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L ecture Overview TU,

Mathematical Basics

Value

Added
Products

o

Sensors and Geometries Transformations Ortho Rectification
Geometric Modelling 3D Information Extraction
Image Matching
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' TU
Learning Goals

X Ability to describe Newton’s method and its applications

X [Newton Methode und deren Anwendung beschreiben konnen]
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Mathematical Notations Ty

< Domains N,Z,R,C,H
X Numbers o & R;J; =717~ 3.14159

1 € Ng; 1 =42
% Vectors © € R™:;v € R? = {a} = [a,b}T

b
= Matrices M € R™*": M € R2X3 — a b ¢
| d e f

|fC7 Institute of Geodesy



Mathematical Notations LS

= Functions f(x) :R" - R
f:R* R with f(z,y)=ay*+2—1
2 Equation systems
F(x) : R™*" - R"
F:R*? 5 R with
Fi(z,y) = ay® +1
FB(z,y)=x+y—3
Fy(z,y) =2 +y —2
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Matrix Notation

TU

Grazm

X Example — Rotationin 2D

/ .
I = T COS + YSln «

y — Sin o + Y Cos &
cosa sina| |x
—sina  cosal |y
r' = R(a)x
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Parameter Adjustment — Example Ty,

X Find a line that optimally fits the measured points One equation per point

y1 = a -+ bxry +r
y2:a+b$2+r2

yn:a+bxn+7‘n

!

l=Ax +r

: . ; : ; o a
X €r = b
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Parameter Adjustment — Example Ty,

X Find a line that optimally fits the measured points One equation per point

y1 =a+bxry +r
y2:a+b$2+r2

yn:a+bxn+7‘n

!

l=Ax +r
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: TU
Least Squares Adjustment
X Leastsquares adjustment (over-determined system)
Axr =b>b equation system does
not have a solution
Ax—-b=0 reformulate
. find best ,solution®
T = 1in HAfB — b| |2 via least squares with
v residuals r
r=A"b
At — (ATA)—lAT pseudoinverse of A

z=(ATA)tATD
2 Could also be solved via Singular Value Decomposition (SVD)
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Least Squares — Example T

2 Find an affine transformation between two 2D point sets

¥ =ar+by+e
37,
yl
1
Two rows for each points

How to convert to form % (two equations)
4/- ]

x y 0 0 1 0
0 0 z ¢y 0 1

, affine transformation
y=cx+dy+ [

a b e| |z _ _
=lc d f| |y matrix notation
0 0 1|1

S 0 o R
|
1
< 8
N

z=(ATA)tATD least squares solution
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Least Squares — Example

reference image search image

1[469.12  346.06 : ; : e ! .95 340.08
11277.80  504.00 | SR ! 3 .29 504.88
680.15  556.62 = S % /|728.25 534.87|
636.24  91.06 e | | (59. 81.24
221.25 132.41 d 144.26

[469.12 346.06  0.00  0.00 1.00 0.00] [498.95] [-0.52]

000 000 46912 34606 000 1.00 340.08 ~0.06
A.Ta _ b _ O 27780 504.00  0.00  0.00 100 0.00 1.04 307.29 0.24
— 000 000 277.80 504.00 000 1.00 0.05 504.88 0.11
4. |68015 556.62 000 000 L0 0.0 ~_ |00 b 72825 L, | 007
— 000 000 68005 556.62 0.00 1.00 ~ | 008 = [534.87 = |-0.05
ACE _ b —r 63624 9106  0.00 000 1.00 0.00 —6.49 659.11 0.20
- 000 000 63624 9106 000 1.00 26.46 81.24 0.08
22125 13241 0.00 000 100 0.00 230.09 0.01
MD.UG 0.00 22125 13241 0.00 1.(10‘ 14-’1.‘25‘ Mfﬂ.ﬂ'iu
e . .
WG e affine transformation
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Least Squares — Example
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reference image
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search image (registered)
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Least Squares — Example
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search image
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Least Squares — Example

TU
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reference image
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Least Squares — Example
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registered searchimage
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. L U
Linearization

= Linearization of a function f () is the linear approximation
of f(x)at a given point o
< Taylor expansion at x

(k) CUO (0 aen 1
Zf ( xo)""f(a:o)Jrf(l! )(:cwo)Jrf;! )(36330) ! ( )( — @)’ +

flz) ~ f($0)+f($o)($—$0) 3

i)

—function f(x)=+/x|
—tangent at x=4
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TU

Linearization
= Linearization of a multivariable function f(x,y) = f(x)
o) = Sao) + LB (o) LDy
with V... nabla operator V= (aixla T ;%)

f(@) = f(®0) + V flay (® — 20)

f(x,)_/)

tangent plane
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Linearization — Example

TU
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X Approximation near * = xg

f(z)=+vx and V4=2
v4.001 =7

linearization of f(xr) at x = xy yields

i(x)

—function f(x)=v/X |

—tangent at x=4

V() = F(w0) + 1 zo) — 70) = v + 5

and  y(4.001) = 2.00025

(x —x9)"

r—4
4

is very close to the real value v'4.001 ~ 2.000249984

xo=4 and y(zr)=2+

|fC7 Institute of Geodesy

18




Newton’s Method (from 1669)
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find a solution for f(z) =0

/

f(x)

— function f(x)=x3-2x-5
— tangent at X,

|fC7 Institute of Geodesy

xo = 1.500000
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Newton’s Method (from 1669)
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find a solution for f(z) =0

f(x)

fx,)

0
2
-
6

— function f(x)=x3-2x-5

— tangent at Xy
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xo = 1.500000
xr1 = 2.473684
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Newton’s Method (from 1669)

TU
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find a solution for f(z) =0

— function f(x)=x3-2x-5

— tangent at X,
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xo = 1.500000
x1 = 2.473684
T2 = 2.156433
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Newton’s Method (from 1669)
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find a solution for f(z) =0

f(x,)

— function f(x)=x3-2x-5

— tangent at Xy
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xo = 1.500000
x1 = 2.473684
ro = 2.156433
x3 = 2.096605
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Newton’s Method (from 1669)
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find a solution for f(z) =0

— function f(x)=x3-2x-5

— tangent at X,
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xo = 1.500000
xr1 = 2.473684
xo = 2.156433
3 = 2.096605
x4 = 2.094554

r ~ 2.094551
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Newton’s Method jLA

X Linearization and Least Squares Adjustment
< Allows to solve non-linear equation systems

F(x) =0 ... non linear multivariable equation system
Zo ... starting pomnt Jacobian matrix
X Linearization OF OF;
earlzatio Tria) = gl = (5 @), =
F(z+ Az)~ F(z)+ Jp(x)Ax X

X [terate

Jp(x,)Azx, + F(x,) =0 > leastsquares
solution for Az,

FQ(G) Forla) - gfj,(a)]

o) Yrla) o Yo

x4 Oxo

Tnt+1 = Ty + Awn
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Newton’s Method — Algorithm
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Algorithm 4.1: Solving non-linear equation systems with Newton’s

method.
Input:
1 non-linear equation system of form F(x) = 0
2 and its Jacobian matrix Jr
3 starting vector xp
4 maximal iterations // E.g., set to 20.
5 tolerance // E.g., set to le—7.
Output:
6 solution vector x;,1
7 Function NewtonsMethod (F, [r, xo, iterations, tolerance):
8 for n = 0 : iterations do
9 ]P(xn)Ax” —l—F(x”) =0 // Solve for Ax, via least squares.
10 Xpt1 = Xy + Axy, // Get next approximation.
11 if (|Axy| < tolerance - |x,|) then
12 ‘ break // Solution found within given tolerance.
13 end
14 end
15 return x, .1 // Return solution vector.
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Interpolation of Pixel Values A

X Get the pixel value at a subpixel location
< Get value from given image at location with subpixel coordinate
< Pixel | ®] with center ®

P(z,y) = P(2.3,1.8)

oooo/H

@ = e W
10| 0 YO v

0100 |0 |
|00 |0 |~

X Also called resampling
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Interpolation of Pixel Values A

X Interpolation of different order
< Use neighboring pixel values to interpolate the new value
<> Nearest, Linear, Cubic, Quintic, Windowed Sinc
<> The sinc function is the Fourier transform of the rectangular function

) SRR N |
[} 1
1 1
= |
- :
1
] S — S
. 0 if o] >3
_ _ sin(7z) N
sinc(zx) = rect(z) = ¢ 5 if |z = 3
e 1 Jof < 4
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Interpolation of Pixel Values — Example

reduced by
factor 4

cubic
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Interpolation of Pixel Values

2 Example: Image Rotation with angle ¢

K |

input image output image

. N

U |nverse transformation
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Interpolation of Pixel Values
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2 Example: Image Rotation with angle ¢

/\

o]

o

e

o|ojo}o

.\\.

input image

o0joj]o

o
o
o

output image

V(

o

i0
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x' = R(¢)x

direct mapping

=R '(¢)x

indirect mapping
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License Statement jL

2 Unless otherwise noted this work is licensed by Roland Perko
under a Creative Commons Attribution 4.0 International License

OMOM

X Attributions
< Image WyMTU by TU Graz, http://cd.tugraz.at
< Image |G by TU Graz, https://www.tugraz.at/institute/ifg/home/
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