8V£w

in L*(Q) is simple (or completely non-selfadjoint), see Definition below. Here L is a
uniformly elliptic differential expression as in Assumption [3.1) on a connected (bounded
or unbounded) Lipschitz domain Q and @ C Jd€ is a nonempty, relatively open set. Theo-
rem [A.2] below generalizes the main result in [65], where R. Gilbert proved the simplicity
of certain symmetric ordinary differential operators which are in the limit-point case at one
endpoint. We remark that in the special case @ = dQ the operator S is called the minimal
symmetric operator associated with £ in L2(Q).

Let us first recall the definition of a simple symmetric operator as it can be found in,
e.g., [3, Chapter VII].

Definition A.1. Let S be a closed, densely defined, symmetric operator in a Hilbert space
‘H. Assume that there does not exists a nontrivial, S-invariant, closed subspace H of H
such that the restriction of S to H, defines a selfadjoint operator in Hy. Then S is called
simple.

Sometimes such an operator is also called completely non-selfadjoint.

The proof of the following theorem uses arguments similar to the proof of [26, Lemma 2.6].
The idea of Step 2 is due to M. G. Krein, see [87].
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Theorem A.2. Let the differential expression L satisfy Assumption let Q be a con-
nected Lipschitz domain, and let @ be a nonempty, open subset of dQ. Then the operator
S in (A.10) is closed, densely defined, symmetric, and simple.

Proof. Step 1. As a restriction of the selfadjoint Dirichlet operator the operator S is sym-
metric. Moreover, dom S contains C3(Q), hence S is densely defined in L?(Q). We verify
next that § coincides with the adjoint of the operator T in L?(Q) which is defined as

Tu=Lu, domT = {uecH"(Q): Luc L*(Q), supp(u|yq) C ®}.

Let first u € domS. Then for all v € dom7 the second Green identity (2.11)) yields
du dv
(TV, I/t) = (V, £l/t) + (VbQu E‘ag) 20 - (mbgpubQ) 20 = (V7SM)7

since u|yq =0, 8‘97’2|w =0, and supp(v|yq) C ®. Hence u € domT* and T*u = Su. Let,
conversely, # € domT*. Since the selfadjoint Dirichlet operator Ap in 1s a restriction
of T, we have T* C Ap, hence u € domAp and T*u = Apu = Lu; in particular Lu € L*>(Q).
It remains to show aaT”L|w = 0. Indeed, let g € H'/2(9Q) with suppg C o. It follows from

Lemma that there exists v € H!(Q) with Lv € L?(Q) and v|yq = g; in particular,
v € domT. From the second Green identity (2.11]) we obtain

(;TL;‘&Q’g)aQ - (;Ti‘aﬂ’V’aQ)ag
= (u,Tv) — (T"u,v) + (u‘ag, ;T‘; ‘89) 9~ 0,

since u|yq = 0. Hence 88712’0‘) =0, that is, u € domS. Thus we have shown 7* = § and it
follows that S is closed.

Step 2. In this step we verify that S is simple. Let us first prove that the subspace

M= ﬂ ran(S—v)
veC\R

is S-invariant and that the restriction Sy¢ of S to M is selfadjoint in M. Indeed, let
u € domSN M. Then for each v € C\ R there exist uy € domS with (S — Vv)u, = u.
Hence, for each v € C\ R we have

Su=S8(S—Vv)uy = (S—Vv)Suy €ran(S—v),

that is, Su belongs to M. As a restriction of S, the operator S, is symmetric. In order to
show that S 4 is selfadjoint, we fix A € C\ R and prove that

ran(Spyy —A) =M (A.11)
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holds. Let u € M and define v:= (S — l)_lu. Then, clearly, v € dom S, and we will verify
that even v € M holds, that is, v € ran(S — v) for all v € C\ R. For v # A one can see
immediately that the element

1

— (S=v)'=(s=2)"u

Vy =

in dom$ satisfies (S — v)vy, = v. It remains to show v € ran(S — A). Let us choose
a sequence (A )ken C€ C\R, A # A, with Az — A, k — o. As above one gets that
(S— ) 'u € ran(S — A) for all k € N. Since S is a closed, symmetric operator, the esti-
mates ||(S—A)7|| < |ImA|~" and ||(S — A) 71| < |[ImA,|~! hold, which together with

v (S—A) = (S—2) lu—(S— ) lu=A -2 —A) (S —A) " u

imply (S —A;) 'u — v, k — . Since (S — ) 'u belongs to the closed subspace
ran(S — A) for each k € N, it follows v € ran(S — A). This proves (A.T1)) and thus we
have shown that S is a selfadjoint operator in the Hilbert space M.

Assume now that S is not simple. Then there exists a nontrivial, S-invariant subspace M’
of L2(Q) such that the restriction Sy of S to M’ is selfadjoint in M’. It follows that
for each v € C\ R we have ran(Sy¢ — v) = M/, in particular, M’ C M, so that M is
nontrivial. On the other hand, since 7% = §, the orthogonal complement ML of M in
L?(Q) coincides with the closure of

span{ker(T —v):v € C\R},

and it follows from Proposition 4.3[that M+ = L?(Q), so that M must be trivial, which is
a contradiction. Thus S is simple. U
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