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Abstract

In the present thesis a unified functional analytic approach to the treatment of self-adjoint
elliptic operators with Dirichlet, Neumann, Robin, and more general self-adjoint boundary
conditions on bounded and unbounded domains is provided. Moreover, Schrodinger oper-
ators on couplings of exterior and interior domains with transmission boundary conditions
are considered. In particular, Schrédinger operators with 8’-interactions on hypersurfaces
are rigorously introduced.

The key results in the thesis are Schatten-von Neumann estimates for the resolvent power
differences of self-adjoint elliptic operators corresponding to the same differential expres-
sion and to distinct boundary conditions. Schatten-von Neumann estimates for the resol-
vent power differences of elliptic operators have a long history, starting in the middle of the
20th century with the seminal contributions by Povzner and Birman, followed by Grubb.
In this thesis certain new estimates with faster convergence of singular values are obtained.
The proofs of these estimates rely on Krein-type resolvent formulas, asymptotics of eigen-
values of the Laplace-Beltrami operator on the boundary and certain considerations of
algebraic nature.

A question of special interest, in connection with scattering theory, is the trace class prop-
erty of the analyzed resolvent power differences, which implies the existence and com-
pleteness of the wave operators. In the special case, that the resolvent power differences
are in the trace class, formulae for their traces are given.



Zusammenfassung

In der vorliegenden Dissertation wird eine Methode zur Behandlung von selbstadjungier-
ten elliptischen Operatoren mit Dirichlet-, Neumann-, Robin- und allgemeineren selbstad-
jungierten Randbedingungen auf beschrinkten und unbeschrinkten Gebieten vorgeschla-
gen, die auf der Erweiterungstheorie symmetrischer Operatoren basiert. AuB3erdem werden
Schrédinger-Operatoren auf d@uBleren und inneren Gebieten betrachtet, die durch Trans-
missionsbedingungen gekoppelt sind. Als Spezialfall werden Schrodinger-Operatoren mit
&’-Interaktionen auf Hyperflichen rigoros eingefiihrt.

Die entscheidenden Resultate der Dissertation sind Schatten-von Neumann Abschétzun-
gen der Resolventpotenzdifferenzen von selbstadjungierten elliptischen Operatoren, die
mit einem Differentialausdruck und verschiedenen Randbedingungen assoziiert sind. Schat-
ten-von Neumann Abschétzungen von Resolventpotenzdifferenzen elliptischer Operatoren
haben eine lange Geschichte, die in der Mitte des 20. Jahrhunderts mit den grundlegenden
Artikeln von Povzner, Birman und Grubb anfing. In dieser Dissertation sind bestimmte
neue Abschitzungen mit schnellerer Konvergenz von Singuldrwerten enthalten. Die Be-
weise dieser Abschidtzungen basieren auf der Kreinschen Resolventidentitit, dem asym-
ptotischen Verhalten der Eigenwerten des Laplace-Beltrami Operators auf dem Rand und
einigen algebraischen Beobachtungen.

Eine Frage von speziellem Interesse, mit Verbindung zur Streutheorie, ist die Spurklasse-
eigenschaft der analysierten Resolventenpotenzdifferenzen, welche die Existenz und Voll-
standingkeit der Welleoperatoren impliziert. In dem Spezialfall, dass die Resolventenpo-
tenzdifferenzen in der Spurklasse liegen, werden Formeln fiir ihre Spuren gegeben.
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1 INTRODUCTION

Partial differential equations play a major role in natural sciences and pure mathematics.
The present thesis is concerned with the fields of operator theory and analysis of partial
differential equations, more particular, spectral theory of elliptic differential operators. In
many situations it is useful and natural to associate linear operators with differential ex-
pressions, e.g. in quantum mechanics, where the observables are often self-adjoint partial
differential operators in Hilbert spaces, and their spectral properties are related to the be-
havior of the quantum mechanical systems.

The evolution of a quantum system is governed by the time-dependent Schrodinger equa-
tion. The behavior for large times of the solutions of this equation is the subject of analysis
in scattering theory. From the functional analytic point of view mathematical scattering
theory can be considered as perturbation theory of self-adjoint operators on the continuous
spectrum. The main objects are the wave operators and the corresponding scattering op-
erator, which relates “initial” and “final” characteristics of the process directly, bypassing
its consideration for finite times. The initial step in the solution of a scattering problem
usually consists in establishing the existence and completeness of the wave operators. One
possible way to show the existence and completeness of the wave operators for a pair of
self-adjoint operators is to prove that the difference of some integer powers of their resol-
vents belongs to the trace class ideal.

In the present thesis the author provides a unified approach to the treatment of self-adjoint
elliptic operators with Dirichlet, Neumann, Robin, and more general self-adjoint bound-
ary conditions on bounded and unbounded domains. The key results in the thesis are
Schatten-von Neumann estimates for the resolvent power differences of self-adjoint ellip-
tic operators corresponding to one differential expression and to distinct boundary con-
ditions. Schatten-von Neumann estimates for the resolvent power differences of elliptic
operators have a long history, starting in the middle of the 20th century with the seminal
contributions by Povzner [P53] and Birman [B62], followed by Grubb [G84]. In the thesis
certain new estimates with faster convergence of singular values are presented. A question
of special interest, in connection with scattering theory, is the trace class property of the
analyzed resolvent power differences, which implies the existence and completeness of
the wave operators. In the special case that the resolvent power differences are in the trace
class, we provide formulae for their traces.

The main content of the thesis is divided into four chapters, namely: Chapter 2 with pre-
liminary material, Chapter 3 on elliptic operators on domains with compact boundaries,
Chapter 4 on Schrodinger operators with couplings of interior and exterior domains, and
Chapter 5 on Robin Laplacians on a half-space. The introduction is further organized into
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three parts corresponding to the material presented in Chapters 3-5.

The main results of the thesis are partially reflected in five publications [BLL ™10, BLL13,
BLL13a,BLL13b,LLR12] jointly with Jussi Behrndt, Matthias Langer, Igor Lobanov, Igor
Popov, and Jonathan Rohleder.

1.1 Elliptic operators on domains with compact boundaries

In Chapter 3 we deal with self-adjoint realizations of a symmetric elliptic differential ex-
pression on a bounded or unbounded domain with a compact smooth boundary subject to
Dirichlet, Neumann, Robin and more general boundary conditions. We explain the main
results of Chapter 3 with the help of the Laplace differential expression. In the body of
the thesis the statements are formulated and proved for a second-order uniformly elliptic
differential expression with certain assumptions on the coefficients.

Let Q C R” be a bounded or unbounded domain with a compact C**-smooth boundary 9 Q.
We denote by —Ap and —Ay the self-adjoint Dirichlet and Neumann Laplacians on Q. For
a bounded self-adjoint operator B, which acts in the Hilbert space L?(dQ), we define the
operator —Ag as

:_Af7

B

(1.1.1)
dom (—Agg) = {f € HY*(Q): Af € L2(Q), Bflaq = vfla0}.
where H>/ 2(Q) is the fractional Sobolev space on Q of order 3/2, f|,q is the trace of f
on the boundary and 9y f|;q is the trace of the normal derivative of f with the normal
pointing outwards. Using the second Green’s identity it is not difficult to show that the
operator —Ayg| 18 symmetric, whereas in order to show self-adjointness of —Ap) certain
tools are required.

Our key tools are the notion of quasi boundary triples, and the associated y-fields and Weyl
functions. This allows us to prove the Krein-type formula

(—Ap —A) " = (~Av—2A) "t =y(A) (1 -BM(L)) " BY(A)", (1.1.2)

where A € p(—Agz) Np(—Ax). In this formula, the y-field y(A): L*(dQ) — L*(Q) is the
solution operator for the boundary value problem

(~—A—2)f=0, inQ,

1.1.3
an|aQ =¢, on aQu ( )

and the Weyl function M(A): L?(9Q) — L*(9Q) is the corresponding Neumann-to-Dirichlet
map, which maps ¢ into the Dirichlet trace of the solution of the problem (1.1.3). As an
intermediate step in the proof of formula (1.1.2) we get self-adjointness of the operator
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The main results of Chapter 3 are related to Schatten-von Neumann estimates for resolvent
power differences of the operators —Ap, —Ayn and —Ag. We recall that the singular val-
ues s;(T) of a compact operator T are the eigenvalues of the positive operator (7*7)'/2
arranged in non-increasing order and counted with their multiplicities. If the singular
values satisfy s;(T) = O(k~'/7) as k — oo with some p > 0, then we write T € & .
The class G, . is called the weak Schatten-von Neumann class of order p. In particu-
lar, an operator T € &, . with p € (0,1) belongs to the trace class, which means that
{se(T)}7, € O ().
According to the results, proved by Povzner [P53], Birman [B62] and Grubb [G84,G84a],
forallm e N,

(—AD—/I)”"—(—AN—X)*'"66%_00, (1.1.4)

holds, and, moreover, this estimate is optimal. In the special case, that B is a multiplication
operator with a real-valued function 8 € C*(dQ), it was also proved in [G84,G84a] that

(—AD—A)_m—(—A[m—)»)_mEGn—l . (1.1.5)

2m >’

and that this estimate is also optimal. In the thesis the estimates (1.1.4) and (1.1.5) are
generalized to the pairs {—Ag, —An} and {—Ap, —Ap}. We emphasize that for the pair
{—A[B], —An}, even in the case of a multiplication operator B, known results were not
optimal. As it is shown in Chapter 3, in this case singular values converge slightly faster,
which in view of the sharpness of the estimates (1.1.4) and (1.1.5) is a new phenomenon.
Namely, we prove that

(—Ap — )" = (AN —A) " EG
m+17 (116)
(—Ag —A) " = (~Ap—A) " €&,

m >

In this sense the operator —Ap) is closer to —An. These estimates are especially impor-
tant in the case of exterior domains, for which scattering problems make sense. Clearly,
for a sufficiently large number m we get 5 — +11 <1 and 75— 1 < 1. Thus for such m the
resolvent power differences in (1.1.6) are trace class operators and by the Birman-Kato
criterion [ Y92] the wave operators for the pairs {—A[B} ,—AN} and {—Ap), —Ap} exist and

are complete, see Section 3.3 for the details.

Our proofs of the estimates in (1.1.6) rely on the formula (1.1.2), on elliptic regularity
theory and on the spectral asymptotics of the Laplace-Beltrami operator on dQ.

It is worth mentioning that for B and B, such that B — B, € G,-1 _ with some g > 0 we
get even a better estimate .

(—Apy—A) " — (A —A) " €S i (1.1.7)

2m+q+1 >

In the special case, that the resolvent power differences in (1.1.6) and (1.1.7) are in the
trace class, we provide formulae for their traces extending the work of Carron [Ca02] to
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more general boundary conditions. In particular, for the pair {—A[B} ,—An} this formula
has the form

m—1
(A —2A) " (~An—A) ") =t (C;T((I—BM(),))_IBC%M(A))).

Note that on the left-hand side the trace of an operator in L?(Q) appears, whereas on the
right-hand side the trace of an operator in L?(d) is computed. In this sense we reduce
the trace to the boundary. In Sturm-Lioville theory an analogous reduction of perturbation
determinants was given already sixty years ago by Jost and Pais in [JP51].

See Section 3.4 for further references and historical comments. The results of Chapter 3
are mainly contained in the works of the author [BLL" 10, BLL13, BLL13b].

1.2 Schrodinger operators with 6 and 6’-potentials supported on
compact hypersurfaces

In Chapter 4 we study self-adjoint realizations of the Schrodinger differential expression
—A+V in the Hilbert space LZ(R”) with certain coupling (transmission) boundary con-
ditions on a compact C*-smooth, closed hypersurface. In the introduction we present our
results in the special important case V = 0.

We deal with a compact C*-smooth closed hypersurface ¥ C R"” which separates the Eu-
clidean space R",n > 2, into an interior bounded domain €; and an exterior unbounded
domain Q.. By —Ag.. we denote the usual self-adjoint Laplacian in L?(R") with the do-
main dom(—Agee) = H*(R") and by —An i We denote the direct sum of the self-adjoint
Neumann Laplacians on the domains €2; and Q..

Usually the Schrodinger operator with a d-interaction of a strength o € L (X;R) supported
on X is defined via the closed semi-bounded sesquilinear form

ts.alfs8 = (Vf, V&) 2mncny — (Afl5,8l5)2(x),  domts o := H'(R").

This way of definition is used in many papers. We refer the reader to Brasche, Exner,
Kuperin and Seba [BEKS94] and the review paper [EO8] by Exner for more details and
further references, see also Section 4.6 for historical comments.

The definition via the sesquilinear form does not immediately lead to an explicit character-
ization of the operator domain of the underlying self-adjoint operator, whereas the regular-
ity of the functions in the operator domain plays an important role in many applications. In
the thesis the author suggests another way of definition of the Schrodinger operator with a
O-interaction supported on X of strength ¢, where the action and the domain are specified
explicitly. Set

HPRN\L):={f = fi® fe e H2(Q) 0 H/*(Qe): Af € L2(Qy), j=1ie}.
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Then the operator —As , can be defined as

—As of = (—Afi) & (—Afe),

e (1.2.1)
dom (A5 ) 1= {f=fi@fe ey D)y PR ’ozeﬂz}’

where fi|x, fe|x are the traces of f = f; @ f. from both sides of X and dy, fi|z, Jy, fe|x are
the traces of the normal derivatives of f from both sides of X with the normals pointing
outwards €; and ., respectively. Roughly speaking, the domain of the operator —Ag 4
consists of functions with coinciding traces from both sides of X and with a jump of the
normal derivative, which is connected with the usual trace via the function ¢. It follows
from the second Green’s identity that the operator —As , is symmetric. For the proof of
self-adjointness we need certain tools.

Our key tools are similar as in the case of single domains in Chapter 3. We introduce
a y-field 7, which is in this case the single-layer potential, and the corresponding Weyl
function M, which is an analogue of the Neumann-to-Dirichlet map. This allows us to
prove the Krein-type formula

<_A5,a - }')_1 - (_Afree _l)_l = ’)7(1)(1— OCM()L))ilOé:};(I)* (1.2.2)

As an intermediate step in the proof of this formula we get self-adjointness of the operator
—Ag o We also prove in Chapter 4 that the operator —As , and the operator corresponding
to the form t5 , coincide, which relates our approach to the previously known one.

Furthermore, we obtain spectral estimates of the type (1.1.6) for the pairs { —Agree, —A&a}
and {—An i e, —As o - Namely, for all m € N,

(_A(S?Ot_l)_m_(_Afree_}a)_m €EG 1,

2m+1°°

(—Asq—A) " = (—ANje—A) "€ St

(1.2.3)

In this sense the operator —Ag 4 is closer to the free Laplacian than to the decoupled
Neumann Laplacian. In particular, as a consequence of these estimates the wave operators
for the pair {—As o, —Afree } €xist and are complete in all space dimensions. Our proofs of
S -estimates in the case of J-interactions are similar to the proofs in the case of single
domains without coupling. We use the formula (1.2.2), elliptic regularity theory and the
asymptotics of Laplace-Beltrami operator on X.

As a certain addition we provide trace formulae in the case that the resolvent power dif-
ferences in (1.2.3) are in the trace class. In these formulae the trace of the resolvent power
difference acting in L?(R") is reduced to the trace of a certain operator acting in L>(X).
For a more general differential expression —A +V we assume some smoothness of V' in
the neighborhood of X in order to prove the estimates (1.2.3).
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In the thesis also 6’-interactions on hypersurfaces are encompassed. Since 6’-interactions
are more singular, their treatment is more involved. Some particular results in the case of ¥
being a sphere are known, see Antoine, Gesztesy and Shabani [AGS87], Shabani [Sh88],
where the separation of variables is the main tool of analysis. The development of a general
approach to the treatment of Schrédinger operators with &’-interactions supported on hy-
persurfaces was posed by Pavel Exner as an unsolved problem in the review paper [EO8].
We provide two ways for the definition of these operators. As we show, one can define
for a boundedly invertible real-valued function 3 : £ — R the Schrodinger operator with a
&’-interaction supported on X of the strength § via the closed, semi-bounded sesquilinear
form

t3/,ﬁ [f?g] = (Vfbvgi)LZ(Qi;(cn) + (erane)Lz(Qe;@z)
- (ﬁ_l(fe|2_ﬁ|2)3ge|2_gi|Z)L2(Z)7
domtg/ﬁ = Hl(.Qi) @Hl (Qe)-

In this definition the domain of the underlying self-adjoint operator is not easily visible. As
the second way, we propose to define Schrodinger operator with a ’-interaction explicitly
via its action and domain

—As pf = (=Af) © (—Afe),

ez — fils = Bov fe
dom(—Ag g) := {fzfi@fe eHi/z(R”\D‘ f8|v2fe|£f(9v‘]€i|2£(|)z}'

Roughly speaking, the domain of the operator —Ag g consists of functions with coinciding
normal derivatives on X and with the jump of the usual traces, which is connected with the
normal derivative via the function . In order to see that the operator —Ag g is self-
adjoint, we follow our abstract methods with y-fields and Weyl functions. Furthermore,
we connect the two proposed definitions by showing that the self-adjoint operator —Ag/ g
coincides with the self-adjoint operator corresponding to the form tg g.

We obtain estimates of the type (1.2.3) also for the pairs { —Agee, —Ag g} and
{—AN,e, —As g} As we show, for all m € N,

(_A(S/:ﬁ - )’)_m - (_Afree _A‘)—m c 6,,2;1700,
! (1.2.4)
(—Asg—A) " = (—Anje—A) " €6 4

2m+17

o

In this sense the operator —Ag g is closer to the decoupled Neumann Laplacian than to the
free Laplacian. In particular, as a consequence of these results the wave operators for the
pair {—A5/,/3, —Afree } exist and are complete in all space dimensions. For the trace class
resolvent power differences in (1.2.4) we provide corresponding trace formulae.

See Section 4.6 for further references and historical comments. The results of Chapter 4
are mainly contained in the joint work of the author [BLL13a].
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1.3 Robin Laplacians on a half-space

In Chapter 5 we are concerned with the half-space
R = {(x,/)T: xeR" ¥ € Ry}
with the boundary JR’} . Our main focus is the usual Robin Laplace operator defined as

—Aplf = AL
dom(—Ag)) := {f € H¥*(RY): Af € L*(RY), Bflomy = Ovfloms }

where f |3R'i and dy f|yg: denote the trace of f on the boundary of the half-space and
the trace of the normal derivative of f with the normal pointing outwards, respectively,
which are connected by the real-valued function 8 € L*(JR’,). In order to show that the
operator —Ag is self-adjoint in L? (R”) we use our abstract approach with a modification
in the arguments due to the non-compactness of the boundary. As a particular case we also
treat the self-adjoint Neumann Laplacian —Ay on the half-space.

Let B; and 3, be real-valued bounded functions on dR’,. The resolvent difference
(=Ap) = A) 7 = (=4p =)™ (1.3.1)

is in general non-compact. Indeed, if we take two positive constants b| # b, and assume
that B; = b and B, = b», then a simple calculation shows that the essential spectra

Gess(_A[bl}) = [—b%,—f—oo) and Gess(_A[bz]) = [— b%,—f—oo)

of the corresponding Robin Laplacians are distinct and thus the operator in (1.3.1) is evi-
dently non-compact.

The first result is concerned with the assumption on 3, — B; sufficent for the compactness
of the resolvent difference in (1.3.1). Namely, if for all € > 0 the condition

ufxe IR : |B(x) — Bi(w)] > £} < oo

holds with u being the standard Lebesgue measure, then the resolvent difference in (1.3.1)
is compact. The proof of the compactness of the resolvent difference in (1.3.1) relies on the
compact embedding of H'(Q) into L?(Q) for a domain Q of finite measure with a smooth
boundary. As a particular case, we get the condition on 3 for compactness of the resolvent
difference of _A[ﬁ] and —An. Using recent results by Malamud and Neidhardt [MN12] we
get that under this condition the absolutely continuous parts of the self-adjoint operators
—Ajg) and —Ay are unitarily equivalent.

Another question is to find sufficient conditions on ; and B, such that for m € N the
resolvent power difference

(_A[ﬁz] — l)im — (_A[ﬁl] — ;L)*m (1.3.2)
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belongs to a G, ..-class of the same order as the first resolvent power difference in (1.1.6).
It turns out to be sufficient to require boundedness of all the partial derivatives of §; and
B> up to order 2m — 1 and to assume that 3, — 1 is compactly supported, or at least that
n > 4m and .

B> — B1 € L21 (JRY).

Under these assumptions the resolvent power difference (1.3.2) belongs to the class & ol
m+17

Here we rely on a result by Cwikel [Cw77] on &, ..-estimates of integral operators. The
cases of slower decaying 3, — B are also considered in Chapter 5. The results for high re-
solvent powers complement papers by Birman [B62], Gorbachuk and Kutovoi [GorK82],
Derkach and Malamud [DM91], where only the first powers of resolvents were considered.
Moreover, for compactly supported 3, — 1 and for some non-compactly supported > — 3
we provide corresponding trace formulae for the resolvent power difference in (1.3.2). The
results of Chapter 5 are partially contained in the work of the author [LR12].




2 PRELIMINARIES

2.1 Classes of operator ideals

In this section we introduce the notion of classes of operator ideals. Further we define
singular values and related (weak) Schatten-von Neumann classes of operator ideals. Two
important technical lemmas are provided for Schatten-von Neumann estimates of resol-
vent power differences of self-adjoint operators. Throughout this section let H and X be
separable Hilbert spaces. Denote by S..(#,K) the closed subspace of compact operators
in B(H,K); if H = K, we simply write So(H).

2.1.1 Abstract classes of operator ideals
We define classes of operator ideals along the lines of [Pi87].

Definition 2.1. Suppose that for every pair of Hilbert spaces H, K we are given a subset
A(H,K) of G(H,K). The set

A= U 2A(H,K)
H.,/C Hilbert spaces

is said to be a class of operator ideals if the following conditions are satisfied:
(i) the rank-one operators x — (x,u)v are in 2A(H, ) forallu € H,v € K;
(ii) A+ B € A(H,K) for A, B € A(H,K);
(iii) CAB € A(H,K;) forA € A(H,K), B B(H1,H), C € B(K,K)).
Moreover, we write 2(H ) for A(H,H).

If 2 is a class of operator ideals, then the sets 2A(#,K) are two-sided operator ideals
for every pair H, /C; for the latter notion see also, e.g. [GK69, Pi80]. For two classes of
operator ideals I, B we define the product

-8 = {T: there exist A € A, B € B so that T :AB}

and the adjoint of 2 by
A= {A": AeA}.

These sets are again classes of operator ideals; see [Pi87].



10 2 Preliminaries

Let H and K be linear operators in a separable Hilbert space H and assume that p(H) N
p(K) # @. We are aiming to investigate operator ideal properties of the difference of the
m-th powers of the resolvents,

(H-A)"—(K—A)™,  Acp(H)Np(K), meN.

Recall that for two elements a and b of some non-commutative algebra the following for-
mula holds:

m—1
a"—b" =Y a"*(a—b)b. (2.1.1)
k=0
Substituting a and b by the resolvents of H and K, respectively, and setting
Tpoi(A) := (H — A)~(m=k=1) ((H ) (k- z)—l) (K—A)* 2.1.2)

forA e p(H)Np(K),meNand k=0,1,...,m—1, we conclude from (2.1.1) that
m—1
(H=2)"=(K—=2)"=Y Tux(A) (2.1.3)
k=0

holds for all A € p(H) N p(K) and m € N. In the next lemma we show that (H — A1)~ —
(K —A)~" belongs to the ideal 2A(#) for all A € p(H) N p(K) if all the following operators

Tn0(%0), Tn1(A0), - - -, Tnm—1(Ao) belong to A(H ) for some Ay € p(H) N p(K).

Lemma 2.2. Let H and K be linear operators in H such that p(H)Np(K) # @. Letm € N
and let Ty, . be as in (2.1.2). Assume that T, 1 (Ao) € A(H) for some Ay € p(H) N p(K)
andallk=0,...,m—1. Then

(H=2)""—(K—21)"" € A(H)
holds for all A € p(H) N p(K).
Proof. For A € p(H)Np(K) define
Ey:=I1+A—2)H—-A)"" and F:=I+A—-2A)K—-1)"" (2.1.4)

Clearly, E; commutes with (H — Ag)~! and F; commutes with (K — Ag)~!. The resolvent
identity implies that

Ey(H-2)'=H-2)"" and (K—2) 'F=(K-2)",
and hence also

Ej(H-2)"'=H-L1)" and (K—2)'F =(K—-2)" (2.1.5)
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forall I € N. Set Dy(A):=(H—-A)"'—(K—21)"!, 2 € p(H)Np(K). Then (2.1.4)
and (2.1.5) imply that

E3Di(M)Fy = (H—A)"'F —Ej (K—A)"' =D (A). (2.1.6)
Fork=0,1,2...,m— 1 we obtain from (2.1.5) and (2.1.6) that
Tyi(A) = (H—A1)""*DE, D\ (A)F, (K — 4)~
= By (H = 20)" " VELD) (R0) Fa (K — o) FFE
= B (H = 20)" "Dy (20) (K — 20)  Ff ™!
= EJ T, 1 (Ao) FfT

holds for all A € p(H) N p(K). By the assumption we have T,, x(Ag) € A(?) and hence
we conclude T;, x(A) € A(H) for k=0,...,m — 1. This together with (2.1.3) yields that

m—1

(H=2)"—(K~A)"= ¥ Tuu(A) €A(H), A€ p(H)Np(K)
k=0
O
2.1.2 Singular values, S, and S, .-classes
Recall that the singular values (or s-numbers) si(A), k =1,2,..., of a compact operator

A € 6(H,K) are defined as the eigenvalues A, (|A|) of the non-negative compact operator
|A| = (A*A)% € G.(H), which are enumerated in non-increasing order and with multiplic-
ities taken into account. Note that for a non-negative operator A € S..(H) the eigenvalues
A«(A) and singular values s;(A), k =1,2,..., coincide. Let A € S (H,K) and assume that
‘H and K are infinite-dimensional Hilbert spaces. Then there exist orthonormal systems
{Q1,¢2,...} and {y1,y,,...} in H and K, respectively, such that A admits the Schmidt
expansion

A=Y st(A) (-, o) Wi (2.1.7)
=1

It follows, for instance, from (2.1.7) and the corresponding expansion for A* € G (K, H)
that the singular values of A and A* coincide: s;(A) = s;(A*) for k = 1,2,...; see, e.g.
[GK69, 11.§2.2]. Moreover, if G and L are separable Hilbert spaces, B € B(G,H) and
C € B(K, L), then the estimates

(AB) < |Blls(A) and si(CA) < [Cllse(d), k=12, (2.18)
hold. If, in addition, B € G« (G, H) we have
Sman—1(AB) < s1,(A)sn(B), mn=12.... (2.1.9)
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The proofs of the inequalities (2.1.8) and (2.1.9) are the same as in [GK69, I1.§2.1 and
§2.2], where these facts are shown for operators acting in the same space.

Recall that the Schatten—von Neumann ideals & ,(H,K) are defined by
S,(H,K) = {AE6W(H,IC): Y (s(A))? <oo}, p>0.
k=1

Besides the standard Schatten—von Neumann ideals also the weak Schatten-von Neumann
ideals

Sp(H,K) 1= {A € Gu(H,K): sx(A) = O(k™/P), k= o}, p>0,
will play an important role later on. The sets
S, = U S,(H,K) and &) := U Sp(H,K).
HK HK
are classes of operator ideals in the sense of Definition 2.1.
We refer the reader to [GK69, 111.§7 and II1.§14] and [Si05, Chapter 2] for a detailed study
of the classes &, and G, ... We list only some basic and well-known properties, which will
be useful for us. It follows from s;(A) = s;(A”) that &}, = & and &}, ., = & hold.
Lemma 2.3. Let p,q,r,s,t > 0. Then the following statements are true:

(1) Gpo Sy = 6o with p 4+q7 1 =171, or, equivalently
61,6, =61 _.
3-7 t7

s+t

(i) 6, -6,= 6, with p g =r71, or, equivalently G, - &

~|=

(iii) 6, C Spewand &, .. C &, for p' < p.

Proof. In order to verify (i) let p,q > 0 and set r := %. Let A€ S, o(H,K) and B €
Sy.(G,H), that is, the inequalities s,(A) < can VP and sn(B) < cpn~ /4, n € N, hold
with some constants c¢,, ¢, > 0. From (2.1.9) we obtain
cacp 2" cqcp 2"cqcp

n — (2n)" — 2n—1)"’
which implies AB € &,.(G,K). In order to show equality, let A € G,.o(H,K) with
Schmidt expansion

SZn(AB) < Sanl(AB> < Sn(A>Sn(B) <

A=Y si(A) (-, o) Vi
k
Define operators B: H — K and C: ‘H — H by

Bz;(saA))ﬂq(-,wk)wk, c

;(skm))v”wcxpk)«pk.

The relations A = BC, B € 6, (H,K), C € &y o(H,H) show that A € G o - Sy 0. The
same arguments as in (i) can be used to show (ii). The inclusions in (iii) are trivial. ]
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The trace class of the class of nuclear operators G plays an important role later on. The
trace of a compact operator K € & (H) is defined as

K=Y A(K),
k=1

where A4 (K) are the eigenvalues of K and the sum converges absolutely. It is well-known
(see, e.g. [GK69, §1I1.8]) that for K|,K> € &1 (H)

tI‘(Kl —I—K2) =trK; +trk» (2.1.10)

holds. Moreover, for K| € B(H,K) and K, € B(K,H) such that K1 K> € G1(K) and K>K| €
S (H) one has
'[I‘(Kle) = tr(KzKl). (2.1.11)

The following two lemmas will be used in the next chapters to show that certain resolvent
power differences of elliptic operators are in some classes S, .. or G,

Lemma 2.4. Let H and G be some Hilbert spaces. Let H and K be linear operators in
H and assume that for some Ay € p(H) N p(K) there exist operators F; € B(G,H) and
F, € B(H,G) such that

(H=2) "= (K—X) ' =FF. 2.1.12)

Let a > 0 and by,by; > 0 be such that a < by + by and set b :== b; + by — a. Moreover, let
r € NU{e} and assume that fork =0,1,...,r—1

(K—X) *Fe6 | _ and RB(K-XL)*ec | _ (2.1.13)
ak+by > ak+by
holds. Then forl =1,2,....rand all A € p(H) N p(K)
H-2)"'"—(Kk-1M"'lec  _ (2.1.14)

al+b:>°

The statement of the lemma is true with &, -classes replaced by & ,-classes.

Proof. We prove the statement by induction with respect to /. Using the factorization in
(2.1.12), the assumptions in (2.1.13) with k = 0 and Lemma 2.3 (i) we obtain that

(H=20)" = (K=20) ' =AREG, 61 =6 1 =6

b27o<) — 00 —— 00"

1
bl +by a+b?

Now Lemma 2.2 with m = 1 implies that

H-AM'1-(k-1)les

1
a+b

forall A € p(H)Np(K),i.e. (2.1.14) is true for [ = 1.
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For the induction step fix m € N, 2 <m < r, and assume that (2.1.14) is satisfied for all
I=1,2,....m—1.Let T, be as in (2.1.2), and define for k =0,1,...,m—1

Note that Do = 0. Let us rewrite T,, x(A9) with k=0, 1,...,m— 1 as sums of two operators

i (Ro) =(H — Ao) """ VE By (K — A) 7
=Dy 1 FiFa (K —20) * + (K —20) """ VR R(K — o)~

Note that the first summand is missing when kK = m — 1. By the assumption (2.1.13) we
have

(2.1.15)

o)

F EGL@? FQ(K—).())_I(EG 1

ak+by

(K—X) " *DVpes |

)
a(m—k—1)+b g

fork=0,1,...,m— 1. By the induction assumption we also have

Dy r1€6 1

alm—k—1)+5"""

for k =0,1,...,m—2 and and hence we obtain by Lemma 2.3 (i) that the first summand
in (2.1.15) is in the class

S__ i -6

1
alm—k—1)+5"" by’

-G =6 CcG |

ak+by '™ am+26°>° am+b°

(o] oo

where we used that b > 0. The second summand in (2.1.15) is in the class

S 1 w'S 1 =6 _.
a(m—k—1)+by’ ak+by amtb°>°
Hence T, x(Ao) € (‘5 i forallk=0,1,...,m— 1. Now Lemma 2.2 implies the validity
of (2.1.14) for [ = . The induction process yields that the statement is true for every
[=1,2,...,r. Similarly with the help of Lemma 2.3 (ii) one can show the analogous result
for &-classes. 0

Remark 2.5. In the proof of the last lemma we used the algebraic identity

a"— " = mzl ((am—k—l " N a—b)b +b" " a— b)bk)
k=0

valid for any two elements a and b of a non-commutative algebra. In our case a =
(H—A)"!and b= (K —2)~!. In applications to elliptic operators we take for K a self-
adjoint elliptic operator with known smoothing properties of its resolvent, while smoothing
properties of the resolvent of the operator H can be unknown and they may be weaker, see
Section 3.3 and Section 4.4.
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Lemma 2.6. Let H and G be some Hilbert spaces. Let H, K and L be linear operators in
H. Assume that for some Ao € p(H) N p(K)Np(L) there exist operators Fy € B(G,H) and
F, € B(H,G) such that

(H—2) ' = (K—2%) ' =FP. (2.1.16)

Leta> 0and by,by > 0 be such that a < by + by and setb:= by +by —a. Let r € NU {oo}
and assume also that fork =0,1,...,r—1

(L—2) "R e6 | and F(L—l)*e6& 1 _. (2.1.17)

ak+by % ak+by

Moreover, assume that fork=1,2,....,r—1
ak?
(2.1.18)

Then forl=1,2,....,randall A € p(H)Np(K)

(H-M)"'"—(K-1)"'es

al+b>

(2.1.19)

0"

The statement of the lemma is true with G, -classes replaced by & ,-classes.

Proof. By (2.1.16), (2.1.17) with k = 0, and the equality b = by + b, — a we get
y quality g

oo —— 00’

a+b?

(H—20)"' = (K-2) '=FFRe6, -6, =6
1’ 2’
where we used Lemma 2.3 (i). Then by Lemma 2.2

H-M'1-(k-1NTles ., _

a+b?’

forall A € p(H)Np(K). Thus the statement is true for / = 1.

Letusfix/ € N, 2 <[ <r,and define fork=0,1,...,/ — 1 the differences of k-th resolvent
powers

Note that Dg = Gy = 0. First we rewrite each of the operators 7;0(Ag) and 77,1 (Ao)
in (2.1.2) as a sum of two operators

Ti0(Ao) =S1+S2 and Tj;-1(Ao) = S3+Ss4,
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where S1 =D;_1F1F,S$; = (L X()) (-1 F1F2,S3 FiFGp_1and Sy :Fle(L—;l())_(l_l).
By the assumptions (2.1.17), (2.1.18), the equality b = b| + by —a and by Lemma 2.3 (1)
we obtain that

5166 1 61 -6, =6

o) — ,00

PR by> 2% al+5>°

SQGG%.OO-G 1 0026L
T

S3EGL°O~6L -G =6 |
bl’ b2

5466%90-6 1 =6 |
I

a(l—1)+by g al+5>°

We conclude that
Tio(A0), Tri-1(Ao) €6 1. (2.1.20)

al+b>
Further we rewrite the operator 7; 4(Ao) in (2.1.2) with k € N, 1 <k <[ —2, as a linear
combination of four operators

Ti k(o) := S5+ S + 87 — Ss,
where
Ss =D 1F1 Gy, = (L—2) " VR RG,
S7=Dz_k_1F1Fz(L—Ao)‘k, = (L—2) " VRRL-20)*

By assumptions (2.1.17), (2.1.18), the equality b = b| + b, —a and Lemma 2.3 (i) we obtain
that

5566 1 m'Giw'Giw'Gimzel o
a(l—k-1)’ by by’ ak’ al+b>
Se €6 1 DO'GLDO GLWZGLW,
al—k—T)+by ’ by ak b
S7e€6 -Giw-G 1 00261
a(l—k—1)° by ak+by E
Sg €6 1 w6 1 =6 _.
a(l—k—1)+b ak+by al+b>
Hence we conclude that
li(do) €6 1, (2.1.21)
forallk=1,2,...,l—2. Thus, summarizing (2.1.20) and (2.1.21), we obtain that Tl,k()-o) €
(G e forall k=0,1,...,/ —1. Now Lemma 2.2 implies the statement. Similarly with
al+ Des
the help of Lemma 2.3 (ii) one can show analogous statement for & ,-classes. [

Remark 2.7. In the proof of the last lemma we used the algebraic identity for m > 2 and
arbitrary elements a, b and ¢ of a non-commutative algebra

m—2

d"—b" = (fo+ho) + (gm1+hm1)+ Y, (ex+fi+8—Iu),
k=1
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where
e =(@" 1 = N (@ ) (b — ),
A=l e,
g =c""*"Ya-b) (b=,
he =" %Y a—b)ck.

Inourcasea= (H—A)"!,b=(K—A)"'and c = (L—A)"!. In applications to elliptic
operators we take for L a self-adjoint elliptic operator with known smoothing properties
of its resolvent, while smoothing properties of the resolvents of H and K can be unknown,
and they may be weaker, see Section 3.3.

2.2 Quasi boundary triples and their Weyl functions

In this section we introduce the abstract concept of quasi boundary triples and associated
Weyl functions useful in extension theory. We provide complete proofs of main statements
related to this concept. One can find most of these proofs in [BLO7, BL12, BLL13] in
a slightly different form. We start with with basic statements and definitions of the key
objects, further we derive Krein’s formulae, study spectral relations of Birman-Schwinger
type and give sufficient conditions for self-adjointness of extensions. All this material is
intensively used throughout the further chapters.

2.2.1 Definitions and basic properties

The concept of quasi boundary triples is a generalization of the notion of (ordinary) bound-
ary triples from [Bru76, DM91, GorGor91, Ko75]. Quasi boundary triples are particularly
useful when dealing with elliptic boundary value problems from an operator and extension
theoretic points of view. Generalized boundary triples from [DHMS06, DM95] are a par-
ticular case of quasi boundary triples. In this subsection we provide some general facts on
quasi boundary triples.

Definition 2.8. Let A be a closed, densely defined, symmetric operator in a Hilbert space
(H,(-,-)n). A triple {G,I0,T'1} is called a quasi boundary triple for A* if (G, (-,-)g) is a
Hilbert space and for some linear operator 7 C A* with 7' = A* the following holds:
(i) T'p,I'; :domT — @G are linear mappings, and the mapping I := (11:‘1’) has dense range
ing xg;
(i) Ag:=T | kerIY is a self-adjoint operator in H;
(ii1) for all f,g € domT the abstract Green’s identity

(Tf,8)n—(f,Tg)u = (T1f,Tog)g — (Fof,T18)g (2.2.1)
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holds.

We remark that a quasi boundary triple for A* exists if and only if the deficiency indices
ny(A) = dimker(A* i) of A coincide. Moreover, if {G,Ty,I'; } is a quasi boundary triple
for A*, then A coincides with T | kerI and the operator A| := T | kerI"; is symmetric in
‘H. We also mention that a quasi boundary triple with the additional property ranI'g = G is
a generalized boundary triple in the sense of [DHMS06, DM95].

The proposition below contains a sufficient condition for a triple {G,I'9,I';} to be a quasi
boundary triple. It can be found in [BLO7,BL12].

Proposition 2.9. Let H and G be Hilbert spaces and let T be a linear operator in H.
Assume that I'g,I': domT — G are linear mappings such that the following conditions
are satisfied:

(a) I'= (?1)) : domT — G X G has dense range, and ker D' is dense in H,
(b) The identity (2.2.1) holds for all f,g € domT;

(c) T | kerI'y contains a self-adjoint operator A.

Then A :=T | kerDU is a closed, densely defined, symmetric operator; the operator Ay
coincides with T | kery; the operator T is closable and T = A* holds. Finally, the triple
{G,T0,T'1} is a quasi boundary triple for A*.

Proof. As the first preliminary step of the proof we verify that 7* C T. By the abstract
Green’s identity the operator T | kerI'y is symmetric. Since the symmetric operator T |
kerI'( contains the self-adjoint operator Ag, these operators coincide, and we have the
following chain of inclusions

T* CAj=ApCT. (2.2.2)

The abstract Green’s identity yields that A is symmetric. Let us show that A = 7. We start
with the inclusion
ACT™.

Let us take an arbitrary g € domA and an arbitrary f € dom7. Since g € domA, we have
I'g = 0. Thus we get

(Tf,8)n—(f,A8)n=(Tf&)n—(fTg)n=(1f.Tog)g— (Tof.I1g)g=0.

This calculation implies that g € domT* and that 7*g = Ag. Therefore the inclusion A C
T* holds. Next we are aiming to show the opposite inclusion

T C A.

Let us now take an arbitrary g € dom7* and an arbitrary f € dom7. Using the inclusion
T* C T, which is shown in (2.2.2), we get

0=(Tf,80)n—(f,T"en=(Tf,8)n—(f,Tg)n=T1f,Tog)g+ Tof,-T18)g-



2.2 Quasi boundary triples and their Weyl functions 19

This means that (}l;(lgg ) is orthogonal to the range of the mapping I" in the Hilbert space

G x G. By assumption (a) of the proposition the range of I' is dense in G x G, which
implies that I'g = 0. We have shown that g € domA and that T*g =Tg = Ag, thus T* C A.
Altogether this yields that A = T*. Employing, then, the density of kerI" in H we obtain
that T is closable and that T = A*. Now by Definition 2.8 the triple {G,T,T’; } is a quasi
boundary triple for A*. ]

Next we recall the definition of the y-field and the Weyl function associated with the quasi
boundary triple {G,I'g,I"; } for A*. Note that the decomposition

dom7 = domAgy+ ker(T —A) =kerI'g+ ker(T — 1)
holds for all A € p(Ay), so that I'y | ker(7 — 1) is invertible for all 1 € p(Ap).

Definition 2.10. Let A be a closed, densely defined, symmetric operator in a Hilbert space
H. Let {G,Ty,T'1} be a quasi boundary triple for A* with T C A* and Ag = T | kerT,.
Then the (operator-valued) functions y and M defined by

¥(A):= (To [ker(T —4)) "' and M(A) :=T1y(A), A € p(Ao),

are called the 7y-field and the Weyl function corresponding to the quasi boundary triple
{g7 FO, I }

These definitions coincide with the definitions of the y-field and the Weyl function in
the case that {G,T,I'1 } is an ordinary boundary triple, see [DM91]. Note that for each
A € p(Ao) the operator y(A) maps ranI’y into H and M(A) maps ranT’y into ranI";. Fur-
thermore, as an immediate consequence of the definition of M(A) we obtain that

M(MTofy =T1fy,  frcker(T—A), A€ p(Ao). (2.2.3)

In the next proposition we collect some properties of the y-field and the Weyl function; all
the statements are proven in [BLO7], but for completeness of the thesis we provide these
proofs. Recall that the space of bounded everywhere defined linear operators from # into

G is denoted by B(#,G). We set B(G) := B(G,G).

Proposition 2.11. Let A be a closed, densely defined, symmetric operator in a Hilbert
space H. Let {G,To,I'1 } be a quasi boundary triple for A* with the y-field y and the Weyl
function M. Then for A, € p(Ao) the following assertions hold.

() Y() is a bounded, densely defined operator from G into H. The adjoint of () has
the representation

Y(A) =Ti(Ao—A)~! € B(H,9).

(i) M(A) is a densely defined (in general unbounded) operator in G and for A € p(Ao)
the inclusion M(A) C M(A)* holds, and

(M) =M(@) e =A-myH)VA)g, ¢eranly.  (224)
In particular, if ranTy = G, then M(A) = M(A)* and M(A) € B(G).
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(i) IfA; =T | kerD'y is a self-adjoint operator in H and A € p(Ag) Np(Ay), then M(L)
maps ranl’y bijectively onto ran1', and

M) 'y(A)* € B(H,G).

Proof. (i) Letus fix A € p(Ap). Since domy(A) =ranT and the set ranT is dense in G,
the operator y(A) is densely defined. Let us take arbitrary elements ¢ € ranI'y and g € H.
Since A € p(Ap), there exists 1 € domAg such that (Ag — A)h = g. Further, applying the
abstract Green’s identity we get

(Y(2)@.8) 4, =(¥(A)@,(Ag—A)h),, = (Y(A)9,Th),, — (TY(A)@,h),, =
=(Toy(2)@,T1h); — (T17(2)@.Toh) g = (9. T1(A0— 1) 'g),

where we used that I'ph = 0. Since ranI is dense in G, we get from the last calculation
that y(A)* =T'1 (A9 — A)~!. Note that the operator ¥(A)* is closed and everywhere defined

in H. Thus y(A)* € B(#H,G) and y(A) C y(A)** is bounded.

(ii) Let us again fix some A € p(Ap). By definition the operator M(A) maps ranIy into
ranI";. Since ranI’y is dense G, the operator M(A) is densely defined. Let us now take
arbitrary fj € ker(T —A) and gy € ker(T — ). Applying the abstract Green identity
(2.2.1) and using the property (2.2.3) of the Weyl function M we obtain

A=) (fr,8u)n =T fr,8u)n — (fa, T&u)n
=1 fa.Togu)g — (Lofa,T18gu)g (2.2.5)
=(M(A)Cof2,Togu) g — (Tofr,M(1)Togu) 5

This calculation with y = A implies that M(A) C M(A)*. Within the notation ¢ := Iy f;
and y :=1I'pg, we can rewrite the formula (2.2.5) as

(A= DEA)e. 1) W = (M) - M) 9. v)

Since dom(y(u)*) = H and ranI’y is dense in G, we get the identity (2.2.4). If rany =
G, then M(A) is everywhere defined. Thus M(A) = M(A)*, M(A) is closed, and hence
M(A) € B(G).

(ii1) The first assertion of this item follows from the decomposition
dom7 = domA,; + ker(T — 1)

which is valid for all A € p(A}). Indeed, let us fix A € p(A;) Np(Ap) and take an arbitrary
¢ € ranl';. Then there exists f € dom7 such that I'y f = ¢. We can decompose f as
f = fi+ f1, where f| € domA| and f; € ker(T — A). Note that by definition of the Weyl
function we get

MAMTof =T1fa=T1(f—fi)=T1f =0,
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and we conclude that ¢ € ran(M(1)).

For the second part of (iii) note that {G,I';,—Ip} is also a quasi boundary triple if A;
is self-adjoint. It is easy to see that in this case the corresponding y-field is y(A) =
y(A)M(A)~!. Since ran(y(1)*) C ranI'; by item (i), the operator M(A)~1y(A)* is de-
fined on H. Now the boundedness of y(A), which follows from (i), and the relation
M(A) € M(2)* imply that M(1)~'y(1)* is bounded. O

Throughout this thesis we shall often use product rules for holomorphic operator-valued
functions. Let H;, i = 1,...,4, be Hilbert spaces, U a domain in C and let A: U —
B(H3,Ha), B: U — B(Ha,H3), C: U — B(H1,Hz) be holomorphic operator-valued
functions. Then

d—n;(A(?L)B(l)): y (m>A(”)(7L)B(q)(/I), (2.2.6)
d)L pt+gq=m p
1920
am m!
ar _ M0 (B @D (")
7 (A)BA)C(A)) = ,m,;r_m A MBI () 2.2.7)
P,q,r=0

for A € U. If A(A)~! is invertible for every A € U, then relation (2.2.6) implies the fol-
lowing formula for the derivative of the inverse,

— (A =-A@) A (MA@R) L (2.2.8)

In the next lemma we consider higher derivatives of y-field and Weyl function associated
with some quasi boundary triple.

Lemma 2.12. Forall A € p(Ao) and all k € N the following hold.

ac —
(@) g Y(A) =k y(A) (A= 2) %
dk —— —
(if) = ¥(A) =k!(4o—A) "¥(A);
N i p—

(i) e M(A) = s (YA V) = KR (Ao — )~ Vy(R).
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Proof. (1) We prove the statement by induction. For k = 1 we have

N O N R
—Jg“_lrl(mo W= (a-2)")

= lim T'; (Ao — ) (Ao —A) ! = lim y()*(Ag—A) !
u—Ai u—Ai
=Y(A)" (A0 —2)"",

where we used Proposition 2.11 (i). If we assume that the statement is true for k € N, then

el _
YA =k (v(A) (A~ 1))
d
"

i
&

) (Ao —2) 4 1B o~ )]

y(A)*
K YA (Ag— A (AO—l)_k-i—y(x)*k(Ao—?L)_k_']

— KU1+ Y(R) (A0 = 2)~ 4D,
which proves the statement in (i) by induction.
(i1) This assertion is obtained from (i) by taking adjoints.
(iii) It follows from Proposition 2.11 (ii) that, for ¢ € domM(A) = ranT,

d 1 — —
—M(A)p = lim ——— (M(u) —M(A =1 A)* =7(A)*y(A)e.
gaMA)e = lim = (M(u) = M(A)) g = lim y(A)r(w) = 1(A) V()9

By taking closures we obtain the claim for k = 1. For k > 2 we use (2.2.6) to get

)= e (i 7m) = X (5,0 (G @)

P,4=>0

. (k_l)pzy(z)*(Ao—A)‘Pq!(Ao—/l)“’V(>
p+q=k—1

p+g=k—1
P,q>0

which finishes the proof. 0
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2.2.2 Self-adjointness and Krein’s formulae
Throughout this subsection we assume that the following hypothesis holds.

Hypothesis 2.1. We assume that A is a closed, densely defined, symmetric operator in a
Hilbert space ‘H, and {G,T0,I'1 } is a quasi boundary triple for A* with T C A*, A;=T |
kerI';, i = 0,1, y-field y and Weyl function M.

In the next theorem we show a connection between the point spectra of the operator A
and of the operator-valued function M(-), and we provide a factorization for the resolvent
difference of Ag and A;.

Theorem 2.13. Assume that Hypothesis 2.1 holds and that the operator Ay is self-adjoint.
Then the following statements hold.

(i) Forall A € RNp(Ap)
AeEoy(A)) = 0cop(M(A))

and the multiplicities of these eigenvalues coincide.

(i) The formula B
(Ao—2) "= (A=) =yA)MQA) YA (2.2.9)

holds for all A € p(A1) N p(Ap).

Proof. (i) For the proof it is sufficient to show that y(4) maps ker M (A ) onto ker(A; —A)
bijectively. For this purpose, let us take an arbitrary ¢ € kerM(A). Note that y(A)¢ €
ker(T — A) and that

Liy(A)e =M(A)p =0.

Thus y(A)@ € ker(A; — A) and, therefore, y(A) maps kerM(A) into ker(A; — 4). Let us
now take an arbitrary fj € ker(A; — A). By the computation

M(A)ofy =T1fy =0

we get that I'g f; € kerM(A). Since y(A)Iof3 = fa, we conclude that y(A) maps kerM (1)
onto ker(A| — A) surjectively, whereas injectivitity of this mapping follows from its invert-
ibility.

(ii) Let us fix L € p(A1) N p(Ao). By item (i) the operator M(A) is invertible. By Proposi-
tion 2.11 (iii) dom (M(A)~!) =ranT; and by item (i) of the same proposition ran y(1)* C
ranT';. Thus the operator Y(A)M(A)~'y(1)* is everywhere defined in . For an arbitrary
element g € H we define

fi=A0—-A)"lg—yM)MQA) 'y(A)*g € domT. (2.2.10)
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By the calculation
Tif=Ti(A—A)'g—T1y(A)MA)'y(A)"g =
=Y(A)'g-MA)M(A)"'yv(A)"g=0
we get that f € domA;. Observe that
(A=) f = (T =A)(Ag—2A)'g— (T = 1) yM)M(A) ' yv(A)'g =g,

which implies f = (A; — )~ 'g. Recall that g is an arbitrary element of  and the formula
(2.2.9) follows from (2.2.10). [

Further we deal with extensions of A, which are restrictions of 7' corresponding to some

abstract boundary condition. Usually [BLO7,DM91, DM95] restrictions of 7" and simulta-
neously extensions of A are defined for a linear relation ® C G x G as follows

Aof :=Tf, domAg:= {fedomT: rfe®}. 2.2.11)

For our purposes it turns out to be more convenient to define for a linear operator B in G
the restriction A (g of T

Ay =Tf, domA :={f€domT: BT\ =Tof}. (2.2.12)
Comparing with definition (2.2.11) the operator Ag corresponds to the linear relation

©® = B!, For the relation between the operator A(p) and other operators considered in this
section see Figure 2.1.

Ao
C e
A CAp C T C T = A~
o C
Ay

Figure 2.1: This figure shows how the operator A[p) is related to the other operators intro-
duced in this section.

In the next proposition we provide a connection between the point spectra of the operator
Ajp) and of the operator-valued function 7 — BM(-).
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Proposition 2.14. Assume that Hypothesis 2.1 holds. Let B be a bounded self-adjoint
operator in G and let A be the operator corresponding to B via (2.2.12). Then for all

A eRNp(Ag)
S Gp(A[B}) — 0¢ Gp(I—BM()\,))

and the multiplicities of these eigenvalues coincide.

Proof. We use similar type arguments as in the proof of Theorem 2.13 (i). We show that
Y(4) maps ker(I — BM(1)) onto ker(Ag — A) bijectively. Note that for any ¢ € ker(I —
BM(A)) we get

BUy(A)g =BM(A)¢ = ¢ =Toy(2)9.
Thus y(A)¢ € ker(Ajp — A) and, hence, y(4) maps ker(I — BM (4 ) into ker(Ajz — 4 ). Let
us take an arbitrary fj € ker(Ajp —A). Note that

(I-BM(M)Iofy, =Tofy —BT1f) =0,

and hence I'of; € ker(I —BM(A)). Since y(A)Lofy = fi, we get that y(A) maps ker(I —
BM(A)) onto ker(Ajp — A ) surjectively. Whereas the injectivity of this mapping follows
from its invertibility. [

Theorem 2.15. Assume that Hypothesis 2.1 holds. Let B be a bounded self-adjoint op-
erator in G and let A[p] be the operator corresponding to B via (2.2.12). Assume that
A € p(Ao) \ 0p(Ap)) o, equivalently, that ker(I — BM(A)) = {0}. Then the following
assertions are true:

(i) g €ran(A —A) if and only if By(A)*g € ran(I — BM(1));

(ii) for all g € ran(Ajg — A) we have

(A — 1) g = (A= 1) g+ 7(A)(I-BM(A)) 'BYR)'e.  (2213)

Proof. Fix some point A € p(Ag), which is not an eigenvalue of A(g. Then, by Proposi-
tion 2.14, ker(I — BM(A)) = {0} and the inverses (Ap — A)~Vand (I—BM(A))~! are the
operators in H and G, respectively.

Let us take arbitrary g € ran(Ap — A ). We show that By(A)*g € ran(I — BM(2.)) and that
the formula (2.2.13) holds. Set

= (Ap - M) lg—(Ag—2) g edomT.
Note that f € ker(T — A) and, in particular, by (2.2.3)
MAof =T f. (2.2.14)
The application of I'y and I'] to f gives us

Tof =To(Ap—A)"'¢g and Tif=Ti(Ap—21) 'g—yA)'s,
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where we used Proposition 2.11 (1) in the second formula. Continuing computations, we
get

BM(A)Tof = BTy f = BTy (A — )" 'g— By(A)"g =
=To(Ajp—A) " 'g—By(A)'g =Tof —BY(A)"g
and further
(I—BM(A))Tof = BY(R)"s.
Thus, it holds that By(A)*g € ran(I — BM(A)) and that
Tof = (I-BM(1)) ' By(A)*s.
Applying then y(4) to both hand sides, we obtain
F=v(A)(1-BM(L)) " By(A)'s.

Since g is arbitrary element in ran(A B] — A), the formula (2.2.2) holds.

Next we show the converse implication in (i). Assume that
By(A)*g € ran(I—BM(A)).

Since dom(I — BM(A)) = domy(A), we conclude that the element

fi=(Ao—2)"'g+¥(A)(I—BM(A)) 'By(2)*g € domT (2.2.15)
is well-defined. Computing, we get

BT\ f = By(X)"g+BM(A)(I— BM(A)) ' By(A)*g
= (1-BM(A))"'BY()"g = Tof.
Thus f € domA[B} and, moreover,
(A —A)f=(T—A)f=(T-A)(A4— 1) 'g+0=g,

where we used formula (2.2.15). Hence, we get that g € ran(Ag — ). O

Corollary 2.16. Assume that Hypothesis 2.1 holds. Let B be a bounded self-adjoint oper-
ator in G and let Ajg) be the operator corresponding to B via (2.2.12). Assume that Ap) is
self-adjoint. Then the following formulae

Ap—2) "' —(A—A1) =y
(A —A)"" = (Ao —A) "' =¥(A)B(I-M(A)B) '
hold for all A € p(Agg) N p(Ao).

(2.2.16)
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Proof. If the operator A is self-adjoint, then for all A € p(Ajz) N p(Ag) we get that
ran(Ajg —A) = H and the first formula in (2.2.16) follows directly from the formula in
Theorem 2.15 (ii). The second formula in (2.2.16) follows after certain straightforward
transformations of the first formula, which we omit. O]

In the next theorem we provide a factorization for the resolvent difference of A (g j and A,
assuming that Ajg,; and Ap,] are both self-adjoint.

Theorem 2.17. Assume that Hypothesis 2.1 holds. Let By and By be bounded self-adjoint
operators in G. Let the operators A[Bl] and A[Bz] correspond to By and B> via (2.2.12),
respectively. Assume that Ajg,| and Ag,| are self-adjoint. Then the formula

(A, —2A) "= (Ap—A) "=
YA (I—BaM(A)) ™ (By—By) (I—M(A)B)) " y(R)*

holds for all A € p(A[Bz}) N p(A[Bl]) Np(Ao)-

Proof. We take the difference of the first factorization in Corollary 2.16 applied to Ap,)
and A and the second factorization of the same corollary applied to A} and A, and we
get the formula

(A —A) ' = (A —A) ' =
y(l)((I—BzM(QL))_le _B (I—M(A)Bl)‘l)y@)*.
The difference in the middle
(I-BM(A)) 'By—Bi(I—M(A)B) ™"

can be further factorized as

(I-BM(A)) (B —By)(I-M(A)By)

which implies the statement. 0

The next two lemmas play a role in the proofs of sufficient conditions for self-adjointness
OfA[B].

Lemma 2.18. Assume that Hypothesis 2.1 holds. Let B be a bounded self-adjoint operator
in G, and let A(g) be the operator corresponding to B via (2.2.12). Then the operator A
is symmetric.
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Proof. By the abstract Green’s identity we have for arbitrary f,¢ € domAg

(Apf,8)n— (fLAB8H = (T'1f,Tog)g — (Tof,T1g)g =

(2.2.17)
= (F1f7BF1g)g - (Brlf7rlg)g = 07

where we used self-adjointness of B. This calculation shows that the operator A is sym-
metric. 0

Lemma 2.19. Assume that Hypothesis 2.1 holds, that ranTy = G and that M() € G (G).
Let B be a bounded self-adjoint operator in G. Then

(1—BM(A))", (I-M(A)B) ' € B(G)
holds for all A € C\ R.

Proof. Letus fix A € C\R, and suppose that there exists a non-trivial element ¢ € ker(/ —
BM(A)). Then y(A)¢ € ker(T —A) and

BL1y(A)p =BM(A)p = ¢ =Toy(A)e.

Thus y(4)@ is an eigenvector of A corresponding to the non-real eigenvalue A. This is a
contradiction with the fact that A g is symmetric proven in Lemma 2.18. Hence, I —BM(A)
is injective. By the assumptions on the operators M (A) and B we get that BM(14) € G..(G)
and thus 7 — BM () is also surjective. We immediately obtain that (I —BM(1))~! € B(G).
Analogous arguments show that (I —M(1)B)~! € B(G). O

In the next theorem we prove that the operator Ap) is self-adjoint under a certain assump-
tion on the Weyl function and the operator B.

Theorem 2.20. Assume that Hypothesis 2.1 holds, thatranT'g = G and that M(A) € G (G)
forall A € p(Ao). Let B be a bounded self-adjoint operator in G and let A|g| be the operator
corresponding to B via (2.2.12). Then the operator A is self-adjoint in the Hilbert space

H.

Proof. By Lemma 2.18 the operator A is symmetric, and by Lemma 2.19 the operator

(I—BM(A))~!is bounded and everywhere defined in G for all A € C\ R. Thus, according
to Theorem 2.15 (i), ran(Ajg) — A) = H for all such A and therefore the operator Ap is
self-adjoint. [

In the next theorem we show self-adjointness of Ap under other assumptions on the Weyl
function. We also prove that under these assumptions A is lower-semibounded and we
estimate the corresponding lower bound.
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Theorem 2.21. Assume that Hypothesis 2.1 holds, that Ay is semi-bounded, that ranT'o =G
and that

[MA)]| >0 as A — —eo.

Let B be a bounded self-adjoint operator in G and let A (g be the operator corresponding
to Bvia (2.2.12). Then the following statements hold.

(i) The operator A, is self-adjoint in the Hilbert space H.
(ii) There exists r € R such that (—eo,r) C p(Ag) and the condition

[M(A)]|-|B]] <1
holds for all A < r. For such r € R the estimate Ag) > rly holds.

Proof. According to the assumption on the operator A there exists ¥ € R such that (—oo, 7’) C
p(Ap), and by the assumption on the Weyl function the exists r < r’ such that forall A < r
the condition [|M(A)| - [|B]| < 1 holds. In this case we obtain that (I —BM()»))f1 € B(G)
for all A € (—oo,r). Then by Theorem 2.15 (i) we get that ran(Ajp — 4) = H for all
A € (—oo,r). Note that by Lemma 2.18 the operator Ajg) is symmetric. Therefore, the
operator Ap) is self-adjoint and satisfies Ajg) > rly. [

2.3 Sobolev spaces

Throughout this thesis Sobolev spaces will play an important role. We provide some
necessary notations and basic properties. For more details the reader is referred to the
monographs [AF03, G09, LM68, McL00]. Furthermore, in this section we derive some
consequences of Schatten-von Neumann properties of compact embeddings or compact
weighted embeddings between Sobolev spaces of distinct orders. More on this the reader
can find in [HTO03, Si05, A90, G96, T78].

2.3.1 Notations and basic properties

Let Q C R" be one of the following open sets.
(i) The whole space R", n > 1.
(ii) The half-space R := {(x,x’ YlixeR™ X e Ry}, n> 2, with the boundary

OR" =R"" 1.
(ii1)) A bounded or an unbounded domain of dimension n > 2 with a compact C*-boundary
Q.

By H*(Q) and H*(dQ), s > 0, we denote the standard (L2-based) Sobolev spaces of order
s of functions in © and on d€, respectively. The Sobolev spaces W*>(Q) and W' (9Q)
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of L*-functions are defined by

WE(Q) = {ferL(Q): 9%f e L*(Q), |a| <k}, k € N,
Wl=(0Q) = {h € L*(dQ): Vhe L”(9Q;R" 1)},

where @ = (0,00, ..., &) € Njj is a multi-index,
ing implications hold:

ol :=Y" , a;. Observe that the follow-

fEHNQ),geWh(Q) = fgeHNQ), keNy;

(2.3.1)
he H'(0Q), ke W(9Q) = hke H'(0Q).

For our studies we also need some non-standard spaces with mixed regularity. We denote
by H5,(Q) with s > 0 the subspace of L*(£2), which consists of functions that belong to
H* in a neighborhood of dQ, i.e.,

Hj,(Q) = {f € L*(Q): 3 domain Q" C Q such that

(23.2)
Q' 5 dQand £ Q € HS(Q’)}.

For k € Ny we denote by ng () the subspace of L=(Q) which consists of functions that
belong to W% in a neighborhood of 9Q, i.e.,

W;S’(Q) = {f € L*(Q): 3 domain Q' C Q such that

(2.3.3)
Q' 5 aQand f 1 Q' € kaw(g’)}.
Observe that for k € Ny the implication
fEHA(Q),8eWST(Q) = fgeHiG(Q) (2.34)

holds.

2.3.2 Estimates of singular values related to Sobolev spaces

The first lemma of this subsection turns out to be useful for &, .-estimates of resolvent
power differences of elliptic operators in the case of domains with compact boundaries.

Lemma 2.22. Let £ be an (n — 1)-dimensional compact C*-smooth manifold without
boundary, let K be a Hilbert space and B € B(IC,H" (X)) with ranB C H™2(X) where
rp >r1 > 0. Then B is compact and its singular values s satisfy

sk(B) =0k~ "), k- oo,

In particular, BE & .1 _(IC,H" (X)) and B € & ,(IC,H" (X)) for p > =L,

rp—ry’ rn=ri
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Proof. Let Ay, ,, = (I — AEB)%, where Ay denotes the Laplace-Beltrami operator on
L. The operator A, ,, is an isometric isomorphism from H"2(X) onto H" (X). From [A90,
(5.39) and the text below] we obtain for the asymptotics of the eigenvalues A; (I — AXg) ~

2
Ck»T with some constant C. Hence,

n-n

sk(Ay,) =0k~ ), k— oo,
We can write B in the form
B=A.l (A, ,B). (2.3.5)

1,2
The operator B is closed as an operator from X into H"!(X), hence also closed as an oper-
ator from /C into H"2(X), which implies that it is bounded from K into H"2(X). Therefore
the operator A, ,,B is bounded from K into H"(X), and hence the assertions follow from
(2.3.5). H

For the next lemma we need some preparatory work. The following condition on a bounded
function oc: R"~! — R with n > 2 will play a role

p({xeR" " |a(x)| >€}) <o foralle >0, (2.3.6)

here ( denotes the Lebesgue measure on R"~!. We remark that condition (2.3.6) includes,
e.g., the case that a belongs to L¢(R"~!) for some ¢ > 1, and the case that Sup| >, | (x)[ —
0 as r — oo,

Lemma 2.23. Let K be a Hilbert space and let K € B(K,L*>(R"")) be an operator with
ranK C H'(R"1). If o € L (R"~ 1) satisfies condition (2.3.6), then aK € G..(K,L*(R"1)).

Proof. In view of the assumption on & there exists a sequence
QCcHC---CQ,C...

of smooth domains of finite measure whose union is all of R"~! such that for each m € N
we have
sup |a(x)| < L.
R”’I\Qm

For each m € N let y,,, be the characteristic function of the set {,,. Denote by P, the canon-
ical projection from L?(R"~!) to L?(€,,) and by J,, the canonical embedding of L?(,,)
into L>(R"~!). Then ran(P,, x,K) C H'(Q,,) and, by embedding statements, P, y,,K : K —
Lz(Qm) is compact; see [EAEv75, Theorem 3.4 and Theorem 4.11] and [EdEv87, Chap-
ter V]. Since aJ,, is bounded, it turns out that o ),,K = aJ,;, P XmK is compact. From the
assumption (2.3.6) on « it follows easily that the sequence of operators o), K converges
to oK in the operator-norm topology. Thus also oK is compact, which is the assertion of
this lemma. U
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Remark 2.24. The condition in Lemma 2.23 can be slightly weakened using the optimal
prerequisites on a domain Q which imply compactness of the embedding of H'(Q) into
LZ(Q); see, e.g., [EAEv87, Chapter VIII]. To avoid too inconvenient and technical assump-
tions, we restrict ourselves to the condition (2.3.6).

The lemma below is the main ingredient in the proof of Schatten-von Neumann properties
for the resolvent power differences of elliptic operators on the half-space.

Lemma 2.25. Let K be a Hilbert space and let K € B(IC,L*>(R"™1)) be an operator with
ranK C H*(R" 1) with s > 0. Let a € L*(R""!) be real-valued.

- : en—1 ~1)/.
(i) If a is compactly supported, or, if *— > 2 and o € LO=D/5(RM), then

oK € G, (K, L2(R"1)).

(i) If o € LP(R"™Y) with p > 2 and p > "L, then
oK € G, (K, LA(R")).

Let us recall that a function f is said to belong to the weak Lebesgue space LP=*(R"~1) for
some p > 1, if the condition

sup (1P ({x e R" 1 |f(x)| > 1})) < oo

>0

is satisfied, where 1 again denotes the Lebesgue measure on R”~!. This will play a role in
the following proof.

Proof of Lemma 2.25. Note that in the proof we speak about classes of operator ideals
and do not indicate Hilbert spaces K and L>(R"~!). Let us assume that & has a compact
support and that Q@ C R"~! is a bounded, smooth domain with Q O supp . Let P be the
canonical projection in L?(R"~!) onto L?(Q), let J be the canonical embedding of L*(Q)
into L>(R"~1), and let & := a|q. Since ran(PK) C H*(Q) and Q is a bounded, smooth
domain, the embedding operator from H*(Q) into L?(Q) is contained in the class &, o

see [HTO3, Theorem 7.8]. It follows PK € &1 , as a mapping from K into L?(Q). Since
Ja is bounded, we obtain aK = JaPK € 6@ o
The proofs of the remaining statements make use of the spectral estimates for the operator
aD in L*(R"~!) with

D=(I—Agi1)?=g(—iV), gx)=0+x>)"? xeR, (2.3.7)

where the formal notation g(—iV) can be made precise with the help of the Fourier trans-
form. We remark that D, regarded as an operator from L*>(R"~!) into H*(R""!) is an
isometric isomorphism. The function g belongs to L(=D/see (R"1). In fact, one easily
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verifies that the set {x € R"~! : |g(x)| > 1} is contained in the ball of radius r~!/* centered
at zero, and the formula for the volume of a ball leads to the claim. Since @ > 2 and

o € L= D/5(R™), the result by Cwikel in [Cw77] yields that
aD e 6,,%1 o’
see also [S105, Theorem 4.2]. We conclude that
aK = aDD 'K ¢ Gt -

Thus we have proved (i).

In order to show (ii) let us assume that & € LP(R"~!) with p > 2 and p > % It is easy to
check that g in (2.3.7) belongs to L' (R"~!) for each r > ’%1 Now we can conclude that
a and g are both in L?(R"~1). Standard result [Si05, Theorem 4.1] implies that

oD € G).
It follows that
oK = aDD"'K € G,,.

which is the assertion of (ii). ]

2.4 Elements of mathematical scattering theory

In this section we define the wave operators and the scattering operator, and discuss some
of their basic properties. The study of the wave operators and of the scattering operator
was motivated by needs of physics, especially, of quantum mechanics. For a physical point
of view we refer to [FM93]. Scattering theory also has its independent mathematical value
as a part of perturbation theory of operators, see the monographs [RS79-111, K95, Y92].

Further let H be a Hilbert space, and let Hy, H be self-adjoint operators acting in H.
In the following we denote by Fj¢ and P*° the orthogonal projectors onto the absolutely

continuous subspaces H(()ac) C H and H®) c H of the self-adjoint operators Hy and H,

respectively. The absolutely continuous parts of the operators H and Hy are specified as
H{ := P{°HoP;* and H® := P*HP*.

Definition 2.26. The wave operators Wo.(H,Hy) are defined as

Ho.H =5 — l itH 7il‘HQPaC

W:I:( 05 ) s tﬁuilme e 0>

provided that the corresponding strong limit exists. The wave operators W4 (Hy,H) are
called complete, if

ranWi(Ho,H) = Hac(H).
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Note that W, (Hy,H) are isometric on the absolutely continuous subspace ’H(()ac) of the
operator Hy and satisfy the intertwining property

W (Ho, H)Hof = HW.(Ho,H)f forall feH{.

Provided that the wave operators for the pair { Hy, H } exist and are complete, the absolutely
continuous parts Hj° and H* are unitarily equivalent. In the thesis we use Birman-Kato
criterion for the existence and completeness of the wave operators.

Theorem 2.27 (Birman-Kato). If for two self-adjoint operators Hy and H in a Hilbert
space H, some m € N and an arbitrary Ay € p(Ho) N p(H) the resolvent power difference
satisfies

(H—2%) "= (Ho—2)" € &1(H),

then the corresponding wave operators Wy (Hy, H) exist and are complete.

A typical application of the Birman-Kato criterion is the proof of the existence and com-
pleteness of the wave operators for a pair of Schrodinger operators

Hy:=—-A+Vy and H=-A+Vy+V, (2.4.1)

acting in the Hilbert space L>(R"). Under the assumption that real-valued potentials V;
and V satisfy

C
Vo € L™ (R" d V < —
0¢€ ( ) an (X) = (1+’X’)p

with some constants C > 0 and p > n the wave operators for the pair {Hy,H} exist and
are complete. For the proof of the Birman-Kato result, further applications to Schrodinger
operators and other criteria for existence and completeness of wave operators the reader is
addressed to the monographs [RS79-1I1,Y92]. It worth mentioning that some other criteria
lead to better results for particular classes of operators.

In applications the scattering operator plays an important role, see [Y10].
Definition 2.28. The scattering operator S is defined as

S(Ho,H) := W..(Ho, H)"W_(Ho,H),
provided that the wave operators W (Hy, H) from Definition 2.26 exist.

If the wave operators are complete, then the scattering operator S(Hy, H) is unitary in H(()ac)

and it commutes with Hy in the sense
HoS(Ho,H)f = S(Ho, H)Hof forall f € H{".

In Chapter 3 we prove in Corollaries 3.14 and 3.16 existence and completeness of the
wave operators for pairs of self-adjoint elliptic operators on an exterior domain subject to
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one elliptic differential expression and with distinct boundary conditions. In Chapter 4
we prove in Corollaries 4.23 and 4.27 existence and completeness of the wave operators
for pairs of Schrddinger operators with a § or &’-interaction on a hypersurface and of
the free Schrodinger operators without singular perturbations. Finally, in Chapter 5 we
prove in Corollaries 5.16 and 5.18 existence and completeness of the wave operators for
pairs of self-adjoint Robin Laplacians on the half-space. All these proofs use Schatten-
von Neumann estimates of resolvent power differences and the Birman-Kato criterion.
Our results cover all space dimensions, although in some cases for higher dimensions
we assume more smoothness of the coefficients in the differential expressions or in the
boundary conditions.






3 ELLIPTIC OPERATORS ON DOMAINS WITH COMPACT
BOUNDARIES

In this chapter we define self-adjoint realizations of a formally symmetric elliptic partial
differential expression subject to Robin and more general non-local self-adjoint boundary
conditions on bounded interior and unbounded exterior domains. We provide a modifi-
cation of the Birman-Schwinger principle for the characterization of the point spectra of
these realizations and we prove Krein’s formulae for their resolvent differences.

As the underlying problem of this chapter we study Schatten-von Neumann properties of
the resolvent power differences of self-adjoint elliptic operators. This problem has a long
history in analysis, see Section 3.4 for historical remarks. Our results in this direction ex-
tend and complement the works [BS79,BS80,B62,G11,G11a,G84,G84a,M10]. In partic-
ular, a new case is presented, where the singular values converge slightly faster than for the
well-studied case of the resolvent power difference of Dirichlet and Neumann realizations.
From these estimates we come to the conclusions about the existence and completeness of
the wave operators. Furthermore, for resolvent power differences belonging to the trace
class we provide formulae for their traces. Recently such a type of trace formulae attracted
attention [CGNZ12, Ca02, GZ12] in connection with the spectral shift function. Most of
the results of this chapter are contained in the works [BLL"10, BLL13, BLL13b] of the
author.

3.1 Preliminaries

Let Q C R", n > 2, be a bounded or an unbounded domain with a compact C*-boundary
dQ. We denote by (-,-) and (-,-),0 the inner products in the Hilbert spaces L?(Q) and
L?(99Q), respectively.

Throughout this chapter we are concerned with the formally symmetric elliptic partial
differential expression

n

(L) ==Y dj(apdif)(x) +a(x)f(x), xe€Q, (3.1.1)

jk=1

with bounded, real-valued coefficients a j; € C*(Q) satisfying a j;(x) = a(x) for all x € Q

and j,k=1,...,n, and a bounded, real-valued coefficient a € C*(Q). We assume that all
the first partial derivatives of the coefficients a j; are bounded. Furthermore, L is assumed

37
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to be uniformly elliptic, i.e. the condition

Y ax0EE >CY &
k=1

jk=1

holds for some C > 0, all £ = (£;,...,&,)" € R" and x € Q.

For a function f € C*(Q) we introduce the following trace
n
ocfloa:="Y, ajVvioif|sq
k=1

with the normal vector field V = (vy,V,...,V,) pointing outwards Q. For s > 3/2 the
trace mapping

H(Q) 3 f = {flaa dcflaa} € H'2(0Q) x H(9Q) (3.1.2)

is the continuous extension of the trace mapping defined on C*-functions and the mapping
in (3.1.2) is surjective onto H*~1/2(dQ) x H*~3/2(3Q).
Besides the Sobolev spaces H*(Q2) defined in Section 2.3 the spaces

HA(Q):={feH(Q): LfeL*(Q)}, s>0, (3.1.3)

equipped with the scalar product (-,-)s+ (£, £-) and the corresponding norm will be use-
ful.

Observe that for s > 2 the spaces H}-(Q) and H*(€2) coincide. We also note that H}-(Q),
s € (0,2), can be viewed as an interpolation space between H(Q) an H2(Q). The trace
mapping can be extended to a continuous mapping

H3(Q) 3 f > {flag.0cflaa} € HV2(0Q) x H*32(9Q), s€[0,2), (3.1.4)
where each of the mappings
HE(Q)3 f flaa € H'?(0Q), s€(0,2),
H:(Q) 3 £ dcflaq € H(0Q), s€(0,2),

is surjective, see [LM68, Chapter 2, §7.3].
We also recall from [LM68,F67] (see also [BLL13, Theorem 4.2]) that the second Green’s
identity holds for all f,g € H./*(Q)

(Lf,8) — (f:L£8) = (flan:9c8lan) 50— (9flae:8laa) 5o (3.1.5)

In view of the assumptions on the coefficients in the expression £ the minimal symmetric
operator
Af:=Lf, domA:=H;(Q),
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is closed and densely defined in the Hilbert space LZ(Q), see, e.g., [ADNS59, Be65, Br60],
cf. [M10, Section 3.1]. The minimal operator A has infinite deficiency indices, and its
adjoint operator has the form

Af=Lf, domA*={feL*(Q): LfeL*(Q)}.
The self-adjoint extensions of A subject to Dirichlet and Neumann boundary conditions

Apf:=Lf, domAp:={fe€H*(Q): floa =0},

(3.1.6)
Anfi=Lf, domAn:={f€H*(Q): dfloq =0},

will be important later. For the proofs of the self-adjointness of the operators Ap and Ax
we refer to [Br60, Theorem 5 (iii)] and [Be65, Theorem 7.1 (a)].

3.2 Elliptic operators with general self-adjoint boundary conditions

In this section we use quasi boundary triples for a definition and study of self-adjoint
realizations Ajp of £ subject to the non-local boundary condition of the form

Bfloa = 9dcflaa

with a bounded self-adjoint operator B in L?(9Q).

3.2.1 A quasi boundary triple and its Weyl function

For a proper definition of a quasi boundary triple for A* we specify the operator T as
below

Tf:=Lf, domT:=H/*(Q), (3.2.1)

where the space HZ/ 2(Q) is defined as in (3.1.3), and we introduce the boundary map-

pings

Io: domT — L*(3Q), Tof :=drflsa,

) (3.2.2)

['y: domT — L*(dQ), TI'i\f:= flsq.
In the first proposition of this section we prove that the triple {L?(9Q),Ty,I'1} is a quasi
boundary triple for A* and we show also some basic properties of this quasi boundary
triple.

Proposition 3.1. Let the self-adjoint operators AN and Ap be as in (3.1.6). Let the op-
erator T be as in (3.2.1) and the mappings Iy, I'1 be as in (3.2.2). Then the triple
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1 = {L*(dQ),T0,T'} is a quasi boundary triple for A*. The restrictions of T to the
kernels of the boundary mappings are

T [kerI'o=ANn and T |[kerl') =Ap;
and the ranges of these mappings are
ran[y = L*(dQ) and ranT; =H'(0Q).

Proof. In order to show that the triple IT is a quasi boundary triple for A* we employ
Proposition 2.9. Let us check that the triple IT satisfies conditions (a), (b) and (c) of that
proposition. Since H?(Q) C dom T, by (3.1.2) we have

H'2(3Q) x HY/2(9Q) C ran (?;) .

The set H'/2(9Q) x H¥/?(9Q) is, clearly, dense in L?(dQ) x L*(dQ). Note that the set
ker[y Nker'; O CJ(Q) is dense in L?(Q). Therefore the condition (a) is verified. The
abstract Green’s identity

(vag) - (f7 Tg) = (Flfvrog)gg - (FOfvrlg)()Q

for all f,g € domT is equivalent to (3.1.5). That is the condition (b) holds. The operator
T | kerI'( contains the self-adjoint elliptic operator AN subject to the Neumann boundary
condition on dQ. Thus the condition (c) holds for the triple IT, and by Proposition 2.9
the triple II is a quasi boundary triple for the adjoint of the closed, densely defined, sym-
metric operator T | (kerI'o NkerI';). It remains to show that 7' | (kerI'o NkerI';) = A.
Indeed, the restriction 7' | kerI'y contains the self-adjoint operator Ax and the restriction
T | kerI'| contains the self-adjoint operator Ap. By the abstract Green’s identity operators
T [ kerl'g and T [ kerI'; are both symmetric, thus 7 | kerI'g = Ay and T | kerI'; = Ap.
As a consequence of these considerations we get

T | (kerTgNkerI'y) = (T [ kerI'o) N (T [ kerI'}) = ANNAp = A.

Hence the triple IT is a quasi boundary triple for A*.
The properties of the boundary mappings

ran[y = L?(dQ) and ranl; = H'(0Q),
follow from (3.1.4). [

In the next proposition we clarify the basic properties of the y-field and the Weyl function
associated with the quasi boundary triple II from Proposition 3.1. In the terminology
of [McL00, G96] these operators turn out to be the Poisson operator and the Neumann-to-
Dirichlet map, respectively.
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Proposition 3.2. Let the self-adjoint operators Ap and Ax be as in (3.1.6) Let I1 be the
quasi boundary triple from Proposition 3.1. Let v and M be the Yy-field and the Weyl
function associated with the quasi boundary triple 11 as in Definition 2.10.

(i) The y-field y is defined for all A € p(AN) and

Y(A): L2(09Q) = LXH(Q).  v(A)e:= fa(9),

where f; (@) is the unique solution in the space HZ/ 2(Q) of the problem

(L-A)f=0, inQ,
8£f’89 =@, on Q.

(ii) The Weyl function M is defined for all A € p(AN) and
M(A): L*(0Q) = L*(9Q),  M(A)e = fr(9)lsa;

where f3,(@) = Y(A)@. Forall € p(Ax) (A € p(AN)Np(Ap)) the operator M(A.)
maps L*(9Q) into (onto) H' (dQ). The operator M(1) is compact for all A € p(AN).

Proof. (1) The mapping properties of the y-field y follow from (3.2.1), (3.2.2) and Defini-
tion 2.10.

(i1) The mapping properties of the Weyl function M follow from (3.2.2), Definition 2.10,
Proposition 2.11 (iii) and Proposition 3.1. The compactness of the operator M(A) follows
from the compactness of the embedding of H!(9Q) into L?(9Q), cf. Lemma 2.22. O

3.2.2 Self-adjointness and Krein’s formulae

In the next theorem we establish a relation between the point spectra of the self-adjoint op-
erator Ap and of the operator-valued function M(-). Moreover, we provide a factorization
(Krein’s formula) for the resolvent difference of AN and Ap.

Theorem 3.3. Let AN and Ap be the self-adjoint operators as in (3.1.6). Let Y and M be
the y-field and the Weyl function from Proposition 3.2. Then the following statements hold.

(i) Forall A € RNp(AN)
A €0p(Ap) << 0€0p(M(A))

and the multiplicities of the eigenvalues coincide.

(i1) The formula _
(An—2)"'=(Ap =)' =y()M(2) ' y(A)* (3.2.3)

holds for all A € p(Ap) N p(AN).
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Proof. (1) The equivalence between the point spectra follows from Theorem 2.13 (1) with
the self-adjoint operator A; = Ap.

(i1) Krein’s formula follows from Theorem 2.13 (ii) with A = Ay and A| = Ap. ]

Asin (2.2.12) we introduce a family of restrictions of T parametrized by an operator acting
on the boundary.

Definition 3.4. We define for a bounded self-adjoint operator B in L?(9dQ) the restriction
Ag of T as below

A[B] =T fkel‘(Brl — 1—‘())7 (3.2.4)

which is equivalent to
A f:=Lf, domAp = {f e HY*(Q): Bflyo = 95]”\39}-

If B is a multiplication operator with a real-valued function 8 € L*(dQ), then we write
Ajp) instead of Afp). For the relation between the operator Ajp and the other operators
considered in this section see Figure 3.1.

AN
C e
A CAp C T C T = A~
Q C
Ap

Figure 3.1: This figure shows how the operator Ap) is related to the other operators intro-

duced in this chapter. The operators An, Ap and A are self-adjoint in L2(Q),
cf. Theorem 3.5.

In the next theorem we show that Ajp) is self-adjoint. We establish a characterization of
the point spectrum of Ap) in terms of the point spectrum of the operator-valued function
I —BM(-). This characterization can be viewed as an analogue of the Birman-Schwinger
principle. Moreover, we provide a factorization (Krein’s formula) for the resolvent differ-
ence of Ajp and An.

Theorem 3.5. Let AN be the self-adjoint operator as in (3.1.6). Let vy and M be the -
field and the Weyl function from Proposition 3.2. Let B be a bounded self-adjoint operator
in L*>(0Q). Let Aip) be the operator corresponding to B via (3.2.4). Then the following
statements hold.

(i) The operator A, is self-adjoint in the Hilbert space L*(Q).
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(ii) Forall A € p(AN)NR
Leoy(Ap) < 0€op(I-BM(A))
and the multiplicities of these eigenvalues coincide.

(ii1) The formulae

hold for all A € p(Ajg) N p(AN).

Proof. (i) By Proposition 3.1 the range of the boundary mapping I'y coincides with L?(9Q).
According to Proposition 3.2 (ii) the values of the Weyl function M are compact operators.
By the assumptions the operator B is bounded and self-adjoint in L2(8Q) and the statement
follows from Theorem 2.20.

(i1) The equivalence between the point spectra follows from Proposition 2.14.

(ii1) Krein’s formulae follow from self-adjointness of Az and Corollary 2.16 with Ag =
AN. O

In the next theorem we obtain a factorization (Krein’s formula) for the resolvent difference
OfA[Bl] and A[Bz]-

Theorem 3.6. Let AN be the self-adjoint operator in (3.1.6). Let Y and M be the y-field and
the Weyl function from Proposition 3.2. Let By and By be bounded self-adjoint operators
in Lz(aﬁ). Let Ajg,| and Ajg,) be the self-adjoint operators corresponding via (3.2.4) to
B\ and B», respectively. Then the formula

(A, —2A) "= (Ap—A) ' =
YA (I—BaM(A)) " (By—By) (I—M(A)BY) ~ y(A)*

holds for all 2 € p(Ajp,)) NP (Ap,)) NP(AN). In this formula the middle terms on the
right-hand side satisfy (I—ByM(A))~!,(I—M(A)By)~' € B(L*(9Q)).

Proof. Since the operators A ) and A[p,] are both self-adjoint by Theorem 3.5 (1), Krein’s
formula follows from Theorem 2.17. The properties of the middle terms are a consequence
of Lemma 2.19. [

It follows from Definition 3.4 that domAz C H 3/ 2(Q). Tt is also expected that certain
smoothing properties of the operator B in the boundary condition lead to the inclusion
domAp CH 2(Q). In the next theorem we clarify these smoothing properties. This result
is also proved in [G11a, Proposition 2.3 (i)] and [Be65, Theorem 7.1 (a)] by other meth-
ods.
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Theorem 3.7. Let B be a bounded self-adjoint operator in LZ(QQ). Let Ap) be the operator
corresponding to B via (3.2.4). Assume that

feH (0Q) = BfecH'?*0Q).
Then the inclusion domAg C H 2(Q) holds.

Proof. Let f be an arbitrary function from domAz C dom7'. Let us fix A eC\R. In
view of the decomposition

domT = domAy + ker(T — A1) (3.2.5)

we write f as f = fn+ fi with fy € domAyn and f; € ker(T — A). Observe that by
(3.1.6) the component fy € H?>(Q). It remains to show that also f; € H*(Q). Indeed,
Proposition 3.1 implies that I'y f;, € H'(9dQ), and the assumption of the theorem yields
that

Tof, =BL1f; € H'?(0Q).

In view of the decomposition (3.2.5) and the trace theorem (3.1.2) the mapping I’y is a
bijection between the spaces ker(T —A) N H2(Q) and H'/2(dQ). Thus Ty f; € H'/2(Q)
implies that f; € H*>(Q). Since fy and f; both belong to H*(Q), we clearly get that
f € H*(Q) and the claim is proven. O

As a consequence of the last theorem we provide assumptions on the function 8 for H>-
regularity of the operator domain of A,

Corollary 3.8. Assume that a real-valued B satisfies B € W'*(9Q). Then the inclusion
domAg C H?(Q) holds.

Proof. By (2.3.1) the operator of multiplication with 3 satisfies the implication
feH' Q) = PBfeH'(09Q)cH'?0Q),

and the claim follows from the last theorem. O]

3.3 Operator ideal properties of resolvent power differences and trace
formulae

The main results of this section are &, »-estimates for the resolvent power differences of
self-adjoint elliptic operators. As a consequence of these estimates we get the existence
and completeness of the wave operators for the scattering pairs formed by two self-adjoint
elliptic operators on exterior domains. In the case of trace class resolvent power differences
we provide trace formulae, where the trace of the resolvent power difference is reduced to
the trace of an operator acting on the boundary.
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3.3.1 Elliptic regularity and related S, ..-estimates

In this subsection we provide estimates of the singular values of the y-field and the Weyl
function from Proposition 3.2, their derivatives and some related compact operators. For
this purpose we use properties of the compact embeddings between Sobolev spaces, given
in Lemma 2.22, and elliptic regularity theory.

Furthermore, we make use of the local Sobolev spaces H3, () defined in Subsection 2.3.1.
Note that for all s > 0 and A € p(Ax) the implication

fEH)M(Q) = (AN—A)'feHF(Q) (3.3.1)

holds, see [McL00, Theorem 4.18], where this property is formulated in the language of
regularity of the solutions for boundary value problems.

In the next lemma we show certain smoothing properties of the y-field y and the Weyl
function M from Proposition 3.2. This lemma is used in the proof of Theorem 3.12 in the
next subsection.

Lemma 3.9. Let v and M be the y-field and the Weyl function from Proposition 3.2. For
all s > 0 the following holds:

(i) ran(y(L) | H*(dQ)) C HS+2( Q) for all A € p(Ax);
(i) ran(y(A)* | H3o(Q)) C HV2(9Q) for all A € p(Ax);
(iii) ran(M(A) | Hs(&Q)) C HH(9Q) for all A € p(AN);
(iv) ran(M(A) | H*(9Q)

Proof. Tt follows from the decomposition dom7 = domAy +ker(T — 1), A € p(An), and
the properties of the Neumann trace [LM68, Chapter 2, §7.3] that the restriction of the
mapping I’y to

) =HT1(9Q) for all A € p(Ap) Np(AN).

ker(T — 1) nH”z (Q)
is a bijection onto H*(dQ). Hence, by the definition of the y-field, we obtain
ran(y(A) | H*(9Q)) = ker(T — 1) mH”2 (Q) C H”z (Q).

Thus the claim (1) is shown.

According to Proposition 2.11 (i) and the definition of I'; we have
Y(A)* =Ti(An—2)""

The properties of the Dirichlet trace [LM68, Chapter 2, §7.3] and the smoothing property
(3.3.1) yield the inclusion

ran(y(2)* | Ho(Q)) C H**3(9Q)
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for all s > 0. Thus we have shown assertion (ii).

Assertion (iii) follows from the definition of M(A), item (i), the fact that I'; is the trace
operator and properties of the latter.

To verify (iv) let y € H*T!(dQ). Since A € p(Ap), we have the decomposition dom 7T =

3
domAp +ker(T — A4) and there exists a unique function f; € ker(7 — 1) ﬂH;;;Z (Q) such
that f3 |pq = V. Hence

Dofpy =@ €H(0Q) and MQA)p=y,
that is, H*"1(9Q) C ran(M(A) | H*(9Q)), and (iii) implies the assertion. O

Another application of the smoothing property (3.3.1) gives the following proposition, in
which we provide certain preliminary &, -estimates that are useful in the proofs of the
main results in the next subsection.

Proposition 3.10. Let AN be the self-adjoint operator from (3.1.6), and let 'y be the y-field
from Proposition 3.2. Then for A, € p(AN) and k € Ny the following statements hold:

@ 7)) An—A) e i (LX(Q),L*(99Q));

2%+3/2°

(b) (AN—2)*y(p) € & oy (L (99Q),L*(Q));

2k+3/2°

© Y (An—A) €& o (L(Q),H'(90).

2%+1/2°

Proof. Asran(AN—A)~! =domAy C Hgg (Q) we conclude from (3.3.1) that the inclusion
ran ((AN ) (An— /I)"‘) c H2(Q)

holds for all kK € Ny. Moreover, by Proposition 3.1 we have AN =T | kerI'p, and Proposi-
tion 2.11 (1) implies

Y (An—2A)F =Ti(An 1) (AN - 2)

and hence
ran (y(u)*(An — 1) %) € H*T3/2(90) (3.3.2)

by the properties of the trace map I'j, cf. (3.1.2). Now the estimate (a) follows from
(3.3.2) and Lemma 2.22 with K = L*(Q), £ = dQ, r; = 0 and r, = 2k + % The estimate
(b) follows from the estimate (a) by taking the adjoint. The estimate (c) follows from
(3.3.2) and Lemma 2.22 with K = L*(Q), £ = 9Q, r; = 1 and rp = 2k + 3. O

In the proofs of the trace formulae we use estimates of singular values for the derivatives
of the y-field y and the Weyl function M associated with the quasi boundary triple from
Proposition 3.1.
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Proposition 3.11. Let v and M be the y-field 'y and the Weyl function from Proposition 3.2.
Then for all A € p(AN) the following holds:
(1) for k € Ny
k
Wy(l) € 6#31/2700(L2(8Q),L2(Q)),
k

WY(I>* €6 2kn+731/2 00 (L2(Q),L2(8Q)),

(i1) for k € Ny
d* 5

Proof. The claim (i) follows from Lemma 2.12 (i), (i1) and Proposition 3.10 (a), (b). By

Lemma 2.12 (iii)
k

dAk
Then Proposition 3.10 (a) gives us

M(A) =kl y(A) (A — 1)~ Dy(A).

dk
drk

where the last equality follows from Lemma 2.3 (i). That is the claim (ii). OJ

M(A)GG n—1 6 :anl

n—1 5
2(k—1)+3/2°"° 32 2%+ 1™

3.3.2 Resolvent power differences in S, .-classes and trace formulae

In the next theorem we prove &, ..-properties for the resolvent power difference of the
self-adjoint elliptic operators Ap and Ayn. In the case, that the resolvent power difference
is in the trace class, we provide the corresponding trace formula.

Theorem 3.12. Let Ap and AN be the self-adjoint operators defined in (3.1.6). Then the
following statements hold.

(i) Forall A € p(AN)Np(Ap) and allm € N

(AN—A) " —(Ap—A) "€ &, (L*(Q)). (3.3.3)

(i) If m> % then the resolvent power difference in (3.3.3) is in the trace class, and
forall A € p(AN) N p(Ap)

tr((AN )™~ (Ap —A)"")

m-1 (3.3.4)
_ (mi o tr(d‘ilml (M()L)IM/()L)>>.
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Proof. (i) We prove this item by applying Lemma 2.4. Fix an arbitrary 4y € C\ R and let
Y and M be as in Proposition 3.2. By Theorem 3.3 (ii) the resolvent difference of Ap and
Ay at the point Ay can be written in the form

(Ap —20) ™! = (AN —20) ' = —1(A0)M(%0) ' 7(0)".

Furthermore, by Proposition 3.2 (ii) the operator M (7(0) is bijective and closed as an opera—
tor from L?(dQ) onto H'(d€). Hence, dom (M (A9)~!) = H! (89) and, since M(Ag) ™! is
closed as an operator from H' (Q) onto L?(9Q), we get M(A)~' € B(H'(9Q),L*(9Q)).
Set

H:=Ap, K:=An, F:=-y(), Fr:=M) 'y(lo)".
Then Proposition 3.10 (b) and (c) imply that the assumptions in Lemma 2.4 are satisfied
with > 32 12
P L L
Since b = by + by —a =0, Lemma 2.4 implies that

(Ap—A) ™" —(AN—A) ™€ 6%700@2(9))

a =

forall A € p(An) Np(Ap) and all m € N.
(i1) The proof of this item is split into three steps.
Step 1. Let us introduce the operator-valued function
() ==MMA)y@), A €p(An)Np(Ap).
Note that the product is well defined since
ran(y(A)*) € H'(0Q) = dom(M(2)™").

Since Ap is self-adjoint, it follows from Proposition 2.11 (iii) that S(A) is a bounded oper-
ator from L?(Q) to L?(9dQ) for all A € p(Ax) N p(Ap). We prove the following smoothing
property for the derivatives of S:

ueHo(Q) = SPOueHTH12(0Q),  $>0,keN, (3.3.5)

by induction. Since (A )* maps H3,(Q) into H53/2(9Q) for s > 0 by Lemma 3.9 (i) and
M(A)~" maps H*T3/2(9Q) into H+1/2(9Q) by Lemma 3.9 (iv), relation (3.3.5) is true for
k =0. Now let [ € Ny and assume that (3.3.5) is true for every k = 0,1,...,[. By (2.2.6),
(2.2.8) and Lemma 2.12 (i), (ii1) we have

s'@)u:d‘;( YY) M) ()
M) M) YR e+ M) () (A - 2)

~M(2)~! (I) YAIMA) ™ Y(A) u+S(A)(An—A)7!
=S(A)(AN=24)""u—S(A)¥(A)S(A)u
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forall u € Lz(Q). Hence, with the help of (2.2.6), (2.2.7) and Lemma 2.12 (i1), we obtain

dl
SHDR) = (S (An = 2) T =S(A)¥(A)S(R) )

=) (Z)S@)(m%mwm—l

p+q=l
P,q>0

N Z 1! !
p+q+r=lp'q'r‘
P,q,r=>0

I

|
=Y I%S(”)(QL)(AN—JL)_(‘/“) (3.3.6)
—] V-
a0

I . .

- Y sP - s Q).
r=l """

0

By the induction hypothesis, smoothing property (3.3.1) and Lemma 3.9 (i), we have, for
s>0and p,g>0,p+q=1,

u € Hyo(Q)

—  (An—-A) " Due B3P (Q)

— S(p)(ﬂ,)(AN _)')f(qul)u c Hs+2q+2+2p+1/2(ag) _ Hs+2(l+1)+1/2(aQ)
and for s > 0and p,q,r >0, p+qg+r=1,

u € Hyo(Q)
S(r)(l)u e Hs+2r+1/2(ag)
(AN —2) " 1Y(A)SY (A)u € Hyp 2721(Q)
S(p) ()L)(AN _k)—q,y(l)s(r)(l)u c Hs+2r+2+2q+2p+1/2(ag)
:Hs+2(l+1)+1/2(a9)

Peld

which, together with (3.3.6), shows (3.3.5) for k = [+ 1 and hence, by induction, for all
k € Ny. Therefore, an application of Lemma 2.22 yields that

SO e & i (LX(Q),L7(9Q)),  keNy, A€ p(An)Np(Ap). (3.3.7)

2+1/2°
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Step 2. Using Krein’s formula from Theorem 3.3 (ii) and (2.2.6) we can write, for m € N
and A € p(AN) NP (Ap),

—m —m 1 dmil — —
(An=2) "= (Ap=2) " = e (x4 = (=) )
1 dmfl
~ G e S
1 m—1
_ (p) (q)
= YPH(A)S'Y(A). (3.3.8)
(m_l)!m—qgm—l( p > ( ) ( )
P.4=0
By Proposition 3.11 (i), (3.3.7) and Lemma 2.3 (i)
YISO €S w6 vt =6 41 _=Cui_ (3.3.9)
2p+3/2° 2g+1/2° 2(p+q)+2° 2m >

for p,gwith p4+qg=m—1.
Step 3. If m > "1, then %51 < 1 and, by Lemma 2.3 (iii) and (3.3.9), each term in the sum
in (3.3.8) is a trace class operator and, by a similar argument, also S(¢)(1)y\?)(1). Hence

the resolvent power difference in (3.3.3) is a trace class operator, and we can apply the
trace to (3.3.8) and use (2.1.10), (2.1.11) and Lemma 2.12 (iii) to obtain

(m— 1)!tr((AN )"~ (Ap— ;L)*m)

= tr<p+qzm_1 (m; 1) y(p)(l)S(q)(}t)>

,q=>0

-y (m‘l)u(%ﬂ)(z)s@)(z))

:tr< y (mgl)sw)wﬂ(z)):tr(g%(swm))

ptg=m—1
2,q>0

:tr<%<M()L)—ly(I)*’}’(7t)>> :tr( - (M(x)—nM/@))),

which finishes the proof.
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Remark 3.13. As the reader might note the proof of item (i1) in Theorem 3.12 includes also
an alternative of item (i), which is slightly more complicated in the author’s opinion.

The previous theorem has a direct application in the mathematical scattering theory. We
consider the pair {Ap, AN} of self-adjoint operators as a scattering system. The next corol-
lary shows that the wave operators for the scattering system {Ap,An} exist in any space
dimension. The trace formula is also provided.

Corollary 3.14. Let Ap and AN be the self-adjoint operators defined in (3.1.6). The wave
operators Wi (Ap,AN) for the scattering pair {Ap,AN} exist and are complete, and hence
the absolutely continuous parts of Ap and AN are unitary equivalent.

Proof. By Theorem 3.12 for integer m > % the m-th powers difference of the resolvents
of Ap and Ay is in the trace class and the claim follows from Theorem 2.27. OJ

Further we provide &, -estimates for the resolvent power difference of Ajp and An. In
this case we observe faster convergence of singular values than in Theorem 3.12. Note that
A[p) can also be the usual Robin Laplacian with a real-valued bounded coefficient in the
boundary condition.

Theorem 3.15. Let AN be the self-adjoint operator as in (3.1.6). Let B be a bounded self-
adjoint operator in L*(9Q) and let Aip) be the self-adjoint operator corresponding to B
via (3.2.4). Then the following statements hold.

(i) Forall A € p(Ap) Np(AN) and all m € N

(Ap —A) "= (AN —21) " €6 1 (LP(Q)). (3.3.10)

2m+1

@) If m> % — 1, then the resolvent power difference in (3.3.10) is in the trace class and,
forall A € p(Ajg) N p(AN)

tr((A[B} )" (An —/1)*'")

m—1
S s ()|

Proof. (i) We prove this item by applying Lemma 2.4. Fix an arbitrary Ao € C\ R and let
¥, M be as in Proposition 3.2. By Theorem 3.5 the resolvent difference of Ajp and Ay can
be written in the form

(A — o) " = (AN — ) ™! = ¥(Ao) (I — BM(20)) ™' By(Ro)*,

where (I — BM(29))~'B € B(L*(9Q)). By Proposition 3.10 (a) and (b) the assumptions
in Lemma 2.4 are satisfied with

H=Ap, K=An. Fi=%), F=(-BM()) By(Lo),
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and with ) 3/
blzbzzL, r = oo,
n—1

Sinceb=b|+by—a= n+1, Lemma 2.1.14 implies the statement.

a =
n—1’

(i1) The formula in this item is proved in a more general form in Theorem 3.17 further,
where one should set B, = B and B; = 0. O

Corollary 3.16. Let AN be the self-adjoint operator as in (3.1.6). Let B be a bounded self-
adjoint operator in Lz(ag) and let Aig) be the self-adjoint operator corresponding to B
via (3.2.4). Then the wave operators W (A g, AN) for the scattering pair {A(p), AN} exist
and are complete, and hence the absolutely continuous parts of Ajp) and AN are unitary
equivalent.

In the next theorem we prove &, ..-properties of the resolvent power differences for the
self-adjoint operators A | and A[g,). It turns out that the singular values in this case also
converge faster than in Theorem 3.12 and, under some conditions, faster than in Theo-
rem 3.15. Furthermore, we provide the corresponding trace formulae, where the trace of
the resolvent power difference of Ajp,; and Ap,| is expressed in terms of the Weyl func-
tion, its derivative and the operators By and B,, cf. [BMNO8, CGNZ12, GZ12] for one-
dimensional Schrodinger operators and other finite-rank situations. We also mention that
the special case of classical Robin boundary conditions, where By and B, are multiplication
operators with real-valued L-functions, is contained in Theorem 3.17.

Theorem 3.17. Let the self-adjoint operator Ax be as in (3.1.6). Let By and B, be bounded
self-adjoint operators in L*(dQ). Set
0, otherwise.

Let Ajg,) and Ag,) be the self-adjoint operators in Lz(Q) corresponding via (3.2.4) to B
and B», respectively. Then the following statements hold.

(i) Forall A € p(Ag,))Np(Ap,)) and allm € N

Ay = A) " = (Ap = A) " €6 w1 (L2(Q)). (33.11)

2m+t+17

(1) Ifm> ”T*t — 1, then the resolvent power difference in (3.3.11) is a trace class oper-

ator and, for all A € p(Ajp,1) NP (Ap,)) NP(AN),

tr( (Ajgy —4) "~ (A~ 2) ")

_ (mi 5 tr(dcimm_l] (U(/I)M’(/I))),

where U(A) := (I—BaM (L))~ (By—B1)(I—M(A)B)) .

(3.3.12)
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Proof. (i) Let us fix Ay € C\ R and let y and M be as in Proposition 3.2. By Theorem 3.6
forall A € P(A[Bz]) ﬂp(A[Bl]) ﬂp(AN)

(A — 20) " — (A, — 20) !
= y(A0) (I — BaM(20)) ' (B, — By) (I — M(%0)B1) ' y(Ro)",

where the operators (I — ByM(A9))~"! and (I — M(29)B;)~! are bounded and closed in
L?(9Q). Now Proposition 3.10 (a), (b) and Theorem 3.15 imply that the assumptions in
Lemma 2.6 are satisfied with

H=Apy, K=Ap) L=Ax,
Fi = y(20) (I - B2M (%))

and with

! R =B2-B)(I-M(%)B1) v(Zo)",

2 32

2
by :3/ +1

n—1

a= > , I = oo,

n—1’ n—1’

Lemma 2.6 yields the statement for all A € p(Ajp,)) NP (Ap,)) N p(AN) and the points in
the discrete set p(A(g,1) N p(A[p,]) N0 (AN) can be included via contour integrals.

(i1) In order to shorten notation and to avoid the distinction of several cases, we set

Sui ,(L?(0Q)) ifr>0,
B(L*(9Q)) if r=0.

It follows from Lemma 2.3 (i) and the fact that &, .(L*(dQ)), p > 0 is an ideal in the
space B(L*(9Q)) that
U, Wy =Wy, 11,72 >0, (3.3.13)

The assumption on the difference of B; and B; yields
By — By € %;. (3.3.14)

The proof of item (ii) is divided into four steps.
Step 1. Let B be a bounded self-adjoint operator in L?(9Q) and set

T(A):=(1-BMQ)) "', A€ p(Ap)Np(An).
where T (1) € B(L*(dQ)) by Lemma 2.19. We show that
TW) € A1,  keN, (3.3.15)

by induction. Relation (2.2.8) implies that

T'(A)=T(A)BM' (AT (A), (3.3.16)
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which is in 23 by Proposition 3.11 (ii). Let / € N and assume that (3.3.15) is true for every
k=1,...,1, which implies in particular that

TW) e Aoy, k=0,...,1. (3.3.17)
Then
(I+1) : /
T Q) = m(T(;L)BM (A)T(A))
[
— — 7@ Q)BMETH )T Q)
p+c§’r:lp!q!r!
p:q;r=0

by (3.3.16) and (2.2.7). Relation (3.3.17), the boundedness of B, Proposition 3.11 (ii) and
(3.3.13) imply that

TP (A)BMUT (AT (L) € A Aniy1ys1 - Aor = Wngr 1) 41

since p+¢q+r = 1. This shows (3.3.15) for k =+ 1 and hence, by induction, for all k € N.
Since T(1) € B(L*(9dQ)), we have

T eAn,  keNy, Aep(An), (3.3.18)
and by similar considerations also

d* 1
W(I—M(A)B) €y, keNp, A€p(AN). (3.3.19)
Step 2. With By, B; as in the statement of the theorem set

Ti(A):= (I—-M(2)B1)~" and Ty(A):= (I—BM(A)) "

for A € p(Ap,)) NP (Ag,) NP (AN). We can write U(A) = T>(A)(B2 — B1)Ti(4) and hence

k
v0) = e (B -mme) = () E e s o)
P4=0

By (3.3.18), (3.3.19) and (3.3.14), each term in the sum satisfies
TP (A)(B— BT (L) € -2y - Any = A
5 (A)(B2=B1)T; 7 (A) € Anp - A - Ang = Anieis,

and hence
URA) €Uy,  keNy, A € p(A). (3.3.20)
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Step 3. By applying Theorem 3.6 to Ajp,j and Az, we obtain that, for A € p(Ajp,) N
p(Ajp,) NP(AN),

(A[Bz} - A)_l - (A[Bl] _l)_l
) [(1—BaM(2) " (Ba— B (1~ M)B) " |HE) = AU AR

Taking derivatives we get, form € N,

(A —A) " = (A = A) "

1 dm—l B -
T m-n)! aan (g =)'~ (Aggy = 2) )
1 dam-1 _
" (m—1)! dam-T (Y(’I)U(’Uﬂ’l)*)
_ 1 (m—1)! ) @y 4
N (m—l)!p+q+>r:_m_1 plq!r! PRV r ) (3.3.21)
P,q;r>0

By Proposition 3.11 (i) and (3.3.20), each term in the sum satisfies

r

YWV DA)—yA) €6 ut - Gpn -G 4t =6 40 _. (3322

dAr 1320 2 33> DmFiF1 %

Step 4. It m > "T’t — 1, then % < 1 and, by Lemma 2.3 (iii) and (3.3.22), all the terms
in the sum in (3.3.21) are trace class operators, and the same is true if we change the order
in the product in (3.3.22). Hence we can apply the trace to the expression in (3.3.21) and
use (2.1.10), (2.1.11) and Lemma 2.12 (iii) to obtain

(m = 1)1t ((Aggy = 2) ™" = (Agg, — 2)™")

=tr P AU (A)—=v(A
(,,+q§_m_1 o U () ()
P,q,r>0

m—1)! d —.,
- ¥ e w maay)
g Z>q,r20

_ m =Dt (@ (L) )
= L gl W) (R )P )
p.q,r=0
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- tr<p+q L U (d—;,y@*)y(m(x))
p.q,r=0
= tr(%m__l1 <U(/l)y(z)*y(ﬁt)>> = tr(;i{nT__ll (U(A)M/(l)>> )
which shows (3.3.12). [

Remark 3.18. As the reader might note the proof of item (i1) of Theorem 3.17 contains
also an alternative proof of item (i) of the same theorem.

In the next corollary we provide results for the pair of Az and Ap.

Corollary 3.19. Let the assumptions be as in Theorem 3.15 and let Ap be the self-adjoint
operator as in (3.1.6). Then the following holds.

(i) Forall A € p(Ajp) Np(Ap) and all m € N.

(Ap—A) "= (A —A) " €6 (LH(Q)). (3.3.23)

(i) Ifm> % then the resolvent power difference in (3.3.23) is a trace class operator,
and, for all A € p(Ag) Np(Ap) N p(AN),

tr<(A[B]—7L)’m—(AD—7L)’m> - (mil)!tr<d‘imm_ll (V(/l)M’(/l))) (3.3.24)

1

where V(1) := (I—M(A)B) M(A)~L.

Proof. (i) By Theorem 3.12 and Theorem 3.15
Xi(A):=(AN—A) " —(Ap—A) "€ (‘5%700@2(9))

(L2(Q)).
hold for all A € p(Ajz) N p(Ap) N p(AN). Note that 62n_11 w C 6,12;1 ... Taking the dif-
m+1~ m ’

ference we get the statement for all 2 € p(Ajz)) N p(Ap) N p(An) and the points in the
discrete set p(Ajp) N p(Ap) No(An) can be included via contour integrals.

(3.3.25)
Xo(A) = (A = A) "~ (AN =) " € & o

1>

(1) If m > ";21, then ”z;ml < 1 and hence, by item (i) and Lemma 2.3 (iii), the operator in
(3.3.23) is a trace class operator. Using Theorem 3.12 (ii) and Theorem 3.15 (i1) we obtain

tr((A[B} )M (Ap — ;L)-m) = tr(X;(A) + X2(1))

— (mi ol tr(d‘imfl [(M(A)l + (I—BM(A))“B)M'(;L)D.
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Since
M(A)~'+ (1-BM (1)) "'B
= (1-BM(2)) " |[(1- BM(2)) + BM(1) |[M(1) ' =V(A),
this implies (3.3.24). U

3.4 Comments

The realizations of elliptic differential expressions with differential operators of appropri-
ate orders in the boundary conditions have already been studied up to the end of 50s, see,
e.g., Agmon, Douglis and Nirenberg [ADNS59] and as well as the comments in [LM68,
Section 2.10]. These boundary conditions are called local, because it is possible to de-
fine their meaning in a neighborhood of a point. Results on elliptic differential operators
and solvability of elliptic boundary value problems with more general non-local bound-
ary conditions go back to the seminal paper by Vishik [V52] and then were followed by
the works of Bade and Freeman [BF62], Freeman [F62] and Beals [Be65]. In particular,
in [BF62, Be65, F62] certain subfamilies of closed realizations were parametrized. This
progress was accompanied by the development of the abstract extension theory due to
Calkin [C39], Krein [K47], Vishik [V52] and Birman [B56] and by the results in the the-
ory of elliptic boundary value problems published by Lions and Magenes in the works
from 1960 to 1963 and collected in [LM68]. Using these two theories Grubb [G68] pa-
rameterized all closed realizations of a given elliptic differential expression via operators
acting on the boundary and solved the converse problem of finding the boundary operator
for a given closed realization.

In the recent past the Weyl function for elliptic differential operators was introduced, which
is a generalization of the Titchmarsh-Weyl coefficient well-known in Sturm-Liouville the-
ory. This notion and the corresponding new operator-theoretical methods gave a new im-
pulse for the investigation of elliptic differential operators with general boundary con-
ditions. Amrein and Pearson [AP04] introduced an analogue of the Titchmarsh-Weyl
function for Schrodinger operators on three-dimensional exterior domains. Soon after
that there appeared the works on symmetric elliptic differential expressions on general
smooth domains by Behrndt and Langer [BLO7], Post [Po07], Ryzhov [RO7] and Alpay
and Behrndt [AB09], where the Weyl function was defined as the well-known Neumann-
to-Dirichlet or Dirichlet-to-Neumann maps and used together with Krein’s formula for
spectral analysis. Using the approach of [BL0O7], Behrndt and Rohleder extended in [BR12]
some results of the classical Titchmarsh-Weyl theory to the case of Schrédinger operators
on exterior domains.

Recently also an analogue of the Weyl function was introduced for non-symmetric dif-
ferential expressions and a corresponding Krein-type formula was provided, see Brown,
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Marletta, Naboko, and Wood [ BMNWO0S8], Brown, Grubb and Wood [BGW09] and Mala-
mud [M10]. Note that Weyl functions in the non-symmetric case were introduced earlier in
the abstract setting by Malamud and Mogilevskii in [MMO02]. Weyl functions and Krein’s
formulae in the case of non-smooth domains were given by Gesztesy and Mitrea [GMOS,
GMO08a, GM11], Grubb [GO8], Posilicano and Raimondi [PR09], and Abels, Grubb, and
Wood [AGW10].

Schatten-von Neumann estimates for resolvent power differences of elliptic differential
operators have a long history in spectral theory. The estimates in Theorem 3.12 (i) and
Corollary 3.19 (i) in the case that £ is a Schrodinger differential expression —A + g with a
real-valued, possibly unbounded potential ¢ on an exterior domain & C R3 go back to the
pioneering paper by Povzner [P53]. In that paper the operator in the boundary condition
was a multiplication operator with a real-valued bounded function . Povzner proved
in [P53, Theorem 1.4] that

(A —A) ' —(Ap—2) " € &,(L*(Q)).

His proof heavily depends on the space dimension and on the special form of the differen-
tial expression.

Using variational methods, Birman [B62] improved and extended the result of Povzner
to arbitrary space dimensions, general elliptic differential expressions and also to mixed
Robin-Dirichlet boundary conditions. The estimates in Theorem 3.12 (i) and Corollary 3.19
are encompassed by [B62, Theorem 2.3] in the case of m = 1. It was shown by Birman and
Solomyak in [BS80, Theorem 3], see also [BS79], that the singular values for the resolvent
difference (m = 1) in Theorem 3.12 (i) have an asymptotic behavior such that this resol-
vent difference can not belong to a better class in the scale of weak Schatten-von Neumann
classes.

In the case that B| and B, are multiplication operators or more general pseudo-differential
operators of certain orders the estimate in Theorem 3.17 (1) follows from the spectral the-
ory of singular Green operators developed by Grubb in [G12,G84]. Using this theory she
obtained in [G84, Theorem 5.1], see also [G74,G84a], the asymptotic behavior of singular
values for the resolvent power difference in Theorem 3.12 (i). Later in [G11a, Theorem
3.5] and [G12a] the asymptotic behavior of singular values for the resolvent power differ-
ence in Theorem 3.17 (i) was provided in the case of multiplication operators B; and B,
with additional smoothness of the coefficients. Schatten-von Neumann estimates in the
case of non-local boundary conditions are also contained in [M10] by Malamud. In partic-
ular, the estimate in Corollary 3.19 (i1) is partially covered by [M10, Proposition 4.9].

Already sixty years ago a reduction formula of the type given in Subsection 3.3.2 appeared
in the paper [JP51] by Jost and Pais, where the perturbation determinant for a Schrodinger
operator on an interval was reduced to the boundary. A multi-dimensional Jost-Pais for-
mula was proved recently by Gesztesy, Mitrea and Zinchenko in [GMZO07]. The trace
formula in Theorem 3.12 (ii) is contained in the paper [Ca02, Théoreme 2.2] by Carron in
a slightly different context. The trace formulae in Theorems 3.15, 3.17 and Corollary 3.19
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are new to the best of the author’s knowledge. Their analogues for one-dimensional oper-
ators were shown recently, see [CGNZ12,GZ12].

The results on & ,-estimates of resolvent differences contained in the works of the au-
thor [BLL" 10, BLL13] were applied by Mugnolo and Nittka in [MN12, Theorem 4.3] to
convergence of semigroups in & ,-norms.






4 SCHRODINGER OPERATORS WITH & AND &’-POTENTIALS
SUPPORTED ON HYPERSURFACES

In this chapter self-adjoint Schrédinger operators with 6 and &’-interactions supported on
compact smooth hypersurfaces are defined explicitly via their action and domain and also
implicitly via sesquilinear forms. We show that both ways of definition lead to the same
self-adjoint operators. It is worth mentioning that our definitions of surface 6 and &'-
interactions are also compatible with the definitions of point § and §’-interactions in the
one-dimensional case [AGHHOS5, AK0O].

In the case of -interactions the sesquilinear form approach was already known [BEKS94]
and has been used in many papers, e.g., [EK03,EY02,EY04,KV07], while the explicit way
of definition is new. In the case of &'-interactions for general hypersurfaces no rigorous
approach has been developed until now, see [E08, Open Problem 7.2].

The main advantage of the definition via action and domain is that the regularity of the
functions in the operator domain is given explicitly, which is important in many appli-
cations. Whereas in the definition via sesquilinear forms this regularity is hidden in the
form. In particular, we provide a sufficient condition for H2-regularity of the operator
domains.

As the main problem of this chapter we study Schatten-von Neumann properties of the re-
solvent power differences of the free Schrodinger operator and Schrodinger operators with
surface interactions. We prove better convergence of the singular values in some cases. As
a direct consequence of Schatten-von Neumann estimates for resolvent power differences
we get the existence and completeness of the wave operators for the corresponding scat-
tering pairs. At the end of this chapter we also prove finiteness of the negative spectra for
the Schrodinger operators with surface 6 and 6’-interactions. Most of the results of this
chapter are contained in the work of the author [BLL13a].

4.1 Preliminaries

Let ¥ C R", n > 2, be a compact connected C*-smooth hypersurface, which separates the
Euclidean space R” into a bounded interior domain £; and an unbounded exterior domain
Q.. In particular, the hypersurface ¥ coincides with the boundaries dQ; and dQ. of the
interior and exterior domains. We often decompose a function f € L?>(R") = L*(Q;) @
L?(Q,) in the form f = f,® f., where f; = f [ Q; and f, = f | Q.. We agree to denote
by (-,-), (-,-)i» (,-)e and (-,-)x the inner products in the Hilbert spaces L*(R"), L*(£;),
L*(Q.) and L*(X), respectively. When it is clear from the context, we denote the inner
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products in the Hilbert spaces L?(R";C"), L?(Q;;C"), and L?(Q.;C") of vector-valued
functions also by (-,-), (+,-); and (-, -)e, respectively.

Throughout this chapter we deal with the Schrédinger differential expression
L:=—-A+V, 4.1.1)

where V: R" — R is a bounded potential. By £; and L, we denote the restrictions of the
differential expression £ onto ; and Q., respectively. With the notation V; :=V | Q; and
Ve :=1 Q. we can clarify that £; acts on Q; as —A+V; and that L. acts on Q. as —A+ V..

It is convenient to deal with the spaces
HX(Q) ={fi € H*(Q): Afi € L*()}, 5>0,
Hy(Qe) :={fe € HS(Qe): Afe € L*(Qe)}, 5>0.
For s > 0 we use short notations
H (R"\X):=H(Q) ®H*(Qe), HA(R"\X):=H}(Q) ®HZ(Qe). 4.1.2)

For a function f € HX(R"\ X) with s > 0 we denote by fi|x and fe|x its traces from both
sides of X and we denote by dy, fi|s and dy, fe|x its traces of normal derivatives from both
sides of X with normals pointing outwards Q; and Q., respectively. For s > 3 /2 the map-

ping
H'(R"\X) 3 f = {file, felz, v fils, dve felx } (4.13)
is well-defined and surjective onto (H*~'/2(X))? x (H*~3/2(£))2, and for s € [0,2) the
mapping
HA(R'\Z) 3 f = { fils, felz, Ovi fils, Ov. felx } (4.1.4)
is also well-defined as the mapping into (H*~'/2(X))2 x (H*3/2(X)?. Separately, the map-
pings
HZ(Rn\Z) 2 f = {fi‘Z?fe|E}7
Hy(R"\X) 5 f = {9y filz, O felz}
are surjective onto (H*~1/2(£))? and onto (H*~3/2(X))?2, respectively.
We denote by H(€;) and H; () with s > 0 the subspaces of L?(€;) and L?(€), respec-
tively, defined as in (2.3.2) with dQ = X, and Q = Q; or Q = Q., respectively. Then we

define certain mixed regularity spaces consisting of L2-functions on R”, which belong to
H’ in a neighborhood of ¥ or both one-sided neighborhoods of X, respectively, i.e.,

Hy(R") := {f € L*(R"): 3 domain Q' C R" such that
Q' SYand f Q' eHS(Q’)}, (4.1.5)

Hy(R"\ X) := Hy(Q;) © Hy(Qe)-
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It is worth mentioning that Hy (R") C Hy(R"\ X) for s > 0.

For k € Ny we denote by Wg’m(Qi) and Wg’w(Qe), respectively, the subspaces of L™(€2;)
and L= (Q.), defined as in (2.3.3) with dQ = X and Q = Q; or Q = Q.. We also make use
of certain mixed regularity spaces consisting of L-functions on R” which belong to W
in a neighborhood of X or both one-sided neighborhoods of ¥. Namely,

WE=(R") = {f € L”(R"): 3 domain Q' C R" such that
Q>orandf1Q e W’“‘"’(Q’)}, (4.1.6)
W™ (R \ ) := W™ (Q4) X Wa ™ (Qe).

It is worth mentioning that Wy ™ (R") C Wy (R"\ L) for k € N.

For f,g € HZ/ Z(R” \X)and h € H'(R"\ ¥) the following first and second Green’s identities
hold:

(£f7h) = (Vf7 Vh) + (vah) - (avifi’Z»gi‘E)): - (avefe‘zagek:)z 4.1.7)

and

(Lf.8)—(f.Lg) = ((fi\z,avigi\z)z— (8vif\z,g!z)z>

(4.1.8)
+ <(fe’2>avege12)2_ (avef|278e’2)z>.

The minimal operators associated with the differential expressions £; and L. are defined
by

Aifi=Lifi,  domA;:=Hg(Q),

Acfo:=Lefe,  domAe := Hj(Qe).

The operators A; and A, are densely defined, closed and symmetric with infinite deficiency
indices, acting in the Hilbert spaces L*(€;) and L?(,), respectively, with the adjoints of

the form 0
Al fi = Lifi, domA; := H (<),

Alfo:=Lefe,  domA%:=Hy(Qe).
The direct sum of A; and A,

Aje = A DA, domA; . := H3 () © H (Qe), (4.1.9)

is a densely defined, closed, symmetric operator with infinite deficiency indices in the
Hilbert space L?(R") = L*(Q;) ® L*(Q.) and with the adjoint of the form

Af.=Lf, domA], = HY(R"\X).
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Furthermore, we introduce the operators
Tf:=Lif,  domT,:=H)*(Q),
Tefe := Lefe, domT7, :=H Z/z(Qe),
and their direct sum
L. =TT, domTle—H3/2(]R”\Z).
It can be shown that A} = T, AZ = T, and hence A, = Tie.

Next we define usual self-adjoint Dirichlet and Neumann realizations of the differential
expressions £; and L in L2(€;) and L?(Q.), respectively:

Apifi:=Lifi,  domAp;:= {fi € H*(Q) 'fi|z:0},

Apefe:=Lefe,  domApe:={f. € H*(Qe): felx =0},

Anifi == Lifi, domAy;; == {f; € H*(Qi): dy,filz =0},

ANefe = Lefe, domAN, := {fe € H? (Qe): Iy felz = 0}-
Further, we define direct sums

Apie :=Ap;iDApg,
) (4.1.10)
domAp = {f € H*(R"\X): filz = fe|x =0},

and
ANje ‘= AN DANge,
domAy e :={f € H*(R"\X): 9y, filx = oy fe|x = 0},

which are self-adjoint operators in L?(R"). Finally, we denote the usual self-adjoint (free)
realization of £ in L2(R") by

Afeef == Lf,  domAgee := H*(R"). (4.1.12)

(4.1.11)

One can associate quasi boundary triples IT; and Il. with the adjoints A and A{ as in
Proposition 3.1. Denote the corresponding Weyl functions as in Proposition 3.2 by M; and
M_.. These functions are well-defined on p (A ;) and p(An ¢ ), respectively. For ¢ € L?(X)
and A € p(An) with j =i, e the boundary value problem
(L£i—=A)fi=0, in&;,
d,filt=¢, onk,

is uniquely solvable in H, 3/ 2( Q;). Denote its unique solution by f; ;, then

Mi(A)e = fols, j=ie. (4.1.13)

The operators M;j(A) and M.(A) are, in fact, the Neumann-to-Dirichlet maps associated
with the differential expressions £; — A and L. — A, respectively.
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4.2 Schrodinger operators with d-potentials on hypersurfaces

In this section we use quasi boundary triples to define and study the Schrédinger operator
As o formally corresponding to the differential expression

Lsa=—A+V—a(ds,) 0,

where Oy is the §-distribution supported on X.

4.2.1 A quasi boundary triple and its Weyl function

It is convenient to define a quasi boundary triple not for A _ itself, but for the adjoint of
a symmetric intermediate extension of A; .. The method of 1ntermed1ate extensions is in-
spired by the general considerations for ordinary boundary triples in [DHMSO00, Section 4].
We define the extension

AV = Afree ﬂAD,i,e =L f {f S Hz(]Rn) : f1|2 = fe‘Z = O} (4-2-1)

of the orthogonal sum A; . in (4.1.9) as the underlying symmetric operator for the quasi
boundary triple. Furthermore, we define the operator

T 3/2
T=Te | {f®fe HYPR"\D): fils = felz}, (4.2.2)
and we specify the following two boundary mappings from domT into L*(X)

fo: domf—>L2(Z), fof:: v, fils + v, felx,

N N N (4.2.3)
I: dom7 — L2(Z), Tif:=fils=fels

Note that the mappings Lo, I'; are well defined because of the properties of the trace
mappings (4.1.4).

In the first proposition of this section we prove that {LZ(Z),f O,f' 1} is a quasi boundary
triple for A* and we show basic properties of this triple.

Proposition 4.1. Let the operators Ap e and Agee be as in (4.1.10) and (4.1.12), respec-

tively. Let the operators Aand T and the mappings_ FO,F1 be, respectively, as in (4.2.1),
(4.2.2) and (4.2.3). Then the triple = {L2(%), Fo,Fl} is a quasi boundary triple for A*,
The restrictions of T to the kernels of the boundary mappings are

T [kerlN"o = Afree and T [kerlN"l =Apjie;
and the ranges of these mappings are

ranlo=L*(£) and ranl; =H'(X).
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Proof. We show that the triple I satisfies the conditions (a), (b) and (c) in Proposition 2.9.
For the condition (a), let ¢ € H'/2(£) and y € H3/?(X) be arbitrary. By (3.1.2) there exist
f; € H*(Q;) and f. € H?(Q.) such that

avifi|Z:(P> fi|Z:VI7 8Vef€|E:O7 f€|Z:W

Since H*(R"\ X) C HE/Z(R”\Z), we have f:= fi® f. e domT and Tof = @, I f = y.
Hence, we get

HI/Z(Z) ><H3/2( Y) C ran <£0)
1

The set H'/2(2) x H3/2(%) is, clearly, dense in L2(X) x L2(X); note that also the set ker I’
kerI'; is dense in L?>(R™), which implies together that (a) of Proposition 2.9 is satisfied.
Nextlet f = fi® f. and g = g; P ge be two arbitrary functions in dom T. Since the functions
f and g in dom T satisfy the boundary conditions fi|z = fi|x = f|x and gi|z = ge|x = glx.
we have by Green’s identity (4.1.8)

(Tfug) - (f7 Tg) = (f|278\/igi|2+avege|2)z - (avifi|2+avefe|278|2)z» 4.2.4)

which shows that condition (b) of Proposition 2.9 is fulfilled. Since T kerI'y contains the
self-adjoint operator Afyee, also the condition (c) is satisfied. Hence we can apply Propo-
sition 2.9, which implies that T (kerf‘o N kerFl) is a densely defined closed symmetric
operator and that the triple IT = {Lz( ) Fo,Fl} is a quasi boundary triple for its adjoint.
Note that the operators and that T | ker Tpand T [ ker I are symmetric by (4.2.4), and they
contain self-adjoint operators Agee and Ap j ., respectively. Therefore T I ker['g = Afree and

T [kerfl = Ap .. Hence we get

T (kerfo ﬂkerf‘l) = (f [kerfo) N (f [kerfl) = Afree NAD e =A.

Since, for j =i and j = e, the mapping f; — fj|x is surjective from Hz/z(Qj) onto H'(X)
and the mapping fj — 9y, fi[x is surjective from HZ/ 2(Qj) onto L?(X), it follows easily
that ranI'; = H'(X) and ranTy C L2(X). In order to see that Iy maps surjectively onto
L*(X), let us fix an arbitrary y € C(R") such that ¥ = 1 on an open neighbourhood of Q;.
Let SL be the single-layer potential associated with the hypersurface ¥ and the differential
expression —A+1; see, e.g. [McLO00, Chapter 6] for the definition and properties of single-
layer potentials. By [McLOO, Theorem 6.11, Theorem 6.12 (i)], for an arbitrary ¢ € L2(%),
the function f := }SL¢@ belongs to dom 7 and satisfies the condition

avefe|2 + avifi|>: =0,

hence T/ = @, and thus ranTy = L2(X). O
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In the next proposition we clarify the basic properties of the y-field and the Weyl func-
tion associated with the quasi boundary triple I1 from Proposition 4.1. In the terminology
of [McLO0O0] the y-field turns out to be the single layer potential associated with the hy-
persurface X and the differential expression £ — A, see also Remark 4.3 after the proposi-
tion.

Proposition 4.2. Let the self-adjoint operators Ap ; ¢ and Agyee be as in (4.1.10) and (4.1.12),

respectively. Let I1 be the quasi boundary triple from Proposition 4.1. Letfand M be the
Y-field and the Weyl function associated with the quasi boundary triple 11 as in Defini-
tion 2.10. Let M; and M. be the Weyl functions defined in (4.1.13). Then the following
statements hold.

(i) The y-field 7 is defined for all A € p(Agee) and
YA): L(E) = LX(RY),  ¥(A)e=fi(9),
where f,,(9) is the unique solution in H)*(R"\ £) of the problem
—Af+Vf—Af=0, inR"\Z,
file=felg =0, onk,
v filz+ v fels=¢, onk.

(ii) The Weyl function M is defined for all A € p(Agee) and
M(Q): *(2) = LX(2),  MA)o=fr(9)ls,
"Khere L(g) = 57(1)(/) Forall A € p(Afree) (A € P(Afree) mp(AD,i,e) ) the operator

M(A) maps L*(X) into (onto) H'(Z). The operator M(A) is compact for all A €
P (Agree ). Moreover; the identity

M(A) = (M) +Me(A) )™ (42.5)
holds for all A € p(Atree) N p(AD,i,e) N p(AN,i,e)-

Proof. (i) The mapping properties of the y-field y follow from (4.2.2), (4.2.3) and Defini-
tion 2.10.

(i) The mapping properties of the Weyl function M follow from (4.2.3), Definition 2.10,
Proposition 2.11 (iii) and Proposition 4.1. The compactness of the operator M (A ) follows
from the compactness of the embedding of H'(X) into L?(X), cf. Lemma 2.22.

In order to prove the identity (4.2.5), let A € p(Afree) NP (Apie) NP(AN,ie). For such A
the operator M(A ) is invertible, and the same holds true for M;(4) and Me(4); cf. Propo-
sition 3.2 and Theorem 2.13 (i). If M(1)¢ = y for some ¢ € L*(%) and y € H'(X), then
there exists an f = f; @ f, € ker(T — A) such that

Lof=¢ and I f=vw.
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As fi € ker(T; — A) and f; € ker(T, — 1), we have
dy fils =Mi(A)" (filz) = Mi(A) "'y,
avefe|Z:Me(/l>_](fe|Z) =M(A) 'y,

and hence

M) 'y =9 =0y filx+ 0 felr = Mi(A) 'y +Mc(A) 'y
Since this is true for arbitrary y € H'(X), relation (4.2.5) follows. ]

We remark that the quasi boundary triple from Proposition 4.1 and the Weyl function above
appear also implicitly in [AP0O4] and [R09, Section 4] in a different context.

Remark 4.3. Assume for simplicity that the potential V in the differential expression £
in (4.1.1) is identically equal to zero. In this case the y-field ¥ and the Weyl function M
are, roughly speaking, extensions of the acoustic single-layer potential for the Helmholtz
equation. In fact, if G, A € C\ R, is the integral kernel of the resolvent of A, then for
all ¢ € C*(X) we have

(F0)9) @) = [ Gi(xy)o0)do,, xeR\E
X

and
@hm¢x@:/cﬂxwwwm% xex,
X

where o0 is the natural Lebesgue measure on X. For more details we refer the reader
to [McL0O0, Chapter 6]; see also [CK83, Co88].

4.2.2 Self-adjointness and Krein’s formulae

In the first theorem of this subsection we establish a correspondence between the point
spectra of the self-adjoint operator Ap ; . and of the operator-valued function M(-). More-
over, we provide a factorization (Krein’s formula) for the resolvent difference of A, and

Apje-

Theorem 4.4. Let the self-adjoint operators Ap ; . and Afree be as in (4.1.10) and (4.1.12).

Let v and M be the Y-field and the Weyl function from Proposition 4.2. Then the following
statements hold.

(i) Forall A € RNp(Agree)

A €op(Apie) <= 0€0p,(M(A))

and the multiplicities of these eigenvalues coincide.
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(i1) The formula
(Afee—A) ' = (Apje—A) ' = F(A)M(A)~'Y(A)*
holds for all A € p(Ape) NP (Afree)-

Proof. The equivalence between the point spectra in item (i) and Krein’s formula in item
(i1) follow from the corresponding items of Theorem 2.13 with self-adjoint Ag = Afee and
A; =Apjge. O

We introduce a family of restrictions on the operator T parameterized by a bounded real-
valued function on X.

Definition 4.5. For a real-valued function @ € L(X) the Schrodinger operator with 0-
potential on the hypersurface ¥ and strength « is defined as follows:

A6,a = T [ker(ocf“l —fo),
which is equivalent to

Asof = —Af+V/,

_ 3/2mon . filz=fels=fls (4.2.6)
domAs o = {fGHA (R"\X): O fol + O fils = Olf\z}'

The definition of A5, is compatible with the definition of a point d-interaction in the
one-dimensional case [AGHHO0S5, Section 1.3], [AKO0O] and the definitions of the operators
with 8-potentials on hypersurfaces given in [AGS87, Sh88] and in [BEKS94]; see also
Proposition 4.30. Note also that the domain of As 4 is contained in H Y(R"); cf. Proposi-
tion 4.30.

T=A"
Afree _
. o Tie=Af,
Aie C A CAsq C T C T,
Q C
Apjie

Figure 4.1: This figure shows how the operator A;  is related to the other operators in-
troduced in this section. The operators Afee, A5 o and Ap ; . are self-adjoint in
L?(R"); cf. Theorem 4.6.
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The next theorem contains the proof of self-adjointness of A5 ,, and provides a factorization
(Krein’s formula) for the resolvent difference of Ag , and Afree, cf. [BEKS94, Lemma
2.3 (ii1)]. Item (ii) in Theorem 4.6 can be viewed as a variant of the Birman—Schwinger
principle; it coincides with the one in [BEKS94].

Theorem 4.6. Let A5 o be as above and let Agee be the self-adjoint operator defined

in (4.1.12). Let Yy and M be the Y-field and the Weyl function from Proposition 4.2. Then
the following statements hold.

(i) The operator As q is self-adjoint in the Hilbert space L*(R™).
(ii) Forall A € RN p(Afree)
A€Eoy(Asy) <= 0cop(I—aM(L))
and the multiplicities of these eigenvalues coincide.
(iii) The formula
(5.0 =2)" —(Anee =2) "' = 7(A) (I - aM(2)) ' T(A)"

holds for all A € p(As o) NP (Afree). In this formula the middle term on the right-
hand side satisfies (I —aM(A))~" € B(L2(Z)).

Proof. (i) By Proposition 4.1 the range of the boundary mapping I coincides with L2 (X).
According to Proposition 4.2 the values of the Weyl function M are compact operators. By
the assumptions on the function o the operator of multiplication with & is bounded and
self-adjoint in L?(X) and the statement follows from Theorem 2.20.

(i1) The spectral equivalence follows from Proposition 2.14.

(iii) Krein’s formula follows from self-adjointness of As ,, and Corollary 2.16 with Ag = An
and Ajp) = A o The property of the middle term follows from Lemma 2.19. [l

Recall that the spaces HZ/ 2 (R"\ X) and H*(R"\ ¥) are defined as in Section 4.1 and the
space W1 (X) is defined as in Section 2.3. It follows from Definition 4.5 that domAs o C

Hz/ *(R" \ X). As in the previous chapter additional smoothness of the coefficient in the
boundary condition leads to domAs , C H*(R"\X). In the next theorem we clarify this

property.

Theorem 4.7. Assume that a real-valued function « satisfies o € W=(X). Let the self-
adjoint operator Ag o be as in Definition 4.5. Then the inclusion domAs o, C H 2(R*\ X)
holds.
Proof. For any function f € domAgs , we have f € domT C HZ/ Z(R” \X). Then by Propo-
sition 4.1 (i) N

I feH (D).
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The definition of the operator A , the assumptions on the smoothness of o and the prop-
erty (2.3.1) imply that B B
Tof =al' 1 fe H(X). (4.2.7)

Let us fix A € C\ R. By the decomposition
dom7 = domAfe. +ker(T — 1) (4.2.8)

the function f € domAjg , can be represented as f = ffree + f3 With firee € dOmAfee and
fa € ker(T — 2). It is clear that fie. € H2(R") C H*(R"\ X). The relation (4.2.7) and

Afee =T kerTp yield N
Tofy =Tof e H'(X) c H'/2(%). (4.2.9)

The properties of the trace map in (4.1.3) show that Ty maps dom7 N H2(R"\ £) onto
H'/2(X), and hence (4.2.8) implies that T’y maps

ker(T —A)NH?*(R"\ X)

bijectively onto H'/2(X). The last observation and (4.2.9) show that f; € H*(R"\X), and
therefore f = free + f1 € H*(R"\ X). O

4.3 Schrodinger operators with &'-potentials on hypersurfaces

In this section we use quasi boundary triples to define and study the Schrédinger operator
Ag g formally corresponding to the differential expression

Lypg=—-A+V—B(5, )0,

where 0y, is the normal derivative of the §-distribution supported on X.

4.3.1 A quasi boundary triple and its Weyl function

Again it is convenient to define a quasi boundary triple not for A: . itself, but for the adjoint
of a symmetric intermediate extension of A; .. We define an extension

A= Apee NAnie = L | {f € HX(R"): Oy, fils = v fo|lz = 0} (4.3.1)

of the orthogonal sum A; . in (4.1.9) as the underlying symmetric operator for the quasi
boundary triple. Furthermore, we define the operator

T:=T [ {fi®fe € HY*(R'\X): dy fels + v filz =0}, (4.3.2)

and specify the following two boundary mappings from dom7 into L (%)

To: domT — L2(E), Tof:= Iy, felx 433
R R R (4.3.3)
I dOIIlT—)LZ(Z), Lif = felz — fils.
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Note that the mappings fo, fl are well defined because of the properties of the trace
mappings (4.1.4).

In the first proposition of this section we prove that {Lz(Z),fo,fl} is a quasi boundary
triple for A* and we show basic properties of this triple.

Proposition 4.8. Let the operators ANie and Agee be as in (4.1.11) and (4.1.12), respec-

tively. Let the operators Aand T and the mappings Fo,Fl be as in (4.3.1), (4.3.2) and
(4.2.3), respectively. Then the triple = {L?(%), To, Fl} is a quasi boundary triple for A*.
The restrictions of T 1o the kernels of the boundary mappings are

T [kerf‘o =ANje and T [kerfl = Afree;
and the ranges of these mappings are
ranly = L*(X) and ranl; =H'(X).

Proof. One can see that Misa quasi boundary triple for A* in a similar way as in the proof
of Proposition 4.1. The abstract Green’s identity is a consequence of (4.1.8). Basically,
the same argumentation as before yields that T [kerFo =ANjier T | kerF1 Afree and
that ranTy = L2(X), ran['; C H'(X). Further we show surjectivity of I'; onto H!(X).
Fix a function ¥ € C7(R") as in the proof of Proposition 4.1, i.e. such that y =1 on
an open neighbourhood of Q;. Let DL be the double-layer potential associated with the
hypersurface ¥ and the differential expression —A + 1; see, e.g. [McLO00, Section 6] for
the discussion of double-layer potentials. By [McLO00O, Theorem 6.11, Theorem 6.12 (i1)]
for an arbitrary ¢ € H'(X) the function f := yDL¢ belongs to dom7 and satisfies the
condition
felz—fil: =9,

hence I' f = ¢, and thus ran'} = H'(X). O
In the next proposition we clarify the basic properties of the y-field and the Weyl function
associated with the quasi boundary triple I from Proposition 4.8.

Proposition 4.9. Let the self-adjoint operators AN ; ¢ and Agyee be as in (4.1.11) and (4.1.12),

respectively. Let I be the quasi boundary triple from Proposition 4.8. Letfand M be the
Y-field and the Weyl function associated with the quasi boundary triple 11 as in Defini-
tion 2.10. Let M; and M. be the Weyl functions defined in (4.1.13). Then the following
statements hold.

(i) The y-field ¥ is defined for all A € p(An ) and
YA): LAE) = LPRY),  7A)e=fr(9),
where f5 (@) is the unique solution in Hi/ 2(R” \ X) of the problem
CAfAVF-Af=0, inR"\Z,
v felz = —0v filt =@, onX.
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(i1) The Weyl function M is defined for all A € p(ANJ’e) and

MA): L) = LX(Z), MA@ = fre(@)lz—fri(9)lx,

where f; (9) =V(A)@. Forall A € p(Anje) (A € p(ANie) NP (Afree) ) the operator
M(L) maps L2(X) into (onto) H'(X). The operator M(A) is compact for all A €
P(AN.ic). Moreover, the identity

M(A) = My(A)+ M () (4.3.4)
holds for all A € p(An )

Proof. (i) The mapping properties of the y-field ¥ follow from (4.3.3), (4.3.2) and Defini-
tion 2.10.

(i) The mapping properties of the Weyl function M follow from (4.3.3), Definition 2.10,
Proposition 2.11 (iii) and Proposition 4.8. The compactness of the operator M (A ) follows
from the compactness of the embedding of H'(X) into L?(X), cf. Lemma 2.22.

Let us verify the identity (4.3.4). For this let A € p(An.ie), so that the operators M;(4),
Mc(A) and M(2) all exist. If M(A )@ = y for some ¢ € L?(X) and y € H' (), then there
exists f = f; @ fe € ker(T — A) such that

Tof=¢ and Tif=y.
As fi eker(T; — A) and f;. € ker(T. — 1), we have

file = Mi(2)(9v.filz) = —Mi(4) @,

Jelz = Me(A) 9y felz) = Me(A) @,
and hence R

M(A)9 = felz — filz = Mc(2)@ + Mi(2) 9.
Since this is true for arbitrary ¢ € L?(X), relation (4.3.4) follows.
O

Remark 4.10. Assume for simplicity that the potential V' in the differential expression £ in
(4.1.1) is identically equal to zero. Note that the problem in Proposition 4.9 (i) is decoupled

into an interior and an exterior problem. Let, as in Remark 4.3, G, be the integral kernel
of the resolvent of Agee. Then for all y € C*(X)

FRW) ) = [ [y Ga )] BTQ)Y) ()doy. xe RI\E,
X

and
(M(2)" W) () = =0y [ [0 Ga(x.9)]W()doy, x€X.
X
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where d,, (x) and 9y, (y) are the normal derivatives with respect to the first and second argu-
ments with normals pointing outwards of €;, and 0y, is the natural Lebesgue measure on X.
Note that the operator ¥(A) is, roughly speaking, an extension of the acoustic double-layer
potential for the Helmholtz equation multiplied with M(A) and M(A)~! is a hypersingular
operator, see, e.g. [McL00, Chapter 6] and [CK83, Co88]. The representation of M (l)_l,
given above, appears also in [R09] in a slightly different context.

4.3.2 Self-adjointness and Krein’s formulae

In the first theorem of this subsection we establish a correspondence between the point
spectra of the self-adjoint operator Agee and of the operator-valued function M(-). More-
over, we provide a factorization (Krein’s formula) for the resolvent difference of A and

AN,i,e~
Theorem 4.11. Let the self-adjoint operators AN ; ¢ and Agee be as in (4.1.11) and (4.1.12),

respectively. Let ¥ and M be the Y-field and the Weyl function from Proposition 4.9. Then
the following statements hold.

(i) ForallA € RNp(Aniie)
A€ 0y(Afee) < 0€0,(M(A))
and the multiplicities of these eigenvalues coincide.
(i1) The formula
(Anie —A) ™ = (Aee — A) ™ = FAVH(R) ' F(RY*
holds for all A € p(Anie) NP (Afree)-

Proof. The equivalence between the point spectra in item (i) and Krein’s formula in item
(i1) follow from the corresponding items of Theorem 2.13 with self-adjoint Ag = An j ¢ ans
Ay = Afree- O

We introduce a family of restrictions on the operator T parameterized by a boundedly
invertible real-valued function on .

Definition 4.12. For a real-valued function f8 such that 1/ € L*(X) the Schrodinger op-
erator with &’-potential on the hypersurface X and strength 3 is defined as follows:

Agx’ﬁ = f [ker(fl —ﬁfo),
which is equivalent to

Asipf=—-Af+V/,

_ 3/2/mny vy . Ovfils = —dv.felx } (4.3.5)
dOIIlAg/ﬁ—{fGHA (R \Z) fe‘z—fi|22ﬁavefe’2 .
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The definition of Ag g is compatible with the definition of a point &’-interaction in the
one-dimensional case [AGHHOS, Section 1.4], [AKOO] and the definition of the operator
with &’-potentials on spheres given in [AGS87,Sh88]. Note that, in contrast to the domain
of Ag o, the domain of Ag g is not contained in H'(R").

T=A"
ANiie _ .
¢ o Ti,e:ALe
Aie C A CAypg C T C T,
@ C
Afree

Figure 4.2: This figure shows how the operator Ag g is related to the other operators in-
troduced in this chapter. The operators AN e, Ag, B and Age are self-adjoint in
L?*(R™), cf. Theorem 4.13.

The next theorem is the counterpart of Theorem 4.6 and can be proved in the same way.
Theorem 4.13 shows self-adjointness of Ag g, provides a factorization for the resolvent
difference of A/ g and AN i e via Krein’s formula and a variant of the Birman—Schwinger
principle.

Theorem 4.13. Let Ay g be as above and let AN be the self-adjoint operator defined

in (4.1.11). Let ¥ and M be the Y-field and the Weyl function from Proposition 4.9. Then
the following statements hold.

() The operator Ag g is self-adjoint in the Hilbert space L?(R™).
(ii) Forall A e RNp(Anje)
A€ocyAsp) = 0co,(I-B'M(A))
and the multiplicities of these eigenvalues coincide.
(i11) The factorization (Krein’s formula)
(A5 —2) " —(Anie—=A) ' =7 (1B 8M(2)) " B (A
holds for all A € p(Agfﬁ) NP (Anie). In this formula the middle term on the right-
hand side satisfies (I — B~ 'M(A))~! € B(LA(X)).

Recall that the spaces Hz/ Z(R” \ ) and H?(R"\ X) are defined as in Section 4.1 and the
space W1 (X) is defined as in Section 2.3. It follows from Definition 4.12 that dom A 5.5 C



76 4 Schrodinger operators with 8 and &' -potentials supported on hypersurfaces

Hz/ Z(R” \ X). As in the previous chapter additional smoothness of the coefficient in the
boundary condition leads to domAg g C H 2(R"\ X). In the next theorem we clarify this

property.
Theorem 4.14. Assume that a real-valued function B is such that 1/ € W'(Z). Let

the self-adjoint operator Ag g be as in Definition 4.12. Then the inclusion domAg g C
H?(R"\ X) holds.

Proof. The proof is analogous to the proof of Theorem 4.7 with A 4, Afiee, T f‘o, f‘l and

o replaced by Agr g, ANjies T, fo, fl and 1/, respectively. Instead of the decomposi-
tion (4.2.8) one can use the decomposition

dom7 = domAN +ker(T — 1), A eC\R.
0

4.4 Operator ideal properties of resolvent power differences and trace
formulae

In this section we obtain G, -estimates for the resolvent power differences of the self-
adjoint Schrodinger operators with distinct couplings on the hypersurface £. As a conse-
quence of these estimates we get sufficient conditions for the existence and completeness
of the wave operators for the scattering pairs formed by the free Schrodinger operator Agee
and one of the Schrodinger operators As o, Ag g, ANjie and Ap i With certain couplings.
In the case of trace class resolvent power difference we provide formulae, where the trace
of the resolvent power difference, acting in R", is reduced to the trace of a certain operator
acting on X.

4.4.1 Elliptic regularity and some preliminary S, ..-estimates

In this subsection we first provide a typical regularity result for the functions (Agee —A) ™! f
and (Anje—A) "L fif f and V satisfy some additional local smoothness assumptions. This
fact is then used to obtain estimates for the singular values of certain compact operators
arising in the representations of the resolvent power differences of the self-adjoint opera-
tors As o> As' g Afrees ANjie and Ap j ¢. In the next lemma we make use of the local Sobolev

spaces Wy ™ (R"), Wy (R \ T) and HE(R"), HX(R"\ T) defined in Section 4.1.

Lemma 4.15. Let An ;. and Agee be the self-adjoint operators from and (4.1.11) and
(4.1.12), respectively, and let m € Ny. Then the following assertions hold.

(i) IfV € Wy (R"), then for all A € p(Agree) and k=0,1,...,m,

fEHFRY) = (Apee—A)"'f€HE(RMY).
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(ii) IfV € Wy (R"\X), then for all A € p(Anje) and k=0,1,...,m,
fEHERML) = (Anjc—A) 'fEHEZ(R"\X).

Proof. We verify only assertion (i); the proof of (ii) is similar. We proceed by induction
with respect to k. For k = O the statement is an immediate consequence of HQ(R") =
L?(R") and domAgee = H?(R"). Suppose now that the implication in (i) is true for some
fixed k < m and let f € HE "' (R"). Then, in particular, f € HX(R") and hence

U= (Aee — A) "' f € HET2(R") C HETH(R™)

by assumption. As k+1 < m and V € Wy " (R"), it follows from (2.3.4) that Vu €
HETY(R™). Therefore f —Vu € Hy ' (R"), and since the function u satisfies the partial

differential equation
—Au—Au= f—Vu, inR"

standard results on elliptic regularity yield that u € H’EﬁL3 (R™); see, e.g. [McLOO, Theo-
rem 4.18]. ]

An application of the previous lemma gives the following proposition, in which we provide
certain preliminary &, -estimates that are useful in the proofs of our main results in the
next subsection.

Proposition 4.16. Let AN . and Agee be the self-adjoint operators from (4.1.11) and
(4.1.12), respectively, and let ¥ and ¥ be the y-fields from Propositions 4.2 and 4.9, re-
spectively. Then for a fixed m € Ny the following statements hold.

() IfV € W™ (R"), then, for all A, 1t € p(Agee) and k=0,1,...,m,

(a) ?(:u)*(Afree_)L)_kGG n—1 oo(Lz(Rn)ﬂLz(Z))a

2k+3/2°
(b) 7(:“')* (Afree —A ) * €6 2k";11/2 00 <L2 (Rn) ) Hl (Z)) )
(©) (Afree - )“)_k?(.u) € 62](’:31/2 00 (L2 (Z)aLz (Rn)) .

(i) IfV € W™ (R"\ X), then, for all A,p € p(Ani.c) and k=0,1,...,m,

(a) ?(H)*(AN,Le_A')ikEG n—1 oo(Lz(Rn)aLz(Z))a

2%+3/2°

) ¥(W) (Axie—A)* €6 i (LAR"),H'(T)),

2%+1/2°
© (nie=2) " TW) €6 o (P2(),L2R).

Proof. We prove assertion (i); the proof of (ii) is analogous. As

ran(Afpee — l)fl = domAfee = HZ(RH) C Hg (R")
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we conclude from Lemma 4.15 (i) that the inclusion
ran ((Afree — ) N (Apree — l)fk) C Hng(R”)

holds for all k =0, 1,...,m. Moreover, since by Proposition 3.1 we have Afee = T [ ker fo,
Proposition 2.11 (i1) implies that

)7(“)*(Afree - A)ik = f1 (Afree _ﬁ)il (Afree - )L)ik

and hence
ran (Y(1)* (Apee — A) ) € H*T3/2(%) 4.4.1)

by the properties of the trace map fl , cf. (4.1.3). Now the estimates in (a) and (b) follow
from (4.4.1) and Lemma 2.22 with K = LZ(R”), r =2k-+ % and with r; = 0 for (a) and
r1 = 1 for (b), respectively. The estimate in (c) follows from (a) by taking the adjoint. Note
that in the proof of item (ii) one needs Lemma 4.15 (ii). ]

4.4.2 Resolvent power differences in G, -classes

In the next two theorems we obtain G, -estimates for the resolvent power differences
of the self-adjoint free and decoupled Schrodinger operators Afee and Ay je, Apjie With
certain local smoothness assumptions on the potential V in the differential expression.

Theorem 4.17. Let Ap ;. and Agee be the self-adjoint operators defined in (4.1.10) and

(4.1.12), respectively. Let M be the Weyl function from Proposition 4.2. Assume that for
some m € N the potential V satisfies V € szm*z’w(R"). Then the following statements

hold.
(i) Foralll=1,2,....mandall A € p(Afree) NP (ANjic)

(Afree — )v)_l — (Apje— /U_l € 6%,“’ (LZ(RH))- 4.4.2)

(ii) Ifm > "5, then for all 1 € N such that "5 <1<m, and all A € p(Agree) NP (Apic)
the resolvent power difference in (4.4.2) belongs to the trace class, and the formula

tr ((Afree - )‘)_l - (AD,i,e - )L)_l>

=1, ~ 4.4.3
= (l—ll)! tr (dcgll (M(/l)—lM/()L)>) ( )

holds.

Proof. (i) Fix an arbitrary 4y € C\ R and let ¥ be the y-field as in Proposition 4.2. By
Theorem 4.4 (ii) the resolvent difference of Af. and Ap ;. at the point Ay can be written
in the form

(Afree - 2'0)71 - (AD.,i,e - /10)71 = ’)7(/10)M<)L0) ’}/(AO)*
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Furthermore, by Proposition 4.2 (ii) the operator M (Ao) is bijective and closed as an opera-
tor from L?(X) onto H'(X). Hence, dom (M(A9) ') = H'(X) and since, M (Ag) ! is closed
as an operator from H'(X) into L?(X), we conclude that M (o) ~! € B(H'(Z),L?(Z)). Set

H:=Apie, K:=Afee, Fi:=7), F:=M(X) 7o)

Then Proposition 4.16 (i) implies that the assumptions in Lemma 2.4 are satisfied with

2 3/2 1/2
9 blz
n—1 n—1

a =

, b=

Since b = b + by —a =0, Lemma 2.4 implies
(Afiee =A) "' — (Apjie—2) " € &y (LA(R"))

forall A € p<AN,i,e) mp(Afree>'

(i1) For all / € N such that ”;21 < [ < m, the operator in (4.4.2) belongs to the trace class
by item (i). The trace forrgula can be proved as in Theorem 3.12 (i1) with Ap, An, M and y
replaced by Ap j ¢, Afree, M and 7, respectively. O

Theorem 4.18. Let A e and Agee be the self-adjoint operators defined in (4.1.11) and
(4.1.12), respectively. Let M be the Weyl function from Proposition 4.9. Assume that for
some m € N the potential V satisfies V € szm*z’w(R" \X). Then the following statements
hold.

() Foralll=1,2,...,mand all A € p(Agree) NP (ANie)

(Anje=2) " = (Aree =)' € Gt (L (R)). (4.4.4)

(i) If m > ”2;1, then for all | € N such that ";21 <I<m,andall A € p(Afree) NP (ANie)
the resolvent power difference in (4.4.4) belongs to the trace class, and the formula

tr ((AN7i7e - )V)_l — (Afree — l>_l)

o 445
_ (1—11)! tr (d‘;l_l <M()L)—1M/()L)>> (4.4.5)

holds.

Proof. (i) We fix an arbitrary A9 € C\ R and let ¥ be the y-field from Proposition 4.9. By
Theorem 4.11 (ii) the resolvent difference of A and An ;. at the point Ay can be written
in the form

(AN,i,e - AO)_I - (Afree - AO)_l = ?(AO)M(AO)_ly(IO)*

Furthermore, by Proposition 4.9 (i1) the operator M (Ao) is bijective and closed as an op-
erator from L?(X) onto H'(X). Hence, dom (M(29)~') = H'(X) and since, M(A)~" is
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closed as an operator from H'(X) into L2(X), we conclude M(49)~! € BB (H'(%),L*()).
Set

H:i=Afee, K:=Anje, Fii=7(h), F:=M() 'F(Ao)".
Then Proposition 4.16 (ii) (b) and (c) imply that the assumptions in Lemma 2.4 are satisfied
with

2 3/2 1/2
a = ; bl = / ; b2 = / ,  r=m.
n—1 n—1 n—1
Since b = by + b, —a =0, Lemma 2.4 implies
(AN,i,e - A‘)_l - (Afree - A)_l € 6%,00 (Lz(Rn))

forall A € p (AN7i7e) np (Afree)-

(i1) For all / € N such that ”;21 < | < m, the operator in (4.4.4) belongs to the trace class
by item (i). The trace forgula can be proved as in Theorem 3.12 (i1) with Ap, An, M and ¥
replaced by Agree, Anie, M and ¥, respectively. L]

As a consequence of Theorems 4.17 and 4.18 we derive sufficient condition for the ex-
istence and completeness of the wave operators of the scattering pairs {Afyee,Ap e} and

{AfreeaAN.,i,e}-
Corollary 4.19. Let Ap ; ¢, AN i e and Agree be the self-adjoint operators defined in (4.1.10),(4.1.11)

and (4.1.12), respectively. Assume that the potential V satisfies V € Wg’m (R™) with k >
n— 3. Then the following statements hold.

(i) The wave operators Wy (Afree,Ap i c) for the scattering pair {Afree,AD7i7e} exist and
are complete, and hence the absolutely continuous parts of Ap j ¢ and Agee are uni-
tary equivalent.

(ii) The wave operators W (Agree, AN ie) for the scattering pair {Afree,ANie} exist and
are complete, and hence the absolutely continuous parts of AN ;e and Agee are uni-
tary equivalent.

Remark 4.20. In particular, if V = 0, then the wave operators for the scattering pairs
{Afree,Apic} and {Afree,AN e} exist and are complete for all space dimensions n > 2
and Oye(Ap,e) = Oac(ANe) = [0,00).

Remark 4.21. Note that for the pair {Afree, AN e} the assumption in Corollary 4.19 on the
smoothness of the potential V can be slightly weakened, cf. Theorem 4.18.

In the next theorem we obtain G, .-estimates for the resolvent power difference of the self-
adjoint operators As o and Afee. One can observe that the singular values may converge
faster than in Theorems 4.17 and 4.18.

Theorem 4.22. Let oo € L”(X) be a real-valued function on ¥, and let As q and Agee be

the self-adjoint operators defined in (4.2.6) and (4.1.12), respectively. Let M be the Weyl
function from Proposition 4.2. Assume that the potential V satisfies V € W;miz’w(R") for
some m € N. Then the following statements hold.
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() Foralll=1,2,...,mandall A € p(As ¢) NP (Afree)

(Asa—2)" = (Aree —A) ' € G ,r (LH(R")). (4.4.6)

20+1>

(i) Ifm>75—1, then foralll € N such that 5 —1 <1 <m, the resolvent power difference
in (4.4.6) belongs to the trace class, and the formula

tr ((A(S.a - l)_l — (Afree — )L)_l)

-1 _ _
-t (oo i)

holds.

Proof. (i) We prove item (i) by applying Lemma 2.4. Fix an arbitrary Ay € C\ R, and let ¥
be as in Proposition 4.2. By Theorem 4.6 the resolvent difference of As , and Age at the
point Ay can be written in the form

(Asa—40) " = (Airee — 40) ' = F(A0) (1 - aM (o)) ' a¥(Ro)",

where (I — aM(Ay)) "o € B(L3(Z)). Proposition 4.16 (i) (a) and (c) imply that the as-
sumptions in Lemma 2.4 are satisfied with

H=Asq K=Awe, Fi=%¥h), FB=(I—aM))  a¥Lo),

2 3/2
a = R b1:b2: /

o r=nm.
Sinceb=b;+by)—a= ﬁ, Lemma 2.4 implies the assertion of the theorem.

(i1) By item (i) the operator in (4.4.6) belongs to the trace class for all / € N such that
g — 1 <1 < m. The trace formula can be proved as in Theorem 3.17 (ii) with A[Bl], A[Bz],
M, v, By and B; replaced by As 4, Afiees M, ¥, a and 0, respectively. 0

The next corollary shows that for sufficiently smooth potentials V' the wave operators of
the scattering system {As ¢, Afree } €Xist in any space dimension.

Corollary 4.23. Let the assumptions be as in Theorem 4.22. If, for some k > n —4, the
potential V satisfies V € Wzk’w(]R”), then the wave operators W+ (Aj o,Afree) exist and
are complete, and hence the absolutely continuous parts of As o and Atee are unitary
equivalent.

Remark 4.24. In particular, if V = 0, then Wi (A5 4, Afree) exist and are complete in any
space dimension n > 2. Furthermore, we obtain that 6,c (A o) = [0,0).
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In the next theorem we obtain &, .-estimates for the resolvent power differences of the
self-adjoint operators Ag g and An .. One can notice the same faster convergence of the
singular values as in Theorem 4.22.

Theorem 4.25. Let B be a real-valued function on ¥ such that 1/B € L*(¥), and let
Ag g and AN e be the self-adjoint operators defined in (4.3.5) and (4.1.11), respectively.

Let M be the Weyl function from Proposition 4.9. Assume that the potential V satisfies
Ve szmfz’“(R” \ X) for some m € N. Then the following statements hold.

(i) Foralll=1,2,....mandall A € p(As g) NP (Atree)

(A5/7[3 - 2’>_l - (AN,i.,e - }L)_l €6

20+1>

L (LARY). (4.4.7)

(i) Ifm>75—1, thenfor alll € N suchthat 5 —1 <1 <m, the resolvent power difference
in (4.4.77) belongs to the trace class, and the formula

tr ((Ag/ﬁ - l)_l — (AN,i,e — l>_l)

-1 N _ =N

holds.

Proof. (i) Fix an arbitrary 4y € C\ R and let ¥ be the y-field from Proposition 4.9. By
Theorem 4.13 the resolvent difference of As/ g and Ay ;¢ at the point Ao can be written in
the form

(Agr g —A0) ! = (Anie — o) "' = T(ho) (1 — B~'M (%))~ B~ 7 (R0)",

where (I — B~'M(Ao)) ' B! € B(L2(X)). Proposition 4.16 (i) (a) and (c) imply that the
assumptions in Lemma 2.4 are satisfied with

H=Agp, K=Ape, F=7), FB=(-B"M)) B '7(%o)",

2 2
Dby

a= , r=m.

n—1 n—1

Sinceb=by+by—a= ﬁ Lemma 2.4 implies the assertion of the theorem.

(i1) By item (i) the operator in (4.4.7) belongs to the trace class for all [ € N such that
5 —1 <1 < m. The trace formula can be proved as in Theorem 3.17 (ii) with Ag,}, Ajp,],

M, v, By and B replaced by Ag g, ANj e M, ¥, 1/B and 0, respectively. O

In next theorem we get &, o-properties of the resolvent power difference of Ag g and
Afree-
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Theorem 4.26. Let B be a real-valued function on ¥ such that 1/B € L*(X), and let
As g ANjie and Aggee be the self-adjoint operators defined in (4.3.5), (4.1.11) and (4.1.12),

respectively. Let M be the Weyl function from Proposition 4.9. Assume that the potential V
satisfies V € sz mfz’w(R” \ X) for some m € N. Then the following statements hold.

() Foralll=1,2,....mandall A € p(Ay g) N P(Afree)

(Asrp—A) "' —(Agee—A) ' € Sui, (LA(R™)). (4.4.8)

@) Ifm> %, then, for all | € N such that % < I < m, the resolvent power difference
in (4.4.8) belongs to the trace class, and the formula

tr ((AB’,B — A)il — (Afree — 1)71)

-1 . R R
—~ (l_ll)!tr (d‘;l_l ((I—M(A)ﬁ‘l) 1M(7L)_1M’()L)>>

holds.

Proof. (i) Letus fix Ag € p(As ) NP(Afree) NP (AN,ie). By Theorem 4.18 (i)

(Afree - )‘0)_[ - (AN,i,e - )'O)_l S 6%1700 <L2 (R")) (4.4.9)
By Theorem 4.25 (i)
(Asrp—20) " = (Anie = 20) ' €6 41 L(LP(RY). (4.4.10)

Taking the difference of (4.4.9) and (4.4.10) we get the claim for all A € p(As g) N
P (Afree) NP (AN ie)- In order to include the points in the discrete set p(As g) NP (Afree) N
0 (An,ie) We argue with contour integrals.

(ii) By item (i) the operator in (4.4.8) belongs to the trace class for all / € N such that
% < I < m. The trace formula can be proved as in Corollary 3.19 (i1) with A[B], Ap, AN,

M and B replaced by Ag g, Afrees AN jes M and B -1 respectively. [

The following corollary is the counterpart of Corollary 4.23 for the scattering system
{AS’,ﬁ;Afree}-

Corollary 4.27. Let the assumptions be as in Theorem 4.25. If the potential V satisfies
Ve Wzk’w(]R” \X) with k > n— 3, then the wave operators W (Ag g,Agrec) exist and are
complete, and hence the absolutely continuous parts of Ag g and Asree are unitary equiva-
lent.

Remark 4.28. In particular, if V = 0, then W (As g, Afree) exist and are complete in any
space dimension n > 2. Furthermore, we obtain that 6,c(Ag/ g) = [0, ).
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Remark 4.29. In Chapter 3 trace formulae were proven for C*-smooth coefficients, whereas
in this chapter we formulate trace formulae for rough potentials and say that the proof is
analogous. In the complete proofs of Theorem 4.17 (ii), Theorem 4.18 (ii), Theorem 4.22 (ii),
Theorem 4.25 (ii) and Theorem 4.26 (ii) one should tackle the smoothness of the potential
V carefully, using Lemma 4.15.

4.5 Sesquilinear forms approach

Another rigorous way to define self-adjoint Schrodinger operators with surface interactions
uses closed semi-bounded sesquilinear forms and the first representation theorem. We
show below that both approaches lead to the same operators. The sesquilinear form in the
d-case is well-known, see e.g. [BEKS94], while the form in the &’-case is new to the best
of the author’s knowledge.

Throughout this section we always assume that V = 0 and we write —As o and —Ag g
instead of A5 o and Ay g, respectively. Using sesquilinear forms we also prove finiteness
of the negative spectra of —As o and —Ag 5.

4.5.1 Definitions via sesquilinear forms

In the first proposition of this subsection we provide a closed semi-bounded sesquilinear
form such that the self-adjoint operator —Ag , corresponds to this form by the first repre-
sentation theorem.

Proposition 4.30. The sesquilinear form

ts.alf 8= (Vf,Ve) — (afls,gls)y

defined for f,g € H'(R") is symmetric, closed and semi-bounded from below. The self-
adjoint operator corresponding to ts o is —Ag o, i.e.,

(—As.af8) =ts5.alf 8]
holds for all f € dom(—Ags o) and g € H'(R").

Proof. Since a is a real-valued function, it follows that the form ts , is symmetric. In
order to show that this form is closed and semi-bounded, we consider the forms

t[f,g]:==(Vf,Vg) and {[f g]:=—(afls,gls)y

on H'(R"), so that ts o = t+t holds. Note that t is closed and non-negative. Lett € (%, 1)
be fixed. Since the trace map is continuous, there exists ¢; > 0 such that || f|x|| H-12(3) =
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i

that for every € > 0 there exists a constant Cj(€) such that
1 flzlle < el fillar o < €llfill ey + Gi(E)fill 2oy (4.5.1)

holds forall f = f;® fo € H'(R"). Since || f| g1 rry > | fill 1 (o) a0d | £l 2y > 1fill 220
the estimate (4.5.1) implies

1flzlls < ellfllgr@n +CGi(e)lfllr2(gn) (4.5.2)

The estimate (4.5.2) yields that the form t' is bounded with respect to t with form bound
< 1, and hence ts o =t+ t' is closed and semi-bounded by [K95, Theorem VI1.1.33]. Thus
by the first representation theorem [K95, Theorem VI.2.1] the self-adjoint operator —Kg}a
corresponds to the form t; 4.

ct|l fill e () is valid for all f = fi@ fe € H'(R"). Hence it follows from Ehrling’s lemma

It remains to show that —35706 = —As o First we show the inclusion dom(—As o) C
domts . For this let f = f; @ fe € dom(—A; ). According to (4.2.6) we have, in partic-
ular,

REHH(Q) CH' (Qy), feeH*(Q) CH'(Q), and filz = fels.

Making use of [AF03, Theorems 5.24 and 5.29] a standard extension argument implies
that f € H'(R") and hence dom(—Aj o) C domtg 4.

Next let f = f; @ fe € dom(—As ) and g = g; @ ge € domts ,. Then t5 o[f,g] is well
defined. By the first Green’s identity (4.1.7) we have

(VA V)i — 0y filz, &ils)z = (—Afi, 8)is
(eravge)e - (9vefe\z,ge\2)z = (_Af67ge)e-

Using this and the relation ¢t f|z = dy, fe|s + 9y, fi|x we obtain

ts.alf 8] = (Vf,Vg) — (aflz.gls)y
= (thvgl)l + (er7Vge)e - (8Vifi|):7gi|2)2 - (a\/efe|27ge|2)z
= <_Afl7g1)1 + (_Afe;ge)e = (_Afag)

Now the first representation theorem (see [K95, Theorem VI.2.1]) implies that f € dom(—Z(;’a)
and —Ag of = —Af; thus —Ag o C —As 4. Since both operators —As , and —Ag , are
self-adjoint, we conclude that —Ag 5 = —Ag -

[

In the second proposition of this subsection we provide a symmetric closed semi-bounded
sesquilinear form such that the self-adjoint operator —Ag: 5 corresponds to this form by
the first representation theorem.
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Proposition 4.31. The sesquilinear form
ty plf,8] == (Vf,Ve) = (B~ (felz — filz) gelz — &ilz) y

defined for f,g € H'(R"\ X) is symmetric, closed and semi-bounded from below. The
self-adjoint operator corresponding to tg g is —Ag g, i.e.,

(—Aspf,8) =ts plf g
holds for all f € dom(—Ag g) and g € H' (R"\ X).

Proof. Since 3 is a real-valued function, it follows that the form ts g is symmetric. In
order to show that it is closed and semi-bounded, we consider the forms

tlf,8]:=(Vf,Vg) and {t[f.gl:=—(B " (felx— filx).8elz — g&ilx)s

on H'(R"\ ), so that typ=1t+ t' holds. Note that t is closed and non-negative. Let
t e (%,1) be fixed. Since the trace map is continuous, there exists ¢; > 0 such that
I filellg12(x) < cillfill (o) s valid for all f; € H'(€;). Hence it follows from Ehrling’s
lemma that for every € > 0 there exists a constant C;(€) such that

1 filslls < cllfillar ey < ellfill @) +CGi(E)Ifill 2@ (4.5.3)

holds for all f; € H'(Q;). We decompose the exterior domain in the form Q. = Qe 1UQe 2,
where Q. ; is bounded, €., is unbounded, and the C*-boundary of Q. ; is the disjoint
union of X and dQ.». The restriction of a function f; to Q1 is denoted by f. 1. Then
again the continuity of the trace map and Ehrling’s lemma show that for every € > 0 there
exists a constant Ce(€) such that

1 felells = Il fe.r

zllz < fetloge, 200, 1)
< nge,l |H1(Qe_’1) +Ce(8)||fe,l L2(Qe1) 4.5.4)
< ellfellgr o) +Ce(E) fell 200

holds for all f. € H 1 (Qe). The estimates (4.5.3) and (4.5.4) yield that the form t’ is bounded
with respect to t with form bound < 1, and hence ts g =t+ t’ is closed and semi-bounded
by [K95, Theorem VI.1.33]. The remaining statement follows from [K95, Theorem VI.2.1]
and similar arguments as in the proof of Proposition 4.30. [

4.5.2 Finiteness of negative spectra

In this subsection we show that the negative spectra of the self-adjoint operators —Ag 4
and —Ag g are finite. We recall some preparatory facts on semi-bounded quadratic forms
first.
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Definition 4.32. For a (not necessarily closed or semi-bounded) quadratic form q in a
Hilbert space H we define the number of negative squares x_(q) by

K_(q) :=sup { dimF : F linear subspace of domq ,
such thatV f € F\ {0}: q[f] < O}.

Assume that A is a (not necessarily semi-bounded) self-adjoint operator in a Hilbert space
‘H with the corresponding spectral measure E4 (-). Define the possibly non-closed quadratic
form s by

salfl == (Af,f)n, domsy, :=domA.

If, in addition, A is semi-bounded, then by [K95, Theorem VI.1.27] the form s4 is clos-
able, and we denote its closure by 54. According to the spectral theorem for self-adjoint
operators and [BS87, 10.2 Theorem 3]

dimran E4(—e0,0) = k_(84) = K_(54). (4.5.5)

In particular, if k_(s,4) is finite, then the self-adjoint operator A has finitely many negative
eigenvalues with finite multiplicities.

Now we are ready to formulate and prove the main results of this subsection. We mention
that finiteness of the negative spectrum in the case of d-potentials on hypersurfaces was
also shown in [BEKS94] by other methods.

Theorem 4.33. Let o, 3: ¥ — R be such that o, 1/ € L*(X) and let the self-adjoint
operators —Ags o and —Ag g be as above. Then the following statements hold.

(1) Gess(—AS,a) = Gess(_AB’,ﬁ) = [0,00).

(i) The self-adjoint operators —Ag o and —Ag g have finitely many negative eigenval-
ues with finite multiplicities.

Proof. (i) According to Theorem 4.22 (i) the resolvent difference of the self-adjoint oper-
ators —Ag o and —Agee is compact; thus

Gess(_Aé,a> = Oess(—Afree) = [0,0).

Analogously, according to Theorem 4.26 (1) the resolvent difference of the self-adjoint
operators —Ag g and —Agree 1s also compact. Hence

Gess(_AS’,ﬁ) = Gess(_Afree) = [O;°°)-
(i1) Let us introduce the (in general non-closed) quadratic forms

E_Aﬁ.a [f] = (_A5,05f7f)7 dom(ﬁ—Aa,a) = dOIIl(—A&a),
5_A5’,ﬁ [f] = (_AS’,ﬁfaf)v dom(s_AS,_B) = dOIIl(—A&ﬁ).



88 4 Schrodinger operators with 8 and &' -potentials supported on hypersurfaces

Applying the first Green’s identity (4.1.7) to these expressions and taking the definitions
(4.2.6), (4.3.5) of the domains of the operators —As 4, —Ag g Into account we obtain

S*Aé,a[f] = (—Afl,fl)1+ (_Afﬁhfe)e
= (VA VE), = @il ile)s + (Ve Vo) = (el felx) g
= (V£,VF) = (aflz. fls)s

and

S_ag s lf] = (Affi) + (ZAfe. fo).,
= (VA.VE),— Oufile, fil) g + (Ve Vo), — (Ovfelz. felx) g
=(VEVH+ (B (fele—filg), filg)s — (B~ (felz—filg), felx) 5
= (V£ V) = (B (felz— filg), felz — filg) y-

For a bounded function 6: £ — R define the quadratic form q¢

qG[f] = (Vf,Vf) - (Gfil):nfi’Z)Z_ (Gfe’27f6‘):)27 doqu' = Hl(Rn\E)

It follows from [B62, Theorem 6.9] (cf. the proof of Proposition 4.31 above) that the
form g4 is closed and semi-bounded, and the self-adjoint operator corresponding to (4
has finitely many negative eigenvalues with finite multiplicities. Thus, by (4.5.5), we have
K_(qg) < 0. It can easily be checked that

dom(s_a;,) C dom(qq|2) and Vfe€dom(s_a,,): 5-as,[f] > qja)2[f]-
Using the inequality |a — b|? < 2(|a|> +|b|?) for complex numbers a, b we obtain
dom(s_a, ,) C dom(qy/p)) and Vf€dom(s_ay ): 5-ay ,[f] > a2/p([f]-
These observations yield that
K (85-85,) S K-(Qa2) <oo and K (s_ay ;) < K- (a2/p)) <.

From this and (4.5.5) it follows that the negative spectra of —Ags , and —Ag g are finite.
]

4.6 Comments

Schrodinger operators with point d-interactions in the simplest one-dimensional case ap-
peared already more than eighty years ago in the paper [KP31] by Kronig and Penney,
where they were used in the quantum mechanical model of a charged free particle in a
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one-dimensional lattice. It took thirty years, until a model of a point -interaction in the
three-dimensional case based on the operator extension theory was proposed by Berezin
and Faddeev in [BF61]. An approach to point interactions in arbitrary space dimensions
based on Pontryagin spaces was developed by Shondin [Sho88]. For more details on point
interactions see the monographs [AGHHOS5, AKOO] and the references therein.

Schrodinger operators with 8 and 8’-potentials on hypersurfaces were investigated system-
atically first only in the late 80s under additional symmetry assumptions in [AGS87,Sh88]
by Antoine, Gesztesy and Shabani. In these papers the main tool of analysis is the reduc-
tion to Sturm-Liouville operators via separation of variables. A rigorous approach to the
definition and the spectral analysis of Schrodinger operators with §-interactions on general
hypersurfaces is provided in [BEKS94] by Brasche, Exner, Kuperin and Seba. In particu-
lar, Krein’s formula and a variant of the Birman-Schwinger principle in Theorem 4.6 are
already contained in [BEKS94, Corollary 2.1 and Corollary 2.3], which are derived from
the corresponding sesquilinear form, cf. Proposition 4.30.

The development of an approach to &’-interactions on general hypersurfaces has been
posed as an open problem in [EO8, Open problem 7.2]. The treatment of these poten-
tials is more involved because they are more singular. In the thesis a solution of this open
problem is presented.

Schatten-von Neumann estimates for the resolvent power differences of the free operator
Afree and the decoupled operators Ap ;. and Ay ; . Were investigated by Deift and Simon
[DS75, Lemma 3], Jensen and Kato [JK78], Bardos, Guillot, and Ralston [BGRS82], Grubb
[G84a] and more recently by Carron in [Ca02, Théoreme 1.1] and by Alpay and Behrndt
in [AB09, Theorem 4.4 (iii)]. It seems that analogous estimates for & and &’-couplings,
given in Theorems 4.22, 4.25 and 4.26, were not obtained before. The trace formulae in
Subsection 4.4.2 extend the corresponding trace formula in [Ca02, Théoreme 2.2] to the
case of & and &’-couplings.

The proof of finiteness of the negative spectra for the operators —Ags , and —Ag g in
Theorem 4.33 is reduced to a result by Birman [B62, Theorem 6.9], which states finiteness
of negative spectra of Robin Laplacians on exterior domains. In the case of d-interactions
finiteness of negative spectra can also be deduced from the spectral estimates in [ BEKS94,
Theorem 4.2 (iii)]. The operator —Ag/ g with 8 having unbounded inverse can be treated
as in Marletta and Rosenblum [MRO09], and in this case the number of negative eigenvalues
can be infinite.

Finally, we mention some of the recent significant papers in the area of interactions sup-
ported on hypersurfaces: Brown, Eastham, and Wood [BEW09], Exner [E03, E05], Exner
and Fraas [EF09], Exner and Ichinose [EIO1], Exner and Kondej [EK02, EK03], Exner
and Yoshitomi [EY02], Kondej and Veselic [KV07] for studies of eigenvalues; Birman,
Shterenberg, and Suslina [BSS00], Exner and Fraas [EF07], Exner and Yoshitomi [EYO1],
Suslina and Shterenberg [SuSh01] for results on the absolutely continuous spectrum; Exner
and his co-authors [EKO5, ENO3, EY02a, EY04] for related problems on Schrédinger op-
erators with d-interactions. The contents of these papers are partially reviewed in [E08],
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see also the references in this review paper.



S ROBIN LAPLACIANS ON A HALF-SPACE

In this chapter we define self-adjoint Laplace operators on a half-space subject to Robin
and more general non-local self-adjoint boundary conditions. We provide an analogue of
the Birman-Schwinger principle for the characterization of the point spectra and Krein’s
formula for the resolvent differences.

Furthermore, we give a sufficient condition for H>-regularity of the operator domains. As
the underlying problem of this chapter we study compactness of the resolvent differences
and Schatten-von Neumann properties of the resolvent power differences of self-adjoint
Robin Laplacians. The non-compactness of the boundary leads to serious changes in the
proofs in comparison with the previous chapters. The Schatten-von Neumann estimates in
this chapter complement the works [GorK82, DM91, B62]. The material of this chapter is
partially contained in the work of the author [LR12].

5.1 Preliminaries

Let R"}, n > 2, be the half-space {(x’ ,xn)T: ¥ eR1x, e R+} with the boundary
dR. We denote by (-,-) and (-,-)gge the inner products in the Hilbert spaces L*(R")

and Lz(aRi), respectively. Throughout this chapter we deal with the Laplace differential
expression on R’,.. For a function f € C*(IR".) we introduce the following trace

v florr = =0, flowr -
For s > 3 /2 the trace mapping
HY(RY) S £ { flose,Ovfloms } € HV2(ORY) x HS32(0RY)  (5.11)
is the extension by continuity of the trace mapping defined on C”-functions and the map-

ping in (5.1.1) is surjective onto Hs_1/2(8R’i) X HS_3/2(8R:L). Besides the Sobolev
spaces H*(R’,) defined in Section 2.3 we also actively employ the spaces

Hy(RY):={feH'(RY): Afe L*(R%)}, s>0. (5.1.2)

Observe that for s > 2 the spaces H3 (R’ ) and H*(R",) coincide. We also note that for
s € (0,2) the space H(R" ) can be viewed as an interpolation space between H>(R".) and
Hg(R’}r). By [F67] the trace mapping admits an extension by continuity to the mapping

HA(RY) > f = { flagn, Ovflamy } € H'™'P(IRL) x H 2 (9RY), (5.1.3)

91
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with s € [0,2), where the mappings

HY(RY) S f = flogy € H'2(IRY), s€[0,2), 514
HA(R) S £+ dyflorn € H2(IRY), s€0,2), h

are surjective onto H*~'/2(9R".) and onto H*~3/2(dR".), respectively. We also recall that
for f,g € HZ/ 2(]R’i) the second Green’s identity

(—Af.8) = (f:=Ag) = (flary: Ovslorr ) ey — (8lomey»IvSflovr) ser (5.1.5)

holds.

The minimal symmetric operator
Af:=—Af, domA :=Hj(R"),
is closed and densely defined in L2(R".) with the adjoint of the form
A*f=—Af, domA* = HJ(R").
Self-adjoint extensions of A subject to Dirichlet and Neumann boundary conditions
Apf :=—Af, domAp:={feH*(R}): flyrs =0},
ANf:=—Af, domAy:={f € H*(RL): dyflors =0}

will be actively used further. For the proof of their self-adjointness we refer to [GO9,
Chapter 9].

(5.1.6)

5.2 Half-space Laplacians with general self-adjoint boundary
conditions

In this section we make use of quasi boundary triples for a proper definition and study of
self-adjoint realizations A g of —A subject to a non-local boundary condition

Bflorn = vflorn

with a bounded self-adjoint operator B in L>(dR™).

5.2.1 A quasi boundary triple and its Weyl function

For a definition of a quasi boundary triple for A* we specify the operator T as below

Tf:=—Af, domT :=H)*(R"), (5.2.1)
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where the space Hz/ Z(Rﬁ) is defined in (5.1.2). We require also the boundary mappings

To: domT — L*(dR™), Tof:= v florn »
(5.2.2)
Ty: domT — L*(0RY), Tif:= flogs -

In the first proposition of this section we prove that {L*(dR".),[,T'; } is a quasi boundary
for A* and we show some basic properties of this quasi boundary triple.

Proposition 5.1. Let the self-adjoint operators AN and Ap be as in (5.1.6). Let the
operator T be as in (5.2.1) and the mappings 1'g,I'1 be as in (5.2.2). Then the triple
I = {L?(dR"),To,['1} is a quasi boundary triple for A*. The restrictions of T to the
kernels of the boundary mappings are

T [kerI'g=ANn and T |[kerl'| =Ap;
and the ranges of these mappings are
ran[p = L*(dR") and ranT| =H'(IR").

Proof. In order to show that the triple IT is a quasi boundary triple for A* we use Propo-
sition 2.9. Let us check that the triple II satisfies the conditions (a), (b) and (c) of that
proposition. Since H*(R™) C domT, by (5.1.1) we have

n n r
H'2(0R"™) x H*?(9R™) C ran <F(1)) .

The set H'/2(dR™) x H3/?(dR™.) is clearly dense in L?(dR".) x L?>(dR".). Note that also
the set kerI'g NkerI'; D Ci(R’,) is dense in I? (R% ). Thus the condition (a) is verified.
The abstract Green’s identity

(Tf.g)—(f.Tg) = (Flfyrog)am - (Fof,rlg)am

for all f,g € domT is equivalent to (5.1.5). The condition (b) is also checked. The operator
T | kerI'y contains the self-adjoint Laplacian Ay subject to Neumann boundary condition
on JR’.. Thus the condition (c) holds for the triple IT. Therefore, by Proposition 2.9
the triple II is a quasi boundary triple for the adjoint of the closed symmetric operator
T (kerFo ﬂkerFl).

It remains to show that 7' | (kerFo N kerFl) = A. The operator T | kerI'( contains the
self-adjoint operator AN and the operator 7' | kerI'; contains the self-adjoint operator Ap.
By the abstract Green’s identity the operators T | kerI'g and T | kerI'; are both symmetric,
thus T [ kerl'g =An and T [ kerI'; = Ap. As a consequence

T | (kerToNkerT'y) = (T | kerTy) N (T [ kerl'}) = ANNAp =A.



94 5 Robin Laplacians on a half-space

Hence the triple IT is a quasi boundary triple for A*.
The properties of the boundary mappings

ran[p=L*(dR%) and ranly =H'(JR2)
follow from (5.1.4) O

In the next proposition we clarify the basic properties of the y-field and the Weyl function
associated with the quasi boundary triple IT from Proposition 5.1. In the terminology
of [G09], these operators turn out to be the Poisson operator and the Neumann-to-Dirichlet
map, respectively.

Proposition 5.2. Let the self-adjoint operators Ap and AN be as in (5.1.6). Let I1 be
the quasi boundary triple from Proposition 5.1. Let Yy and M be, respectively, the y-field
and the Weyl function associated with the quasi boundary triple I1. Then the following
statements hold.

(i) The y-field v is defined for all A € C\ R4 and
Y(A): L2(ORY) — LX(RY),  ¥(A)f = fal9),
where f5 (@) is the unique solution in the space Hz/ Q(Ri) of the problem

(-A—=A)f=0, inRL,
ovflorn =@, ondRL.

(ii) The Weyl function M is defined for all L € C\ R} and
M(R): L*(IRY) — L*(IRY), M(A)9 = fo(®)|aer

where f) (@) = y(A)@. The operator M(A) maps L*(OR™) onto H'(dR™). For

A <0 it holds that |[M(A)|| < ﬁ and, in particular, the limit property

lim ||M(2)[| =0

A——oo

holds.

Proof. As a preliminary step, note that 6(Ap) = 6(Ax) = Ry and thus C\ Ry = p(Ap) N
P (AN).
(1) The mapping properties of the y-field y follow from (5.2.1), (5.2.2) and Definition 2.10.

(i1) The mapping properties of the Weyl function follow from (5.2.2), Definition 2.10,
Proposition 2.11 (ii1), and Proposition 5.1.

For A < 0 the Weyl function M can be represented as

M) = (~Ager —2)7'72,
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where —Apa—1 is the standard self-adjoint Laplace operator in L>(R"~!) with the usual
domain H?*(R"~!), see, e.g., [G09, Chapter 9]. As a consequence of this representation we
obtain

1
M) < NavE

and the limit property follows automatically. 0

5.2.2 Self-adjointness and Krein’s formulae

In the next theorem we provide a factorization (Krein’s formula) for the resolvent differ-
ence of the self-adjoint operators Ay and Ap.

Theorem 5.3. Let AN and Ap be the self-adjoint operators as in (5.1.6). Let Y and M be
the y-field and the Weyl function from Proposition 5.2. Then the formula

(An—2)""=(Ap =)' =y()M(2) ' y(A)*
holds for all A € C\R.
Proof. Krein’s formula follows from Theorem 2.13 (ii) with Ag = Ay and A} = Ap. ]

Further, we define Laplace operators on the half-space with non-local boundary condi-
tions.

Definition 5.4. For a bounded self-adjoint operator B in L*(dR™.) we define the restriction
Ap of T as below
A[B] =T [ker(BFl —Fo), (5.2.3)

which is equivalent to

Apf=—Af, domAp = {f e HyY (RY): Bflomn = avf|8R1}~

AN
C e
A CAg C T C T = A~
e C
Ap

Figure 5.1: This figure shows how the operator Ap) is related to the other operators intro-

duced in this chapter. The operators A, Ap and A p) are self-adjoint in LZ(Rﬁ),
cf. Theorem 5.5.
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In the next theorem we show that the operator Ap) is self-adjoint. Moreover, we establish a
characterization of the point spectrum of A | in terms of the point spectrum of the operator-
valued function I — BM(-) and we provide a factorization for the resolvent difference of
A[B} and AN.

Theorem 5.5. Let AN be the self-adjoint operator as in (5.1.6). Let Y and M be the Y-field
and the Weyl function from Proposition 5.2. Let B be a bounded self-adjoint operator in
Lz((?R’}r). Let Ajp) be the operator corresponding to B via (5.2.3). Then the following
statements hold.

(i) The operator A is self-adjoint in the Hilbert space L*(R™) and
A > —||BI.
(i) Forall A e R_
A EGP(A[B]> <~ OEGP(I—BM(A,)),

and the multiplicities of these eigenvalues coincide.

(iii) The formula
_ _ 1, vk
(A —A) ' = (An—2)"" =y(A)(1-BM(2))” BY(%)
holds for all A € p(Ajg) NP (AN).

Proof. (i) By Proposition 5.1 the range of the boundary mapping 'y coincides with the
auxiliary Hilbert space Lz(aR’i). By assumptions the operator B is bounded and self-
adjoint in L>(9R™.). Hence, by Proposition 5.2 (ii) for all A < —||B||? the condition

M) -]B] <1,
holds, and Theorem 2.21 implies the statement.

(i1) The equivalence between the point spectra is a consequence of Proposition 2.14.

(ii1) Krein’s formula follows from Corollary 2.16 in view of the self-adjointness of Ap).
]

In the next theorem we obtain a factorization (Krein’s formula) for the resolvent difference
OfA[Bl] and A[Bz}-

Theorem 5.6. Let AN be the self-adjoint operator from (5.1.6), and let ¥ and M be the
Y-field and the Weyl function from Proposition 5.2. Let B and B, be bounded self-adjoint
operators in L2(8Ri), and let Aig,| and A, be the self-adjoint operators corresponding
via (5.2.3) to By and By, respectively. Then the formula

(A, —2A) ' = (A —2) ' =
YAY(I—BoM(A)) ™ (Ba—By)(I—M(L)By) " y(A)*
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holds for all A € p(Ag,)) NP(Ag,)) NP (AN). In this formula the middle terms satisfy
(I—=B2M(A))™",(I-M(A)B1)~" € B(L*(9RY}))

for all A < —max{||B1|?,||B2|I*}.

Proof. Krein’s formula follows from Theorem 2.17, and self-adjointness of Ajg,; and Ag,).
According to Proposition 4.2 (ii) we immediately get for all A < —max{||B; |, ||B2|*}
the inequalities ||[B;M(A)|| < 1 with i = 1,2, which imply the properties of the middle
terms. [

Furthermore, we formulate an analogue of Theorem 3.7 for the half-space case with anal-
ogous proof which is omitted.

Theorem 5.7. Let B be a bounded self-adjoint operator in L*(dR™), and let Ap) be the
operator corresponding to B via (5.2.3). Assume that

feH'(ORY) — BfeH'?R").
Then the inclusion domA g C H 2(R™) holds.

If B is an operator of multiplication with a real-valued bounded function 3, then we agree
to write Ag] instead of A(p).

Corollary 5.8. Assume that B € W'(dR™). Then the inclusion domAg C H*(RY)
holds.

5.3 Operator ideal properties of resolvent power differences and trace
formulae

Throughout this section we focus only on self-adjoint extensions with local Robin bound-
ary conditions, namely

Apfi=—Af, domAp :={f € Hy*(RY): Bflomy = floms },  (5.3.1)

where f is a real-valued L*-function. We obtain sufficient conditions on 3, — B; ensuring
compactness or certain Schatten-von Neumann properties of the resolvent differences or
the resolvent power differences of the self-adjoint operators Ajg, and Ag,). For the trace
class resolvent power differences we provide the corresponding trace formulae.
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5.3.1 Compactness of resolvent differences

In this subsection we give a sufficient condition on 3, — B; for compactness of the resolvent
difference of Ajg,) and Ag,). This condition includes the case of uniformly vanishing B2 —
P1 with respect to all directions and also more general situations. In the particular case
B =0,ie. Ap,] = AN, we pass to the conclusions about the absolutely continuous parts of
the operators using recent results of the work [MN12].

Let us recall condition (2.3.6) on a function & € L*(dR".), which is given first in Subsec-
tion 2.3.2, namely

p({x € R :|a(x)| > €}) <o, foralle >0, (5.3.2)
here p denotes the Lebesgue measure on dR’} .

Theorem 5.9. Let real-valued By, B, € L”(dR") be such that B := B, — i satisfies con-
dition (5.3.2), and let Ajg ) and A, be the self-adjoint Robin Laplacians on the half-space
corresponding via (5.3.1) to By and B,, respectively. Then the following

(Apy—2) " = (Ajp —A) ' € B (L*(RY))
holds for all A € p(Aig,)) Np(Ajg,))-

Proof. Let us fix Ay < —max{||B1]|2,]|B:]|2}. Let v and M be the y-field and the Weyl
function from Proposition 5.2. Theorem 5.6 claims, among other, that

(I—BM(20)) ", (I—M(R0)B1) " € B(L*(IRY)). (5.3.3)
Note that the mapping I’y is surjective onto Lz(aRj’_), hence, by Proposition 2.11 (i)
Y(%o) € B(L*(9RY),L*(R™)), (5.3.4)
and the adjoint of y(Ag) can be represented as
Y(%)" =T1(AN—20) "

Note that ran((Ax — A9) ') C H*(R") and that Iy is the usual trace. Thus, by (5.1.1) it
holds that
ran(y(Ao)*) C H**(dR") C H'(IR%). (5.3.5)

According to Proposition 5.2 (ii), we get
ranM(X) = H' (IR™). (5.3.6)

Note that in view of (5.3.3) for an arbitrary y € L2(dR".) the element

9= (1-M20)B1) " 7(ho)*w
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is well-defined. Applying the operator I —M(Ap)f; to both hand sides in the last equation,
we obtain using (5.3.5) and (5.3.6) that

0 = y(Ao) W +M(Ao)Bro € H' (IRY).

Now Lemma 2.23 and the assumptions on 3 yield

B(I—M(20)B1) '7(k)" € G (LX(R]), L2 (IRY)). (5.3.7)

According to the factorization from Theorem 5.6 with B; = ) and B, = 3,

(Aggy) —A0) ™ = (Ajp —A0) ™"
= Y(A) (I - BaM(R0)) ™ B(I—M(A0)B1) ™ 7(2o)*,

and using (5.3.3), (5.3.4) and (5.3.7) we get the claim for the point A = Ay. Finally, ap-
plying Lemma 2.2 with m = 1 and 2 = &., we get the statement for all 1 € p(Ajg,) N
L]

P(Ag,))-

The corollary below follows from the theorem above and [MN12, Proposition 5.11 (v) and
(vii)]

Corollary 5.10. Let the self-adjoint operator AN be as in (5.1.6). Let a real-valued B €
L>(9dR") satisfy the condition (5.3.2), and let Ajg) be the self-adjoint Robin Laplacian on
the half-space corresponding to B via (5.3.1). Then the operator AN and the absolutely
continuous part of the operator Ajg) are unitary equivalent.

5.3.2 Elliptic regularity and related G, and S, .-estimates

In this subsection we obtain regularity of the functions (Ag) — A)~1f under certain as-
sumptions on the smoothness of f and 8. These results are then used to obtain estimates
of singular values for certain compact operators appearing in the representation of resol-
vent power differences of the self-adjoint operators Ag,; and Ag,).

In the next lemma we show smoothing properties of the y-field y and the Weyl function M
from Proposition 5.2.

Lemma 5.11. Let the self-adjoint operator AN be as in (5.1.6). Let Yy and M be the y-field
and the Weyl function from Proposition 5.2. Then the following smoothing properties

ran (y(A) | H'(ORY)) € HP3P(RY),
ran (M(A) | H*(JR")) C H*"' (9R™),

hold for all A € C\ R4 and all s > 0.
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Proof. Letus fix L € C\R,. According to the decomposition
domT7 = domAy + ker(T — 1),

and, in view of (5.1.1) and (5.1.4), the mapping Iy is a bijection from H*+3/2(R"%) N
ker(T — A) onto H*(dR’} ). Hence we conclude from Definition 2.10 that the first smooth-
ing property holds. Since M(A) =T1y(A) and I’y is the usual trace, we get the second
smoothing property from (5.1.1). U

Let the spaces W5 (9R"), k € Ny, be defined as in Section 2.3. In the next lemma we
prove a more involved smoothing property. This smoothing property plays an important
role in the further considerations.

Lemma 5.12. Let v and M be the y-field and the Weyl function from Proposition 5.2. Let
B € W= (dR") be real-valued with m € N. Then the smoothing property

ran (I—M(2)B) ' y(A)* | H*(RL)) € HH/2(9R™)
holds for all A < —||B||% and all s € [0,m— 3].

Proof. Let us fix A9 < —||B]|2, and let us take an arbitrary y € H*(R"%). Recall that Ay
is the realization of the Laplace differential expression on the half-space subject to the
Neumann boundary condition, and thus Ay € p(An). Elliptic regularity of the Neumann
Laplacian on the half-space, see, e.g. [W87, Lemma 13.1], yields

(AN—20) 'y e HTA(RY). (5.3.8)
By Proposition 2.11 (i) with Ag = AN we can express ¥(Ap)* as

Y(A)* =T1(AN— )"

In view of the last expression, the property of the trace (5.1.1) and the smoothing property
(5.3.8) we get

Y(ho)*w € HP3/2(OR™). (5.3.9)
According to our choice of Ay we obtain by Theorem 5.6 that the operator (I—M(49)B) ! €
B(L?(dR™)), and thus the element

@ :=(I-M()B) v k) v

is well-defined. Applying the operator I — M(Ag)f to both hand sides of the last equation
we get

¢ =7v(A)" Vv +MA)Bo. (5.3.10)
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Suppose that ¢ € H!(dR") with some / € [0,m] NNy. According to the assumptions on f3
we conclude that B¢ € H'(dR" ). Furthermore, by Lemma 5.11

M(1)Be € H'T (IR™). (5.3.11)

Finally, the equation (5.3.10) and the smoothing properties (5.3.9) and (5.3.11) give the
following rule:

0 c Hl(aRi) — ¢c I_Imin{l-i-l,s—0—3/2}(aRi>7

which is true for all / =0, 1,2,...,m. Note that s+ 3/2 < m+ 1. We start from / = 0, and,
following the rule above, we get in the end that ¢ € H s+3/ 2(8R’3r), which is equivalent to
our claim. ]

In the next lemma we prove smoothing property for the Robin Laplacian Ajg) under some
assumptions on the coefficient 3 in the boundary condition.

Lemma 5.13. Let f € W™= (dR'}) be real-valued with m € N, and let Ag) be the self-
adjoint Robin Laplacian corresponding to B via (5.3.1). Then the smoothing property

ran ((A[ﬁ] — ) | H*(R)) C H*2(JR™)
holds for all 2 < —||B||% and all s € [0,m— 3].

Proof. Let vy and M be the y-field and the Weyl function from Proposition 5.2. Let us fix
Ao < —||B|2, and let us take an arbitrary y € H*(R™). By Theorem 5.5 (i) the operator
Arg) is self-adjoint in L*(R") and, in addition, it holds that A9 € p(Ag) Np(An). By
Lemma 4.15, with the assumption on 8 taken into account, we observe that

(1= M(2)B) ™ ¥(ho) w € HT2(IRY).
Since s+ 1/2 < m, the last observation, the assumption on 8 and (2.3.1) yield
B(I—M(20)B)~ v(ho)*w € H*12(IRY).
Applying the y-field, we get by Lemma 5.12
Y(20)B (I—M(20)B) ™ Y(Ao)* y € H*2(RY).

Note that (Ax — A9) 'y € H*"2(R™) as well. By Krein’s formula, provided in Theo-
rem 5.6, with B = 8 and B, = 0 we get

(A —20) "'y =
= (An = 20) "'y +7(A0)B(1-M(R)B) '¥(R0)"y € H(RY),
eH(RY) EH I (RY)

which is equivalent to the claim because y € H*(R’}) is arbitrary. O



102 5 Robin Laplacians on a half-space

The proposition below is the key result of this subsection and it plays a prominent role in
the proof of the main results in this chapter.

Proposition 5.14. Let the self-adjoint operator AN be as in (5.1.6). Let v and M be the
y-field and the Weyl function from Proposition 5.2. Let 3 € W2~ 1=(9R" ) with m € N
and o € L*(dR}) be real-valued, and let A(g) be the self-adjoint Robin Laplacian corre-
sponding to B via (5.3.1). Then for k=0,1,2,...,m—1 and A < —||B||% the following
holds.

(1) If a is compactly supported, or at least o0 € L2’<+3/2 (ORL) with 5 > 2, then

%03 /

a(l—MA)B) YA (A —A)* €S

2k+3/2°

-(L(R}),L*(9RY)),

(A —4) YA (1= BM(A)) '@ € & ur  (L2(ORY),LA(RY)).

2%+3/2°

(i) If o € LP(9R’) with p > 2 such that p > 2k+3/2’ then

a(I—M(A)B) ~ y(A) (Ajg —A)* € &, (L(RL), L} (OR™)),
(A —A) *y(A) (1- BM(A)) @ € &, (L2 (IR™),LA(RY)).

Proof. Let us fix Ay < —||B||2. Lemma 5.13 and the assumption on 8 imply that for
k=0,1,2,....m—1
ran ((Ag) — Ao) %) C H*(RY).

Further, we apply Lemma 5.12 and get

ran (1= M(%)B) ™ ¥(ho)" (A5 — o) ) € HAH2(IRY).

The items of this proposition follow from the corresponding items of Lemma 2.25 with
s=2k+3/2. O

5.3.3 Resolvent power differences in S, and S, .-classes and trace formulae

In the following two main theorems of this chapter we provide &, and &, ..-properties of
the resolvent power differences of the self-adjoint Robin Lapla(nans Ap,) and Ajg,j on the
half-space. For these results smoothness of ; and f3;, and decay of ; — 3, are important.
In the proofs the key idea consists in factorizing || in a proper way.

Theorem 5.15. Let 81,3, € W™~ 1=°(9R" ) be real-valued, and denote 3 := B, — 1. Let
Ag,) and Ajg,) be the self-adjoint Robin Laplacians on the half-space corresponding via
(5.3.1) to By and By, respectively. Assume that | € [1,m| NN is arbitrary.

(i) If at least one of these two conditions:
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(a) B is compactly supported;
(b) n>4land B € Lﬁ (OR™);
holds, then
(Apy—A) "' —(Ag—A) €6

forall A € p(A[m) ﬂp(Ang]).

() Ifm >3 —1,1 € N such that 5 —1 <1 < m, and at least one of the conditions (a)
or (b) in item (i) holds, then for all 1 € p(Ag,1) N p(Ag,)) the operator in (5.3.12)
belongs to the trace class, and the following formula

tr ((Apgy =)' = (Agg = 1))

1 d ,
e (d;u—l (U(;L)M (;L)))

holds, where U(A) := (I—BzM(/l))_lﬁ(I—M(l)Bl)_l.

i (LA(RY)) (5.3.12)

2[+1°

Proof. (i) Let us fix A9 < —max{||81]|2, ||82]|2}. By Theorem 5.5 the resolvent difference
of the self-adjoint operators A and Ajg) can be expressed as

(Ajp) = 40) " = (A = A0) ™
= 7(%0) (I = B2M(%0)) "' B (1 =M (A0)B1) ' ¥(0)".
For all 5 € [0, 1], we define the operators
F(Ao) :=Y(h0) (I~ PM (%)) ' 1B,
Gy(o) =sign(B) B[ (1~ M(20)B1) ' ¥(A0)".
Observe that for each s € [0, 1] the resolvent difference in (5.3.13) can be rewritten
(g —20) " = (Ap) — %) " = Fis(%0)Gi(20)-

Denote s(k) := 21;;33{2 for k=0,1,2,...,1 — 1. Hence, the operators 7; x(Ao) as in (2.1.2)

with H = Ajg,; and K = Ajg,] can be represented as

Trk(Ro) = (A, — 20) " VEF 0 ) - Gy (Ro)(Arp,) — Ao) -

If B is compactly supported (condition (a) holds), then also |B|'~*®) and sign(B)|B[*®
are compactly supported. Hence Proposition 5.14 (i) and Lemma 2.3 yield

(g — 20) " IF 4 (ho) €6

__ )
A—2k—172°%°

(5.3.13)

(5.3.14)
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If B is such that condition (b) holds, then for all k =0,1,2...,/ — 1 we obtain

_n—1 n—1
IBI1 W ¢ LT (9R™)  and sign(B)|BIP™ € L7572 (9R™).
Note that under assumption n > 4/ we have

1 1
" ~2 and —

= P oo
20— 2k—1)2 %132

forall k =0,1,2,...,] — 1. Proposition 5.14 (i) and Lemma 2.3 yield
(A —A0) VR4 (R) €6

T—2k—1727°°
Giay(A0) (g —Ao) “ €6 _pt

2%+3/2°

(5.3.15)

Now we can conclude from (5.3.14) in the case, that condition (a) holds, and from (5.3.15)
in the case, that condition (b) holds, that

7}7]{()-0) € 6 n—1 == 6 n—1

. 6 n—1 .
A—2k—172°"° %+3/2°°° 2015

forall k =0,1,2,...,/— 1. Finally, Lemma 2.4 implies the statement.

(i1) The trace formula can be proved as in Theorem 3.17 (ii) with certain modifications,
which are not explained in order to avoid repetitions. [

Corollary 5.16. If, under the assumptions of the last theorem, B is compactly supported
andm > 5 — 1, then the wave operators W1 (A(g,1,A[p,]) for the scattering pair {A(g1,Ap,) }
exist and are complete. Hence, the absolutely continuous parts of A, and Ajg,| are unitary
equivalent.

In the next theorem we consider the special case of an integrable difference of the Robin
coefficients.

Theorem 5.17. Assume thatn =2 or n =13 holds. Let B, € W1*(dR™.) be real-valued,
and assume that 3 := By — Bi € L'(OR™Y) holds. Let A, and Ag,) be the self-adjoint
Robin Laplacians on the half-space corresponding via (5.3.1) to By and B,, respectively.
Then the property

(A —A) " = (A —4) ' € &1 (L*(RY)) (5.3.16)

holds for all A € p(Aig,)) N Pp(Ag,)), and the trace of the resolvent difference in (5.3.16)
can be expressed as

(A —2) 7 = (A - 1)) = (UM (R)),

where U(A) := (I—BM(A)) "' B(I—M(2)B1) ",
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Proof. Letus fix Ag < —max{||B1]/2, || B2]|2}. Observe that
VB, V/|B|sign(B) € L*(R"1).
Note that for n = 2 or n = 3 the inequality ( D <2 holds. Hence, by Proposition 5.14 (ii)

BI(1—M(%)B1) ' v()* € &,
Y(Ao) (I - BoM(29)) \/_51gn B) € &».

By Theorem 5.5 the resolvent difference of self-adjoint operators A and Ayg,) can be
expressed as

(g —20) ™ = (g — ho) ™' = ¥(ho) (I = B2M (X)) ™' B(I = M(20)B1) ~ ¥(%0)".

In view of this factorization and of (5.3.17) we get

(A — M) = (A — ) ' €6,-6, =6

(5.3.17)

Using Lemma 2.4 we conclude that
(Ajpy) = A (Ajg,) -A)es

forall A € p(A[ﬁl]) ﬂp(A[Bﬂ)
The trace formula can be proven as in Theorem 3.17 (ii). ]

Corollary 5.18. Under the assumptions of the last theorem, the corresponding wave op-
erators Wi (Ag,1,A|p,)) for the scattering pair {Ag,),A(p, } exist and are complete. Hence,
the absolutely continuous parts of Ajg,| and Ap,) are unitary equivalent.






REFERENCES

[AGW10] H. Abels, G. Grubb, and I. Wood, Extension theory and Krein-type resolvent
formulas for non-smooth boundary value problems, arXiv:1008.3281.

[AFO3] R. A. Adams and J.J. F. Fournier, Sobolev Spaces, 2nd edition. Pure and Applied
Mathematics, vol. 140. Elsevier/Academic Press, Amsterdam, 2003.

[ADNS59] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solu-
tions of elliptic partial differential equations satisfying general boundary conditions.
I. Comm. Pure Appl. Math. 12 (1959), 623-727.

[A90] M.S. Agranovich, Elliptic Operators on closed Manifolds, in: Partial differential
equations, VI, Encyclopedia Math. Sci., vol. 63, Springer, Berlin, 1990, pp. 1-130.

[AGHHOS] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, and H. Holden, Solvable Models
in Quantum Mechanics. With an appendix by Pavel Exner. AMS Chelsea Publishing
(2005).

[AKOO] S. Albeverio and P. Kurasov, Singular Perturbations of Differential Operators.
Solvable Schrodinger type operators, London Mathematical Society Lecture Note
Series. 271. Cambridge: Cambridge University Press, 2000.

[ABO9] D. Alpay and J. Behrndt, Generalized Q-functions and Dirichlet-to-Neumann
maps for elliptic differential operators, J. Funct. Anal. 257 (2009), 1666—1694.

[APO4] W. O. Amrein and D. B. Pearson, M-operators: a generalisation of Weyl-
Titchmarsh theory, J. Comput. Appl. Math. 171 (2004), 1-26.

[AGS87] J.-P. Antoine, F. Gesztesy, and J. Shabani, Exactly solvable models of sphere
interactions in quantum mechanics, J. Phys. A 20 (1987), 3687-3712.

[AGMT10] M.S. Ashbaugh, F. Gesztesy, M. Mitrea, and G. Teschl, Spectral theory for
perturbed Krein Laplacians in nonsmooth domains, Adv. Math. 223 (2010), 1372—
1467.

[BF62] W.G. Bade and R.S. Freeman, Closed extensions of the Laplace operator de-
termined by a general class of boundary conditions, Pacific J. Math, 12 (1962),
395-410.

[BGRS82] C. Bardos, J. C. Guillot, and J. Ralston, La relation de Poisson pour 1’équation
des ondes dans un ouvert non borné. Application a la théorie de la diffusion., Comm.
Fartial Differential Equations 7T (1982), 905-958.

[Be65] R. Beals, Non-local boundary value problems for elliptic operators, Amer. J. Math.
87 (1965), 315-362.

[BLO7] J. Behrndt and M. Langer, Boundary value problems for elliptic partial differential

107



108 References

operators on bounded domains, J. Funct. Anal. 243 (2007), 536-565.

[BL12] J. Behrndt and M. Langer, Elliptic operators, Dirichlet-to-Neumann maps and
quasi boundary triples, London Math. Soc. Lecture Note Series 404 (2012), 121-
160.

[BLLT10] J. Behrndt, M. Langer, 1. Lobanov, V. Lotoreichik, and I. Yu. Popov, A remark
on Schatten—von Neumann properties of resolvent differences of generalized Robin
Laplacians on bounded domains, J. Math. Anal. Appl. 371 (2010), 750-758.

[BLL13] J. Behrndt, M. Langer and V. Lotoreichik, Spectral estimates for resolvent dif-

ferences of self-adjoint elliptic operators, Integral Equations Operator Theory 77
(2013), 1-37.

[BLL13a] J. Behrndt, M. Langer and V. Lotoreichik, Schrodinger operators with 6 and
0’-potentials supported on hypersurfaces, Ann. Henri Poincaré 4 (2013), 385-423.

[BLL13b] J. Behrndt, M. Langer, and V. Lotoreichik, Trace formulae and singular values
of resolvent power differences of self-adjoint elliptic operators, J. London Math.

Soc. (2). 88 (2013), 319-337.

[BMNOS8] J. Behrndt, M. M. Malamud, and H. Neidhardt, Scattering matrices and Weyl
functions, Proc. London Math. Soc. 97 (2008), 568-598.

[BR12] J. Behrndt and J. Rohleder, Titchmarsh-Weyl theory for Schrodinger operators on
unbounded domains, arXiv:1208.5224.

[BF61] F. A. Berezin and L. D. Faddeev, Remark on the Schrodinger equation with singu-
lar potential. (Russian), Dokl. Akad. Nauk SSSR 137 (1961), 1011-1014.

[B56] M. Sh. Birman, On the theory of self-adjoint extensions of positive definite opera-
tors, Mat. Sb. (N.S.) 38 (80) (1956), 431450 (in Russian).

[B62] M. Sh. Birman, Perturbations of the continuous spectrum of a singular elliptic oper-
ator by varying the boundary and the boundary conditions, Vestnik Leningrad. Univ.
17 (1962), 22-55 (in Russian); translated in: Amer. Math. Soc. Transl. 225 (2008),
19-53.

[BS79] M. Sh. Birman and M. Z. Solomjak, Asymptotic behavior of the spectrum of vari-
ational problems on solutions of elliptic equations, Sibirsk. Mat. Zh. 20 (1979),
3-22.

[BS80] M. Sh. Birman and M. Z. Solomjak, Asymptotic behavior of the spectrum of vari-
ational problems on solutions of elliptic equations in unbounded domains, Funkt-
sional. Anal. i Prilozhen. 14 (1980), 27-35 (in Russian); translated in: Funct. Anal.
Appl. 14 (1981), 267-274.

[BS87] M. Sh. Birman and M. Z. Solomjak, Spectral Theory of Self-adjoint Operators in
Hilbert Spaces. Dodrecht, Holland, 1987.

[BSS00] M. Sh. Birman, T. A. Suslina, and R. G. Shterenberg, Absolute continuity of the
two-dimensional Schrodinger operator with delta potential concentrated on a peri-
odic system of curves, Algebra i Analiz 12 (2000), 140-177 (in Russian); translated



References 109

in: St. Petersburg Math. J. 12 (2001), 983-1012.

[BEKS94] J.F. Brasche, P. Exner, Yu. A. Kuperin, and P. geba, Schrédinger operators
with singular interactions, J. Math. Anal. Appl. 184 (1994), 112-1309.

[Br60] F.E. Browder, On the spectral theory of elliptic differential operators. I. Math. Ann.
142 (1960/1961) 22-130.

[BEW09] B.M. Brown, M. S. P. Eastham, and 1. G. Wood, Estimates for the lowest eigen-
value of a star graph, J. Math. Anal. Appl. 354 (2009), 24-30.

[BGWO09] B.M. Brown, G. Grubb, and I. G. Wood, M-functions for closed extensions of
adjoint pairs of operators with applications to elliptic boundary problems, Math.
Nachr. 282 (2009), 314-347.

[BMNWOS8] B. M. Brown, M. Marletta, S. Naboko, and I. Wood, Boundary triplets and
M-functions for non-selfadjoint operators, with applications to elliptic PDEs and
block operator matrices, J. Lond. Math. Soc. (2) 77 (2008), 700-718.

[Bru76] V.M. Bruk, A certain class of boundary value problems with a spectral parameter
in the boundary condition, Mat. Sb. (N.S.) 100 (142) (1976), 210-216 (in Russian);
translated in: Math. USSR-Sb. 29 (1976), 186—-192.

[BGPOS] J. Briining, V. Geyler and K. Pankrashkin, Spectra of self-adjoint extensions and
applications to solvable Schrodinger operators, Rev. Math. Phys. 20 (2008), 1-70.

[C39] J. W. Calkin, Abstract symmetric boundary conditions, Trans. Amer. Math. Soc. 45
(1939), 369-442.

[Ca02] G. Carron, Determinant relatif et la fonction Xi, Amer. J. Math. 124 (2002), 307-
352.

[CGNZ12] S. Clark, F. Gesztesy, R. Nichols, and M. Zinchenko, Boundary Data Maps
and Krein’s Resolvent Formula for Sturm-Liouville Operators on a Finite Interval,
arXiv:1204.3314.

[CK83] D. Colton and R. Kress, Integral Equation Methods in Scattering Theory. Pure
and Applied Mathematics, A Wiley—Interscience Publication, New York, 1983.

[Co88] M. Costabel, Boundary integral operators on Lipschitz domains: elementary re-
sults, SIAM J. Math. Anal., 19 (1988), 613-626.

[CwT77] M. Cwikel, Weak type estimates for singular values and the number of bound
states of Schrodinger operators, Ann. of Math. 106 (1977), 93—100.

[DS75] P. Deift and B. Simon, On the decoupling of finite singularities from the ques-
tion of asymptotic completeness in two body quantum systems, J. Funct. Anal. 23
(1976), 218- 238.

[DHMSO00] V. A. Derkach, S. Hassi, M. M. Malamud, and H. S. V. de Snoo, Generalized
resolvents of symmetric operators and admissibility, Methods Funct. Anal. Topology
6 (2000), 24-55.

[DHMSO06] V.A. Derkach, S. Hassi, M. M. Malamud, and H.S. V. de Snoo, Boundary



110 References

relations and their Weyl families, Trans. Amer. Math. Soc. 358 (2006), 5351-5400.

[DMO91] V. A. Derkach and M. M. Malamud, Generalized resolvents and the boundary
value problems for Hermitian operators with gaps, J. Funct. Anal. 95 (1991), 1-95.

[DMO5] V. A. Derkach and M. M. Malamud, The extension theory of Hermitian operators
and the moment problem, J. Math. Sci. (New York) 73 (1995), 141-242.

[EAEv75] D.E. Edmunds and W. D. Evans, Orlicz and Sobolev spaces on unbounded do-
mains, Proc. R. Soc. Lond. A. 342 (1975), 373-400.

[EAEv87] D.E. Edmunds and W.D. Evans, Spectral Theory and Differential Operators.
Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press,
New York, 1987.

[EO3] P. Exner, Spectral properties of Schrodinger operators with a strongly attractive o
interaction supported by a surface, Proc. of the NSF Summer Research Conference
AMS “Contemporary Mathematics" Series, vol. 339, Providence, R.1., (2003), 25—
36.

[EO5] P. Exner, An isoperimetric problem for leaky loops and related mean-chord inequal-
ities, J. Math. Phys. 46 (2005), 062105.

[EO8] P. Exner, Leaky quantum graphs: a review, in: Analysis on Graphs and its Ap-
plications. Selected papers based on the Isaac Newton Institute for Mathematical
Sciences programme, Cambridge, UK, 2007. Proc. Symp. Pure Math. 77 (2008),
523-564.

[EF07] P. Exner and M. Fraas, On the dense point and absolutely continuous spectrum for
Hamiltonians with concentric 0 shells, Lett. Math. Phys. 82 (2007), 25-37.

[EF09] P. Exner and M. Fraas, On geometric perturbations of critical Schrodinger opera-
tors with a surface interaction, J. Math. Phys. 50 (2009), 112101, 12 pp.

[EIO1] P. Exner and I. Ichinose, Geometrically induced spectrum in curved leaky wires, J.
Phys. A 34 (2001), 1439-1450.

[EKO02] P. Exner and S. Kondej, Curvature-induced bound states for a § interaction sup-
ported by a curve in R3, Ann. H. Poincaré 3 (2002), 967-981.

[EKO03] P. Exner and S. Kondej, Bound states due to a strong & interaction supported by a
curved surface, J. Phys. A 36 (2003), 443-457.

[EKOS5] P. Exner and S. Kondej, Scattering by local deformations of a straight leaky wire,
J. Phys. A 38 (2005) 4865-4874.

[ENO3] P. Exner and K. Némcova, Leaky quantum graphs: approximations by point inter-
action Hamiltonians, J. Phys. A: Math Gen. 36 (2003), 10173-10193.

[EYO1] P. Exner and K. Yoshitomi, Band gap of the Schrodinger operator with a strong
d-interaction on a periodic curve, Ann. H. Poincaré 2 (2001), 1139-1158.

[EY02] P. Exner and K. Yoshitomi, Asymptotics of eigenvalues of the Schrodinger oper-
ator with a strong d-interaction on a loop, J. Geom. Phys. 41 (2002), 344-358.



References 111

[EY02a] P. Exner and K. Yoshitomi, Persistent currents for 2D Schrodinger operator with
a strong J-interaction on a loop, J. Phys. A: Math. Gen. 35 (2002), 3479-3487.

[EYO4] P. Exner and K. Yoshitomi, Eigenvalue asymptotics for the Schrodinger operator
with a d-interaction on a punctured surface, Lett. Math. Phys. 65 (2003), 19-26;
erratum 67 (2004), 81-82.

[FM93] L. Faddeev and S. Merkuriev, Quantum Scattering Theory for Several Particle
Systems. Kluwer Academic Publishers Group, Dordrecht, 1993.

[F62] R.S. Freeman, Closed extensions of the Laplace operator determined by a general
class of boundary conditions, for unbounded regions, Pac. J. Math. 12 (1962), 121-
135.

[F67] R.S. Freeman, Closed operators and their adjoints associated with elliptic differen-
tial operators, Pac. J. Math. 22 (1967), 71-97.

[GMO8] F. Gesztesy and M. Mitrea, Generalized Robin boundary conditions, Robin-to-
Dirichlet maps, and Krein-type resolvent formulas for Schrodinger operators on
bounded Lipschitz domains, in: Perspectives in partial differential equations, har-
monic analysis and applications, Proc. Sympos. Pure Math., vol. 79, Amer. Math.
Soc., Providence, RI, 2008, pp. 105-173.

[GMO8a] F. Gesztesy and M. Mitrea, Robin-to-Robin maps and Krein-type resolvent for-
mulas for Schrédinger operators on bounded Lipschitz domains, Oper. Theory Adpv.
Appl. 191 (2009), 81-113.

[GMI11] F. Gesztesy and M. Mitrea, A description of all self-adjoint extensions of the
Laplacian and Krein-type resolvent formulas on non-smooth domains, J. Anal.
Math. 113 (2011), 53-172.

[GMZO07] F. Gesztesy, M. Mitrea, and M. Zinchenko, Variations on a theme of Jost and
Pais, J. Funct. Anal. 253 (2007), 399-448.

[GZ12] F. Gesztesy and M. Zinchenko, Symmetrized perturbation determinants and ap-
plications to boundary data maps and Krein-type resolvent formulas, Proc. London
Math. Soc. 104 (2012), 577-612.

[GK69] I.C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfad-
Jjoint Operators. Transl. Math. Monogr., vol. 18., Amer. Math. Soc., Providence, RI,
1969.

[GorK82] M. L. Gorbachuk and V. A. Kutovoi, Resolvent comparability of some bound-
ary value problems, Funktsional. Anal. i Prilozhen. 16 (1982), 52-53.

[GorGor91] V.I. Gorbachuk and M. L. Gorbachuk, Boundary Value Problems for Opera-
tor Differential Equations. Kluwer Academic Publishers, Dordrecht, 1991.

[G68] G. Grubb, A characterization of the non-local boundary value problems associated
with an elliptic operator, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 425-513.

[G74] G. Grubb, Properties of normal boundary problems for elliptic even-order systems,
Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 1 (1974), 1-61.



112 References

[G84] G. Grubb, Singular Green operators and their spectral asymptotics, Duke Math. J.
51 (1984), 477-528.

[G84a] G. Grubb, Remarks on trace estimates for exterior boundary problems, Comm.
Fartial Differential Equations 9 (1984), 231-270.

[G96] G. Grubb, Functional calculus of pseudodifferential boundary problems, Progress
in Mathematics, Basel, 1996.

[GO8] G. Grubb, Krein resolvent formulas for elliptic boundary problems in nonsmooth
domains, Rend. Semin. Mat. Univ. Politec. Torino 66 (2008), 271-297.

[GO9] G. Grubb, Distributions and Operators., Graduate Texts in Mathematics, vol. 252,
Springer, 2009.

[G11] G. Grubb, Perturbation of essential spectra of exterior elliptic problems, Appl. Anal.
90 (2011), 103-123.

[G11la] G. Grubb, Spectral asymptotics for Robin problems with a discontinuous coeffi-
cient, J. Spectral Theory 1 (2011), 155-177.

[G12] G. Grubb, Krein-like extensions and the lower boundedness problem for elliptic
operators on exterior domains, J. Differential Equations 252 (2012), 852-885.

[G12a] G. Grubb, Extension theory for elliptic partial differential operators with pseudod-
ifferential methods, London Math. Soc. Lecture Note Series 404 (2012), 121-160.

[G12b] G. Grubb, Spectral asymptotics for nonsmooth singular Green operators,
arXiv:1205.0094.

[HTO3] D. Haroske and H. Triebel, Distributions, Sobolev Spaces, Elliptic Equations,
EMS Textbooks in Mathematics. European Mathematical Society, Ziirich, 2008.

[H89] J. Herczynski, On Schrodinger operators with distributional potentials, J. Operator
Theory 21 (1989), 273-295.

[JK78] A. Jensen and T. Kato, Asymptotic behavior of the scattering phase for exterior
domains, Comm. Partial Differential Equations 3 (1978), 1165-1195.

[JP51] R. Jost and A. Pais, On the scattering of a particle by a static potential, Physical
Rev. 82 (1951), 840-851.

[K67] T. Kato, Scattering theory with two Hilbert spaces, J. Funct. Anal. 1 (1967), 342—
369.

[K95] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1995.

[Ko75] A.N. Kochubei, Extensions of symmetric operators and symmetric binary rela-
tions, Math. Zametki 17 (1975), 41-48 (in Russian); translated in: Math. Notes 17
(1975), 25-28.

[KVO7] S. Kondej and I. Veseli¢, Lower bounds on the lowest spectral gap of singular
potential Hamiltonians, Ann. Henri Poincaré 8 (2007), 109-134.

[KP31] R. de L. Kronig and W. G. Penney, Quantum mechanics of electrons in crystal
lattices, Proc. Roy. Soc. Lond. 130 (A) (1931), 499-513.



References 113

[K47] M.G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian
transformations and its applications. I, Mat. Shornik 20 (1947), 431-495 (in Rus-
sian).

[LM68] J. Lions and E. Magenes, Problemes aux limites non homogénes et applications.
Vol. 1, Travaux et Recherches Mathématiques, Dunod, Paris, 1968; translated as
Non-Homogeneous Boundary Value Problems and Applications I, Springer-Verlag,
Berlin—Heidelberg—New York, 1972.

[LR12] V. Lotoreichik and J. Rohleder, Schatten-von Neumann estimates for resolvent
differences of Robin Laplacians on half-space, Oper. Theory Adv. Appl. 221 (2012),
471-486.

[M10] M.M. Malamud, Spectral theory of elliptic operators in exterior domains, Russ. J.
Math. Phys. 17 (2010), 96—-125.

[MMO02] M. M. Malamud and V.I. Mogilevskii, Krein type formula for canonical resol-
vents of dual pairs of linear relations, Methods Funct. Anal. Topology 8 (2002),
72-100.

[MN12] M. Malamud and H. Neidhardt, Sturm-Liouville boundary value problems with
operator potentials and unitary equivalence, J. Differential Equations 252 (2012),
5875-5922.

[MR09] M. Marletta and G. Rozenblum, A Laplace operator with boundary conditions
singular at one point, J. Phys. A, Math. Theor. 42 (2009), 11p.

[McL00] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cam-
bridge University Press, 2000.

[MN12] D. Mugnolo and R. Nittka, Convergence of operator semigroups associated with
generalised elliptic forms, J. Evol. Equ. 12 (2012), 593-619.

[Pi80] A. Pietsch, Operator Ideals., North-Holland Mathematical Library, vol. 20. North-
Holland Publishing Co., Amsterdam—New York, 1980.

[Pi87] A. Pietsch, Eigenvalues and s-Numbers., Cambridge Studies in Advanced Mathe-
matics, vol. 13. Cambridge University Press, Cambridge, 1987.

[PRO9] A. Posilicano and L. Raimondi, Krein’s resolvent formula for self-adjoint exten-
sions of symmetric second-order elliptic differential operators, J. Phys. A 42 (2009),
015204, 11 pp.

[Po07] O. Post, First-order operators and boundary triples, Russ. J. Math. Phys. 14 (2007),
482-492.

[P53] A. Ya. Povzner, On the expansion of arbitrary functions in characteristic functions
of the operator Au + cu (Russian), Mat. Sbornik N.S. 32 (1953), 109-156.

[RS79-IIT] M. Reed and B. Simon, Methods of Modern Mathematical Physics. IIl. Scat-
tering theory, Academic Press [Harcourt Brace Jovanovich, Publishers], New York-
London, 1979.

[RO7] V. Ryzhov, A general boundary value problem and its Weyl function, Opuscula



114 References

Math. 27 (2007), 305-331.

[RO9] V. Ryzhov, Weyl-Titchmarsh function of an abstract boundary value problem, op-
erator colligations, and linear systems with boundary control, Complex Anal. Oper.
Theory 3 (2009), 289-322.

[S69] R. Seeley, The resolvent of an elliptic boundary problem, Amer. J. Math. 91 (1969),
889-920.

[Sh88] J. Shabani, Finitely many & interactions with supports on concentric spheres, J.
Math. Phys. 29 (1988), 660—664.

[Sho88] Yu.G. Shondin, Quantum mechanical models in R” connected with extensions
of the energy operator in a Pontryagin space, Theoret. and Math. Phys. 74 (1988),
220-230.

[Si05] B. Simon, Trace Ideals and their Applications, Second Edition, Mathematical
Surveys and Monographs 120. Providence, RI: American Mathematical Society
(AMS), 2005.

[SuShO1] T. A. Suslina and R. G. Shterenberg, Absolute continuity of the spectrum of
the Schrodinger operator with the potential concentrated on a periodic system of
hypersurfaces, Algebra i Analiz 13 (2001), 197-240 (in Russian); translated in: St.
Petersburg Math. J. 13 (2002), 859-891.

[T78] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators., North-
Holland Publishing Co., 1978.

[V52] M.I. Vishik, On general boundary problems for elliptic differential equations,
Trudy Moskov. Mat. Obs¢. 1 (1952), 187-246 (in Russian).

[Y92] D.R. Yafaev, Mathematical Scattering Theory, General theory. Translated from the
Russian by J. R. Schulenberger. Translations of Mathematical Monographs, 105.
American Mathematical Society, Providence, RI, 1992.

[Y10] D.R. Yafaev, Mathematical Scattering Theory. Analytic theory. American Mathe-
matical Society, Providence, RI, 2010.

[W87] J. Wloka, Partial Differential Equations. Cambridge University Press, Cambridge,
1987.



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 1

Vol. 2

Vol. 3

Vol. 4

Vol. 5

Vol. 6

Steffen Alvermann

Effective Viscoelastic Behaviour
of Cellular Auxetic Materials
2008

ISBN 978-3-902465-92-4

Sendy Fransiscus Tantono

The Mechanical Behaviour of a Soilbag
under Vertical Compression

2008

ISBN 978-3-902465-97-9

Thomas Ruberg

Non-conforming FEM/BEM Coupling in Time Domain
2008
ISBN 978-3-902465-98-6

Dimitrios E. Kiousis

Biomechanical and Computational Modeling of
Atherosclerotic Arteries

2008

ISBN 978-3-85125-023-7

Lars Kielhorn

A Time-Domain Symmetric Galerkin BEM
for Viscoelastodynamics

2009

ISBN 978-3-85125-042-8

Gerhard Unger

Analysis of Boundary Element Methods
for Laplacian Eigenvalue Problems
2009

ISBN 978-3-85125-081-7



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 7

Vol. 8

Vol. 9

Vol. 10

Vol. 11

Gerhard Sommer

Mechanical Properties of Healthy and Diseased
Human Arteries

2010

ISBN 978-3-85125-111-1

Mathias Nenning

Infinite Elements for

Elasto- and Poroelastodynamics
2010

ISBN 978-3-85125-130-2

Thanh Xuan Phan

Boundary Element Methods for
Boundary Control Problems
2011

ISBN 978-3-85125-149-4

Loris Nagler

Simulation of Sound Transmission through
Poroelastic Plate-like Structures

2011

ISBN 978-3-85125-153-1

Markus Windisch

Boundary Element Tearing and Interconnecting
Methods for Acoustic and Electromagnetic
Scattering

2011

ISBN: 978-3-85125-152-4



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 12 Christian Walchshofer

Vol.

Vol.

Vol.

Vol.

Vol.

13

14

15

16

17

Analysis of the Dynamics at the Base of a Lifted
Strongly Buoyant Jet Flame Using Direct Numerical
Simulation

2011

ISBN 978-3-85125-185-2

Matthias Messner

Fast Boundary Element Methods in Acoustics
2012
ISBN 978-3-85125-202-6

Peter Urthaler

Analysis of Boundary Element Methods for Wave
Propagation in Porous Media

2012

ISBN 978-3-85125-216-3

Peng Li

Boundary Element Method for Wave Propagation in
Partially Saturated Poroelastic Continua

2012

ISBN 978-3-85125-236-1

Andreas J. Schriefl

Quantification of Collagen Fiber Morphologies in
Human Arterial Walls

2012

ISBN 978-3-85125-238-5

Thomas S. E. Eriksson

Cardiovascular Mechanics
2013
ISBN 978-3-85125-277-4



Monographic Series TU Graz

Computation in Engineering and Science

Vol. 18

Vol. 19

Vol. 20

Vol. 21

Vol. 22

Jianhua Tong

Biomechanics of Abdominal Aortic Aneurysms
2013
ISBN 978-3-85125-279-8

Jonathan Rohleder

Titchmarsh—Weyl Theory and Inverse Problems
for Elliptic Differential Operators

2013

ISBN 978-3-85125-283-5

Martin Neumiller

Space-Time Methods
2013
ISBN 978-3-85125-290-3

Michael J. Unterberger

Microstructurally-Motivated Constitutive Modeling of
Cross-Linked Filamentous Actin Networks

2013

ISBN 978-3-85125-303-0

Vladimir Lotoreichik

Singular Values and Trace Formulae for Resolvent
Power Differences of Self-Adjoint Elliptic Operators
2013

ISBN 978-3-85125-304-7





